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® Are there cny umdsrgroucte tustents " Asledl ol Jorg.
One Studlent in the back rotsed has hond
* Gererally T olont encownge urdlergross to tohe alfebraic geometyy.
Nou know ., it caulol be. could be, Yy know .. "
He paused for o secsndl
T Hs just like we Should rever todk bout sex in front of biold "



§1. The Spectum of A QJng

DQ‘F. let R ke a ﬁng

o. The spectrum of R ks the set of prime iokols of R, dencted  SpecR

@ Gien a Subget TCR ., we let UTY in SpecR be ﬁe&tcfpﬁme ioleals
Contoining T - VT 2 {6 e SpecR] 5T}

®. Given om element feR, we (et Dxfy € SpecR ke the st of primes p not
Ctmf'adm;ﬂa f

Lemma -

0. Spec R M empty iff R=(o)

(2, Euera nonge Mng has @ maximol okl

@. Eveqy nongem ring hos o uinimal - prime ol .

@. Given 1SR and o prime idenl B2 1, then Here exits o prime idleod %
1Sqg S P with g minmal cver I,

. If TSR, thn V= V(T

. Gien TSR, JT2{feRIf eI for ome neiN} = Nesz P

@. I 1L bon ideed, then VI = V(T>

®. If L ks an ideak, and VI)=¢ & I=R 5 Vior= SpecR.

. I.J ioesls, then VLI) U VeTy = V(INTY = V(1T)

gor. I (Idiea kb a collection of ivknda , MNiea VI = V( Tiea Ii)

on. I fe R, SpeeR=veP> L D

. I fe R, then Dfr=¢ & F i nilpotent.

. I f.f'eR. fzuf' with u a wnit = Def>=Df"

. If I boonideal , @ ® a prime, p&VIy = 3Ifel st SeDe and
Df N VI =¢.

us. £, ge R = Dxfr n Digy = Difg)

Def Let R be a ring. The pology on SpecR whose clmed Sets are V(T is
colled the Zerig ‘(wpo(oe% €, D, o) qf lemma, ---). The open seta Ddf) are
colled  stavolecol open. They form o bosks of the Zaviski topology



Prof of lemma:
s <" ey,

=" R*(0) Dit0in R, by, SecR 1 nat empty.
@ R novzeo = 10 in R. Let F=Fidess I in R § (R b nat canvidered as on ioendy
Rs 0. portiolly orolered et ohere *<” i olefined by I<I'¢> IST', £k not omty
sice (o€ F. Thu if we an shoo that if awy totolly ordlered subset of £ hos an
upper bound , then & will howe a. maximol clement by Zovis lemma, which 1 nothing
it o maxinad ool . Trdeed . let 1Lafwen be o Gtoly okl subset of F.
Cloim: ,%%Idéi
Cleaely 16 YTn . Ao if % yeQLa=> %el, YeLlw ro e A Sine A s
totelly orddored . WLO.G. o€k’ > BHETw = aye T > xiye Iw € Pula
Moewver 0% € I € U Is. The Ylu ko an ideod anol ks on wpper bound for .
3. Similer provf’ a8 in (>, with the portiol relation chonged inte T 1< I'¢> 121"
wnd S l6 nm-empty sine we have maximd ideals by 1.

@ . Apoly > to the ring AlT

®. A B2 T certrinly containo (T>

®. let @ bein VD). I xeJI = a"eI = xef =>xep =1L, P
Comenely, X&JI => ¥V NEIN, A"&1 . |et S={1.x, %}, then SIR=PLRx /s
non-zero sice 0& S => I O’ of Kx Contaning IRx bﬂ . The preimage of

€' in R ks a prime idenl cortnirang I ond not megting S = x& [1€

& ISAT = VD2V, Gowenely 21 = $=0f=J1 =>eeviD
®. @21 < 820 in RII. The rewt D‘meﬁm W then

@. IJRINJ 213 = VUDUVAYE VIINIYEVIT). Comwenly . f G213 but
not I = 3 Kel , x&P. Morewer, Yyye T, g e = Yef = R =2 3.
(0. I« € 2 = VL2 V(ZL) = AV(I) 2UZ1a), C&meudua Pe
=62ls . vels > 25T

an. ts just a d%‘;‘mﬁm.

