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1. Introduction

07SC  In this chapter we put material related to limits of algebraic spaces. A first topic is
the characterization of algebraic spaces F' locally of finite presentation over the base
S as limit preserving functors. We continue with a study of limits of inverse systems
over directed sets (Categories, Definition with affine transition maps. We
discuss absolute Noetherian approximation for quasi-compact and quasi-separated
algebraic spaces following [CLOT2]. Another approach is due to David Rydh (see
[Ryd08]) whose results also cover absolute Noetherian approximation for certain
algebraic stacks.

This is a chapter of the Stacks Project, version 74af77a7, compiled on Jun 27, 2023.
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2. Conventions

The standing assumption is that all schemes are contained in a big fppf site Sch fpp -
And all rings A considered have the property that Spec(A) is (isomorphic) to an
object of this big site.

Let S be a scheme and let X be an algebraic space over S. In this chapter and the
following we will write X xg X for the product of X with itself (in the category of
algebraic spaces over 5), instead of X x X.

3. Morphisms of finite presentation

In this section we generalize Limits, Proposition to morphisms of algebraic
spaces. The motivation for the following definition comes from the proposition just
cited.

Definition 3.1. Let S be a scheme.

(1) A functor F': (Sch/S)3 : — Sets is said to be limit preserving or locally
of finite presentation if for every affine scheme T over S which is a limit

T = lim T; of a directed inverse system of affine schemes T; over S, we have
F(T) = colim F(T;).

We sometimes say that F' is locally of finite presentation over S.
(2) Let F,G : (Sch/S){r - — Sets. A transformation of functors a : F' — G is
limit preserving or locally of finite presentation if for every scheme T' over

S and every y € G(T) the functor
Fy i (Sch/T)3F  — Sets, T'/T — {z € F(T') | a(z) = y|7}

is locally of finite presentation over TH We sometimes say that F' is rela-
tively limit preserving over G.

The functor F), is in some sense the fiber of a : F' — G over y, except that it is a
presheaf on the big fppf site of T. A formula for this functor is:

(3.1.1) Fy = F|(Sch/T) s X Glisanry

Here * is the final object in the category of (pre)sheaves on (Sch/T) ppps (see Sites,
Example [10.2) and the map * — Gl(gen/1);,,; 15 given by y. Note that if j :
(Sch/T) fppr — (Sch/S)ppps is the localization functor, then the formula above
becomes F, = j~'F X -1+ and jiF, is just the fiber product F' xq , T. (See Sites,
Section for information on localization, and especially Sites, Remark for
information on j for presheaves.)

At this point we temporarily have two definitions of what it means for a morphism
X — Y of algebraic spaces over S to be locally of finite presentation. Namely,
one by Morphisms of Spaces, Definition and one using that X — Y is a
transformation of functors so that Deﬁnitionapplies (we will use the terminology
“limit preserving” for this notion as much as possible). We will show in Proposition
[3:10] that these two definitions agree.

Lemma 3.2. Let S be a scheme. Let a : F — G be a transformation of functors
(Sch/S)o s — Sets. The following are equivalent

IThe characterization (2) in Lemma may be easier to parse.
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(1) a: F — G is limit preserving, and
(2) for every affine scheme T over S which is a limit T = limT; of a directed
inverse system of affine schemes T; over S the diagram of sets

colim; F(T;) —— F(T)

b |-
colim; G(T;) —= G(T)

is a fibre product diagram.

Proof. Assume (1). Consider T' = lim;c; T; as in (2). Let (y,xr) be an element
of the fibre product colim; G(T;) x¢(r) F(T). Then y comes from y; € G(T5) for
some ¢. Consider the functor Fy, on (Sch/T;) fpps as in Definition We see that
xzr € Fy,(T). Moreover T' = lim; >, Ty is a directed system of affine schemes over
T;. Hence (1) implies that zp the image of a unique element x of colim; >; Fy, (T).
Thus z is the unique element of colim F'(T;) which maps to the pair (y,z7). This
proves that (2) holds.

Assume (2). Let T be a scheme and yr € G(T'). We have to show that F,, is limit
preserving. Let 7" = lim;c; T/ be an affine scheme over T which is the directed
limit of affine scheme 7} over T. Let 7 € F,. Pick i € I which is possible as I
is a directed set. Denote y; € F(T}) the image of yr-. Then we see that (y;, x7/) is
an element of the fibre product colim; G(T}) x (1) F(T"). Hence by (2) we get a
unique element x of colim; F(T}) mapping to (y;, z7+). It is clear that = defines an
element of colim; F,(7}) mapping to z7s and we win. a

Lemma 3.3. Let S be a scheme contained in Schyypy. Let F,G, H : (Sch/S){Y . —

Sets. Let a : F — G, b: G — H be transformations of functors. If a and b are
limit preserving, then

boa:F —H
is limit preserving.
Proof. Let T' = lim;ec; T; as in characterization (2) of Lemma Consider the
diagram of sets
colim; F(T;) —— F(T)
colim; G(T;) —— G(T)
bl lb
colim; H(T;) —— H(T)

By assumption the two squares are fibre product squares. Hence the outer rectangle
is a fibre product diagram too which proves the lemma. [l

Lemma 3.4. Let S be a scheme contained in Schypyy. Let F, G, H : (Sch/S)70 . —

Sets. Leta: F — G, b: G — H be transformations of functors. If boa and b are
limit preserving, then a is limit preserving.
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Proof. Let T = lim;c; T; as in characterization (2) of Lemma Consider the
diagram of sets

colim; F(T;) — F(T)
K !

colim; G(T}) — G(T)
R |

colim; H(T;) — H(T)

By assumption the lower square and the outer rectangle are fibre products of sets.
Hence the upper square is a fibre product square too which proves the lemma. O

049M  Lemma 3.5. Let S be a scheme contained in Schyypp. Let F,G, H : (Sch/S){P . —
Sets. Leta: F — G, b: H — G be transformations of functors. Consider the fibre
product diagram

H Xb7G,a F T F

H—' .@g

If a is limit preserving, then the base change a’ is limit preserving.
Proof. Omitted. Hint: This is formal. U

0GDZ Lemma 3.6. Let S be a scheme contained in Schypyy. Let B, F,G, H : (Sch/S)77 - —

Sets. Leta:F — G, b: H— G, and c: G — E be transformations of functors. If
¢, coa, and co b are limit preserving, then F xg H — E is too.

Proof. Let T = lim;e; T; as in characterization (2) of Lemma Then we have
colim(F x¢g H)(T;) = colim F(T;) X colim c(1;) colim H (T;)
as filtered colimits commute with finite products. Our goal is thus to show that

colim F'(T}) X colim c(;) colim H (T;) — F(T) xg¢ry H(T)

| l

colim; E(T3) E(T)

is a fibre product diagram. This follows from the observation that given maps of
sets B/ - E, F - G, H— G, and G — E we have

E/ XE (F Xa H) = (El XE F) X(E’XEG) (El XE H)
Some details omitted. O

0490 Lemma 3.7. Let S be a scheme contained in Schyypp. Let F 2 (Sch/S){ - — Sets
be a functor. If F is limit preserving then its sheafification F# is limit preserving.

Proof. Assume F is limit preserving. It suffices to show that F'* is limit preserving,
since F# = (FT)*, see Sites, Theorem Let T be an affine scheme over S,
and let T'= lim T; be written as the directed limit of an inverse system of affine S
schemes. Recall that F*(T) is the colimit of H°(V, F) where the limit is over all
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coverings of T' in (Sch/S) fpps. Any fppf covering of an affine scheme can be refined
by a standard fppf covering, see Topologies, Lemma [7.4] Hence we can write

F+ (T) = COlimV standard covering T' -EIO (V; F)
Any V = {T}, = T}i=1,...n in the colimit may be written as V; xp, T' for some i and

some standard fppf covering V; = {T; p — Ti}r=1,..n of T;. Denote Vy = {Ty , —
Ty bi=1,... n the base change for i’ > 4. Then we see that

COlimi/Zi ﬁO(Vi, F) = COhmi/zi Equalizer( H F(Ti/,k) H F(Ti/,k Xy, Ti/J)

= Equalizer( COhmZ‘/Zi H F(E/,k) COlimk/Zk H F(Ti/,k XTi’ T’i’,l)

—_—
= Equalizer( [] F(T%) [1F (T xrT7)
= H°(V, F)

Here the second equality holds because filtered colimits are exact. The third
equality holds because F is limit preserving and because lim;>; Ty, = T} and
limyr>; Ty x7, Tiry = Ty X7 T; by Limits, Lemma If we use this for all
coverings at the same time we obtain

F*(T) = colimy standard covering 7 H°(V, F)
= colim;ey colimy,; standard covering T; H(T x7, Vi, F)
= colim;e; FH(T5)
The switch of the order of the colimits is allowed by Categories, Lemma O

049P Lemma 3.8. Let S be a scheme. Let F : (Sch/S)}» . — Sets be a functor.
Assume that

(1) F is a sheaf, and
(2) there exists an fppf covering {U; — S}jey such that F|(sch/u,),,,; 8 limit
preserving.

Then F s limit preserving.

Proof. Let T be an affine scheme over S. Let I be a directed set, and let T; be
an inverse system of affine schemes over S such that 7' = lim 7;. We have to show
that the canonical map colim F(T;) — F(T') is bijective.

,,,,, m Which
refines the pullback {U; x Ty — To} of the given fppf covering of S. For each i > 0
we set Vi, =T; X7, Vo, and we set Vi, =T x1, Vo . Note that Vi, = lim;>o Vi 1,
see Limits, Lemma [2.3

Suppose that z, 2’ € colim F(T;) map to the same element of F(T). Say z,xz’ are
given by elements z;,x; € F(T;) for some ¢ € I (we may choose the same i for
both as I is directed). By assumption (2) and the fact that z;, ; map to the same
element of F'(T') this implies that

xi|Vz",k = wﬂvﬂ,k
for some suitably large i/ € I. We can choose the same i’ for each k as k €
{1,...,m} ranges over a finite set. Since {Vj:; — T/} is an fppf covering and F

is a sheaf this implies that z;|r, = |7, as desired. This proves that the map
colim F(T;) — F(T) is injective.
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To show surjectivity we argue in a similar fashion. Let € F(T'). By assumption
(2) for each k we can choose a i such that x|y, comes from an element z; , € F(V; ;).
As before we may choose a single ¢ which works for all k. By the injectivity proved
above we see that

Tk |Vi’,k Xt Viry =T |Vi’,k XT,, Vir
for some large enough i’. Hence by the sheaf condition of F' the elements xi,k|Vi/,k
glue to an element z;; € F(T}/) as desired. (|
Lemma 3.9. Let S be a scheme contained in Schyppy. Let F, G : (Sch/S){r . —

Sets be functors. If a : F' — G is a transformation which is limit preserving, then
the induced transformation of sheaves F# — G¥ is limit preserving.

Proof. Suppose that T is a scheme and y € G#(T). We have to show the functor
Fj : (Sch/T)}7 » — Sets constructed from F# — G# and y as in Definition
is limit preserving. By Equation we see that Ff is a sheaf. Choose an fppf
covering {V; — T'};cs such that y[y, comes from an element y; € F(V;). Note
that the restriction of F# to (Sch/V;) pps is just qu If we can show that ij

is limit preserving then Lemma guarantees that Ff is limit preserving and we
win. This reduces us to the case y € G(T).

Let y € G(T). In this case we claim that F}* = (F,)#. This follows from Equation
(3.1.1). Thus this case follows from Lemma O

Proposition|3.10. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The following are equivalent:

(1) The morphism f is a morphism of algebraic spaces which is locally of finite
presentation, see Morphisms of Spaces, Definition |28.1).

(2) The morphism f: X — 'Y is limit preserving as a transformation of func-
tors, see Definition[3.1}

Proof. Assume (1). Let T be a scheme and let y € Y(T). We have to show
that T xy X is limit preserving over T in the sense of Definition 3.1} Hence we
are reduced to proving that if X is an algebraic space which is locally of finite
presentation over S as an algebraic space, then it is limit preserving as a functor
X : (Sch/S)70 s — Sets. To see this choose a presentation X = U/R, see Spaces,
Definition It follows from Morphisms of Spaces, Definition that both U
and R are schemes which are locally of finite presentation over S. Hence by Limits,
Proposition we have

whenever T' = lim; T; in (Sch/S) spps- It follows that the presheaf

(Sch/S)%P . — Sets, W s U(W)/R(W)

is limit preserving. Hence by Lemma its sheafification X = U/R is limit pre-
serving too.

Assume (2). Choose a scheme V and a surjective étale morphism V' — Y. Next,
choose a scheme U and a surjective étale morphism U — V Xy X. By Lemma [3.5
the transformation of functors V xy X — V is limit preserving. By Morphisms of
Spaces, Lemma the morphism of algebraic spaces U — V xy X is locally of
finite presentation, hence limit preserving as a transformation of functors by the
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first part of the proof. By Lemma [3.3] the composition U — V xy X — V is limit
preserving as a transformation of functors. Hence the morphism of schemes U — V'
is locally of finite presentation by Limits, Proposition (modulo a set theoretic
remark, see last paragraph of the proof). This means, by definition, that (1) holds.

Set theoretic remark. Let U — V be a morphism of (Sch/S)rpps. In the state-
ment of Limits, Proposition we characterize U — V as being locally of finite
presentation if for all directed inverse systems (75, f;) of affine schemes over V' we
have U(T') = colim V(T;), but in the current setting we may only consider affine
schemes T; over V which are (isomorphic to) an object of (Sch/S)¢pps. So we have
to make sure that there are enough affines in (Sch/S) ¢pps to make the proof work.
Inspecting the proof of (2) = (1) of Limits, Proposition[6.1] we see that the question
reduces to the case that U and V are affine. Say U = Spec(A) and V' = Spec(B).
By construction of (Sch/S)spps the spectrum of any ring of cardinality < |B] is
isomorphic to an object of (Sch/S)¢pps. Hence it suffices to observe that in the
"only if" part of the proof of Algebra, Lemma only A-algebras of cardinality
< |B| are used. O

Remark| 3.11. Here is an important special case of Proposition Let S
be a scheme. Let X be an algebraic space over S. Then X is locally of finite
presentation over S if and only if X, as a functor (Sch/S)°PP — Sets, is limit
preserving. Compare with Limits, Remark In fact, we will see in Lemma
below that it suffices if the map

colim X (T;) — X(T)
is surjective whenever T' = lim T; is a directed limit of affine schemes over S.

Lemma 3.12. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. If for every directed limit T = lim;c; T; of affine schemes over S the
map

colim X (T;) — X (T') xy (r) colim Y (T;)
is surjective, then f is locally of finite presentation. In other words, in Proposition
part (2) it suffices to check surjectivity in the criterion of Lemma .

Proof. Choose a scheme V' and a surjective étale morphism g : V — Y. Next,
choose a scheme U and a surjective étale morphism A : U — V xy X. It suffices to
show for T' = lim T; as in the lemma that the map

colim U(T;) — U(T) Xy (r) colim V (T;)
is surjective, because then U — V will be locally of finite presentation by Limits,
Lemma (modulo a set theoretic remark exactly as in the proof of Proposition

3.10). Thus we take @ : T — U and b; : T; — V which determine the same
morphism 7' — V. Picture
T
P
|
U

i T
:
y
— X Xy V—V
|
Y

N

»

X —
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By the assumption of the lemma after increasing ¢ we can find a morphism ¢; : T; —
X such that hoa = (b;,¢;)op; : T; = V Xy X and such that foc; = gob;. Since h
is an étale morphism of algebraic spaces (and hence locally of finite presentation),
we have the surjectivity of

colim U(Tz) — U(T) X(XxyV)(T) CO]im(X Xy V)(Tl)

by Proposition [3.10] Hence after increasing ¢ again we can find the desired mor-
phism a; : T; — U with a = a; o p; and b; = (U — V) o q;. O

4. Limits of algebraic spaces

The following lemma explains how we think of limits of algebraic spaces in this
chapter. We will use (without further mention) that the base change of an affine
morphism of algebraic spaces is affine (see Morphisms of Spaces, Lemma [20.5]).

Lemma 4.1. Let S be a scheme. Let I be a directed set. Let (X;, fii) be an
inverse system over I in the category of algebraic spaces over S. If the morphisms
fir + Xi — Xy are affine, then the limit X = lim; X; (as an fppf sheaf) is an
algebraic space. Moreover,

(1) each of the morphisms f; : X — X, is affine,

(2) for any i € I and any morphism of algebraic spaces T — X; we have

X X Xx; T = limi/zi X X X; T.
as algebraic spaces over S.

Proof. Part (2) is a formal consequence of the existence of the limit X = lim X; as
an algebraic space over S. Choose an element 0 € I (this is possible as a directed
set is nonempty). Choose a scheme Uy and a surjective étale morphism Uy — X).
Set RO = U() X Xo UO so that XO = Uo/Ro. For i > 0 set U,' = Xi X X, UO and
R; = X; xx, Ry = U; xx, U;. By Limits, Lemma 2.2 we see that U = lim;>o U; and
R = lim;>¢ R; are schemes. Moreover, the two morphisms s,¢ : R — U are the base
change of the two projections Ry — Uy by the morphism U — Uy, in particular
étale. The morphism R — U xg U defines an equivalence relation as directed
a limit of equivalence relations is an equivalence relation. Hence the morphism
R — U xg U is an étale equivalence relation. We claim that the natural map

(4.1.1) U/R — lim X;

is an isomorphism of fppf sheaves on the category of schemes over S. The claim
implies X = lim X is an algebraic space by Spaces, Theorem

Let Z be a scheme and let a : Z — lim X; be a morphism. Then a = (a;) where
a; 1 Z — X;. Set Wy = Z Xq4,x, Up. Note that Wy = Z X, x, U; for all ¢ > 0 by
our choice of U; — X; above. Hence we obtain a morphism Wy — lim;>oU; = U.
Since Wy — Z is surjective and étale, we conclude that is a surjective
map of sheaves. Finally, suppose that Z is a scheme and that a,b : Z — U/R
are two morphisms which are equalized by . We have to show that a = b.
After replacing Z by the members of an fppf covering we may assume there exist
morphisms a’,b’ : Z — U which give rise to a and b. The condition that a,b are
equalized by means that for each ¢ > 0 the compositions a., b, : Z — U — U;
are equal as morphisms into U;/R; = X;. Hence (a},b}) : Z — U; xg U; factors
through R;, say by some morphism ¢; : Z — R;. Since R = lim;>o R; we see that
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c=limc¢; : Z — R is a morphism which shows that a,b are equal as morphisms of
Z into U/R.

