The M~theory uwndex

jount work witiv Nikitoe Nekirasov-



Wihile my tolk will be purely mativematicol, 4t may
be wseful to- say a few words abouwt Hie physical tieas
that motwate our work ...

Part | The dream of M-threory



The greot Ewnstein equation
Ewuteiun ternsor = const ™ Energy -momentum fensor

AUl has o nmuwmer of weak spots, some of wiriciv were
pointed out by Eunstein himself, wio- sald

Sie (equation) gleicht aber einem Gebdude, dessen einer Fliigel aus vorziiglichem
Marmor, dessen anderer Fliigel aus minderwertigem Holze gebaut ist.

Elnstein probably knew Arustotle!s VA meant wood



wv otiver words, tie LHS of
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U tyhtly covstrained by symmetry and geometry, wirile
uv the RHS one can put matter of any kino and. sihhape

Modtter and forces enter the scene Hurougle two- seporote
doory ...



A Lot of work un theoretical phwysics has been put intfo-
covstrueting a theory un wiel all frelds and all
wferactions between tHhemw follow- from a siungle geometrie
prunciple

Representation theory determines one candidate relotfed to-
suplrrgroav ity uv 10+1 dumensiony.

The fteldy of Huws supergravity are the groviton, we. He
metric, Uy superpartner grovituno, and a3 ~form anologous
to- e 4 -vector potenfial unv Maxwell theory. They form a
single represendation of the supersymmetry algebro.



The wnigue Lagrangian for the 10+1 dumensional
suplirgroavuty wos wruttenw down by Crenwuwer, Judia, anol
Scherk unv 1978, I+ v nonrenormalizaiple, meaning that
the standard QFT techunigues foul to- produce o guomntuum
theory from o

It U believed tivat o covuistent guantum theory unclunoles
extended obhjects, namely M2 branes and M5 brones,
onodogous to- the worldlines of electrically and
magnetfically charged particles (O -branes) unv Maxwell
theory. This tHheory-un—-progress Ly called the M-tHreory.



M -treory v very difflendt beconse U U unigue.

I poartiendar, U does not hane any porametfersy uv wiriciv
one coudd expand U uintfo- a pertuwrbation series.

One learny abouwt M-theory by puttung uF o varions
manifolos withv symumetries. Most umportantly, for
manifolos of Hie form X*© x STone expecty an equinvalence
to- superstringsy on X witiv e strung conpling constant
determined by the size of S



Despite Hhe diffrendfies, many umportant usigivty unto-
M -theory were made by C. HWL, P. Towrusend, C. Vafa,
E. Witten, and many otirers. Of cowrse, | wonlt be aple to-



Partll Owr project
Owr goal is to- ginve a mathematical definition of
the M-theory wndex for manifolds that fiper over a
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Fermions contribute to- Hhe trace witiv a sign

(j U # of fermions

depending o how- one glnes them

We choose (1) and then supersymmetry guwes an almost
trace. Espsentially, we are computing tihe undex of ao Durac
operotor D el Hat

D?= time travuslation
except our D acty onw a very unfunife-dimensitonal mandifolo.



Drac operotor D pairs nonzero- eigevwolines of D?of
opposte poruty. Aya/a/re/w/bz‘
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Here we have supersymmetric guonfum mecihonics o Hie
space of 200 objects in 10d, so- ity Hilbert space //(X) s
really badly nfinite-dimensional

Nonetreless, Hhe inoex of D W, formally, Hre holomorpiuice
Ewler chavacteristic of o coherent sheaf & on a certain
conntable wnion M2(X) of algebraic varieties, so-
potentially, a perfectly well-defuned mativematical object .



Thay M2(X) shhouwld be a certon compactification of tHhe
modud space of uwmersed hholomorpiue cunrves unv X

It & awv algebroic voriety for a fixed degree of a cunrve, but
e wnion over all degrees s countabple. We will call uf the
modudi space of staple M2 branes un X.

This B a very singular space, but b a certoinmn very
rechnical sense, the sheaf O, He Euder of wiich gives the
wndex, W the sguarre root %zl/zofaywmww



We lhone a proposal for M2(x) as the modudi sypace of magps

£ 0= X

from 1 -diumevsional selremes to- X tiat are slope-stable for

Slope (£) = %(@c %ﬂjre@ LG




Slope-stablity bouwndy the Euler characterstic of C un
termy of degree and iy by crueial for defining the M-
tHeory woey, since uv M -theory there s no- fleld to- conple
to- the Euler churactervstice

Thws proposal comes from many experuments witiv
onotiver conjecture...