NV

OEA



0. Dipr=¢ e Vi =SpeeR < feg@@(ﬁ =40 & F nilpotont

u3. F=uf' = P = => Vi =V =Vefn=VifH = D) = Def")

th. & V) => PRI => Ifel st f&® =>EEDP amd VvV geDfr, & VDD,
15). Take complement of O whee Ish TJ=@.

Examples :

D, SpecZ =42), (3>, (5), -, (oy}

(00 b not cloed . sice (0= V(I) = (0)2T => I=(0) . But VoY= ShecZ,
AU other primes are clined .

2). Spec ( 2™/t sy)

We hove 0—» Z—> Zrxa/ixi4y => Spee 25V xisy — Spec Z , - SN Z
Qe I: PfNZ=(2).

= 0 —> Z/2 — Z/20x3/cx3 -4y = ZLTX1 /e

The only prme in ZAD/oty 1 Xy of muktiplioity 2.

= Theonly BnZ=(2> b (2,%

Coe L. g0 Z=t(p>, p odd.

= 0— Z/p — ZpIX] /(%2 = Z/ptxa [ x-20x42))

The only primes in Z/PTXI/(33-2y ore (x-2) omd (X+2)

= The oy BN Z=Cpy are (p, x-2), (P, %+

Case 1L, B nZ=t0

= 0—Q — QY (x>4

The prime idlests are x-23 amd (x+2y in Qoxa/tx4y.
= The only primes BN Z=(0) are (x-2>, (x+2).

—o—=@ O 3
(2> () (5 (% (o)

3, SPQCZEXJ
Similor 0s above . Consdler 60— Z — Zrx1, let @ be in Spec Zrx



Cose T CNZ=(p
= 0— Zp — ZJpCX]
Sinee Z/px3 b o PID. = AU primes ore ¢f the fom (f) whee Jﬁm an
imeducible polinemiad of Zfptxa  or (©).
= ©=Cp.F> whre £ 1 a preimge of F umler moguls p or @=cp>
(e . BNZ= (0
= 0—-QR— Qra
Sre Qrx1 b a P.ID. = AU prmes are of the Jom fy wohee £ o a
primitive irreolucible  polynemind in Zrxa  or ()
= B=fH
4 Speab[x,tdj
Thio ks Similar o8 the cate of SpecZrtxa, 8ice hrxa,Similer 08 Z, b o P.I.D.
Srechtxa =9 (fy | f an imeducible poynomicd } U o2}, and (03 /s net cled
Thus simi{ulg o5 in 3), Camider o—> RIX1— RIny1, andl let @ e SpecRrxya
Cae I, @N hexa= ¢f)
= 0— %‘,3 —**‘Zc%]‘ Cya
Sice “gv R a feld. kcff-rgj: P oa P.ID. with ides of the fom (Gexgd>
where gex. ¢y b A polgnomiad which mool ofs o irmeducible in %’?Eﬁj , and the idko/
© of BHrys. Thus Such @'s ore 1¢fim. Gagy) -~ Fro}
(e I. PN hox= (o)
=> 0— ko — hoo oy
bwrCyl ko o P.ID. = ol prims ore of the fom (fxyyy where Gexyy 4 an
irteducible polynomiod in RT#,y3 , omol the il (0). Thus Such §'s ae 1 (fexys,
-, (O) ],

8 (0) : the generic point

Spec hrxa ———&- )

¢f> " ¢-H



Lemma.: Soecn)

Jf ®R—S8 kb a rig mop, then SpecS—> SpecR , @ —> ey b Continuows

anal in foct the preimage of Stamdorol Open Sets ore  standord open sets, ie.
Seecty™ (DQC>) = Doy . FeR.

Morever . f R —> R —R" = SeeR" 22, e’ T, Gk, and
Spec ¢ o Spec @’ = Spectplop

ie. Spec b a Ccomrusriont finctor. 0

Lamma-.