Part (1) follows as we have seen above that U; x x, X = U and U — U; is affine by
construction. g

Lemma 4.2. Let S be a scheme. Let I be a directed set. Let (X;, fiir) be an
inverse system over I of algebraic spaces over S with affine transition maps. Let
X =lim; X;. Let 0 € I. Suppose that T — X is a morphism of algebraic spaces.
Then

T X X X = limion X X, Xi
as algebraic spaces over S.

Proof. The limit X is an algebraic space by Lemma The equality is formal,
see Categories, Lemma [14.10 O

Lemma 4.3. Let S be a scheme. Let I be a directed set. Let (X, firi) = (Yi, giri)
be a morphism of inverse systems over I of algebraic spaces over S. Assume

(1) the morphisms fi; : Xy — X; are affine,
(2) the morphisms g;; : Yy — Y; are affine,
(3) the morphisms X; —'Y; are closed immersions.

Then lim X; — limY; is a closed immersion.

Proof. Observe that lim X; and lim Y; exist by Lemma Pick 0 € I and choose
an affine scheme V) and an étale morphism Vy — Yy. Then the morphisms V; =
Y xy, Vo = U; = X, Xy, Vp are closed immersions of affine schemes. Hence the
morphism V =Y xy, Vo = U = X Xy, Vp is a closed immersion because V = lim V;,
U = lim U; and because a limit of closed immersions of affine schemes is a closed
immersion: a filtered colimit of surjective ring maps is surjective. Since the étale
morphisms V' — Y form an étale covering of Y as we vary our choice of Vj — Yy
we see that the lemma is true. O

Lemma 4.4. Let S be a scheme. Let I be a directed set. Let (X;, fir;) be an
inverse systems over I of algebraic spaces over S. If X; is reduced for all i, then
X is reduced.

Proof. Observe that lim X; exists by Lemma Pick 0 € I and choose an
affine scheme Vj and an étale morphism Uy — Xy. Then the affine schemes U; =
X; xx, Uy are reduced. Hence U = X xx, Up is a reduced affine scheme as a
limit of reduced affine schemes: a filtered colimit of reduced rings is reduced. Since
the étale morphisms U — X form an étale covering of X as we vary our choice of
Uy — X we see that the lemma is true. O

Lemma 4.5. Let S be a scheme. Let X — Y be a morphism of algebraic spaces
over S. The equivalent conditions (1) and (2) of Proposition are also equivalent
to

(3) for every directed limit T = limT; of quasi-compact and quasi-separated
algebraic spaces T; over S with affine transition morphisms the diagram of
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sets
colim; Mor(T;, X) —— Mor(T, X)

i l

colim; Mor(T;,Y) —— Mor(T,Y)
s a fibre product diagram.

Proof. It is clear that (3) implies (2). We will assume (2) and prove (3). The
proof is rather formal and we encourage the reader to find their own proof.

Let us first prove that (3) holds when T; is in addition assumed separated for all
i. Choose i € I and choose a surjective étale morphism U; — T; where U; is
affine. Using Lemma @ we see that with U = U; x¢, T and Uy = U; X1, Tiy we
have U = limy>; Uy. Of course U and Uy are affine (see Lemma . Since T} is
separated, the fibre product V; = U, x1, U; is an affine scheme as well and we obtain
affine schemes V' = V; x7, T and Viy = V; x1, Ty with V' = lim;/>; Vi». Observe that
U — T and U; — T; are surjective étale and that V = U x7U and Viy = Uy X7, Uyr.
Note that Mor(7, X) is the equalizer of the two maps Mor(U, X) — Mor(V, X);
this is true for example because X as a sheaf on (Sch/S)fppy is the coequalizer of
the two maps hy — h,. Similarly Mor(T};, X) is the equalizer of the two maps
Mor(Uy, X) — Mor(Vir, X). And of course the same thing is true with X replaced
with Y. Condition (2) says that the diagrams of in (3) are fibre products in the
case of U = limU; and V = lim V;. It follows formally that the same thing is true
for T =1limT;.

In the general case, choose an affine scheme U, an ¢ € I, and a surjective étale
morphism U — T;. Repeating the argument of the previous paragraph we still
achieve the proof: the schemes V;/, V' are no longer affine, but they are still quasi-
compact and separated and the result of the preceding paragraph applies. (]

5. Descending properties
This section is the analogue of Limits, Section

Lemma 5.1. Let S be a scheme. Let X = lim;c; X; be the limit of a directed
inverse system of algebraic spaces over S with affine transition morphisms (Lemma
. If each X; is decent (for example quasi-separated or locally separated) then
| X | = lim; | X;| as sets.

Proof. There is a canonical map |X| — lim | X;|. Choose 0 € I. If Wy C X is an
open subspace, then we have f(;lWo = lim;>¢ f[olWo, see Lemma Hence, if
we can prove the lemma for inverse systems where X is quasi-compact, then the
lemma follows in general. Thus we may and do assume X is quasi-compact.

Choose an affine scheme Uy and a surjective étale morphism Uy — Xy. Set U; =
Xi X Xo Uo and U = X X Xo U(). Set Rz = Ul X X, Ul and R = UXX U. Recall that
U =1limU; and R = lim R;, see proof of Lemma [4.1] Recall that | X| = |U|/|R| and
| Xi| = |U;]/|R;|. By Limits, Lemma [4.6] we have |U| = lim |U;| and |R| = lim | R;].
Surjectivity of |X| — lim |X;|. Let (x;) € lim|X;|. Denote S; C |U;| the inverse

image of x;. This is a finite nonempty set by the definition of decent spaces (Decent
Spaces, Definition[6.1). Hence lim S; is nonempty, see Categories, Lemma Let
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(u;) € lim S; C lim |U;|. By the above this determines a point u € |U| which maps
to an x € | X| mapping to the given element (x;) of lim | Xj]|.

Injectivity of |X| — lim |X;|. Suppose that x,2’ € |X| map to the same point of
lim | X;|. Choose lifts u,u € |U| and denote u;,u} € |U;| the images. For each ¢
let T; C |R;| be the set of points mapping to (u;,u}) € |U;| x |U;|. This is a finite
set by the definition of decent spaces (Decent Spaces, Definition . Moreover T;
is nonempty as we’ve assumed that x and 2’ map to the same point of X;. Hence
lim 7 is nonempty, see Categories, Lemma[21.7] As before let r € |R| = lim |R;| be
a point corresponding to an element of lim 7;. Then r maps to (u,u’) in |U| x |U]|
by construction and we see that = 2’ in |X| as desired.

Parenthetical statement: A quasi-separated algebraic space is decent, see Decent
Spaces, Section @ (the key observation to this is Properties of Spaces, Lemma [6.7)).
A locally separated algebraic space is decent by Decent Spaces, Lemma O

Lemma 5.2. With same notation and assumptions as in Lemma we have
| X | = lim; | X;| as topological spaces.

Proof. We will use the criterion of Topology, Lemma We have seen that
| X| = lim; | X;| as sets in Lemma The maps f; : X — X, are morphisms of
algebraic spaces hence determine continuous maps |X| — |X;|. Thus f;'(U;) is
open for each open U; C |X;|. Finally, let « € |X| and let © € V' C | X| be an open
neighbourhood. We have to find an ¢ and an open neighbourhood W; C |X;| of the
image x with fi_l(Wi) C V. Choose 0 € I. Choose a scheme Uy and a surjective
étale morphism Uy — Xo. Set U = X xx, Up and U; = X; xx, Up for i > 0. Then
U = lim;>( U; in the category of schemes by Lemma Choose u € U mapping to
x. By the result for schemes (Limits, Lemma we can find an 7 > 0 and an open
neighbourhood F; C U; of the image of u whose inverse image in U is contained in
the inverse image of V' in U. Then we can set W; C |X;| equal to the image of F;.
This works because |U;| — |X;| is open. O

Lemma 5.3. Let S be a scheme. Let X = lim;c; X; be the limit of a directed
inverse system of algebraic spaces over S with affine transition morphisms (Lemma
. If each X; is quasi-compact and nonempty, then | X| is nonempty.

Proof. Choose 0 € I. Choose an affine scheme Uy and a surjective étale morphism
Uy = Xo. Set U; = X; xx, Up and U = X xx, Up. Then each U; is a nonempty
affine scheme. Hence U = lim U; is nonempty (Limits, Lemma and thus X is
nonempty. t

Lemma 5.4. Let S be a scheme. Let X = lim;c; X; be the limit of a directed
inverse system of algebraic spaces over S with affine transition morphisms (Lemma
. Let x € |X| with images x; € | X;|. If each X; is decent, then {x} = lim; {x;}
as sets and as algebraic spaces if endowed with reduced induced scheme structure.

Proof. Set Z = {z} C |X| and Z; = {x;} C |X;|. Since |X| — |X;| is continuous
we see that Z maps into Z; for each i. Hence we obtain an injective map Z — lim Z;
because |X| = lim |X;| as sets (Lemma [5.1)). Suppose that 2’ € |X| is not in Z.
Then there is an open subset U C |X| with 2’ € U and = ¢ U. Since |X| = lim | X;|
as topological spaces (Lemma we can write U = | ; f]fl(Uj) for some subset
J C I and opens U; C |Xj|, see Topology, Lemma Then we see that for some
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j € J we have f;(z') € U; and f;(z) & U;. In other words, we see that f;(z') & Z;.
Thus Z = lim Z; as sets.

Next, endow Z and Z; with their reduced induced scheme structures, see Proper-
ties of Spaces, Definition The transition morphisms X;; — X; induce affine
morphisms Z;; — Z; and the projections X — X, induce compatible morphisms
7 — Z;. Hence we obtain morphisms Z — lim Z; — X of algebraic spaces. By
Lemma [£3] we see that lim Z; — X is a closed immersion. By Lemma [£.4] the
algebraic space lim Z; is reduced. By the above Z — lim Z; is bijective on points.
By uniqueness of the reduced induced closed subscheme structure we find that this
morphism is an isomorphism of algebraic spaces. O

Situation 5.5. Let S be a scheme. Let X = lim;c; X; be the limit of a directed
inverse system of algebraic spaces over S with affine transition morphisms (Lemma
. We assume that X; is quasi-compact and quasi-separated for all i+ € I. We
also choose an element 0 € 1.

Lemma 5.6. Notation and assumptions as in Situation . Suppose that Fy is
a quasi-coherent sheaf on Xo. Set F; = f5;Fo fori > 0 and set F = f5Fo. Then

F()(7 ]:) = colimizo F(Xi, ]:z)

Proof. Choose a surjective étale morphism Uy — Xy where Uy is an affine scheme
(Properties of Spaces, Lemma . Set U; = X; xx, Up. Set Ry = Uy xx, Uy
and R; = Ry xx, X;. In the proof of Lemma we have seen that there exists
a presentation X = U/R with U = limU; and R = lim R;. Note that U; and
U are affine and that R; and R are quasi-compact and separated (as X; is quasi-
separated). Hence Limits, Lemma implies that

F(U) = colim F;(U;) and F(R) = colim F;(R;).

The lemma follows as I'(X,F) = Ker(F(U) — F(R)) and similarly I'(X;, F;) =

Lemmal 5.7. Notation and assumptions as in Situation . For any quasi-
compact open subspace U C X there exists an i and a quasi-compact open U; C X;
whose inverse image in X is U.

Proof. Follows formally from the construction of limits in Lemma and the
corresponding result for schemes: Limits, Lemma [4.11 O

The following lemma will be superseded by the stronger Lemma

Lemma 5.8. Notation and assumptions as in Situation . Let fo: Yy — Zy be
a morphism of algebraic spaces over Xgy. Assume (a) Yo — Xo and Zy — Xy are
representable, (b) Yo, Zo quasi-compact and quasi-separated, (c) fo locally of finite
presentation, and (d) Yo xx, X — Zo Xx, X an isomorphism. Then there exists
an © > 0 such that Yy xx, Xi = Zo Xx, X; is an isomorphism.

Proof. Choose an affine scheme Uy and a surjective étale morphism Uy — Xj.
Set U; = Uy xx, X; and U = Uy Xx, X. Apply Limits, Lemma to see that
Yo xx, Ui = Zo Xx, U; is an isomorphism of schemes for some ¢ > 0 (details
omitted). As U; — X; is surjective étale, it follows that Yo x x, X; = Zy xx, X; is
an isomorphism (details omitted). O
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Lemma 5.9. Notation and assumptions as in Situation . If X is separated,
then X; is separated for some i € I.

Proof. Choose an affine scheme Uy and a surjective étale morphism Uy — Xj.
For i > 0 set U; = Up xx, X; and set U = Uy xx, X. Note that U; and U are
affine schemes which come equipped with surjective étale morphisms U; — X; and
U— X. Set R, =U,; xx, Uy and R = U xx U with projections s;,t; : Ry — U,
and s,t : R — U. Note that R; and R are quasi-compact separated schemes (as
the algebraic spaces X; and X are quasi-separated). The maps s; : R; — U;
and s : R — U are of finite type. By definition X, is separated if and only
if (t;,s;) : R; — U; x U; is a closed immersion, and since X is separated by
assumption, the morphism (¢,s) : R — U x U is a closed immersion. Since R — U
is of finite type, there exists an i such that the morphism R — U; x U is a closed
immersion (Limits, Lemma . Fix such an ¢ € I. Apply Limits, Lemma to
the system of morphisms Ry — U; x Uy for i > 4 (this is permissible as indeed

Ry = R; Xyu,xuv, Ui x Uy) to see that Ry — U; x Uy is a closed immersion for
¢/ sufficiently large. This implies immediately that Ry — Uy x Uy is a closed
immersion finishing the proof of the lemma. O

Lemma 5.10. Notation and assumptions as in Situation . If X is affine, then
there exists an i such that X; is affine.

Proof. Choose 0 € I. Choose an affine scheme Uy and a surjective étale morphism
Us — Xo. Set U = Uy xx, X and U; = Uy xx, X; for ¢ > 0. Since the transition
morphisms are affine, the algebraic spaces U; and U are affine. Thus U — X is an
étale morphism of affine schemes. Hence we can write X = Spec(A), U = Spec(B)
and
B=Alr,...xl/ (g1, 00)

such that A = det(dgy/0x,) is invertible in B, see Algebra, Lemma Set
A; = Ox,(X;). We have A = colim 4; by Lemma After increasing 0 we may
assume we have g14,...,9n,; € 4;[z1,...,2,] mapping to g1,...,gn. Set

B'L = Ai[mla .. '7$n}/(gl,’i7 e 7gn,i)

for all ¢ > 0. Increasing 0 if necessary we may assume that A; = det(9gy;/0z,) is
invertible in B; for all ¢ > 0. Thus A; — B; is an étale ring map. After increasing
0 we may assume also that Spec(B;) — Spec(4;) is surjective, see Limits, Lemma
Increasing 0 yet again we may choose elements hq ;, ..., hy; € Oy, (U;) which
map to the classes of z1,...,2, in B = Oy (U) and such that gy ,(h,;) = 0 in
Oy, (U;). Thus we obtain a commutative diagram

X; U;

(5.10.1) l J/

Spec(A;) <—— Spec(B;)

By construction B; = By ® 4, A; and B = By ® 4, A. Consider the morphism
Jo : Uo — Xo Xspec(a,) SPec(Bo)

This is a morphism of quasi-compact and quasi-separated algebraic spaces rep-
resentable, separated and étale over Xy. The base change of f; to X is an iso-
morphism by our choices. Hence Lemma [5.§ guarantees that there exists an i
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such that the base change of fy to X; is an isomorphism, in other words the
diagram is cartesian. Thus Descent, Lemma applied to the fppf
covering {Spec(B;) — Spec(4;)} combined with Descent, Lemma give that
X,; — Spec(4;) is representable by a scheme affine over Spec(A4;) as desired. (Of
course it then also follows that X; = Spec(A4;) but we don’t need this.) O

Lemma 5.11. Notation and assumptions as in Situation . If X is a scheme,
then there exists an i such that X; is a scheme.

Proof. Choose a finite affine open covering X = |JW;. By Lemmawe can find
an 4 € I and open subspaces W, ; C X; whose base change to X is W; — X. By
Lemma we may assume that each W;; is an affine scheme. This means that
X; is a scheme (see for example Properties of Spaces, Section . O

Lemmal 5.12. Let S be a scheme. Let B be an algebraic space over S. Let
X = lim X; be a directed limit of algebraic spaces over B with affine transition
morphisms. Let Y — X be a morphism of algebraic spaces over B.

(1) If Y — X is a closed immersion, X; quasi-compact, and Y — B locally of
finite type, then Y — X; is a closed immersion for i large enough.

(2) IfY — X is an immersion, X; quasi-separated, Y — B locally of finite type,
and Y quasi-compact, then Y — X; is an immersion for i large enough.

(3) If Y — X is an isomorphism, X; quasi-compact, X; — B locally of finite
type, the transition morphisms X;» — X; are closed immersions, and Y —
B is locally of finite presentation, then Y — X; is an isomorphism for i
large enough.

(4) If Y — X is a monomorphism, X; quasi-separated, Y — B locally of finite
type, and Y quasi-compact, then Y — X; is a monomorphism for i large
enough.

Proof. Proof of (1). Choose 0 € I. As X, is quasi-compact, we can choose an
affine scheme W and an étale morphism W — B such that the image of | Xy| — |B)|
is contained in |W| — |B|. Choose an affine scheme U and an étale morphism
Up — Xo xp W such that Uy — X is surjective. (This is possible by our choice
of W and the fact that Xy is quasi-compact; details omitted.) Let V' — Y, resp.
U — X, resp. U; — X; be the base change of Uy — Xy (for ¢ > 0). It suffices to
prove that V' — U; is a closed immersion for ¢ sufficiently large. Thus we reduce
to proving the result for V' — U = lim U; over W. This follows from the case of
schemes, which is Limits, Lemma |4.16

Proof of (2). Choose 0 € I. Choose a quasi-compact open subspace X, C Xy such
that Y — X factors through X{. After replacing X; by the inverse image of X|, for
i > 0 we may assume all X/ are quasi-compact and quasi-separated. Let U C X be
a quasi-compact open such that Y — X factors through a closed immersion Y — U
(U exists as Y is quasi-compact). By Lemma we may assume that U = lim U;
with U; C X; quasi-compact open. By part (1) we see that Y — Uj; is a closed
immersion for some ¢. Thus (2) holds.

