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Defining the L-matrix

Goal: Construct and analyze interacting particle systems related to
integrable higher spin vertex models. In so doing, unite all integrable

members of the KPZ universality class in one 4 -parameter family.

Vector spaces: \/I" span(0.1,.., 1) | TeZ,,
(H’ likewise) Span (0,1, ... ) , Q/S@

L -matrix: Indexed by complex parameters CV' «, L, J such that
L VieH = VieH

' . W)
For most of the talk, we will set J=1.,V :@‘I and write L(X .
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L -matrix weights

L-matrix elements: L( L, J‘ ; L,_/JL) indexed €10

T R - J
by L, L, eV and JiuJec V. et
C
Definition: For J=1 and M = (), the non-zero entries of | are:
m " m-1 "
1+ & ~
o o Lw(W\,O;m,o) = — / o 1 Lw(W\,O; M"LO)=O((,1 %)
X L‘LO( I b_“
m m
m+1 " m "
[-v Y
1 o Lw(m,l mt],0) = ‘—?/— 1 1 Lw(W\,i m,1) :O(,+ i
~ [+ [+ o
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L -matrix weights

Particle conservation: sum of inputs L.*jn = sum of outputs L, te
Stochasticity: Given L.,\'),, sum over LL,JL = 1; positive entries if:
1) Cz,,veéOJ ), >0,
mz) opell,0), V= G/I for T€Zs,, Xc(-v,0).

m-1

O Lu;(m'OJm,o) =M 0 1 Lu;(m,o; mal,o)zo({i’%)

[+ Tt
m m
m+1 m m
%) i‘v%m %) x+V
O L (Mll,JM"’i,O): p 1 :LL (mli*MJi) = y
X L+O( X L+O(
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Aside: Six vertex R-matrix

'éL -1#<~' ~'A Zcﬁl e

Define R(Q) — 27~ :4 ]0 2 K"%' 2 K (Z;'a

where ¢, f, k generate C,, related to Uq(s(,?.), via the relations:

Ke____.%ek) K]D :CZ;]DK) ef-fe :(%‘%‘D(KQ“KQ)

\/(I)—Z-— C"is T+l dim (spin T/2.) irreducible rep'n with action
VP-4 - (g, eV =(g- )V

and basis \/ -SPan{V“’V V4. Identify \/ as [ up-spins / particles



Aside: Six vertex R-matrix

With C, acting on V, R(z) maps C's® \/ to itself 4

with matrix elements indexed by L, L, eV, J.:Jae by @ |
' . . , .V\?d_. "l

The R-matrix satisfies the Yang-Baxter relation !

R R @R, W =R, WR @KL

< Bé\/ ?\/;C/Z

Algebraic Bethe ansatz diagonalizes associated transter matrix.

Our L-matrix is a modification of R-matrix, so as to be stochastic.
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Zero range process (stochastic transfer matrix)

ZRP: State

/

X
hier

hxt2 -

°
QR
o ©
-2 -1

Zaf- (%i>cc~z , 3L € /s, Ix <t ?WO/ Gy =0 Vy<x

()

Seq'n (left->right) update via l.q Markov
chain so given nglu choose %X/ ey, With

() J TIX
probability . N hxi G he).

(dynamics conserve sum of g's, and h's =0 or 1)

call B ¥ ‘cgzj’ ) transition probability /

matrix and define its space reversal

féw’ 7 7?’) with state variables 7
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Asymmetric exclusion process

AEP: State X = (X, >%,> ) , XieZ Y=+, (<0 (need V' inf. dim)

/

O _ h} 90/:*':@ ((:,l h ZRP on L\Oles. L-et gt = ><t' ‘,y‘.ﬂ "l amd
- l y -

SN —

update g 8/ via ZRP. Set X.= X; +|y:

call T (R, ) transition probability /
matrix for the AEP.

3 h, .
e S o
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What do we do?

 Diagonalize transfer matrices (B's) via the g-Hahn Boson
eigenfunctions on the line (uses cow\pletemess / Plamcherel theory)

o Demonstrate Markov dualities between %HB and | ““’B which
enables the computation of moments / distribution functions.

e Generalize to J>1 via probabilistic version of 'fusion'.