R— SR = Spec(8RY— SpecR. Thin ko a. homesworphism onto the imoge , where
te imoge =1@e SRl NS =0}

Pf: By bosic propecties of lomlization , SpeccS™R) o in 1-1 comesponolonce with prives
in R nat mesting S. Moreover, by the previows lemma., the mop ko continums. Thun it
Suffices to check that the mop b open. Let Difs be om cren set in Spec(S7R) |, then
;f=—g- ,heR, seS. Fe S —Q'=—:" for ome pe & S"¢s'h-pSy= o J%n Some pe @
<> Shef for some seS & he (sme FNS=0). T the imge of D b
just Dy omol the map fo open. |

® A speciod ame of the lemwa: S=4L.F.£3-%. Then-
Spec(Rp)IZ Specc8™R) —> SpecR

\ U
Dify

Lemma.:

Let ISR be an ideok . SpecCRITY— SpeccRY b o homeomorphiom oo jts image
\Yas}

Pf: Similn co above it suffces to check that the mop ks open. let D> be an
open &t of SpecRID). P2ifre 21 aml e =2 I+ <=

Ge Vi nVif. O



® Rewll some geremd facts obout (ocdization : R b a ring . S:a malticlicatively
closed subsst SR 2 {LIreR, SeS§/~, whore &~L <> 387€S st grs-rsr=o.

Examples :
D. S=ALFFIF2-1 for oome feR
In this cove SpeS™R = Dify € SpecR a0 0. comonieed open et
eg R=Crxa, f=xx-1y Rp=Cex.,z5m0
Spee Crx. 3z = D) = Spee TXI \ 1(x), (x-}
3). R={fe@Qczi1l for=Fin} € Qrz3
Clim: R 2 QA BI/(A-B%AR) where Arsz iz | B z3-2°
Tt's ecyy to check that (QLA.B1 — R is well-dlefined , andl sihce e image 13
inside an integral olomain , the kemel ks @ prime il £ of QLA.B1 ord cntpinly

contoins the element A3-R: AB. From campe 4) B
oboe, we bwo that Spee@rAB1 Combits of
Jour types of elaments : 1(ftasy . (feas. gAB) i .

(QCA.BY), (O}, But dimg QTARI/(fA>, @A BY
<+o but dimgR = +o0
=B b of the fom (YA, od She A-BHAB
ko irneolucible, € = (A3-B* AB).
Now pick ae @ with a£0. 1, £, and let Ka={fe QL2. 2511 for=Fn>}
c Qrz, z37

® Cloim: Ra is a ﬁnﬂelﬁ geversied @—alge.bm

o Cloim: SpecRa maps homeomerphically onto an open subset of SpecR
Spec R\ 4 claedl point}, but Ra. B ot komorphic 0 SR for any multipliogiely
closeol gubset of R



{FeRc2s| Fioy= Fy)

Bra .z3 ~ i
(A.L"&I*AB) —> p <> QCZ]
Alt— 213
KRbte: =2
B o ttz ¢ Q=2
:fLDs -_J(n =
Qx) Jo-c
(PVYS Jorzo Gl
el Sa-b| g Svoth
A=A L
5 s 2 VL/[A' 'l'A
Rz Al A-ARE AR

= AN AU+ A)



Def A locwl ring is @ ring with only | moximel  iclead

Lemma.:
Let R be a ring. then TFAE:
m. R is loced

@. R hoo & moximal oleed m amol ol lements in R\™ ore units.
%C: (Y = (2). Eve«g non-unit ko containeok in a meximed ideed , thus in ™
@0, If Nk an dead . n cowwto of nom-umits = ncm, jm|

Notation: R o ring, f o prime ideot , R £ (R\GR , called the locckization

of R ot §.

Fact: R & o lomd ring with maximed  ideed PQp. Note thot S’pechzfgeS'pech
anR =0}t ={9eSeeR 1 92pt.

Def. The resiolue field of f # the field wepr=Re/eRs = Fraction Field of Rip.

Furclomentsl - cliagram: RES a ring mop, ond <R A prime iden.
$/pg « G — S —Slps —(Rlprorslps- Sp/pSp
f i o ? )
K> = Q&/PQP “—Rp <~ R— Rip —(RIp\oyRlp = rep)
Any of the Squoses induce peometricelly o fber prouct . The upshot of this Olisgram
B that £ b in the imge of Specepy: SpeecS)— SecR iff KCPJQ%S %0
or equivelently = ¢lcpSy or ESp+Sp-

Lemma:

SpecR is quasi- compoct .