Proof of (3). Choose 0 € I. Choose an affine scheme U and a surjective étale
morphism UO — Xo. Set Ui = XZ X X Uo, U=X X X, UO =Y X X Uo. Then
U = lim U; is a limit of affine schemes, the transition maps of the system are closed
immersions, and U — Uy is of finite presentation (because U — B is locally of finite
presentation and Uy — B is locally of finite type and Morphisms of Spaces, Lemma
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28.9). Thus we’ve reduced to the following algebra fact: If A = lim A; is a directed
colimit of R-algebras with surjective transition maps and A of finite presentation
over Ag, then A = A; for some 7. Namely, write A = Ay/(f1,..., fn). Pick i such
that f1,..., f, map to zero under the surjective map Ag — A;.

Proof of (4). Set Z; =Y xx, Y. As the transition morphisms X;; — X; are affine
hence separated, the transition morphisms Z;; — Z; are closed immersions, see
Morphisms of Spaces, Lemma We have lmZ; =Y xx Y =Y asY - X isa
monomorphism. Choose 0 € I. Since Y — Xy is locally of finite type (Morphisms
of Spaces, Lemma the morphism Y — Z; is locally of finite presentation
(Morphisms of Spaces, Lemma. The morphisms Z; — Z; are locally of finite
type (they are closed immersions). Finally, Z; =Y xx, Y is quasi-compact as X;
is quasi-separated and Y is quasi-compact. Thus part (3) applies to ¥ = lim;>¢ Z;
over Zy and we conclude Y = Z; for some i. This proves (4) and the lemma. O

Lemma 5.13. Let S be a scheme. Let Y be an algebraic space over S. Let
X = lim X; be a directed limit of algebraic spaces over Y with affine transition
morphisms. Assume

(1) Y is quasi-separated,

(2) X; is quasi-compact and quasi-separated,

(3) the morphism X —'Y is separated.
Then X; — Y is separated for all i large enough.

Proof. Let 0 € I. Choose an affine scheme W and an étale morphism W — Y such
that the image of |W| — |Y| contains the image of |Xy| — |Y|. This is possible
as Xy is quasi-compact. It suffices to check that W xy X; — W is separated
for some ¢ > 0 because the diagonal of W xy X; over W is the base change of
X; = X; xy X; by the surjective étale morphism (X; xy X;) Xy W — X; xy X,.
Since Y is quasi-separated the algebraic spaces W xy X, are quasi-compact (as
well as quasi-separated). Thus we may base change to W and assume Y is an
affine scheme. When Y is an affine scheme, we have to show that X; is a separated
algebraic space for ¢ large enough and we are given that X is a separated algebraic
space. Thus this case follows from Lemma [5.9] O

Lemma 5.14. Let S be a scheme. Let Y be an algebraic space over S. Let
X = lim X; be a directed limit of algebraic spaces over Y with affine transition
morphisms. Assume

(1) Y quasi-compact and quasi-separated,
(2) X, quasi-compact and quasi-separated,
(3) X =Y affine.

Then X; — Y is affine for i large enough.

Proof. Choose an affine scheme W and a surjective étale morphism W — Y.
Then X xy W is affine and it suffices to check that X; xy W is affine for some 4
(Morphisms of Spaces, Lemma [20.3). This follows from Lemma O

Lemma 5.15. Let S be a scheme. Let Y be an algebraic space over S. Let
X = lim X; be a directed limit of algebraic spaces over Y with affine transition
morphisms. Assume

(1) Y quasi-compact and quasi-separated,
(2) X; quasi-compact and quasi-separated,
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(3) the transition morphisms X; — X; are finite,
(4) X; =Y locally of finite type
(5) X =Y integral.

Then X; — 'Y s finite for i large enough.

Proof. Choose an affine scheme W and a surjective étale morphism W — Y. Then
X xy W is finite over W and it suffices to check that X; xy W is finite over W for
some ¢ (Morphisms of Spaces, Lemma. By Lemma this reduces us to the
case of schemes. In the case of schemes it follows from Limits, Lemma [4.19 O

Lemmal 5.16. Let S be a scheme. Let'Y be an algebraic space over S. Let
X = lim X; be a directed limit of algebraic spaces over Y with affine transition
morphisms. Assume

(1) Y quasi-compact and quasi-separated,
(2) X; quasi-compact and quasi-separated,
(3) the transition morphisms X, — X; are closed immersions,
(4) X; =Y locally of finite type

(5) X =Y is a closed immersion.

Then X; — Y is a closed immersion for i large enough.

Proof. Choose an affine scheme W and a surjective étale morphism W — Y. Then
X xy W is a closed subspace of W and it suffices to check that X; xy W is a closed
subspace W for some i (Morphisms of Spaces, Lemma . By Lemma this
reduces us to the case of schemes. In the case of schemes it follows from Limits,
Lemma [4.201 O

6. Descending properties of morphisms

This section is the analogue of Section [5| for properties of morphisms. We will work
in the following situation.

Situation 6.1. Let S be a scheme. Let B = lim B; be a limit of a directed inverse
system of algebraic spaces over S with affine transition morphisms (Lemma .
Let 0 € I and let fy : X¢o — Yy be a morphism of algebraic spaces over By. Assume
By, Xy, Y, are quasi-compact and quasi-separated. Let f; : X; — Y; be the base
change of fy to B; and let f : X — Y be the base change of fj to B.

Lemma 6.2. With notation and assumptions as in Situation . If

(1) f is étale,
(2) fo is locally of finite presentation,

then f; is étale for some i > 0.
Proof. Choose an affine scheme V; and a surjective étale morphism Vy — Yj.

Choose an affine scheme Uy and a surjective étale morphism Uy — Vy Xy, Xo.
Diagram

Uo HVO

|

X()HYO
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The vertical arrows are surjective and étale by construction. We can base change
this diagram to B; or B to get

Ui—=V; U 1%
RN

X, —=Y; X ——Y

—_—

Note that U;, V;, U, V are affine schemes, the vertical morphisms are surjective étale,
and the limit of the morphisms U; — V; is U — V. Recall that X; — Y is étale if
and only if U; — V; is étale and similarly X — Y is étale if and only if U — V is étale
(Morphisms of Spaces, Lemma . Since fj is locally of finite presentation, so is
the morphism Uy — V. Hence the lemma follows from Limits, Lemma |8.10 [l

Lemma 6.3. With notation and assumptions as in Situation . If

(1) f is smooth,
(2) fo is locally of finite presentation,

then f; is smooth for some ¢ > 0.

Proof. Choose an affine scheme V) and a surjective étale morphism Vy — Yj.
Choose an affine scheme Uy and a surjective étale morphism Uy — Vy Xy, Xo.
Diagram

Uo 4>V0

|

XOHYQ

The vertical arrows are surjective and étale by construction. We can base change

this diagram to B; or B to get
U v
RN

X, —=Y; X ——Y

Note that U;, V;, U, V are affine schemes, the vertical morphisms are surjective étale,
and the limit of the morphisms U; — V; is U — V. Recall that X; — Y; is smooth
if and only if U; — V; is smooth and similarly X — Y is smooth if and only if
U — V is smooth (Morphisms of Spaces, Definition . Since fy is locally of
finite presentation, so is the morphism Uy — Vj. Hence the lemma follows from
Limits, Lemma O

Lemma 6.4. With notation and assumptions as in Situation . If

(1) f is surjective,
(2) fo is locally of finite presentation,

then f; is surjective for some i > 0.

Proof. Choose an affine scheme V; and a surjective étale morphism Vy — Yj.
Choose an affine scheme U, and a surjective étale morphism Uy — Vj Xy, Xo.
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Diagram
Uo — V()

]

XO —_— YO
The vertical arrows are surjective and étale by construction. We can base change
this diagram to B; or B to get
U, —=YV; U 1%

X, —Y; X——Y

_

Note that U;, V;, U, V are affine schemes, the vertical morphisms are surjective étale,
the limit of the morphisms U; — V; is U — V, and the morphisms U; = X; Xy, V;
and U — X xy V are surjective (as base changes of Uy — X Xy, Vp). In particular,
we see that X; — Y; is surjective if and only if U; — V; is surjective and similarly
X — Y is surjective if and only if U — V is surjective. Since fy is locally of finite
presentation, so is the morphism Uy — Vj. Hence the lemma follows from the case
of schemes (Limits, Lemma [8.15)). (]

Lemma 6.5. Notation and assumptions as in Situation . If
(1) f is universally injective,
(2) fo is locally of finite type,

then f; is universally injective for some ¢ > 0.

Proof. Recall that a morphism X — Y is universally injective if and only if the
diagonal X — X xy X is surjective (Morphisms of Spaces, Definition and
Lemma . Observe that X, — Xy xy, Xo is of locally of finite presentation
(Morphisms of Spaces, Lemma . Hence the lemma follows from Lemma
by considering the morphism Xo — Xy xy, Xo. O

Lemma 6.6. Notation and assumptions as in Situation . If f is affine, then
fi is affine for some i > 0.

Proof. Choose an affine scheme V[ and a surjective étale morphism V;, — Y. Set
Vi=Voxy,Ysand V = Vpxy, Y. Since f is affine we see that V xy X =1lim V; xy, X;
is affine. By Lemma [5.10] we see that V; xy, X; is affine for some i > 0. For this ¢
the morphism f; is affine (Morphisms of Spaces, Lemma [20.3)). d

Lemmal 6.7. Notation and assumptions as in Situation . If
(1) f is finite,
(2) fo is locally of finite type,

then f; is finite for some i > 0.

Proof. Choose an affine scheme V) and a surjective étale morphism V — Y. Set
Vi=Voxy,Yiand V =V xy, Y. Since f is finite we see that V' xy X =lim V; xy, X,
is a scheme finite over V. By Lemma we see that V; xy, X; is affine for some
t > 0. Increasing ¢ if necessary we find that V; xy, X; — V; is finite by Limits,
Lemma For this ¢ the morphism f; is finite (Morphisms of Spaces, Lemma
45.3)). O
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Lemma 6.8. Notation and assumptions as in Situation . If

(1) f is a closed immersion,
(2) fo is locally of finite type,
then f; is a closed immersion for some i > 0.

Proof. Choose an affine scheme Vj and a surjective étale morphism Vy — Yy. Set
Vi=Woxy,Yiand V =V Xy, Y. Since f is a closed immersion we see that
V xy X =limV; xy, X, is a closed subscheme of the affine scheme V. By Lemma
m we see that V; xy;, X; is affine for some ¢ > 0. Increasing ¢ if necessary we find
that V; xy, X; — V; is a closed immersion by Limits, Lemma [@ For this i the
morphism f; is a closed immersion (Morphisms of Spaces, Lemma @ O

Lemma 6.9. Notation and assumptions as in Situation . If [ is separated,
then f; is separated for some i > 0.

Proof. Apply Lemma to the diagonal morphism Ay, y, : Xo — Xo Xy, Xo.
(Diagonal morphisms are locally of finite type and the fibre product Xy Xy, Xo is
quasi-compact and quasi-separated. Some details omitted.) ([l

Lemmal 6.10. Notation and assumptions as in Situation . If
(1) f is a isomorphism,
(2) fo is locally of finite presentation,

then f; is a isomorphism for some i > 0.

Proof. Being an isomorphism is equivalent to being étale, universally injective,
and surjective, see Morphisms of Spaces, Lemma Thus the lemma follows

from Lemmas @ @, and |

Lemmal 6.11. Notation and assumptions as in Situation . If
(1) f is @ monomorphism,
(2) fo is locally of finite type,

then f; is a monomorphism for some i > 0.

Proof. Recall that a morphism is a monomorphism if and only if the diagonal is
an isomorphism. The morphism Xo — X Xy, Xo is locally of finite presentation
by Morphisms of Spaces, Lemma Since Xy Xy, Xo is quasi-compact and
quasi-separated we conclude from Lemma, that A; : X; — X; Xy, X; is an
isomorphism for some 7 > 0. For this ¢ the morphism f; is a monomorphism. [

Lemma 6.12. Notation and assumptions as in Situation . Let Fy be a quasi-
coherent Ox,-module and denote F; the pullback to X; and F the pullback to X.
If

(1) F is flat over Y,

(2) Fo is of finite presentation, and

(3) fo is locally of finite presentation,
then F; is flat over Y; for some i > 0. In particular, if fo is locally of finite
presentation and f is flat, then f; is flat for some i > 0.

Proof. Choose an affine scheme V) and a surjective étale morphism Vy — Yj.
Choose an affine scheme U, and a surjective étale morphism Uy — Vj Xy, Xo.
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Diagram
UO I VO

]

XO E—— YO
The vertical arrows are surjective and étale by construction. We can base change

this diagram to B; or B to get
v

Ui — Vi
X, —Y; X ——Y

e

Note that U;, V;, U, V are affine schemes, the vertical morphisms are surjective étale,
and the limit of the morphisms U; — V; is U — V. Recall that F; is flat over Y;
if and only if F;|y, is flat over V; and similarly F is flat over Y if and only if F|y
is flat over V' (Morphisms of Spaces, Definition . Since fy is locally of finite
presentation, so is the morphism Uy — V. Hence the lemma follows from Limits,
Lemma, [10.41 O

Lemma 6.13. Assumptions and notation as in Situation . If
(1) f is proper, and
(2) fo is locally of finite type,

then there exists an i such that f; is proper.

Proof. Choose an affine scheme Vj and a surjective étale morphism Vy — Yy. Set
Vi=Y; Xy, Vo and V =Y xy, V. It suffices to prove that the base change of f;
to V; is proper, see Morphisms of Spaces, Lemma Thus we may assume Y is
affine.

By Lemma [6.9] we see that f; is separated for some ¢ > 0. Replacing 0 by i we
may assume that fj is separated. Observe that fy is quasi-compact. Thus fj is
separated and of finite type. By Cohomology of Spaces, Lemma we can choose
a diagram
!
Xo -~ X)—— P?,O

NS

Yo
where X, — Py is an immersion, and 7 : X3 — Xj is proper and surjective.
Introduce X' = X} xy, Y and X/ = X, xy, Y;. By Morphisms of Spaces, Lemmas
and we see that X’ — Y is proper. Hence X’ — P is a closed immersion
(Morphisms of Spaces, Lemma [40.6). By Morphisms of Spaces, Lemma it
suffices to prove that X! — Y; is proper for some i. By Lemma we find that
X! — PYy. is a closed immersion for ¢ large enough. Then X! —Y; is proper and
we win. (I

Lemma 6.14. Assumptions and notation as in Situation . Let d > 0. If
(1) f has relative dimension < d (Morphisms of Spaces, Definition[35.9), and

(2) fo is locally of finite type,
then there exists an i such that f; has relative dimension < d.
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Proof. Choose an affine scheme Vj and a surjective étale morphism Vy — Yj.
Choose an affine scheme Uy and a surjective étale morphism Uy — Vy Xy, Xo.
Diagram

U() ——— Vo

L

XO —_— YQ
The vertical arrows are surjective and étale by construction. We can base change
this diagram to B; or B to get
Ui—=V; U Vv
RN

X, —Y; X——Y

_

Note that U;, V;, U, V are affine schemes, the vertical morphisms are surjective étale,
and the limit of the morphisms U; — V; is U — V. In this situation X; — Y; has
relative dimension < d if and only if U; — V; has relative dimension < d (as defined
in Morphisms, Definition . To see the equivalence, use that the definition for
morphisms of algebraic spaces involves Morphisms of Spaces, Definition [33.1] which
uses étale localization. The same is true for X — Y and U — V. Since fj is locally
of finite type, so is the morphism Uy — Vj. Hence the lemma follows from the more
general Limits, Lemma [18.1 (I

7. Descending relative objects
The following lemma is typical of the type of results in this section.

Lemma 7.1. Let S be a scheme. Let I be a directed set. Let (X;, fiir) be an
inverse system over I of algebraic spaces over S. Assume

(1) the morphisms fiy + X; — Xy are affine,

(2) the spaces X; are quasi-compact and quasi-separated.
Let X = lim; X;. Then the category of algebraic spaces of finite presentation over
X is the colimit over I of the categories of algebraic spaces of finite presentation
over X;.

Proof. Pick 0 € I. Choose a surjective étale morphism Uy — Xy where Uy is
an affine scheme (Properties of Spaces, Lemma . Set U; = X; xx, Up. Set
Ro = Uy xx, Up and R; = Ry xx, X;. Denote s;,t; : R; =+ U; and s,t : R = U
the two projections. In the proof of Lemma we have seen that there exists a
presentation X = U/R with U = limU; and R = lim R;. Note that U; and U
are affine and that R; and R are quasi-compact and separated (as X; is quasi-
separated). Let Y be an algebraic space over S and let Y — X be a morphism
of finite presentation. Set V = U xx Y. This is an algebraic space of finite
presentation over U. Choose an affine scheme W and a surjective étale morphism
W — V. Then W — Y is surjective étale as well. Set R = W xy W so that
Y = W/R' (see Spaces, Section [J). Note that W is a scheme of finite presentation
over U and that R’ is a scheme of finite presentation over R (details omitted). By
Limits, Lemma [10.1] we can find an index ¢ and a morphism of schemes W; — U;
of finite presentation whose base change to U gives W — U. Similarly we can find,
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after possibly increasing ¢, a scheme R} of finite presentation over R; whose base
change to R is R'. The projection morphisms s’,t' : R’ — W are morphisms over
the projection morphisms s, : R — U. Hence we can view s, resp. t’ as a morphism
between schemes of finite presentation over U (with structure morphism R — U
given by R’ — R followed by s, resp. t). Hence we can apply Limits, Lemma m
again to see that, after possibly increasing i, there exist morphisms s}, ¢} : R, — W,
whose base change to U is S’,¢. By Limits, Lemmas and we may assume
that s, ¢} are étale and that j; : R, — W, x x, W; is a monomorphism (here we view
Jji as a morphism of schemes of finite presentation over U; via one of the projections
— it doesn’t matter which one). Setting Y; = W;/R; (see Spaces, Theorem [10.5]) we
obtain an algebraic space of finite presentation over X; whose base change to X is
isomorphic to Y.

This shows that every algebraic space of finite presentation over X comes from an
algebraic space of finite presentation over some X, i.e., it shows that the functor
of the lemma is essentially surjective. To show that it is fully faithful, consider
an index 0 € [ and two algebraic spaces Yy, Zy of finite presentation over Xj.
Set Y; = X1 X Xo Y(), Y = X X Xq Yo, Zl = Xl X Xq Zo, and Z = X X Xq Zo.
Let @ : Y — Z be a morphism of algebraic spaces over X. Choose a surjective
étale morphism Vy — Yy where Vj is an affine scheme. Set V; = Vj Xy, Y; and
V = Vp Xy, Y which are affine schemes endowed with surjective étale morphisms to
Y; and Y. The composition V — Y — Z — Z; comes from a (essentially unique)
morphism V; — Zy for some ¢ > 0 by Proposition (applied to Zy — X which
is of finite presentation by assumption). After increasing i the two compositions

Vixy, Vi = Vi— Z

are equal as this is true in the limit. Hence we obtain a (essentially unique) mor-
phism Y; — Z. Since this is a morphism over Xj it induces a morphism into
Zi = Zp Xx, X; as desired. ([l

07V7 |Lemmal 7.2. With notation and assumptions as in Lemma , The category
of Ox-modules of finite presentation is the colimit over I of the categories Ox, -
modules of finite presentation.