The resulting 4-parameter o V. J family of processes is on the
top of the (known) integrable KPZ class hierarchy and we gain
tools to study all of the models simultaneously.

But first, let's explore two special degenerations of the processes.
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Bernoulli g-TASEP

Take \/ = Q0 , 0[/6((), ), x> then the AEP becomes

D F X jumps ob p = o
pm'/\\b gp(t‘%ﬁ“i’),e,ls(& ﬂP b= e
Xa - —~ X
gep

Taking p->0, jumps become seldom and speeding up by 1/p we
recover the continuous time q-TASEP

rate 1 —@89 fi# 1

-
o e X
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Stochastic six vertex model

Take = 7/‘1 (T-1), 3/6(1, %), X &(-v,0). The six non-zero weights
depend on ?/ o and can be reparameterized via b | b, €(0,1) as

weight 1 1 b, 1-b, b, 1-b,

ZRP obeys exclusion rule [Gwa-Spolhn 'a2], [Borodin-C-Gorin '147].

/ /] / /
T+ S

t - S
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ASEP limits

The ratio E%:\/. Fixing this and taking b, (Oz\’ 0 (o)

Particles almost always follow a H trajectory. Subtracting this
diagonal motion and speeding up time by 1/b we arrive at ASEP

r_

with left jump rate | and right jump rate I having ratio j =

Thus we see already that we have united q-TASEP and ASEP as

processes (earlier we saw their spectral theory united).

Note: g-TASEP has extra structure from Macdonald processes.

No generalization of Macdonald processes is known when V# 0.
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Half domain wall boundary conditions (step initial data)

C D

/ﬁEJ >, >

N
P

t=0

Start stochastic six-vertex with 9 (0) :1C>o and define a
height function: {__f( X V> = ¥ [ines left of &, Y) .
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Asymptotics

Theorem [Borodin-C-Gorin '14]: For (< b,<b, <1, k:= |‘~b we have

Law of large numbers:

in»\  (Lx, Lx} H( N O o §<;<
A 2 [ AP
X-y )5 <X

Central limit theorem: For % < 7 < ,)'_<, /




Asymptotics
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Asymptotics

200
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Bethe ansatz diagonalization

Consider the space-reverse ZRP with k particles (5. Y, =K) and
label stated by (n, =n.»--:ne) =N . Recall g-Hahn left eigenfunction:

'\‘j; > ﬂ sa %«a 1(11 _VZ j

indexed by z.,.,2,eC\i4yl and depending on 7/,\/ only.

| -2, :
Theorem: For z;: \-—‘ sl 1, =1, K

| ~VZ &+
L

By = 122yl

L=

Follows Algebraic Bethe Ansatz, or recent work of [Borodin '14],
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Relation g-Halhn Boson transition operator

Recall that for the g-Hahn Boson process with parameters G,V

/PBOSM\V-’ 1’[‘ ]_‘:/AZ \lje

G

This, along with the Plancherel theory imp(ies that we can write
—~ 400 Bosor\ Bosor\

Note: While g-Haln Boson process can be factored into free

evolution equation and 2 -body boundary conditions, the general

ZRP considered here does not admit such a factorization.
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Direct and inverse Fourier type transforms

Let 3
w {-ﬁ VL,>,. 7/71’&‘ n: GZ} C { OomPo\cL Suffor{}

C& 1vz | 1V2> :\S(M- Samww%nc Lawrent 0()'35 n Qﬁzf fejs <k

Direct tranform: F . 3%, ¢~

F:ls Z @ YR =4 b2 2

NZ..2Ng

Inverse transform: 27 -. zik—» W &

; P |
:j G — G1) b @Qu)%.! % % dek [‘115 w‘} HM W) (4~ vw)v (n G( )
i\ =Re (1) T

ai = ::<\V (fl’),G’>8
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Plancherel isomorphism theorem

Theorem [Borodin-C-Petrov-Sasamoto '14] On spaces 0 - and 8k,

operators J- and !/ are mutual inverses of each other.