PF: Sine {Df>1 FeRY forms a baots of the Zoriski topology, it suffices to Show
that. if SpecR= UDfy, then 3 o finte subset T of T st SeeR= U DY .
Tndleed, Qpecin%JIDcﬁ@ p=AVfo & ¢=V(zFH S Tfr=R 3T a
finite subset of I st u='_>G:Ta;f.- < ¢=V(;G:Trﬁ>><=> Specﬁz:,_g D a



Exemple :

R= ,-,LT,NI-FZ 2, o = kerp; b a maximal ided (prime>. Note that
VaxeR, =% = V@ pime. R/pg =Fa. But are dkerpiy ol the prime
ioleals in R ?

¥ yeo = SpecR=1kerp,§ b o cuntuble set with disorete topology , which
omnst be Quosicompact , Controdiction with the lemma. => 3~ fumy" primes, One
Such prime jdleal con be seen oo follows . @F2c— T as on ider|, Which
must be Cortained in g moximal ioleel , omy such o moximel ideal fs not o kerp;.

Def. Let X be a topologiad spoce
)y X is conecteol iff (X=TiLL Tz, Ti both open amol closed = Tior Tz /s ¢ ).
@ We soy T k a. Comnected, component of X if it is G moximal comecteo subset.

Lemma..

X o topologicad qpace, TS X fo Comnected => Tt comecteo|. Eveny xe X
is Contoineol in @ comectepl component . Comecteol components ore al«ngs Cleseol
but not necessarily open. m

Eample - o closeol convectzol compoment which 15 nat open

A Sauence of points Convorge to . point P, then {pSis a Comeded compoment but
yot open.

—_—— e ——
[

Def: An idempotent of a ring is an element ee R witisfying e*=e . Trivial
dlempotents are 1.0, (which are the only ores in o. demoin ).

If e & on idempotent, S0 ho I-e. The stamlorol open set Deer=1 pe SpecR|
e&p t ={peSpcR| €40 in Ript ={peSpecR| E=1 e Rjp S xep }
={peSpcRl e 1€ Kip }

Siilsrly, De1-e3= {BeSpecR 1 € > 0 X §,



Swe 1. 0 ore the only passible imoges in Kep) for our idempotents , we cerclude that
SpecR= Deey Ll Dai-es,

Lemmo.:

"The construction € — Diey gives a bijection betuween :

{idempotents of RS <= Open and clowol subeets of SpecR.
e > Dre)

Upshot: SpecR is Comectedl iff R hao only triviad idlempotents

To prove the lemma, we first Show:

Lemma.:

Given o. ring R ond elements f..- -,ﬁ st &f - fr>= R, then the seuence
0— R @Qﬁ——*@@fﬁ

ko exact, where ouﬁ (,, ,°,C> B('x., Xy = (Xi= X)) i)

Pf. apr=0=> fi'f=0 izt~ r, ond we oy Toke a. common K st FiF=0

Bt (£~ fH5=R = 1= za;f": F=saiff=o0

Obviouely, Box=0. Moreover, if @(a(k,, ) ;ffn =0, re. (Gif5- Gifi*)cfif = o

V.. Since there are anlgﬁmtelv mm&‘i‘@/m imsloeol, wematj’lvke a Cemmen N

st (-G F ) FEN =0 = afiF "= a,f““f” Replace i by aifi®

fiby £ e moy cesume the clement fo givon by (£ ,,- ,fc":) ono  f70; =} G

Futhemore <f1,-~.fr>=1 = Ibj st Thifj=1. Nowtake g=Sb/GjeR, then

fig==b0;f = Thof; <(sbf0i=0i = g2 i Rp. =

Prof of the lemma

If V b an open omol closeol set, so b VC, tus we may cover ecch of them by
ﬁnﬂdg momy Stonolard open Sets, sy V= :L_J:DCJC.) , V= @Ddy). Sine VUVS
= GecR = <Froo by he > R, g

Cwmsder 0— RS eQﬁ@eQmi @®Rrf @ Rk (note Rtk =0 )

Let & be the ebent (11,555 € @RAG@RY



Then &)=0, thus by the previous lemma &= ouer for o unigwe € , omol e

- r H i S .
mops o 1 in evey kep> Jor pe UDSD) and 0 in kip> for every pe}gbchp.
Moreover @* = €= € =aie) ad by injedivity of o, €=€e, thu e 1 on
iodlempotent .
The uniqueness of € also follws from the injectivity of . =

Def: let X be a Topologion| Spoce.
m. e Dy X M imeolucible ff ( X=Z V22, Zi closed in X = Zi=X o~ Za=X).
@. An imeducible Compoment of X M a moaximok irreducible subset of X.