Proof. Choose 0 € I. Choose an affine scheme Uy and a surjective étale morphism
Uy — Xp. Set U, =X; X Xo Uy. Set Ry =Uy X Xq Uy and R, = Ry X Xo X;. Denote
si,ti + Ry — U; and s,t : R — U the two projections. In the proof of Lemma
we have seen that there exists a presentation X = U/R with U = limU; and
R =lim R;. Note that U; and U are affine and that R; and R are quasi-compact
and separated (as X; is quasi-separated). Moreover, it is also true that R Xy
R = colim R; Xg, y,+, Ri- Thus we know that QCoh(Oy) = colim QCoh(Oy,),
QCoh(OR) = colim QCoh(Og,), and QCoh(Orx, ,,,r) = colim QCoh(Or,x, .., R:)
by Limits, Lemma[10.2l We have QCoh(Ox) = QCoh(U, R, s,t,c) and QCoh(Ox,) =
QCoh(U;, R;, si,t;, ¢;), see Properties of Spaces, Proposition Thus the result
follows formally. O

0D2X Lemma 7.3. With notation and assumptions as in Lemma . Then

(1) any finite locally free Ox-module is the pullback of a finite locally free Ox, -
module for some i,

(2) any invertible Ox-module is the pullback of an invertible Ox,-module for
some 1.
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Proof. Proof of (2). Let £ be an invertible Ox-module. Since invertible modules
are of finite presentation we can find an ¢ and modules £; and N; of finite pre-
sentation over X; such that f7£; = £ and ffN; & L®1 see Lemma Since
pullback commutes with tensor product we see that f;(L; Rox, N;) is isomorphic
to Ox. Since the tensor product of finitely presented modules is finitely presented,
the same lemma implies that f7;L; ®oy [N is isomorphic to Ox,, for some
i’ > 4. It follows that f},L; is invertible (Modules on Sites, Lemma and the
proof is complete.

Proof of (1). Omitted. Hint: argue as in the proof of (2) using that a module (on
a locally ringed site) is finite locally free if and only if it has a dual, see Modules
on Sites, Section Alternatively, argue as in the proof for schemes, see Limits,
Lemma [10.3 O

8. Absolute Noetherian approximation

The following result is [CLO12, Theorem 1.2.2]. A key ingredient in the proof is
Decent Spaces, Lemma,

Proposition 8.1. Let X be a quasi-compact and quasi-separated algebraic space
over Spec(Z). There exist a directed set I and an inverse system of algebraic spaces
(X, fur) over I such that

(1) the transition morphisms fi are affine
(2) each X; is quasi-separated and of finite type over Z, and

Proof. We apply Decent Spaces, Lemma to get open subspaces U, C X,
schemes V,,, and morphisms f, : V, — U, with properties as stated. Note that
fn : Vi — U, is an étale morphism of algebraic spaces whose restriction to the
inverse image of T, = (V},)req is an isomorphism. Hence f, is an isomorphism,
for example by Morphisms of Spaces, Lemma In particular U, is a quasi-
compact and separated scheme. Thus we can write U, = limU, ; as a directed
limit of schemes of finite type over Z with affine transition morphisms, see Limits,
Proposition Thus, applying descending induction on p, we see that we have
reduced to the problem posed in the following paragraph.

Here we have U C X, U = 1limU;, Z C X, and f : V — X with the following
properties
(1) X is a quasi-compact and quasi-separated algebraic space,
(2) V is a quasi-compact and separated scheme,
(3) U C X is a quasi-compact open subspace,
(4) (Ui, gii) is a directed inverse system of quasi-separated algebraic spaces of
finite type over Z with affine transition morphisms whose limit is U,
(5) Z C X is a closed subspace such that | X| = |U|II|Z|,
(6) f:V — X is a surjective étale morphism such that f~!'(Z) — Z is an
isomorphism.

Problem: Show that the conclusion of the proposition holds for X.

Note that W = f~1(U) C V is a quasi-compact open subscheme étale over U.
Hence we may apply Lemmas and [6.2] to find an index 0 € I and an étale
morphism Wy — Uy of finite presentation whose base change to U produces W.
Setting W; = Wy xy, U; we see that W = lim;>o W;. After increasing 0 we may

Our proof follows
closely the proof
given in [CLO12,
Theorem 1.2.2].
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assume the W, are schemes, see Lemma Moreover, W; is of finite type over
Z.

Apply Limits, Lemma to W = lim;>o W; and the inclusion W C V. Replace I
by the directed set J found in that lemma. This allows us to write V as a directed
limit V' = lim V; of finite type schemes over Z with affine transition maps such that
each V; contains W; as an open subscheme (compatible with transition morphisms).
For each ¢ we can form the push out

Wi ——V;

Sy

Wi XU; Wi H'Ri

in the category of schemes. Namely, the left vertical and upper horizontal arrows are
open immersions of schemes. In other words, we can construct R; as the glueing of
V; and W; xy, W; along the common open W; (see Schemes, Section. Note that
the étale projection maps W; xy, W; — W; extend to étale morphisms s;,t; : R; —
V;. It is clear that the morphism j; = (¢;,s;) : R; — V; X V; is an étale equivalence
relation on V;. Note that W; xy, W; is quasi-compact (as U; is quasi-separated and
W; quasi-compact) and V; is quasi-compact, hence R; is quasi-compact. For i > ¢/
the diagram

Ri —_— Ri/

(8.1.1) l i

Vi——Vy
is cartesian because
(Wi/ XU, Wi/) XU, U, =Wy XU, U; XU; U; XU, Wi =W; XU, W;.

Consider the algebraic space X; = V;/R; (see Spaces, Theorem . As V; is
of finite type over Z and R; is quasi-compact we see that X; is quasi-separated
and of finite type over Z (see Properties of Spaces, Lemma and Morphisms of
Spaces, Lemmas and . As the construction of R; above is compatible with
transition morphisms, we obtain morphisms of algebraic spaces X; — X for ¢ > ¢’
The commutative diagrams

‘/Z‘HV;‘/

]

Xi E— Xi/

are cartesian as is cartesian, see Groupoids, Lemma Since V; — Vy/ is
affine, this implies that X; — X/ is affine, see Morphisms of Spaces, Lemma [20.3
Thus we can form the limit X’ = lim X; by Lemma We claim that X & X'
which finishes the proof of the proposition.

Proof of the claim. Set R = lim R;. By construction the algebraic space X’ comes
equipped with a surjective étale morphism V — X’ such that

Vxx V=R

(use Lemma [4.1). By construction lim W; xy, W; = W xy W and V = limV; so
that R is the union of W xy W and V glued along W. Property (6) implies the
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projections V' x x V — V are isomorphisms over f~(Z) C V. Hence the scheme
V xx V is the union of the opens Ay, x (V) and W xy W which intersect along
Aw/x(W). We conclude that there exists a unique isomorphism R = V xx V
compatible with the projections to V. Since V' — X and V — X’ are surjective
étale we see that

X=V/VxxV=V/R=V/V xx V=X

by Spaces, Lemma [9.1] and we win. O

9. Applications

The following lemma can also be deduced directly from Decent Spaces, Lemma
without passing through absolute Noetherian approximation.

Lemma 9.1. Let S be a scheme. Let X be a quasi-compact and quasi-separated
algebraic space over S. FEvery quasi-coherent Ox-module is a filtered colimit of
finitely presented O x-modules.

Proof. We may view X as an algebraic space over Spec(Z), see Spaces, Definition
and Properties of Spaces, Definition Thus we may apply Proposition [8:]]
and write X = lim X; with X of finite presentation over Z. Thus X; is a Noetherian
algebraic space, see Morphisms of Spaces, Lemma The morphism X — X is
affine, see Lemma Conclusion by Cohomology of Spaces, Lemma [15.2 O

The rest of this section consists of straightforward applications of Lemma [9.1

Lemmal 9.2. Let S be a scheme. Let X be a quasi-compact and quasi-separated
algebraic space over S. Let F be a quasi-coherent Ox-module. Then F is the
directed colimit of its finite type quasi-coherent submodules.

Proof. If G,H C F are finite type quasi-coherent Ox-submodules then the image
of G & H — F is another finite type quasi-coherent O x-submodule which contains
both of them. In this way we see that the system is directed. To show that F is the
colimit of this system, write F = colim; F; as a directed colimit of finitely presented
quasi-coherent sheaves as in Lemma Then the images G; = Im(F; — F) are
finite type quasi-coherent subsheaves of F. Since F is the colimit of these the result
follows. 0

Lemma 9.3. Let S be a scheme. Let X be a quasi-compact and quasi-separated
algebraic space over S. Let F be a finite type quasi-coherent Ox-module. Then we
can write F = lim F; where each F; is an Ox-module of finite presentation and all
transition maps F; — Fi surjective.

Proof. Write F = colim g, as a filtered colimit of finitely presented Ox-modules
(Lemma . We claim that G; — F is surjective for some i. Namely, choose an
étale surjection U — X where U is an affine scheme. Choose finitely many sections
s € F(U) generating F|y. Since U is affine we see that sy is in the image of
G; — F for i large enough. Hence G; — F is surjective for ¢ large enough. Choose
such an i and let K C G; be the kernel of the map G; — F. Write K = colim K, as
the filtered colimit of its finite type quasi-coherent submodules (Lemma . Then
F = colim G; /K, is a solution to the problem posed by the lemma. [


https://stacks.math.columbia.edu/tag/07V9
https://stacks.math.columbia.edu/tag/0829
https://stacks.math.columbia.edu/tag/086Y

082A

082B

0862

LIMITS OF ALGEBRAIC SPACES 26

Let X be an algebraic space. In the following lemma we use the notion of a finitely
presented quasi-coherent Ox-algebra A. This means that for every affine U =
Spec(R) étale over X we have Aly = A where A is a (commutative) R-algebra
which is of finite presentation as an R-algebra.

Lemma 9.4. Let S be a scheme. Let X be a quasi-compact and quasi-separated
algebraic space over S. Let A be a quasi-coherent Ox -algebra. Then A is a directed
colimit of finitely presented quasi-coherent Ox -algebras.

Proof. First we write A = colim; F; as a directed colimit of finitely presented
quasi-coherent sheaves as in Lemma For each i let B; = Sym(F;) be the
symmetric algebra on F; over Ox. Write Z; = Ker(B; — A). Write Z; = colim; F; ;
where F;; is a finite type quasi-coherent submodule of 7;, see Lemma @ Set
Z;; C I; equal to the B;-ideal generated by F; ;. Set A; ; = B;/Z; ;. Then A; ; is
a quasi-coherent finitely presented Ox-algebra. Define (i,7) < (¢/,5') if ¢ <’ and
the map B; — B;» maps the ideal Z; ; into the ideal Z;/ ;. Then it is clear that
A= COliIniJ' Ai,j. [l

Let X be an algebraic space. In the following lemma we use the notion of a quasi-
coherent Ox -algebra A of finite type. This means that for every affine U = Spec(R)
étale over X we have Aly = A where A is a (commutative) R-algebra which is of
finite type as an R-algebra.

Lemmal 9.5. Let S be a scheme. Let X be a quasi-compact and quasi-separated
algebraic space over S. Let A be a quasi-coherent Ox-algebra. Then A is the
directed colimit of its finite type quasi-coherent Ox -subalgebras.

Proof. Omitted. Hint: Compare with the proof of Lemma [9.2 O

Let X be an algebraic space. In the following lemma we use the notion of a finite
(resp. integral) quasi-coherent Ox-algebra A. This means that for every affine
U = Spec(R) étale over X we have Ay = A where A is a (commutative) R-algebra
which is finite (resp. integral) as an R-algebra.

Lemma 9.6. Let S be a scheme. Let X be a quasi-compact and quasi-separated
algebraic space over S. Let A be a finite quasi-coherent Ox-algebra. Then A =
colim A; is a directed colimit of finite and finitely presented quasi-coherent Ox -
algebras with surjective transition maps.

Proof. By Lemma there exists a finitely presented Ox-module F and a sur-
jection F — A. Using the algebra structure we obtain a surjection
Symg, (F) — A
Denote J the kernel. Write J = colim&; as a filtered colimit of finite type Ox-
submodules & (Lemma[9.2)). Set
Ai = Symg  (F)/ (&)

where (&;) indicates the ideal sheaf generated by the image of & — Symg (F).
Then each A; is a finitely presented O x-algebra, the transition maps are surjective,
and A = colim A;. To finish the proof we still have to show that A; is a finite O x-
algebra for ¢ sufficiently large. To do this we choose an étale surjective map U — X
where U is an affine scheme. Take generators fi,...,fn € T(U,F). As A(U)
is a finite Ox (U)-algebra we see that for each j there exists a monic polynomial
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P; € O(U)[T] such that P;(f;) is zero in A(U). Since A = colim A; by construction,
we have P;(f;) = 01in A;(U) for all sufficiently large 7. For such ¢ the algebras A;
are finite. O

Lemma 9.7. Let S be a scheme. Let X be a quasi-compact and quasi-separated
algebraic space over S. Let A be an integral quasi-coherent Ox-algebra. Then

(1) A is the directed colimit of its finite quasi-coherent Ox -subalgebras, and
(2) A is a directed colimit of finite and finitely presented Ox -algebras.

Proof. By Lemma we have A = colim A; where A; C A runs through the
quasi-coherent O x-sub algebras of finite type. Any finite type quasi-coherent O x-
subalgebra of A is finite (use Algebra, Lemma on affine schemes étale over X).
This proves (1).

To prove (2), write A = colim F; as a colimit of finitely presented Ox-modules
using Lemma [0.1] For each 4, let J; be the kernel of the map

Symg, (Fi) — A

For i’ > i there is an induced map J; — Ji and we have A = colim Symg,  (F;)/J;.
Moreover, the quasi-coherent Ox-algebras Symy, (F;)/J; are finite (see above).
Write J; = colim &, as a colimit of finitely presented Ox-modules. Given ¢/ > ¢
and k there exists a k’ such that we have a map &;; — &;/,» making

Ji ——TJu

[

Eiy — Eirp

commute. This follows from Cohomology of Spaces, Lemma This induces a
map

Aix = Symp  (Fi)/(Eix) — Symo  (Fir)/(Eirr) = Aiwr

where (&;;) denotes the ideal generated by &;. The quasi-coherent O x-algebras
Ay; are of finite presentation and finite for k large enough (see proof of Lemma

. Finally, we have
colim A;; = colim A; = A

Namely, the first equality was shown in the proof of Lemma [0.6] and the second
equality because A is the colimit of the modules F;. O

Lemma 9.8. Let S be a scheme. Let X be a quasi-compact and quasi-separated
algebraic space over S. Let U C X be a quasi-compact open. Let F be a quasi-
coherent Ox-module. Let G C Flu be a quasi-coherent Oy -submodule which is of
finite type. Then there exists a quasi-coherent submodule G' C F which is of finite
type such that G'|ly = G.

Proof. Denote j : U — X the inclusion morphism. As X is quasi-separated and
U quasi-compact, the morphism j is quasi-compact. Hence j.G C j.F|y are quasi-
coherent modules on X (Morphisms of Spaces, Lemma . Let H = Ker(j«G &
F — j«Fly). Then H|y = G. By Lemma we can find a finite type quasi-
coherent submodule #' C H such that H'|y = H|y = G. Set ¢’ =Im(H' — F) to
conclude. (]
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10. Relative approximation
We discuss variants of Proposition [8:I] over a base.

Lemma 10.1. Let f : X — Y be a morphism of quasi-compact and quasi-separated
algebraic spaces over Z. Then there exists a direct set I and an inverse system
(fi + X; = Y.) of morphisms algebraic spaces over I, such that the transition
morphisms X; — X; and Y; — Yy are affine, such that X; and Y; are quasi-
separated and of finite type over Z, and such that (X —Y) = lim(X; — Y;).

Proof. Write X = limgca X, and Y = limycp Yy as in Proposition 8.1} i.e., with
X, and Y, quasi-separated and of finite type over Z and with affine transition
morphisms.

Fix b € B. By Lemma [£.5applied to Y} and X = lim X, over Z we find there exists
an a € A and a morphism f, 5 : X, — Y, making the diagram

X—Y

L

Xo —Y
commute. Let I be the set of triples (a, b, f,5) we obtain in this manner.

Let (a,b, fop) and (a/, b, for p) be in I. Let b < min(b,b’'). By Lemma again,
there exists an a’’ > max(a,a’) such that the compositions X,» — X, = Y, = Y
and X,» — X — Yy — Yy are equal. We endow I with the preorder

(Cl, b’ fa,b) > (alv blv fa’,b’) a2z alv b > blv and 9b,b' © fa,b = fa',b’ © ha,a’

where hq o @ Xq = Xo and gy @ Yy — Yy are the transition morphisms. The
remarks above show that I is directed and that the maps I — A, (a,b, fap) — a
and I — B, (a,b, fop) are cofinal. If for i = (a,b, fop) we set X; = X,, Y; =V,
and f; = fq, then we get an inverse system of morphisms over I and we have

limiel Xi = limaeA Xa =X and hmie[ Si = limbeB YE, =Y

by Categories, Lemma m (recall that limits over I are really limits over the
opposite category associated to I and hence cofinal turns into initial). This finishes
the proof. ([

Lemma 10.2. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume that

(1) X is quasi-compact and quasi-separated, and

(2) Y is quasi-separated.
Then X = lim X; is a limit of a directed inverse system of algebraic spaces X; of
finite presentation over Y with affine transition morphisms over Y .