[sometry: <4, g>w=<5f¥)€¥%>€ for %D,cotew“
RG>, =<IF, 67, o FGel®

Biorthogonality: <'\P’L(‘Y—m \lﬂ (W>> .
e o & \\f_, (), Ve (5> L:lf = q’ﬂ(« 2)1-v2)det | Sz )|

b)=4

Proof of JF =T1d uses residue calculus in nested contour version of \ , while
proof of JJ=1d uses existence of simultaneously diagonalized family of matrices
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Back to the g-Halhn Boson particle system

Corollary The (unique) solution of the ZRP evolution equation

FM{CJ'A a* ﬁs(zp 2: z) 1' onoiot-i ,-3,'3)

1@(£+1,95 :’édi‘;’d@({’g} with 1@(0 ’93 = WEO( %}) 1S ae,gws §(8) , k=11 parkicles

\/3

-3
rfz V-1 ga

k“‘ft(/‘g—\ ecgmvalue of H worrto Ve ® o9 \&;‘ ve0
]E({:’g(ﬁ»: 'j <( 1+a2> 3:,:{2) \ -3 2 -4 0 {1 2 3
&_‘ (_-\A—'ﬁ

gy 4 12 L (Bl ) ae

NLS‘l:e.d ach d:i 3 (4’ 23)('1—V ZJ-)

Already know J jeo for step initial data 1,@)= ﬂ{nm)imﬂ.

Can solve Kolmogorov forward equation for transition probabilities
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AEP - ZRP duality

Define a duality functional I——l(f(j}“/)): J1 C}/& +OY. (=0 if Yi?0
14 \Cor any C <O>

Theorem [C-Petrov '15]: TOC A \——l — H (@% 7 T
Corollary: E[ H()?({), 7)] ~ (%a’%)%\};[ H(SZ(O% 7)]

Corollary: For the AEP with step initial data { Kn(0)=-n }

e ek
E[ %(xn‘m:fm)«..+(xn,§u+nk)} _C-ﬂ@%; 3€ . § ADE 2 :;6 n(l ViJ)Ktﬁ:ﬁiJ\ <

(nianvf 2 ”4<> %0 (i‘...@zﬁ:‘..)z‘ !

This is the starting point for distributional formulas and asymptotics.
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ZRP self-duality

Define a duality functional 6(5}7) =] 6]/8"\/J
P>
J
Theorem |C-Petrov '15]: B a 6 — 6 (@06 Gox T

e There are other derivative self-dualities which comes from this.

e This generalizes the ASEP self-duality [Schutz 'a7], [Borodin-C-
Sasamoto '12] and yields a self-duality for stochastic six-vertex
which enables the computation of *[VkNy<(3(m] , where we
have that V= CV', /\M?) = #par#c(e‘g Ta ?7\ left of y.

* AEP-ZRP duality generalizes that for g-Hahn TASEP/Boson.
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J>1 via fusion

Define the higher horizontal spin ZRP transition operator as

BN’ OVJO( — BO(’CVX'B%’ 7’10{, . Bcf&’ ﬁ/JO(

Clearly this is still stochastic (if each B was) and it is diagonalized

’ ' ' ' . l-l- chz-
via the same eigenfunctions with eigenvalue Tl Rl
J=\ 1‘+OCZJ

Question: Can this be realized via a sequential update Markov

VoVe = e 2

chain using some |__

Answer: Yes, due to [Kirillov-Reshetikhin '8 7] fusion procedure.

This simplifies on the line and we provide a probabilistic proof.
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J>1 via fusion

4 -

= I_J L \ 10 ¢ g

~ ri—»"”i 3 T e

focp= t == / '3 a

e Call O = (Hl) ) S': HJ Given % define the hx»’ L’X*w
x-dependent horizontal Markov chain with tmms:ty |
matrix 17 S=S given by the product of weights |
with ‘/WXI g ®l’\xJ SISY ‘\ e, 2
« Define £: S-S as $(\ﬂx R ®qu> Z h"V her !
s O applied to the R Markov chain still Markov? A
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Markov function theory

Theorem [Pitman-Rogers '80]: If there exists a Markov kernel /\ S'—S
such that
» /\' ¢ =Identity on S’

3 @ = /AR b S’ > 8’ satisfies f\ G?‘_/\_

Then starting the D chain with measure /\,( o), its image
under ¢ coincides in law with the &, chain start at y .