Part Il
Curves U S-foldy & 3 -folds

We conjectre sometiving special to- happen for those CY 5-
folds X that adwut a C -action of a certain kino.,

Thus C » reguined fo-
(1) preserve the holo- 5S-form, and
(2) howve o purely 3 -dimersional set of fixed points Y.



While Hhis class of 5-folos X Ly very special, UF includes Hhe
wsmnal suspects for the M-theory vacua, that b, products of o
CY -3 fold withv a flat space.

We then conyecture Hrat

M-theory undex of X = a certoun specifie K-theoretie
Donaldson-Tlhomas
wworiant of Y

DT u one of the enumerative Hreories of cuurves v 3 -folos



Cowntung curves un 3 -fololy

There are senveral seemungly different but deeply related
ways fo- count curves un 3 —folos: One of them w the
Gromov-Witten theory, witch does untfersection Heory on
Hie moddi spaces of stoable holomorpivic maps to- Y

Ay (V) C Wc

g gl pfille i
one con hanve mulfyple covers and collapsed components



Donaldson~Thomay theory v an alternatwve way to- cownt
cwrves: What U really cowndty by 1 -dumernsional colrerent
sheanes o Y, Uke all functions o Y modundlo- hose that
vanisv onv o gwenw cunrrve. Nonaredueed structures toke e

place of mudtiple covery and collapsed componets.
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Equivalent to- GW, but wv a very subtle way




N

Pletwres Uke s represent monomial
curves un torie vowrweties: For torie
vareties, DT uwartants, botiv usual and
K-theoretic may be computed as certaimn
weilghted sums over sehv conflguirations:.
I K-tHreory, the wergtiv of the
configuration resemiples o 300 verstow of
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v Wew of the full 3d story, let's go- over tive "baby" 24 case:
- 20 poartitions represent monomial wlealsy un Clx,y]

Mownomials i reod
ore the generotory of aw
* L—‘wthbl Mowromials n bline
form a basis of C[x,y]/L
Monomwialsy uv black are tire
relations amonyg tive
generotors.




From tive analysis of tive genevotors and relations, one
derwves the followung Macdonalol weighht
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Moy smch sums may e corwerted fo- sumy over ordinary
partuttons tivat are the cross—sections of Hre edges. These
generalize duscrete untegraly witv Macdonald meoasmnre ano
degenerote to- all possiiple random matrix uintfegrols uv a

W /

I fact, Hese evaluations are best seen from Sob



So, what we covyecture, Uy an equality betweew snciv
boxcownting functions for Y and a somewrat similor
spirtt;, but techundcally very different membirone covnting
functlon for X.

In fact, we conjecture the equality not the wiole sums, that
U, of the enture Euler chaovacterustics, bwt of siveanes
thenwuselves, once they are pushed forworod to-Hive "greatest
common denominotor’ of the two- modwdi spaces.

The Clhow variety of cycles un Y serves as s "gedl', all



we covusioler

M2(X) «— M2(X)C"  PT-modudi(Y)

\/ / forgets # of boxes

Chow- variety of cycles un Y

Botiv maps to- e Cihow- variety forget everytiving except tie
multiplicities of urreduciple components. E.g. un boxcownting suums
we ondy remember tihe tivekness of edges, but not the actual
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wiere ge G i an equinor ot porometer on the Left and
o box cownting povameter on the right

The touwtologleal extrivuic term v DT theory depends on how Y
Sty nside X. It iy absent if X = Y X C?



Travslates Untfo- o myriad of boxcownting Llentities

Obviowsly umplies rottonality of DT county a function of 4.
This raflonality & a very umportant featuare of GW/DT
correspondence, v wirieh GW unwarianty aruse as the
coefficient un the expansion as g, -> 1, via g=exp{ )

Albso- predicty many highly nontrurtal relationy for DT coundty
by choosing different C -actiony for the same X. E.g. take X

to- be tive total space of 4 luney bundles over a curve, Hen any
two- can be Y. Extends and generolizes mony duwolities of
geometre representotion Hreory.