Proof. Since |f|(]X]) is quasi-compact we may replace Y by a quasi-compact open
subspace whose set of points contains |f|(|X]). Hence we may assume Y is quasi-
compact as well. By Lemma we can write (X — V) = lim(X; — Y;) for
some directed inverse system of morphisms of finite type schemes over Z with affine
transition morphisms. Since limits commute with limits (Categories, Lemma
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we have X = lim X; xy,Y. For i > 4’ the transition morphism X; xy, Y — Xy xy,, Y
is affine as the composition

X; Xin—)Xi X}Q,Y-}Xi/ XYi/Y

where the first morphism is a closed immersion (by Morphisms of Spaces, Lemma
and the second is a base change of an affine morphism (Morphisms of Spaces,
Lemma and the composition of affine morphisms is affine (Morphisms of
Spaces, Lemma . The morphisms f; are of finite presentation (Morphisms of
Spaces, Lemmas and and hence the base changes X; xy, v, Y — Y are
of finite presentation (Morphisms of Spaces, Lemma [28.3)). O

11. Finite type closed in finite presentation
This section is the analogue of Limits, Section [0

Lemma 11.1. Let S be a scheme. Let f: X — Y be an affine morphism of alge-
braic spaces over S. If Y quasi-compact and quasi-separated, then X is a directed
limit X = lim X; with each X; affine and of finite presentation over Y.

Proof. Consider the quasi-coherent Oy-module A = f,Ox. By Lemma [9.4] we
can write A = colim A; as a directed colimit of finitely presented Oy-algebras A;.
Set X; = SpecY(Ai), see Morphisms of Spaces, Definition By construction
X,; = Y is affine and of finite presentation and X = lim X;. O

Lemma 11.2. Let S be a scheme. Let f : X — Y be an integral morphism of
algebraic spaces over S. Assume Y quasi-compact and quasi-separated. Then X
can be written as a directed limit X = lim X; where X; are finite and of finite
presentation over Y .

Proof. Consider the quasi-coherent Oy-module A = f,Ox. By Lemma [9.7] we
can write A = colim A; as a directed colimit of finite and finitely presented Oy-
algebras A;. Set X; = SpeCY(Ai), see Morphisms of Spaces, Definition By
construction X; — Y is finite and of finite presentation and X = lim Xj. O

Lemmal 11.3. Let S be a scheme. Let f : X — Y be a finite morphism of
algebraic spaces over S. Assume Y quasi-compact and quasi-separated. Then X
can be written as a directed limit X = lim X; where the transition maps are closed
immersions and the objects X; are finite and of finite presentation over Y .

Proof. Consider the finite quasi-coherent Oy-module A = f,Ox. By Lemma
we can write A = colim A; as a directed colimit of finite and finitely presented Oy -
algebras A; with surjective transition maps. Set X; = Specy (A;), see Morphisms of
Spaces, Definition [20.8] By construction X; — Y is finite and of finite presentation,
the transition maps are closed immersions, and X = lim X;. (I

Lemmal 11.4. Let S be a scheme. Let f : X — Y be a closed immersion of
algebraic spaces over S. Assume Y quasi-compact and quasi-separated. Then X
can be written as a directed limit X = lim X; where the transition maps are closed
immersions and the morphisms X; — Y are closed immersions of finite presenta-
tion.

Proof. Let Z C Oy be the quasi-coherent sheaf of ideals defining X as a closed
subspace of Y. By Lemmal[9.2] we can write Z = colim Z; as the filtered colimit of its
finite type quasi-coherent submodules. Let X; be the closed subspace of X cut out
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by Z;. Then X; — Y is a closed immersion of finite presentation, and X = lim Xj;.
Some details omitted. ([

Lemma 11.5. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume

(1) f is locally of finite type and quasi-affine, and

(2) Y is quasi-compact and quasi-separated.

Then there exists a morphism of finite presentation f' : X' — Y and a closed
immersion X — X' over Y.

Proof. By Morphisms of Spaces, Lemma we can find a factorization X —
Z — Y where X — Z is a quasi-compact open immersion and Z — Y is affine.
Write Z = lim Z; with Z; affine and of finite presentation over Y’ (Lemma. For
some 0 € I we can find a quasi-compact open Uy C Zy such that X is isomorphic
to the inverse image of Uy in Z (Lemma. Let U; be the inverse image of Uy in
Z;, so U = 1limU;. By Lemma [5.12] we see that X — U; is a closed immersion for
some 4 large enough. Setting X’ = U; finishes the proof. (]

Lemma 11.6. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume:

(1) f is of locally of finite type.

(2) X is quasi-compact and quasi-separated, and

(3) Y is quasi-compact and quasi-separated.

Then there exists a morphism of finite presentation f' : X' — Y and a closed
immersion X — X' of algebraic spaces over Y.

Proof. By Proposition [8.1] we can write X = lim; X; with X; quasi-separated of
finite type over Z and with transition morphisms f;;; : X; — X,/ affine. Consider
the commutative diagram

Y ——— Spec(Z)

Note that X is of finite presentation over Spec(Z), see Morphisms of Spaces, Lemma
28.7l Hence the base change X;y — Y is of finite presentation by Morphisms of
Spaces, Lemma, Observe that lim X;y = X x Y and that X — X x Y is
a monomorphism. By Lemma [5.12] we see that X — X,y is a monomorphism
for ¢ large enough. Fix such an 7. Note that X — X,y is locally of finite type
(Morphisms of Spaces, Lemma and a monomorphism, hence separated and
locally quasi-finite (Morphisms of Spaces, Lemma . Hence X — X,y is
representable. Hence X — X,y is quasi-affine because we can use the principle
Spaces, Lemma [5.8| and the result for morphisms of schemes More on Morphisms,
Lemma Thus Lemmagives a factorization X — X' — X, y with X — X’
a closed immersion and X’ — X,y of finite presentation. Finally, X' — Y is of
finite presentation as a composition of morphisms of finite presentation (Morphisms
of Spaces, Lemma [28.2)). O

Proposition 11.7. Let S be a scheme. f: X — Y be a morphism of algebraic
spaces over S. Assume
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(1) f is of finite type and separated, and
(2) Y is quasi-compact and quasi-separated.

Then there exists a separated morphism of finite presentation f' : X' —Y and a
closed immersion X — X’ over Y.

Proof. By Lemma there is a closed immersion X — Z with Z/Y of finite
presentation. Let Z C Oz be the quasi-coherent sheaf of ideals defining X as
a closed subscheme of Y. By Lemma [9.2] we can write Z as a directed colimit
T = colimyea Z, of its quasi-coherent sheaves of ideals of finite type. Let X, C
Z be the closed subspace defined by Z,. These form an inverse system indexed
by A. The transition morphisms X, — X, are affine because they are closed
immersions. Each X, is quasi-compact and quasi-separated since it is a closed
subspace of Z and Z is quasi-compact and quasi-separated by our assumptions.
We have X = lim, X, as follows directly from the fact that Z = colim,c 4 Z,. Each
of the morphisms X, — Z is of finite presentation, see Morphisms, Lemma [21.

Hence the morphisms X, — Y are of finite presentation. Thus it suffices to show
that X, — Y is separated for some a € A. This follows from Lemma [5.13] as we
have assumed that X — Y is separated. ([l

12. Approximating proper morphisms

Lemma 12.1. Let S be a scheme. Let f : X — Y be a proper morphism of
algebraic spaces over S with Y quasi-compact and quasi-separated. Then X =
lim X; is a directed limit of algebraic spaces X; proper and of finite presentation
over'Y and with transition morphisms and morphisms X — X; closed immersions.

Proof. By Proposition we can find a closed immersion X — X’ with X’
separated and of finite presentation over Y. By Lemma we can write X =
lim X; with X; — X’ a closed immersion of finite presentation. We claim that for
all ¢ large enough the morphism X; — Y is proper which finishes the proof.

To prove this we may assume that Y is an affine scheme, see Morphisms of Spaces,
Lemma Next, we use the weak version of Chow’s lemma, see Cohomology of
Spaces, Lemma to find a diagram

X' «<— X" —>P}
Y
where X’ — PP is an immersion, and 7 : X” — X' is proper and surjective.
Denote X; C X”, resp. m~}(X) the scheme theoretic inverse image of X; C X',
resp. X C X’. Then lim X! = 7~ !(X). Since 77!(X) — Y is proper (Morphisms of
Spaces, Lemmas [40.4)), we see that 7= (X) — P is a closed immersion (Morphisms
of Spaces, Lemmas [40.6{ and [12.3]). Hence for i large enough we find that X, — P}

is a closed immersion by Lemma [5.16f Thus X/ is proper over Y. For such i the
morphism X; — Y is proper by Morphisms of Spaces, Lemma [40.7 (]

Lemma 12.2. Let f : X — Y be a proper morphism of algebraic spaces over Z
with Y quasi-compact and quasi-separated. Then there exists a directed set I, an
inverse system (f; : X; — Y;) of morphisms of algebraic spaces over I, such that
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the transition morphisms X; — Xy and Y; — Y are affine, such that f; is proper
and of finite presentation, such that Y; is of finite presentation over Z, and such
that (X = Y) =1lim(X; — Y;).

Proof. By Lemma we can write X = limgc g X with X — Y proper and of
finite presentation. Next, by absolute Noetherian approximation (Proposition
we can write Y = limje s Y; with Y; of finite presentation over Z. For each k there
exists a j and a morphism Xy ; — Yj of finite presentation with X =Y xy, Xy ;
as algebraic spaces over Y, see Lemma [7.I] After increasing j we may assume
Xk,; — Yj is proper, see Lemma The set I will be consist of these pairs (k, )
and the corresponding morphism is X ; — Y;. For every k' > k we can find a
j' > j and a morphism X/ j» — X 1, over Y, — Y; whose base change to Y gives
the morphism X, — X, (follows again from Lemma . These morphisms form
the transition morphisms of the system. Some details omitted. O

Recall the scheme theoretic support of a finite type quasi-coherent module, see
Morphisms of Spaces, Definition

Lemmal 12.3. Assumptions and notation as in Situation . Let Fy be a quasi-
coherent Ox,-module. Denote F and F; the pullbacks of Fo to X and X;. Assume

(1) fo is locally of finite type,
(2) Fo is of finite type,
(3) the scheme theoretic support of F is proper over Y.

Then the scheme theoretic support of F; is proper over Y; for some i.

Proof. We may replace X by the scheme theoretic support of Fy. By Morphisms
of Spaces, Lemma this guarantees that X; is the support of F; and X is the
support of F. Then, if Z7 C X denotes the scheme theoretic support of F, we see
that Z — X is a universal homeomorphism. We conclude that X — Y is proper
as this is true for Z — Y by assumption, see Morphisms, Lemma [41.9] By Lemma
we see that X; — Y is proper for some i. Then it follows that the scheme
theoretic support Z; of F; is proper over Y by Morphisms of Spaces, Lemmas [40.5
and [40.4 O

13. Embedding into affine space
Some technical lemmas to be used in the proof of Chow’s lemma later.

Lemma 13.1. Let S be a scheme. Let f : U — X be a morphism of algebraic
spaces over S. Assume U is an affine scheme, f is locally of finite type, and X
quasi-separated and locally separated. Then there exists an immersion U — A’y
over X.

Proof. Say U = Spec(A). Write A = colim A; as a filtered colimit of finite type
Z-subalgebras. For each i the morphism U — U; = Spec(A4;) induces a morphism

U— X xU;

over X. In the limit the morphism U — X x U is an immersion as X is locally
separated, see Morphisms of Spaces, Lemma [4.6, By Lemma we see that
U — X x U; is an immersion for some i. Since U; is isomorphic to a closed
subscheme of A7 the lemma follows. g
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Remark| 13.2. We have seen in Examples, Section |28| that Lemma does not
hold if we drop the assumption that X be locally separated. This raises the question:
Does Lemma [I3.1] hold if we drop the assumption that X be quasi-separated? If
you know the answer, please email stacks.project@gmail.com.

Lemma 13.3. Let S be a scheme. Let f : Y — X be a morphism of algebraic
spaces over S. Assume X Noetherian and f of finite presentation. Then there
exists a dense open V. C Y and an immersion V. — A%

Proof. The assumptions imply that Y is Noetherian (Morphisms of Spaces, Lemma
28.6). Then Y is quasi-separated, hence has a dense open subscheme (Properties of
Spaces, Proposition. Thus we may assume that Y is a Noetherian scheme. By
removing intersections of irreducible components of Y (use Topology, Lemma
and Properties, Lemma we may assume that Y is a disjoint union of irreducible
Noetherian schemes. Since there is an immersion

A% ITAR — Ap(nm)t
(details omitted) we see that it suffices to prove the result in case Y is irreducible.

Assume Y is an irreducible scheme. Let T C |X| be the closure of the image of
f:Y — X. Note that since |Y| and | X| are sober topological spaces (Properties
of Spaces, Lemma T is irreducible with a unique generic point £ which is
the image of the generic point 1 of Y. Let Z C X be a quasi-coherent sheaf of
ideals cutting out the reduced induced space structure on T' (Properties of Spaces,
Definition [I2.5)). Since Oy, is an Artinian local ring we see that for some n > 0 we
have f~1Z"Oy,, = 0. As f~1ZOy is a finite type quasi-coherent ideal we conclude
that f~'Z"Oy = 0 for some nonempty open V C Y. Let Z C X be the closed
subspace cut out by Z™. By construction V' — Y — X factors through Z. Because
A7 — A% is an immersion, we may replace X by Z and Y by V. Hence we reach
the situation where Y and X are irreducible and Y — X maps the generic point of
Y onto the generic point of X.

Assume Y and X are irreducible, Y is a scheme, and Y — X maps the generic
point of ¥ onto the generic point of X. By Properties of Spaces, Proposition [13.3|
X has a dense open subscheme U C X. Choose a nonempty affine open V C Y
whose image in X is contained in U. By Morphisms, Lemma we may factor
V—=+UasV = A}y = U. Composing with A}, — A% we obtain the desired
immersion. ([l

14. Sections with support in a closed subset
This section is the analogue of Properties, Section

Lemma 14.1. Let S be a scheme. Let X be a quasi-compact and quasi-separated
algebraic space. Let U C X be an open subspace. The following are equivalent:
(1) U — X is quasi-compact,
(2) U is quasi-compact, and
(3) there exists a finite type quasi-coherent sheaf of ideals T C Ox such that
X[\ U] = V(D).

Proof. Let W be an affine scheme and let ¢ : W — X be a surjective étale
morphism, see Properties of Spaces, Lemma If (1) holds, then = }(U) — W
is quasi-compact, hence =1 (U) is quasi-compact, hence U is quasi-compact (as


https://stacks.math.columbia.edu/tag/088M
mailto:stacks.project@gmail.com
https://stacks.math.columbia.edu/tag/088N
https://stacks.math.columbia.edu/tag/0855

0856

0857

0858

0859

LIMITS OF ALGEBRAIC SPACES 34

lo=1(U)| — |U| is surjective). If (2) holds, then ¢~1(U) is quasi-compact because
 is quasi-compact since X is quasi-separated (Morphisms of Spaces, Lemma .
Hence ¢~ (U) — W is a quasi-compact morphism of schemes by Properties, Lemma
It follows that U — X is quasi-compact by Morphisms of Spaces, Lemma (8.8
Thus (1) and (2) are equivalent.

Assume (1) and (2). By Properties of Spaces, Lemma there exists a unique
quasi-coherent sheaf of ideals J cutting out the reduced induced closed subspace
structure on | X|\ |U|. Note that J|y = Oy which is an Oy-modules of finite type.
As U is quasi-compact it follows from Lemma [0.2] that there exists a quasi-coherent
subsheaf Z C J which is of finite type and has the property that Z|y = J|y. Then
|X|\|U| = |V(Z)| and we obtain (3). Conversely, if Z is as in (3), then o= 1(U) C W
is a quasi-compact open by the lemma for schemes (Properties, Lemma applied
to 17 on W. Thus (2) holds. O

Lemma 14.2. Let S be a scheme. Let X be an algebraic space over S. Let
I C Ox be a quasi-coherent sheaf of ideals. Let F be a quasi-coherent Ox -module.
Consider the sheaf of Ox-modules F' which associates to every object U of Xetale
the module

F'(U)={se FU)|Zs=0}
Assume T is of finite type. Then

(1) F' is a quasi-coherent sheaf of Ox-modules,
(2) for affine U in Xetare we have F'(U) ={s € F(U) | Z(U)s =0}, and
(3) FL={s€ Fy | I;s=0}.

Proof. It is clear that the rule defining F' gives a subsheaf of 7. Hence we may
work étale locally on X to verify the other statements. Thus the lemma reduces to
the case of schemes which is Properties, Lemma [24.2 (Il

Definition 14.3. Let S be a scheme. Let X be an algebraic space over S. Let
7T C Ox be a quasi-coherent sheaf of ideals of finite type. Let F be a quasi-
coherent O x-module. The subsheaf 7' C F defined in Lemma [14.2| above is called
the subsheaf of sections annihilated by Z.

Lemma 14.4. Let S be a scheme. Let f : X =Y be a quasi-compact and quasi-
separated morphism of algebraic spaces over S. Let T C Oy be a quasi-coherent
sheaf of ideals of finite type. Let F be a quasi-coherent Ox-module. Let F' C F be
the subsheaf of sections annihilated by f~'ITOx. Then f.F' C f.F is the subsheaf
of sections annihilated by L.

Proof. Omitted. Hint: The assumption that f is quasi-compact and quasi-separated
implies that f.F is quasi-coherent (Morphisms of Spaces, Lemma [11.2)) so that
Lemma applies to Z and f,F. (]

Next we come to the sheaf of sections supported in a closed subset. Again this isn’t
always a quasi-coherent sheaf, but if the complement of the closed is “retrocompact”
in the given algebraic space, then it is.

Lemma 14.5. Let S be a scheme. Let X be an algebraic space over S. LetT C | X|
be a closed subset and let U C X be the open subspace such that T 11 |U| = |X]|.
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Let F be a quasi-coherent Ox-module. Consider the sheaf of Ox-modules F' which
associates to every object o : W — X of Xegtq1e the module

F' (W) = {s € F(W) | the support of s is contained in ||~ (T)}
If U — X is quasi-compact, then
(1) for W affine there exist a finitely generated ideal I C Ox (W) such that
ol =H(T) = V(I),
(2) for W and I asin (1) we have F'(W) ={x € F(W) | I"x =0 for some n},
(3) F' is a quasi-coherent sheaf of Ox-modules.

Proof. It is clear that the rule defining F' gives a subsheaf of . Hence we may
work étale locally on X to verify the other statements. Thus the lemma reduces to
the case of schemes which is Properties, Lemma [24.5 ([

Definition 14.6. Let S be a scheme. Let X be an algebraic space over S. Let
T C |X]| be a closed subset whose complement corresponds to an open subspace
U C X with quasi-compact inclusion morphism U — X. Let F be a quasi-coherent
Ox-module. The quasi-coherent subsheaf 7/ C F defined in Lemma above is
called the subsheaf of sections supported on T.