Lemma.:

let X be a topotogmt spae. TS X imeducible = T fo irreducible.  Ireclucible

components are closed omol ¥ x€ X kb cortouned in om imeducible comporent o X.
;|

Examples :

o> Connecteol covponents omol imedtucible compoments.

One connected comporent Two comectesl components
“wo iredlucible compsnents Two imedlucible componenta .

@. A Singletm et M imeducible => xe X | i} & imeducible.

Def. Let X be a topolegieal Space.

w. Let 2 € X be closed, ireducible. A gevenc point of Z 8 a point §& X
st 18i= 2

@. TheSpaoeXmmmmfwaglmﬁeWSubsﬁmamyw
gereric point.



Exwmple:
Suppe R 4 a domoin. Then (016 SpacR and 100%= SpecR.
Tt follows that SpecR M imeducible and (0) 1 the gereric pownt.

Lemmo.:
Let R be o ring, the irreducible Closeol subsets of SpecR ore exactly the
Subsets V() with P prime. The imeducible components of SpeeR ore the
Qubsets /() with p minimal prime
Upehot: SpeeR & a Sober Topologiod Space.
Remll that V(I) = V(T) ,»E:‘QIP => 3 11| Correspoolence between
i Closed subseto of SpecRy <= 4 rogliced ivleels of RS

= ~ {=f

V(1) <« 1
Proof of lemma.: It suffices to consider rodicod idleols. Let I be rodieat . V(D)
imeducible €8> 1 # a prime
If Iis ot o prime = 3a.b&1, abe .= VI = V(I+@)U V(I+by)
=D nvery UMIynveby) but Vi NIy + VLD , eby eIy # VD
Snee O.,bé&l. Heme V(1) b pot imeducible.

Comprely if I ts prime. V)= ()

Exomples:
). Spec(ZX1/(x24)) rewsited.
Spec( Zrx1 /(x@40) s SpecZ M given 2o below

b
*—0— -@- *— g
(23 (3 (5 €3 (0)

There are 2 irreducible Components Coneopanol,‘ng o %o minimpd primea
e AM-5 aml X+ .




@. R: a feld. What are the irreducible compsments of SpectRCX,ya/exyy)?
( or what ore the imedlucible compoents of Vexyr 1)
P2y = e = dther KEG o yep. => F20%) o~ F2qy)

Thus  x). (Y ore the minimed primes comeapondlivg to the irmeducible campementy
)
V(xY) = x-axh U y-axis.

1 T

). As & gererclization, Lhat are the imeduoible Comprents of Spec R, whee

R= Rraxu, M, Xar, Ko, Y. Ya, Yo, Y3/ 1, owd I b gorected by the
entries of the 2x2 matrix %= (e xal il (3';) ?

To ﬁnd the irreclucible components. we shall wee o property of R to be introcluceol
loater . that it is Jocobson. Then to firdl its imesucible camponents, it Suffies to find
the imeducible components of max SpecR.

Defire o Gla,hyxGlo.kyxGLiuhy actin on XY by §:Xga8='YGs. Then Since
GLa,hyxGln hyxGLihy is imeduckle, So is s image in axpt In porticulor , this
oction preserves {X.Y | xY=0§. Tt suffies to classify the orbits of this set wnder
the group action.

Now. by Simple (inear algebra, we brow that the orbits of Gla.kyxGLaky on
Matky by §Xga are 1(0%9).(08), (68)}. Now we discuss ane by aue:

0. GXga=(09). Then 0=0X020Y0s =(GY1gs = Y=0. This gives us the imeducbi
component Y=0, or the jdead (Yu, Yo Ya Y23, Sice 1X=479:"10. Qe Glahyf =
Gl2.ky is Zoriski dense in - Matky.

b 9Xg==(50). Then o=X. Yabitmuy. Hence the ideal i (X, Xa. Xa. Xe2).

C. 0Xg2= fclag). In this case more care is needed. Let's call this comporent(ssy Z, ond
we will show that Z is actuslly imeducible. To do this, it suffiees to Show that Z\ <o}
is imeducible, wrere o is the clwed poit (%. 4>, (e will Show that Z\fol /s covered
by 2 open neighborhoods UV st UV, UNV are irteducible , the resuit then follows.