Q XES XSS R«?
Q‘ﬁz\ @@ﬁf\@@ TZ\@\ -
oS e S

X X
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Applying wmarkov function theory

Define /\(hxi Hx,,®'-'@\f\x;> ﬂ B (w1 & Ohy) = hy ]—&

Y:hey=1
This is the conditional distribution of |y, & ®hy; given its sum.

Theorem [C-Petrov '15]: Both conditions of Pitman-Rogers are
satisfied and thus the Qx chain started with |5, =0 prov1des a way to
sequentially update (‘d—ag SO as to agree with B* §'%.

In particular, we may define Lfi (Cdy b ng b )= G (\‘\X, Vet )-

Can also develop a recusion in J for the L-matrix elements by

decomposing J vertical steps in to 1 followed by J-1.
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Explicit formula for higher spin L -matrix

Based on [Mangazeev '14] we solve the recursion explicitly ()2=:o< cI/J)

.2 ., L.
CJ ‘;‘fli\Jl 8 QJZ‘J; + C.+‘12+ Lz(l'z‘l)“‘» "v
" .,Jn» a,\XL L"’J':LZU‘ %

d'\‘\'\z

\'cm\-ocl'mg baSl.C L‘VPQPB,QGW\@W Xrle§

—-C -

Vv 0(01‘\)'“‘ (— <>ev":g,)J

‘ /g i — (? 2. %c”, ‘B,"%\‘/“J' >
(99, ("’“6’)o'JJz (R 7’d"7)J"~\/'z 1 Pa v %‘*Jl"',ﬁa"ﬁ,"‘fﬁ lq/,c}, °

We can analytically continue in )2 . Posttivity is generally lost,
though taking = - and setting o= -V we recover it. This
specialization corvesponds to the g-Hahn Boson process update.
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Degenerations to known integrable stochastic systems in KPZ class

[C-Petrov '15]

Gtockastic higher vertex process 3

[Povo(otskg 137, [C, '14] < q —Hab\m TASEP) [Borodin-Petrov '13],

C-Petrov, '13], . .
: ! Stochastic six

[Matveev-Petrov '15]

A
[Borodin=¢, 23] @scmte time q—TASE@ \ g -pushASEPs

din-C-Govrin '
Beta RWRE [Seppalaindn ©4]. Yoro in-C-Gorin '14]

[Borodin-C, '11], [Borodin-C-Sasamoto, '12], \(/ _
[C-O'Connell-Seppalaineh-Zygouras, '11],

Ferrari-Veto, '12], [Barraquand '14
| v q ] GTAS@ [Borodin-C-Remenik, '12]

[0'Connell-Orthmann 24]| StriCt -weak [Tracy-Widom, ‘©07-04],
\/ [Borodin-C-Sasamoto, '12]

[C-Seppalainen-Shen '14]
Brownian motions

vertex process

[O'Connell, '049], [Borodin-C, '11+], C~—ow_
[Borodin-C-Ferrari, '12] semi-discrete Brownian

[Sasamoto-Spohn, '14]\ With skew reflection
I %’/ D
(I-(PZ equation/SHE/continuum @ [Amir-C-Quastel, '10], [Sasamoto -Spohn, '10],

[Dotsenko, '10+], [Calabrese-Le Doussal-Rosso, '10+],
\L [Sasamoto -lmamura, '11], [Borodin-C-Ferrari, '12]

QPZ fixed point (Tracy-Widom distributions, Airy process@
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Summary

e Found stochastic L-matrix and constructed ZRP/AEP from it.

e Diagonalized via complete Bethe ansatz basis.

e Described two Markov dualities (AEP-ZRP and ZRP-ZRP).

e Combined duality and diagonalization to find moment formulas.

e« Gave Markov functions proof of fusion to get J>1 L-matrices.

* Provided explicit formula for 4-parameter (gv .o J) family of
processes encompassing all known integrable KPZ class models.

e Many directions: asymptotics, new degenerations, other initial
data, product matrix ansatz, higher rank groups, boundary

conditions, connections to Macdonald -like processes...
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