Lemmal 14.7. Let S be a scheme. Let f : X — Y be a quasi-compact and quasi-
separated morphism of algebraic spaces over S. Let T C |Y| be a closed subset.
Assume Y|\ T corresponds to an open subspace V. C Y such that V. — Y s
quasi-compact. Let F be a quasi-coherent Ox-module. Let F' C F be the subsheaf
of sections supported on |f|~'T. Then f.JF' C f.F is the subsheaf of sections
supported on T.

Proof. Omitted. Hints: |X|\ |f|7*T is the support of the open subspace U =
f~'V C X. Since V — Y is quasi-compact, so is U — X (by base change). The
assumption that f is quasi-compact and quasi-separated implies that f.F is quasi-
coherent. Hence Lemmaapplies to T and f.F as well as to | f|~'T and F. The
equality of the given quasi-coherent modules is immediate from the definitions. [J

15. Characterizing affine spaces
This section is the analogue of Limits, Section

Lemmal 15.1. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume that f is surjective and finite, and assume that X is affine.
Then'Y is affine.

Proof. We may and do view f : X — Y as a morphism of algebraic space over
Spec(Z) (see Spaces, Definition [16.2). Note that a finite morphism is affine and
universally closed, see Morphisms of Spaces, Lemma By Morphisms of Spaces,
Lemma we see that Y is a separated algebraic space. As f is surjective and X
is quasi-compact we see that Y is quasi-compact.

By Lemma we can write X = lim X, with each X, — Y finite and of finite
presentation. By Lemma [5.10| we see that X, is affine for a large enough. Hence we
may and do assume that f: X — Y is finite, surjective, and of finite presentation.

By Proposition [8:1] we may write Y = limY; as a directed limit of algebraic spaces
of finite presentation over Z. By Lemma [7.1] we can find 0 € I and a morphism
Xo — Y of finite presentation such that X; = Xy xy, Y; for ¢ > 0 and such that
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X = lim; X;. By Lemma [6.7] we see that X; — Y; is finite for i large enough. By
Lemma [6.4] we see that X; — Y; is surjective for i large enough. By Lemma [5.10]
we see that X; is affine for ¢ large enough. Hence for i large enough we can apply
Cohomology of Spaces, Lemma [I7.3]to conclude that ¥; is affine. This implies that
Y is affine and we conclude. O

Proposition|15.2. Let S be a scheme. Let f : X — Y be a morphism of algebraic

spaces over S. Assume that X is affine and f is surjective and universally closecﬂ.
Then'Y is affine.

Proof. We may and do view f : X — Y as a morphism of algebraic spaces over
Spec(Z) (see Spaces, Definition . By Morphisms of Spaces, Lemma we see
that Y is a separated algebraic space. Then by Morphisms of Spaces, Lemma [20.11]
we find that f is affine. Whereupon by Morphisms of Spaces, Lemma [45.7| we see
that f is integral.

By the preceding paragraph, we may assume f : X — Y is surjective and integral,
X is affine, and Y is separated. Since f is surjective and X is quasi-compact we
also deduce that Y is quasi-compact.

Consider the sheaf A = f,Ox. This is a quasi-coherent sheaf of Oy-algebras, see
Morphisms of Spaces, Lemma [I1.2] By Lemma [9.1] we can write A = colim; F; as
a filtered colimit of finite type Oy-modules. Let A; C A be the Oy-subalgebra
generated by JF;. Since the map of algebras Oy — A is integral, we see that each
A; is a finite quasi-coherent Oy-algebra. Hence

X; = Spec, (A;)) — Y
is a finite morphism of algebraic spaces. Here Spec is the construction of Morphisms
of Spaces, Lemma It is clear that X = lim; X;. Hence by Lemma we see
that for ¢ sufficiently large the scheme Xj; is affine. Moreover, since X — Y factors

through each X; we see that X; — Y is surjective. Hence we conclude that Y is
affine by Lemma [15.1 O

The following corollary of the result above can be found in [CLO12].

Lemmal 15.3. Let S be a scheme. Let X be an algebraic space over S. If X,eq is
a scheme, then X is a scheme.

Proof. Let U’ C X,.q be an open affine subscheme. Let U C X be the open
subspace corresponding to the open |U’| C | X,eq| = |X|. Then U’ — U is surjective
and integral. Hence U is affine by Proposition Thus every point is contained
in an open subscheme of X, i.e., X is a scheme. (Il

Lemma 15.4. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume f is integral and induces a bijection | X| — |Y|. Then X is
a scheme if and only if Y is a scheme.

Proof. An integral morphism is representable by definition, hence if Y is a scheme,
so is X. Conversely, assume that X is a scheme. Let U C X be an affine open. An
integral morphism is closed and |f| is bijective, hence |f|(|U|) C |Y] is open as the
complement of | f|(|X]\|U]|). Let V C Y be the open subspace with |V| = |f|(|U]),
see Properties of Spaces, Lemma[4.8] Then U — V is integral and surjective, hence
V is an affine scheme by Proposition [I5.2] This concludes the proof. O

2An integral morphism is universally closed, see Morphisms of Spaces, Lemmam

[CLOT2, 3.1.12]
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Lemmal 15.5. Let S be a scheme. Let f : X — B and B’ — B be morphisms of
algebraic spaces over S. Assume

(1) B" — B is a closed immersion,

(2) |B'| — |B| is bijective,

(3) X xp B" — B’ is a closed immersion, and

(4) X — B is of finite type or B' — B is of finite presentation.

Then f: X — B is a closed immersion.

Proof. Assumptions (1) and (2) imply that B,eq = B...;. Set X' = X xgB’. Then
X' — X is closed immersion and X;Ed = X,eq- Let U — B be an étale morphism
with U affine. Then X’ xgp U — X xpg U is a closed immersion of algebraic spaces
inducing an isomorphism on underlying reduced spaces. Since X’ X g U is a scheme
(as B' — B and X’ — B’ are representable) so is X x5 U by Lemma [15.3] Hence
X — Bisrepresentable too. Thus we reduce to the case of schemes, see Morphisms,

Lemma O

16. Finite cover by a scheme

As an application of the limit results of this chapter, we prove that given any
quasi-compact and quasi-separated algebraic space X, there is a scheme Y and a
surjective, finite morphism Y — X. We will rely on the already proven result that
we can find a finite integral cover by a scheme, which was proved in Decent Spaces,
Section [l

Proposition 16.1. Let S be a scheme. Let X be a quasi-compact and quasi-
separated algebraic space over S.

(1) There exists a surjective finite morphism Y — X of finite presentation
where Y 1is a scheme,

(2) given a surjective étale morphism U — X we may choose Y — X such that
for every y € Y there is an open neighbourhood V- C'Y such that V — X
factors through U.

Proof. Part (1) is the special case of (2) with U = X. Let Y — X be as in
Decent Spaces, Lemma Choose a finite affine open covering Y = [JV; such
that V; — X factors through U. We can write Y = lim Y; with Y; — X finite and of
finite presentation, see Lemma [I1.2] For large enough i the algebraic space Y; is a
scheme, see Lemma@ For large enough ¢ we can find affine opens V; ; C Y; whose
inverse image in Y recovers V;, see Lemma For even larger ¢ the morphisms
V; — U over X come from morphisms V; ; — U over X, see Proposition This
finishes the proof. O

Lemma 16.2. Let S be a scheme. Let f : X — Y be an integral morphism
of algebraic spaces over S. Assume Y quasi-compact and quasi-separated. Let
V CY be a quasi-compact open subspace such that f~Y(V) — V is finite and of
finite presentation. Then X can be written as a directed limit X = lim X; where
fi: Xi =Y are finite and of finite presentation such that f~(V) — f; (V) is an
isomorphism for all i.

Proof. This lemma is a slight refinement of Proposition[16.1] Consider the integral
quasi-coherent Oy-algebra A = f,Ox. In the next paragraph, we will write A =
colim A; as a directed colimit of finite and finitely presented Oy -algebras A; such
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that A;|yv = Aly. Having done this we set X; = SpecY(Ai), see Morphisms of
Spaces, Definition [20.8] By construction X; — Y is finite and of finite presentation,
X =lim X;, and f; (V) = f~4(V).

The proof of the assertion on algebras is similar to the proof of part (2) of Lemma
First, write A = colim F; as a colimit of finitely presented Oy-modules using
Lemma Since Aly is a finite type Oy-module we may and do assume that
Filv — Alv is surjective for all i. For each i, let J; be the kernel of the map

Symzx (]:7,) — A

For 4" > i there is an induced map J; — Ji». We have A = colim Symy, (F;)/J;.
Moreover, the quasi-coherent Ox-algebras Symg, (F;)/J; are finite (as finite type
quasi-coherent subalgebras of the integral quasi-coherent Oy-algebra A over Ox).
The restriction of Symg, (F;)/J; to V is Aly by the surjectivity above. Hence
Jilv is finitely generated as an ideal sheaf of Symg,  (F;)|v due to the fact that
Aly is finitely presented as an Oy-algebra. Write J; = colim &, as a colimit of
finitely presented Ox-modules. We may and do assume that £;|y generates J;|v
as a sheaf of ideal of Symy, (F;)|y by the statement on finite generation above.
Given ¢' > 7 and k there exists a k' such that we have a map &, — &y, making

Ji ——Ju

|

Eiy — Eipy

commute. This follows from Cohomology of Spaces, Lemma This induces a
map

Air, = Symeo  (Fi)/(Eix) — Symp, (Fir) /(i) = Airgr
where (&;;) denotes the ideal generated by &;;. The quasi-coherent O x-algebras
Ay; are of finite presentation and finite for k large enough (see proof of Lemma
. Moreover we have A;x|y = Aly by construction. Finally, we have

colim A;;, = colimA; = A

Namely, the first equality was shown in the proof of Lemma [0.6] and the second
equality because A is the colimit of the modules F;. (]

Lemma 16.3. Let S be a scheme. Let X be a quasi-compact and quasi-separated
algebraic space over S such that |X| has finitely many irreducible components.
(1) There exists a surjective finite morphism f:Y — X of finite presentation
where Y is a scheme such that f is finite étale over a quasi-compact dense
open U C X,
(2) given a surjective étale morphism V-— X we may choose Y — X such that
for every y € Y there is an open neighbourhood W C 'Y such that W — X
factors through V.

Proof. Part (1) is the special case of (2) with V = X.

Proof of (2). Let m : Y — X be as in Decent Spaces, Lemma [9.3 and let U C X
be a quasi-compact dense open such that 7=1(U) — U is finite étale. Choose a
finite affine open covering ¥ = |JW; such that W; — X factors through V. We
can write Y = limY; with m; : Y; — X finite and of finite presentation such that
7Y (U) — 7;}(U) is an isomorphism, see Lemma m For large enough i the
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algebraic space Y; is a scheme, see Lemma [5.11] For large enough i we can find
affine opens W; ; C Y; whose inverse image in Y recovers W;, see Lemma @ For
even larger ¢ the morphisms W; — V over X come from morphisms W; ; — U over
X, see Proposition This finishes the proof. O

Lemma 16.4. Let S be a scheme. Let X be a quasi-compact and quasi-separated
algebraic space over S. There exists a t > 0 and closed subspaces

XDZyDZ1D...0Z =1

such that Z; — X is of finite presentation, Zy C X is a thickening, and for each
1 =0,...t —1 there exists a scheme Y;, a surjective, finite, and finitely presented
morphism Y; — Z; which is finite étale over Z; \ Z;11.

Proof. We may view X as an algebraic space over Spec(Z), see Spaces, Definition
16.2] and Properties of Spaces, Definition |3.1] Thus we may apply Proposition
It follows that we can find an affine morphism X — X,y with X, of finite
presentation over Z. If we can prove the lemma for X, then we can pull back
the stratification and the morphisms to X and get the result for X; some details
omitted. This reduces us to the case discussed in the next paragraph.

Assume X is of finite presentation over Z. Then X is Noetherian and |X]| is a
Noetherian topological space (with finitely many irreducible components) of finite
dimension. Hence we may use induction on dim(|X|). Any finite morphism towards
X is of finite presentation, so we can ignore that requirement in the rest of the proof.
By Lemma there exists a surjective finite morphism Y — X which is finite
étale over a dense open U C X. Set Zy = X and let Z; C X be the reduced
closed subspace with |Z;| = | X|\ |U|. By induction we find an integer ¢t > 0 and a
filtration
A DZL()DZLl ... DZM:Q)

by closed subspaces, where Z; o — Z; is a thickening and there exist finite surjective
morphisms Y7 ; — Z; ; which are finite étale over Z; ; \ Z1 ;41. Since Z; is reduced,
we have Z; = Z1 9. Hence we can set Z; = Z; ;1 and ¥; = Y; ;1 for i > 1 and the
lemma is proved. [l

17. Obtaining schemes

A few more techniques to show an algebraic space is a scheme. The first is that we
can show there is a minimal closed subspace which is not a scheme.

Lemma 17.1. Let S be a scheme. Let X be a quasi-compact and quasi-separated
algebraic space over S. If X is not a scheme, then there exists a closed subspace
Z C X such that Z is not a scheme, but every proper closed subspace Z' C Z is a
scheme.

Proof. We prove this by Zorn’s lemma. Let Z be the set of closed subspaces Z
which are not schemes ordered by inclusion. By assumption Z contains X, hence is
nonempty. If Z, is a totally ordered subset of Z, then Z = () Z, is in Z. Namely,

Z =lim Z,

and the transition morphisms are affine. Thus we may apply Lemma to see
that if Z were a scheme, then so would one of the Z,. (This works even if Z = 0,
but note that by Lemma this cannot happen.) Thus Z has minimal elements
by Zorn’s lemma. [
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Now we can prove a little bit about these minimal non-schemes.

Lemma 17.2. Let S be a scheme. Let X be a quasi-compact and quasi-separated
algebraic space over S. Assume that every proper closed subspace Z C X is a
scheme, but X is not a scheme. Then X is reduced and irreducible.

Proof. We see that X is reduced by Lemma[15.3] Choose closed subsets T} C |X|
and Tp C |X]| such that |X| = T3 UTs. If T} and Tb are proper closed subsets,
then the corresponding reduced induced closed subspaces Z1, Zy C X (Properties
of Spaces, Definition are schemes and so is Z = Z; Xx Zo = Z1 N Zy as a
closed subscheme of either Z; or Z. Observe that the coproduct Z; Iz Z5 exists
in the category of schemes, see More on Morphisms, Lemma One way to
proceed, is to show that Z; I1; Z5 is isomorphic to X, but we cannot use this here
as the material on pushouts of algebraic spaces comes later in the theory. Instead
we will use Lemma to find an affine neighbourhood of every point. Namely,
let x € |X|. If ¢ ¢ Z;, then z has a neighbourhood which is a scheme, namely,
X\ Zy. Similarly if x € Zs. If © € Z = Z1 N Zy, then we choose an affine open
U C Z; Iz Z5 containing z. Then U; = Z1 NU and Uy = Z3; N U are affine opens
whose intersections with Z agree. Since |Z;| = Ty and |Z3| = T» are closed subsets
of | X| which intersect in |Z], we find an open W C |X| with W NT; = |U;| and
WNTy = |Us|. Let W denote the corresponding open subspace of X. Then z € |W|
and the morphism Uy I1Us; — W is a surjective finite morphism whose source is an
affine scheme. Thus W is an affine scheme by Lemma [15.1 (]

A key point in the following lemma is that we only need to check the condition in
the images of points of X.

Lemma 17.3. Let f: X — S be a quasi-compact and quasi-separated morphism
from an algebraic space to a scheme S. If for every x € | X| with image s = f(x) € S
the algebraic space X x g Spec(Og ;) is a scheme, then X is a scheme.

Proof. Let x € |X|. It suffices to find an open neighbourhood U of s = f(x)
such that X xg U is a scheme. As X Xxg Spec(Ogs) is a scheme, then, since
Og,s = colim Og(U) where the colimit is over affine open neighbourhoods of s in S
we see that

X xgSpec(Ogs) =lim X xg U
By Lemma [5.11] we see that X xg U is a scheme for some U. O

Instead of restricting to local rings as in Lemma we can restrict to closed
subschemes of the base.

Lemma 17.4. Let ¢ : X — Spec(A) be a quasi-compact and quasi-separated
morphism from an algebraic space to an affine scheme. If X is not a scheme, then
there exists an ideal I C A such that the base change X 4,1 is not a scheme, but for
every I C I', I # I' the base change X 4,1/ is a scheme.

Proof. We prove this by Zorn’s lemma. Let 7 be the set of ideals I such that X, ;
is not a scheme. By assumption Z contains (0). If I, is a chain of ideals in Z, then
I=I,isin Z. Namely, A/I = colim A/I,, hence

XA/I = limXA/Ia
Thus we may apply Lemma to see that if X 4,5 were a scheme, then so would
be one of the X 4,7, . Thus 7 has maximal elements by Zorn’s lemma. [l
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18. Glueing in closed fibres

0E8Y Applying our theory above to the spectrum of a local ring we obtain a few pleasing

0E8Z

0E90

glueing results for relative algebraic spaces. We first prove a helper lemma (which
will be vastly generalized in Bootstrap, Section .

Lemmal 18.1. Let S = UUW be an open covering of a scheme. Then the functor
FPs — FPy XFPyaw F Py

given by base change is an equivalence where F Py is the category of algebraic spaces
of finite presentation over the scheme T'.