82. Imoges ond Ring Mops of Finite Presontotion

Some topology) -

Def: ). We sy a topolagicel space & Quasi-covpact /jﬁr&)e/g open Covering hos a
Fiwite refinement.

by, A oontinwass map FX— kb oolled quosi-compact [ FUV) b Quesi-compact
Jor eveqy open quosi-Compact V in Y.

@. We ooy tat Z < X fo retro-compact (ff the map Z < X fo quasi-compact .

Remark : Offlen & mop f* X— h colled proper HF FCK) 1 compoct whenever
K & Ccompact. (In poetiouler , in Ti Spaces, ponts ore awmd‘-thmfbe«sa«e
compoct i ko priper.y Note the clifference in requiring K.

Def': f X map of topologonl. spacee.
). I o closed [ff the image of every closedl set is closedl.
(b>. f o universolly closeol ff vV topolegind space 2, the mop ZxX — ZxY

ko closed
©. F b quasi-proper i FUK) fo Gquosi-compact wenever K SY 1 Quosi-tovpact.
( Fact: Quosi - prper & Wweﬂso(lﬁ clmed <> f s closed ond Ve, £y o ques-compact).
Ex. 05 Prove or finol refecence for the foct

@). Exploin whet this mepns for loolly campact Havodsrff Spaces

@) (hat's the relotim beteen (b anol the Condiition “v X—Y, Z—Y, the

induceol mop XxyZ — Z b clwed" 7



Def. A subset ES X is aalled constructible [f /t's a finite unim of subsets of
the fmw UNVE where U, V € X are open and retrocompact.

Lemma: The collection of Constructible subsets is Clased wnder finite intersedtions,

Sinite unions and toking comp/emenfs

Pf: Su,ppaoe E cono‘t/uctrb/e wnv.

Then E€= ﬂ(ua uvi) = U Uis 0 nuAk 0 ViD= 0DVjn (1€ €i2e <A €N, 1€]ge<psn)
u (Ui - uum N Vjen == V)

EUEx= uum\A U u UiVt = uumv.

EnE, —(uwnv m(uujnv )= U Winu nvinvy

Thus it Suﬁ;ceo to Shio that finite w/mriz omd interSection of retrocompact sets are

still retrocompact. “Toke W Quesi-compact open in X.

(UNVYOW = UNVNW)Y  VNW quasi-compact (§.c.> since \/ reto-compact (7. c.)
= Un (@.c.) ::(q.c.)

(UUVY QW= (UNW)I U (VAW =(g.c) ULg.c) =(g.c.) =
Example : ( Back to commutative a/gebm)

Cx Y1 — LUy A=y Yy ‘gﬁ blw-up
What's the image” AR " e comdinate
> «— a? l chort: with one
Uy, ) < cugd line deleted

= image oOloeon't contpin Y=o exeept (0.0) Hzo "0
= jmoge = Dy LL { the maximol idend (%)) }
open (g.C.) claecl = cpen® , and in Noetherian Spaces open seo 4re §.c.

Lemm, :

R: a ring. US SpecR open. TFAE:

@. U retro- compoct

(b, U M Quos-compoct

.U b a fine unon of Stondord open sets.



Pf: (y=>chy + SpeeR 1 gec
(bY=>(cy = Anmy open set b the union of Stendeed open sets
(© =) - Engh to shoo that Dy = SpecR 1 1.
Take W g.c. by chy = ccy, N=JL§,D@)-) = Dzﬁnw:jg D@fmg&a/?g,f

Thas Finite union of g.c. to Stil g-c. O
Examples :
R=Crx, -1, U= 0Dy is mat goc
U= SpecR\ 1%, Kn,=1 o

“Toke the open cover of DX} itself . them the point (0,0,-.1,0,0.->

b only in U but not omy other Ui ti%)) . Thus this cover has no finite
Subcover.