Proof. First, since S = U U W is a Zariski covering, we see that the category of
sheaves on (Sch/S) rppy is equivalent to the category of triples (Fy, Fw, ) where
Fu is a sheaf on (Sch/U) ¢pps, Fw is a sheaf on (Sch/W)¢pp, and

@t FUl(Seh/unw) jppr — FW(Schyunw) ;s

is an isomorphism. See Sites, Lemma (note that no other gluing data are
necessary because U xg U = U, W xg W = W and that the cocycle condition
is automatic for the same reason). Now, if the sheaf F on (Sch/S)spps maps to
(Fu,Fw, ) via this equivalence, then F is an algebraic space if and only if Fy; and
Fw are algebraic spaces. This follows immediately from Algebraic Spaces, Lemma
as Fy — F and Fy — F are representable by open immersions and cover F.
Finally, in this case the algebraic space F is of finite presentation over S if and only
if Fy is of finite presentation over U and Fy is of finite presentation over W by

Morphisms of Spaces, Lemmas and O

Lemma 18.2. Let S be a scheme. Let s € S be a closed point such that U =
S\ {s} = S is quasi-compact. With V = Spec(Ogs) \ {s} there is an equivalence
of categories

FPs — FPy xpp, FPspec(0s.,)

where F Pr is the category of algebraic spaces of finite presentation over T .
Proof. Let W C S be an open neighbourhood of s. The functor
FPS — FPU XFPW\{S) FPW

is an equivalence of categories by Lemma m We have Og s = colim Ow (W)
where W runs over the affine open neighbourhoods of s. Hence Spec(Og ) = lim W
where W runs over the affine open neighbourhoods of s. Thus the category of
algebraic spaces of finite presentation over Spec(QOg ) is the limit of the category
of algebraic spaces of finite presentation over W where W runs over the affine open
neighbourhoods of s, see Lemmal7.1] For every affine open s € W we see that UNW
is quasi-compact as U — S is quasi-compact. Hence V. =lmW NU = lim W \ {s}
is a limit of quasi-compact and quasi-separated schemes (see Limits, Lemma .
Thus also the category of algebraic spaces of finite presentation over V' is the limit
of the categories of algebraic spaces of finite presentation over W N U where W
runs over the affine open neighbourhoods of s. The lemma follows formally from a
combination of these results. O
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Lemma 18.3. Let S be a scheme. Let U C S be a retrocompact open. Let s € S be
a point in the complement of U. With V = Spec(Ogs,s) NU there is an equivalence
of categories

COthEU’DU open FPy — FPy X FPy FPSpec(Os,s)
where F Pr is the category of algebraic spaces of finite presentation over T.

Proof. Let W C S be an open neighbourhood of s. By Lemma the functor
FPUUW — FPU XFPyaw FPW

is an equivalence of categories. We have Og s = colim Oy (W) where W runs over
the affine open neighbourhoods of s. Hence Spec(Og ) = lim W where W runs
over the affine open neighbourhoods of s. Thus the category of algebraic spaces of
finite presentation over Spec(Og ) is the limit of the category of algebraic spaces
of finite presentation over W where W runs over the affine open neighbourhoods of
s, see Lemma[7.1] For every affine open s € W we see that U NW is quasi-compact
as U — S is quasi-compact. Hence V' = limW N U is a limit of quasi-compact
and quasi-separated schemes (see Limits, Lemma . Thus also the category
of algebraic spaces of finite presentation over V' is the limit of the categories of
algebraic spaces of finite presentation over W N U where W runs over the affine
open neighbourhoods of s. The lemma follows formally from a combination of these
results. O

Lemma 18.4. Let S be a scheme. Let s1,...,8, € S be pairwise distinct closed
points such that U = S\ {s1,...,s,} = S is quasi-compact. With S; = Spec(Ogs,)
and U; = S; \ {s:} there is an equivalence of categories

FPs — FPy X(FPUIXWXFPU,L) (FPS1 X ... X FPS")
where F Pr is the category of algebraic spaces of finite presentation over T.

Proof. For n = 1 this is Lemma [18.2 For n > 1 the lemma can be proved in
exactly the same way or it can be deduced from it. For example, suppose that
fi + Xi; — S; are objects of FPg, and f : X — U is an object of FPy and
we're given isomorphisms X; xg, U; = X xy U;. By Lemma [I8.2] we can find a
morphism f': X’ — U’ = S\ {s1,..., 8,1} which is of finite presentation, which is
isomorphic to X; over S;, which is isomorphic to X over U, and these isomorphisms
are compatible with the given isomorphism X; xg, U, = X Xy U,. Then we can
apply induction to f; : X; — S;, it < n—1, f/: X' — U’, and the induced
isomorphisms X; xg, U; = X’ xy+ Uy, i <n — 1. This shows essential surjectivity.
We omit the proof of fully faithfulness. O

19. Application to modifications

Using limits we can describe the category of modifications of a decent algebraic
space over a closed point in terms of the henselian local ring.

Lemmal 19.1. Let S be a scheme. Consider a separated étale morphism f:V —
W of algebraic spaces over S. Assume there exists a closed subspace T C W such
that f=YT — T is an isomorphism. Then, with W° = W\ T and V° = f=W?° the
base change functor

g: X — W morphism of algebraic spaces h:Y — V morphism of algebraic spaces
h=1(V?) — VO 4s an isomorphism

gt (W) — WO is an isomorphism

|
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is an equivalence of categories.

Proof. Since V. — W is separated we see that V xy V = A(V) I U for some
open and closed subspace U of V xyw V. By the assumption that f~'7 — T is an
isomorphism we see that U xy T = 0, i.e., the two projections U — V maps into
Vo,

Given h : Y — V in the right hand category, consider the contravariant functor X
on (Sch/S) rppys defined by the rule

XT)={(w,y) |w:T =W, y:T Xyw V — Y morphism over V}

Denote g : X — W the map sending (w,y) € X(T') to w € W(T). Since h=1V9 —
V0 is an isomorphism, we see that if w : T — W maps into W0, then there is a
unique choice for k. In other words X x4 W = W9 On the other hand, consider
a T-valued point (w,y,v) of X X4 w,s V. Then w = f ov and

yZTXfova—)V
is a morphism over V. Consider the morphism

T % oo V-1 Vs V=V U
The inverse image of V is T embedded via (idp,v) : T — T Xjfop,w V. The
composition y' = y o (idr,v) : T — Y is a morphism with v = h oy’ which
determines y because the restriction of y to the other part is uniquely determined
as U maps into V° by the second projection. It follows that X x gwfV =Y,
(w,y,v) — gy’ is an isomorphism.

Thus if we can show that X is an algebraic space, then we are done. Since V. — W
is separated and étale it is representable by Morphisms of Spaces, Lemma (and
Morphisms of Spaces, Lemma . Of course W° — W is representable and étale
as it is an open immersion. Thus

WOHY = X xguw WO X xgw; V=Xx,w(W'IV) — X

is representable, surjective, and étale by Spaces, Lemmas and Thus X is
an algebraic space by Spaces, Lemma [11.2 (I

Lemma 19.2. Notation and assumptions as in Lemma m Letg: X - W
correspond to h 'Y — V wia the equivalence. Then g is quasi-compact, quasi-
separated, separated, locally of finite presentation, of finite presentation, locally of
finite type, of finite type, proper, integral, finite, and add more here if and only if
h is so.

Proof. If g is quasi-compact, quasi-separated, separated, locally of finite presen-
tation, of finite presentation, locally of finite type, of finite type, proper, finite, so
is h as a base change of g by Morphisms of Spaces, Lemmas
Conversely, let P be a property of morphisms of algebraic spaces which
is étale local on the base and which holds for the identity morphism of any alge-
braic space. Since {W°? — W,V — W} is an étale covering, to prove that g has
P it suffices to show that h has P. Thus we conclude using Morphisms of Spaces,

Lemmas 4.12 [28.4] [23.4] [40.2] [45.3] O
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0BHO |Lemmal 19.3. Let S be a scheme. Let X be a decent algebraic space over S. Let

0CM7

0CMS8

x € |X| be a closed point such that U = X \ {a} — X is quasi-compact. With
V = Spec(O% ,) \ {m}} the base change functor

f:Y — X of finite presentation g:Y — Spec(O}}(yr) of finite presentation
f~YU) = U is an isomorphism g (V) = V is an isomorphism

is an equivalence of categories.

Proof. Let a: (W,w) — (X, z) be an elementary étale neighbourhood of z with W
affine as in Decent Spaces, Lemma[I1.4l Since z is a closed point of X and w is the
unique point of W lying over z, we see that w is a closed point of W. Since a is étale
and identifies residue fields at = and w, it follows that a induces an isomorphism
a~'x — x (as closed subspaces of X and W). Thus we may apply Lemma and
to reduce the problem to the case where X is an affine scheme.

Assume X is an affine scheme. Recall that O?(,:c is the colimit of T'(U, Oy) over
affine elementary étale neighbourhoods (U,u) — (X, z). Recall that the category
of these neighbourhoods is cofiltered, see Decent Spaces, Lemma or More on
Morphisms, Lemma Then Spec((’);’(’x) =limU and V =1limU \ {u} (Lemma
where the limits are taken over the same category. Thus by Lemma The
category on the right is the colimit of the categories for the pairs (U, u). And by
the material in the first paragraph, each of these categories is equivalent to the
category for the pair (X, z). This finishes the proof. O

20. Universally closed morphisms

In this section we discuss when a quasi-compact (but not necessarily separated)
morphism is universally closed. We first prove a lemma which will allow us to check
universal closedness after a base change which is locally of finite presentation.

Lemma 20.1. Let S be a scheme. Let f: X —Y and g: Z — Y be morphisms
of algebraic spaces over S. Let z € |Z| and let T C | X xy Z| be a closed subset with
2 & Im(T — |Z|). If f is quasi-compact, then there exists an étale neighbourhood
(V,v) = (Z,2), a commutative diagram

V—2z

L, b

7z 2oy,

and a closed subset T" C | X xy Z'| such that

(1) the morphism b: Z' =Y is locally of finite presentation,

(2) with 2’ = a(v) we have 2’ & Im(T" — |Z'|), and

(3) the inverse image of T in | X Xy V| maps into T via | X Xy V| — | X xy Z'|.
Moreover, we may assume V and Z' are affine schemes and if Z is a scheme we
may assume V is an affine open neighbourhood of z.

Proof. We will deduce this from the corresponding result for morphisms of schemes.
Let y € |Y] be the image of z. First we choose an affine étale neighbourhood
(U,u) — (Y,y) and then we choose an affine étale neighbourhood (V,v) — (Z, 2)
such that the morphism V — Y factors through U. Then we may replace

(1) X >Yby X xyU—U,
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(2) Z=>YbyV =T,

(3) z by v, and

(4) T by its inverse image in |(X xy U) xy V| = |X xy V|.
In fact, below we will show that after replacing V' by an affine open neighbourhood
of v there will be a morphism a : V' — Z’ for some Z’ — U of finite presentation
and a closed subset T” of |(X xy U) xy Z'| = |X xy Z'| such that T maps into
T’ and a(v) € Im(T" — |Z’|). Thus we may and do assume that Z and Y are
affine schemes with the proviso that we need to find a solution where V' is an open
neighbourhood of z.

Since f is quasi-compact and Y is affine, the algebraic space X is quasi-compact.
Choose an affine scheme W and a surjective étale morphism W — X. Let Ty C
|[W Xy Z| be the inverse image of T. Then z is not in the image of Ty . By the
schemes case (Limits, Lemma we can find an open neighbourhood V' C Z of
z a commutative diagram of schemes

V?Z’

L,

7oy,

and a closed subset T C |W xy Z'| such that

(1) the morphism b: Z" — Y is locally of finite presentation,
(2) with 2’ = a(z) we have 2/ & Im(T" — Z'), and
(3) Ty =Tw N|W Xy V| maps into T” via |W xy V| = |W xy Z'|.

The commutative diagram

WXYZ%WXyV WXyZ/

N )

XXyZ%XXyV XXyZ/

has cartesian squares and the vertical maps are, surjective, étale and a fortiori open.
Looking at the left hand square we see that T3 = Ty N |W xy V| is the inverse
image of T, = T N |X xy V| by ¢. By Properties of Spaces, Lemma we get
a1(Th) = ¢ (az(Ty)). By Topology, Lemma [6.4] we get

¢ (02(T2)) = 4 (aa(T2)) = an(Th) € 77

As ¢ is surjective the image of ay(T3) — |Z’| does not contain 2’ since the same
is true for 7. Thus we can take the diagram with Z’,V, a, b above and the closed
subset as(T3) C | X Xy Z'| as a solution to the problem posed by the lemma. O

Lemma 20.2. Let S be a scheme. Let f : X — Y be a quasi-compact morphism
of algebraic spaces over S. The following are equivalent

(1) f is universally closed,

(2) for every morphism Z — 'Y which is locally of finite presentation the map
|X xy Z| = |Z| is closed, and

(3) there exists a scheme V and a surjective étale morphism V- —'Y such that

[A™ x (X xy V)| = |A™ x V| is closed for alln > 0.
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Proof. It is clear that (1) implies (2). Suppose that |X xy Z| — |Z| is not closed
for some morphism of algebraic spaces Z — Y over S. This means that there exists
some closed subset T' C | X xy Z| such that Im(7" — |Z]) is not closed. Pick z € |Z|
in the closure of the image of T but not in the image. Apply Lemma We find
an étale neighbourhood (V,v) — (Z, z), a commutative diagram

V?ZI

L, b

72,

and a closed subset T C | X Xy Z’| such that

(1) the morphism b: Z" — Y is locally of finite presentation,

(2) with 2’ = a(v) we have 2z’ ¢ Im(T" — |Z'|), and

(3) the inverse image of T" in | X xy V| maps into 7" via | X xy V| — | X xy Z'|.
We claim that 2’ is in the closure of Im(7” — |Z’|) which implies that | X xy Z'| —
|Z’| is not closed. The claim shows that (2) implies (1). To see the claim is true
we contemplate following commutative diagram

XXYZ%XXyVHXXYZI

o

Z 1% . z'
Let Ty C | X xy V| be the inverse image of T'. By Properties of Spaces, Lemma
the image of Ty in |V| is the inverse image of the image of T" in |Z|. Then since z
is in the closure of the image of T'— |Z| and since |V| — |Z| is open, we see that
v is in the closure of the image of Ty — |V|. Since the image of Ty in |X xy Z|
is contained in |T”| it follows immediately that z’ = a(v) is in the closure of the
image of T".

It is clear that (1) implies (3). Let V' — Y be as in (3). If we can show that
X Xy V — V is universally closed, then f is universally closed by Morphisms of
Spaces, Lemma, Thus it suffices to show that f : X — Y satisfies (2) if f is
a quasi-compact morphism of algebraic spaces, Y is a scheme, and |A"™ x X| —
|A™ x Y| is closed for all n. Let Z — Y be locally of finite presentation. We have
to show the map |X xy Z| — |Z| is closed. This question is étale local on Z hence
we may assume Z is affine (some details omitted). Since Y is a scheme, Z is affine,
and Z — Y is locally of finite presentation we can find an immersion Z — A" XY,
see Morphisms, Lemma Consider the cartesian diagram

X Xy Z—A"x X |X Xy Z| — |A™ x X|
inducing the
J/ i cartesian square J/ i
Z— A" XY |Z| ——|A" x Y|

of topological spaces whose horizontal arrows are homeomorphisms onto locally
closed subsets (Properties of Spaces, Lemma . Thus every closed subset T of
| X xy Z] is the pullback of a closed subset T” of |A™ x Y|. Since the assumption is
that the image of 7" in |[A™ x X| is closed we conclude that the image of T in |Z|
is closed as desired. (]
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Lemma 20.3. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume f separated and of finite type. The following are equivalent
(1) The morphism f is proper.
(2) For any morphism Y — Z which is locally of finite presentation the map
|X xy Z| = |Z| is closed, and
(3) there exists a scheme V and a surjective étale morphism V- —'Y such that

[A™ x (X xy V)| = |A™ x V| is closed for alln > 0.

Proof. In view of the fact that a proper morphism is the same thing as a separated,
finite type, and universally closed morphism, this lemma is a special case of Lemma
20.2 a

21. Noetherian valuative criterion

We have already proved some results in Cohomology of Spaces, Section The
corresponding section for schemes is Limits, Section

Many of the results in this section can (and perhaps should) be proved by appealing
to the following lemma, although we have not always done so.

Lemma 21.1. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume f finite type and Y locally Noetherian. Let y € |Y| be a
point in the closure of the image of |f|. Then there exists a commutative diagram

Spec(K) —— X

|

Spec(A) ——=Y

where A is a discrete valuation ring and K is its field of fractions mapping the
closed point of Spec(A) to y. Moreover, we can assume that the point x € |X|
corresponding to Spec(K) — X is a codimension 0 poinﬁ and that K is the residue
field of a point on a scheme étale over X.

Proof. Choose an affine scheme V', a point v € V and an étale morphism V' — Y
mapping v to y. The map |V| — |Y] is open and by Properties of Spaces, Lemma
the image of |X Xy V| — |V] is the inverse image of the image of |f|. We
conclude that the point v is in the closure of the image of | X xy V| — |V|. If we
prove the lemma for X xy V' — V and the point v, then the lemma follows for f
and y. In this way we reduce to the situation described in the next paragraph.

Assume we have f : X — Y and y € |Y] as in the lemma where YV is an affine
scheme. Since f is quasi-compact, we conclude that X is quasi-compact. Hence we
can choose an affine scheme W and a surjective étale morphism W — X. Then the
image of | f| is the same as the image of W — Y. In this way we reduce to the case
of schemes which is Limits, Lemma, [15.1 [l

First we state the result concerning separation. We will often use solid commutative
diagrams of morphisms of algebraic spaces over a base scheme S having the following

3See discussion in Properties of Spaces, Section
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shape

Spec(K) — X

>
(21.1.1) J{ R l
Spec(/()—>Y

with A a valuation ring and K its field of fractions.

Lemmal 21.2. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume [ is quasi-separated and locally of finite type and'Y is locally
Noetherian. The following are equivalent:

(1) The morphism f is separated.

(2) For any diagram (21.1.1) there is at most one dotted arrow.

(3) For all diagrams (21.1.1]) with A a discrete valuation ring there is at most
one dotted arrow.

(4) For all diagrams where A is a discrete valuation ring and where
the image of Spec(K) — X is a point of codimension 0 on X there is at
most one dotted arrow.

Proof. We have (1) = (2) by Morphisms of Spaces, Lemma The implications
(2) = (3) and (3) = (4) are immediate. It remains to show (4) implies (1).

Assume (4). We have to show that the diagonal A : X — X Xy X is a closed
immersion. We already know A is representable, separated, a monomorphism, and
locally of finite type, see Morphisms of Spaces, Lemmal[4.I] Choose an affine scheme
U and an étale morphism U — X xy X. Set V = X xa xx,x U. It suffices to
show that V' — U is a closed immersion (Morphisms of Spaces, Lemma .
Since X xy X is locally of finite type over Y we see that U is Noetherian (use
Morphisms of Spaces, Lemmas [23.2] [23.3] and [23.5)). Note that V is a scheme as
A is representable. Also, V is quasi-compact because f is quasi-separated. Hence
V' — U is separated and of finite type. Consider a commutative diagram

Spec(K) ——=V

|7

Spec(4d) ——=U

of morphisms of schemes where A is a discrete valuation ring with fraction field K
and where K is the residue field of a generic point of the Noetherian scheme V.
Since V' — X is étale (as a base change of the étale morphism U — X xy X) we see
that the image of Spec(K) — V — X is a point of codimension 0, see Properties
of Spaces, Section We can interpret the composition Spec(A) - U — X xy X
as a pair of morphisms a,b : Spec(A) — X agreeing as morphisms into ¥ and
equal when restricted to Spec(K) and that this restriction maps to a point of
codimension 0. Hence our assumption (4) guarantees a = b and we find the dotted
arrow in the diagram. By Limits, Lemma we conclude that V' — U is proper.
In other words, A is proper. Since A is a monomorphism, we find that A is a closed
immersion (Etale Morphisms, Lemma as desired. O


https://stacks.math.columbia.edu/tag/0H1W

LIMITS OF ALGEBRAIC SPACES 49

0H1X Lemma 21.3. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume f is quasi-separated and of finite type and Y is locally
Noetherian. The following are equivalent:

(1) f is proper,

(2) f satisfies the valuative criterion, see Morphisms of Spaces, Deﬁnitz’on

(3) for any diagram (21.1.1) there exists exactly one dotted arrow,

(4) for all diagrams (21.1.1) with A a discrete valuation ring there exists exactly
one dotted arrow, and

(5) for all diagrams where A is a discrete valuation ring and where
the image of Spec(K) — X is a point of codimension 0 on X there exists
exactly one dotted arrouEI.

Proof. We have (1) < (2) < (3) by Morphisms of Spaces, Lemma It is clear
that (3) = (4) = (5). To finish the proof we will now show (5) implies (1).

Assume (5). By Lemma we see that f is separated. To finish the proof it
suffices to show that f is universally closed. Let V' — Y be an étale morphism
where V is an affine scheme. It suffices to show that the base change V xy X — V
is universally closed, see Morphisms of Spaces, Lemma Let

Spec(K) —=V xy X —= X

Spec(A) v Y

of algebraic spaces over S be a commutative diagram where A is a discrete valuation
ring with fraction field K and where Spec(K) — V Xy X maps to a point of
codimension 0 of the algebraic space V xy X. Since V xy X — X is étale it follows
that the image of Spec(K) — X is a point of codimension 0 of X. Thus by (5) we
obtain the longer of the two dotted arrows fitting into the diagram. Then of course
we obtain the shorter one as well. It follows that our assumptions hold for the
morphism V Xy X — V and we reduce to the case discussed in the next paragraph.

Aassume Y is a Noetherian affine scheme. In this case X is a separated Noether-
ian algebraic space (we already know f is separated) of finite type over Y. (In
particular, the algebraic space X has a dense open subspace which is a scheme
by Properties of Spaces, Proposition [I3.3] although strictly speaking we will not
need this.) Choose a quasi-projective scheme X’ over Y and a proper surjective
morphism X’ — X as in the weak form of Chow’s lemma (Cohomology of Spaces,
Lemma . We may replace X’ by the disjoint union of the irreducible compo-
nents which dominate an irreducible component of X'; details omitted. In particular,
we may assume that generic points of the scheme X’ map to points of codimension
0 of X (in this case these are exactly the generic points of X). We claim that
X' — Y is proper. The claim implies X is proper over Y by Morphisms of Spaces,
Lemma To prove this, according to Limits, Lemma [15.3] it suffices to prove

4There is a sharper formulation where in the existence part one only requires the dotted arrow
exists after an extension of discrete valuation rings.


https://stacks.math.columbia.edu/tag/0H1X

0H1Y

LIMITS OF ALGEBRAIC SPACES 50

that in every solid commutative diagram

Spec(K) —= X' ——= X

7 —
2 —~
CL/ //
77 b
e

Spec(A) Y

where A is a dvr with fraction field K and where K is the residue field of a generic
point of X’ we can find the dotted arrow a (we already know uniqueness as X' is
separated). By assumption (5) we can find the dotted arrow b. Then the morphism
X' x x,p Spec(A) — Spec(A) is a proper morphism of schemes and by the valuative
criterion for morphisms of schemes we can lift b to the desired morphism a. (I

Lemma 21.4. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume Y 1is locally Noetherian and f is of finite type. Then the
following are equivalent

(1) f is universally closed,

(2) f satisfies the existence part of the valuative criterion,

(3) there exists a scheme V and a surjective étale morphism V-—'Y such that
|[A" x X xy V| — |A"™ x V| is closed for alln >0,

(4) for all diagrams with A a discrete valuation ring there there exists a
finite separable extension K'/K of fields, a discrete valuation ring A’ C K’
dominating A, and a morphism Spec(A’) — X such that the following
diagram commutes

Spec(K') —— Spec(K) —= X

|

Spec(A’) —— Spec(A) ——=Y

(5) for all diagrams (21.1.1) with A a discrete valuation ring there there exists
a field extension K'/K, a valuation ring A’ C K' dominating A, and a
morphism Spec(A’) — X such that the following diagram commutes

Spec(K’) —— Spec(K) —= X

I

Spec(A’) —— Spec(4) ——=Y

Proof. Parts (1), (2), and (3) are equivalent by Lemma and Morphisms of
Spaces, Lemma [42.1} These equivalent conditions imply part (4) as Morphisms of
Spaces, Lemma [41.3| tells us that we may always choose K’/K finite separable in
the existence part of the valuative criterion and this automatically forces A’ to be a
discrete valuation ring by Krull-Akizuki (Algebra, Lemma[119.12)). The implication
(4) = (5) is immediate. In the rest of the proof we show that (5) implies (1).

Assume (5). Chose an affine scheme V and an étale morphism V' — Y. Tt suffices
to show that the base change of f to V is universally closed, see Morphisms of
Spaces, Lemma[9.5] Exactly as in the proof of Lemma [21.3] we see that assumption
(5) is inherited by this base change; details omitted. This reduces us to the case
discussed in the next paragraph.
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Assume Y is a Noetherian affine scheme and we have (5). To prove that f is
universally closed it suffices to show that | X x A™| — |Y x A"| is closed for all n (by
the discussion above). Since assumption (5) is inherited by the product morphism
X X A™ = Y x A™ (details omitted) we reduce to proving that | X| — |V is closed.

Assume Y is a Noetherian affine scheme and we have (5). Let T C |X| be a closed
subset. We have to show that the image of T in |Y| is closed. We may replace X
by the reduced induced closed subspace structure on T'; we omit the verification
that property (5) is preserved by this replacement. Thus we reduce to proving that
the image of |X| — |Y| is closed.

Let y € |Y| be a point in the closure of the image of | X| — |Y|. By Lemma
we may choose a commutative diagram

Spec(K) —— X

)

Spec(A) ——=Y

where A is a discrete valuation ring and K is its field of fractions mapping the
closed point of Spec(A) to y. It follows immediately from property (5) that y is in
the image of | X| — |Y| and the proof is complete. O

22. Refined Noetherian valuative criteria

This section is the analogue of Limits, Section One usually does not have to
consider all possible diagrams with valuation rings when checking valuative criteria.

Lemma 22.1. Let S be a scheme. Let f: X —Y and h : U — X be morphisms
of algebraic spaces over S. Assume that'Y is locally Noetherian, that f and h are
of finite type, that f is separated, and that the image of |h| : [U| — |X| is dense in
| X|. If given any commutative solid diagram

Spec(K) —U —"= X

~
~
_
\L // f
_
~

Spec(A) —— Y

where A is a discrete valuation ring with field of fractions K, there exists a dotted
arrow making the diagram commute, then f is proper.

Proof. It suffices to prove that f is universally closed. Let V' — Y be an étale
morphism where V is an affine scheme. By Morphisms of Spaces, Lemma [9.5
it suffices to prove that the base change X xy V — V is universally closed. By
Properties of Spaces, Lemma [4.3|the image I of |U xy V| — |X xy V| is the inverse
image of the image of |h|. Since |X xy V| — |X] is open (Properties of Spaces,
Lemma we conclude that I is dense in |X Xy V|. Therefore the assumptions
of the lemma are satisfied for the morphisms U xy V — X xy V — V. Hence we
may assume Y is an affine scheme.

Assume Y is an affine scheme. Then U is quasi-compact. Choose an affine scheme
and a surjective étale morphism W — U. Then we may and do replace U by W
and assume that U is affine. By the weak version of Chow’s lemma (Cohomology of
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Spaces, Lemma we can choose a surjective proper morphism X’ — X where
X' is a scheme. Then U’ = X’ x x U is a scheme and U’ — X' is of finite type. We
may replace X’ by the scheme theoretic image of b’ : U’ — X’ and hence h/(U’) is
dense in X’. We claim that for every diagram

Spec(K) — U e x

_7
—~
- ’
i - !
—~
—~

Spec(d) ——— > Y

where A is a discrete valuation ring with field of fractions K, there exists a dotted
arrow making the diagram commute. Namely, we first get an arrow Spec(A4) — X
by the assumption of the lemma and then we lift this to an arrow Spec(A) — X’
using the valuative criterion for properness (Morphisms of Spaces, Lemma .
The morphism X’ — Y is separated as a composition of a proper and a separated
morphism. Thus by the case of schemes the morphism X’ — Y is proper (Limits,
Lemma [16.1]). By Morphisms of Spaces, Lemma we conclude that X — Y is
proper. ([

Lemma 22.2. Let S be a scheme. Let f: X —Y and h : U — X be morphisms
of algebraic spaces over S. Assume that Y is locally Noetherian, that f is locally
of finite type and quasi-separated, that h is of finite type, and that the image of
|h| - U] = | X is dense in | X|. If given any commutative solid diagram

h
Spec(K) —=U ——= X

~
~
~
l // f
~
~

Spec(A) Y

where A is a discrete valuation ring with field of fractions K, there exists at most
one dotted arrow making the diagram commute, then f is separated.

Proof. We will apply Lemma[22.1]to the morphisms U — X and A : X — X xy X.
We check the conditions. Observe that A is quasi-compact because f is quasi-
separated. Of course A is locally of finite type and separated (true for any diagonal
morphism). Finally, suppose given a commutative solid diagram

Spec(K) U

-7 (ab)

Spec(A) —————— X xy X

where A is a discrete valuation ring with field of fractions K. Then a and b give
two dotted arrows in the diagram of the lemma and have to be equal. Hence as
dotted arrow we can use a = b which gives existence. This finishes the proof. [

Lemma 22.3. Let S be a scheme. Let f: X — Y and h : U — X be morphisms
of algebraic spaces over S. Assume that'Y is locally Noetherian, that f and h are
of finite type, that f is quasi-separated, and that h(U) is dense in X. If given any
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commutative solid diagram

Spec(K) ——U —h;X

~
~
~
l // f
~
~

Spec(A) Y

where A is a discrete valuation ring with field of fractions K, there exists a unique
dotted arrow making the diagram commute, then f is proper.

Proof. Combine Lemmas 22.2] and R2.1] O

23. Descending finite type spaces

This section continues the theme of Section [L1]in the spirit of the results discussed
in Section[7} It is also the analogue of Limits, Section [22] for algebraic spaces.

Situation| 23.1. Let S be a scheme, for example Spec(Z). Let B = lim;e; B;
be the limit of a directed inverse system of Noetherian spaces over S with affine
transition morphisms By — B; for ¢/ > i.

Lemma 23.2. In Situation . Let X — B be a quasi-separated and finite type
morphism of algebraic spaces. Then there exists an i € I and a diagram

X—W

(23.2.1) i i

such that W — B; is of finite type and such that the induced morphism X —
B xp, W is a closed immersion.

Proof. By Lemma [11.6) we can find a closed immersion X — X’ over B where
X' is an algebraic space of finite presentation over B. By Lemma we can find
an ¢ and a morphism of finite presentation X — B; whose pull back is X’. Set
W =X]/. O
Lemmal 23.3. In Situation . Let X — B be a quasi-separated and finite type

morphism of algebraic spaces. Given i € I and a diagram

X—W

o

as in (23.2.1) for i’ > i let X; be the scheme theoretic image of X — By xp, W.
Then X = 1imi/2i Xi’ .

Proof. Since X is quasi-compact and quasi-separated formation of the scheme
theoretic image of X — By xp, W commutes with étale localization (Morphisms

of Spaces, Lemma [16.3). Hence we may and do assume W is affine and maps into
an affine U; étale over B;. Then

By XBiW:Bi’ X B; U; XUiW:Ui’ XUiW

where Uy = By x g, U; is affine as the transition morphisms are affine. Thus the
lemma follows from the case of schemes which is Limits, Lemma [22.3 (]
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Lemma 23.4. In Situation W Let f: X — Y be a morphism of algebraic
spaces quasi-separated and of finite type over B. Let

X —W Y —=V
I T
B > Bil B B'i2

be diagrams as in . Let X = lim;>i, X; and Y = lim;>;, Y; be the corre-
sponding limit descriptions as in Lemma E Then there exists an ig > max(iy,iz)
and a morphism

(fi)izio + (Xi)izio = (Yi)izio
of inverse systems over (B;);>i, such that such that f = lim;>; fi- If (9i)i>i :
(Xi)izip = (Yi)i>i, s a second morphism of inverse systems over (B;)i>i, such
that such that f = lim;>;, g; then f; = g; for all i > iy.

Proof. Since V. — B, is of finite presentation and X = lim;>;, X; we can appeal
to Proposition as improved by Lemma to find an 49 > max(i1,i2) and a
morphism h : X;, — V over B;, such that X — X;;, =+ Visequalto X =Y — V.
For ¢ > iy we get a commutative solid diagram

X‘>X¢4>Xio

7

Y —Y ——V

N

BHBiHBiU

N

Since X — X; has scheme theoretically dense image and since Y; is the scheme
theoretic image of Y — B; Xp;, V we find that the morphism X; — B; xp, V
induced by the diagram factors through Y; (Morphisms of Spaces, Lemma .
This proves existence.

Uniqueness. Let F; — X; be the equalizer of f; and g; for ¢ > ig. We have E; =
Yi Xavix 5, Y, (fi,9) X;. Hence E; — X; is a monomorphism of finite presentation
as a base change of the diagonal of Y; over B;, see Morphisms of Spaces, Lemmas
and Since X; is a closed subspace of B; X Bi, X, and similarly for Y; we
see that

(Bl X Bj, EZO) =X; XX, Eio

Similarly, we have X = X x X;, Li,- Hence we conclude that E; = X for ¢ large
enough by Lemma [6.10) O

Remark 23.5. In Situation m Lemmas [23.2] [23.3] and [23.4] tell us that the
category of algebraic spaces quasi-separated and of finite type over B is equivalent
to certain types of inverse systems of algebraic spaces over (B;);cs, namely the ones
produced by applying Lemma to a diagram of the form . For example,
given X — B finite type and quasi-separated if we choose two different diagrams
X -V —= B, and X - Vo, — B;, as in , then applying Lemma to
idx (in two directions) we see that the corresponding limit descriptions of X are
canonically isomorphic (up to shrinking the directed set I'). And so on and so forth.

E;, = X; X(Bixp,, Xig)
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Lemma 23.6. Notation and assumptions as in Lemma . If f is flat and of
finite presentation, then there exists an i3 > ig such that for ¢ > i3 we have f; is
ﬂat, Xz = Y; XYz‘3 Xig, and X =Y ><yi3 XM

Proof. By Lemma we can choose an i > iy and a morphism U — Y; of finite
presentation such that X = Y xy, U (this is where we use that f is of finite
presentation). After increasing i we may assume that U — Y; is flat, see Lemma
[6.12] As discussed in Remark [23.5] we may and do replace the initial diagram used
to define the system (X;);>;, by the system corresponding to X — U — B;. Thus
X, for i’ > i is defined as the scheme theoretic image of X — By xp, U.

Because U — Y} is flat (this is where we use that f is flat), because X =Y xvy, U,
and because the scheme theoretic image of Y — Y; is Y;, we see that the scheme
theoretic image of X — U is U (Morphisms of Spaces, Lemma . Observe
that Y;; — By x g, Y; is a closed immersion for i’ > i by construction of the system
of Y;. Then the same argument as above shows that the scheme theoretic image
of X — By xp,; U is equal to the closed subspace Y; xy, U. Thus we see that
Xy =Yy Xy, U for all ¢ > i and hence the lemma holds with i3 = 3. O

Lemma 23.7. Notation and assumptions as in Lemma . If f is smooth, then
there exists an i3 > ig such that for i > i3 we have f; is smooth.

Proof. Combine Lemmas 23.6 and [6.3 O

Lemma 23.8. Notation and assumptions as in Lemma . If f is proper, then
there exists an i3 > ig such that for i > i3 we have f; is proper.

Proof. By the discussion in Remark the choice of i3 and W fitting into a
diagram as in is immaterial for the truth of the lemma. Thus we choose
W as follows. First we choose a closed immersion X — X’ with X’ — Y proper
and of finite presentation, see Lemma [[2.1] Then we choose an i3 > iy and a
proper morphism W — Y;. such that X' =Y Xy;, W. This is possible because
Y = lim;>,, ¥; and Lemmas and With this choice of W it is immediate
from the construction that for ¢ > i3 the algebraic space X; is a closed subspace of
Yi Xy,, WC B xp,, W and hence proper over Y;. [l

Lemmal 23.9. In Situation suppose that we have a cartesian diagram
|
X2 4b> X4
of algebraic spaces quasi-separated and of finite type over B. For each 7 =1,2,3,4
choose i; € I and a diagram
X) —— W

B—— B,

as in (23.2.1). Let X7 = lim;>;; Xf be the corresponding limit descriptions as

in Lemma L Let (a;)izig, (0i)izigs (Pi)i>ir, and (¢i)i>ig be the corresponding
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morphisms of inverse systems contructed in Lemma Then there exists an
19 > max(is, g, U7, ig) such that for i > ig we have a; o p; = b; 0 q; and such that

X7
is a closed immersion. If a and b are flat and of finite presentation, then there exists

an i19 > max(is,ig, i7,1s,%9) such that for i > i1y the last displayed morphism is
an isomorphism.

Proof. According to the discussion in Remark the choice of W fitting into
a diagram as in is immaterial for the truth of the lemma. Thus we may
choose Wt = W? xy,a W3. Then it is immediate from the construction of X} that
a; Op; = bz 0 q; and that

(girpi) : Xi — X7 by, X}

y Qi

(szpz) : X’Ll — X’L2 Xqu?,ai X3

1
is a closed immersion.
If a and b are flat and of finite presentation, then so are p and g as base changes of

a and b. Thus we can apply Lemma to each of a, b, p, ¢, and aop =bogq. It
follows that there exists an ig € I such that

(¢i,pi) + X{ = X7 X x1 X3

is the base change of (giy,pi,) by the morphism by the morphism X} — Xf‘g for
all ¢ > ig. We conclude that (g;,p;) is an isomorphism for all sufficiently large i by
Lemma [6.701 O
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