This o because , there 1 no finitely generated idead whose rodiced ko the
moximel idleed (%, =<, %n, =), which ks the content of the next:

Lemma.: SpecR\V(I) fo net Quosi-Compact <= there do nwt exibt fm‘teég mony
Jq_."';fr\ €eR st (ﬁ,-*,ﬁ) =A/_l-_

(e convt change the condlition in the lemma. o 1 being finitely genorated "
Since we howe the Countter-exomple :

Exomple: ¢ SpecR Noetheriom 3% K Noetherion.)

CL%, -, 1 [ (x,, %2, X3, ) I=(X,Ka,~> A1 =d0 omd I A

not finitely genecated , yet the spectrum kv a sngeton tus g-c.

Pf of lemma:

QPQCQ\V(I) not g-c _BC there were Such ﬁﬁ = Vcﬁ‘___‘j‘r).__vcl)

= ;QDQC‘) = SpecR\ V(1) but the LH.8. & g

Convondly [f SecRA\V) g.c. = it's the unim of Fouitchy momy Difts i=i-ur
= Ve ) = UT) = Aefrfry =4I o



Lemma:

RS a mop of rings,'then SpecS — SpacR & o quasi-compact mop

of Topological Spaces.

Pf. Tho & because, the preimage of ony Dif>. feR b the Stomplorol open

Set Drof. O

Lemma.:

Let R be arr‘ngamd let TS SpecR be a constructible set, then there exists
) ﬁwrtebd presented R—algebro. S st the image of SpecS— SpeeR fo T

Pf: It syffices to write UNV= (,-@,D‘ﬁ’) N Vg, qn) ds the image of
Spee S — SR for some Fnitely presenfed S.

Now, (UNVE = U(sz)nwg. L Gm) = U S’pec(Pf/rg, Gm1R5)

Thus we Moy 1'a/<e S= @(Q/rg, 8m)>f) JGB Rrxa/cxfi=1. g - gm) |

which ks & finitely pnesem‘eo( R algebra. D

Lemma:
Ra ring . feR . Then the imoge in Spec R of a constructible Set in SpecRy /s
Constructible.
PF: Let U V be Quasi-compact cpen omd T=UNVE, we have to Show that the
imoge of T in Spec R M Cowtructible.
Now SpecRe <— SpecR , UV —> U, V' Chomesmorplism y
UV Q> J = mT=UNV'E

D It suffices to show that (', V' are retrcompact in SpecR
or equivlently U’/ are o finte union of Stamdard cpen sets. But tho fo Cleer since
Stomaard open sets in Spech b a subcleas of stowdorl open sefs of SpeeR . O

Lemma.:
R a r‘fna, I€ER M a ﬁm't"eﬁd gerecodedl ideal . Then the imoge qug constructible
Set of Spec RIT is constructible in SpecRR.



Pf: Let I=tfiifur, then VD= A Ve o SpecR/I.
Any constructible set T in SpecR/1 ko of the form UNVE , U,V Guas-compact
opon. It suffices to Shmo that U= U'NVIY, V=V'NVI), where U’ V' are quasi
compoct open subsets of SpecR , then
imT= UnVII) n(V' NV = U'NVKD N (VEU v
= u'nVu UD(f)) omd VUUD(f) 1 Quos'-compact.
TIndeed , if U= Ungm where g,eQ/I = we my toke (U'= UD(g“ where

QhIangfhnggcgth o

Lemma.:
R o ring, then the mop SpecRrxi— SpecR is open, ard the imoge of omy
Stondarol cpen is - ques-compart cpen.
Pf: The Second Statement imglies the firt.
Toke fe Rexa, f=GnX"+-+00, then we have the dhisgrom:
Rexap — qu;@f-?mf = KIBCXIF
¢
R — K
Thus @ o i the image of Specq & KgIXIF Mo non-2ero.
& f b not 0 n KICXRI since KpLx3 1o a dlomain
<> The coefficients of f mwdf arenot dl o
S p?_(am - o)
< Be UD(an
Thus lmD(f)— UDzao which K Quesicompact open in &&.‘Q O

Lemma.:

Let R be a ning, f.ge RCx1. Assume the leadling coqﬁaent Qf g is a unit, then
there exist rie R, i=o,--.d-i. st. Im(DifsNVig) = u Dury under the map
SpecRrxa —s SpecR,

PF: (rite @zx)=uxd+ 04+ X%+ + o, ol Comsider A=Rexa/g , sine u #
o unt, A= R® oo Q- modules .



D nVigy = Cpec (AF) where F = F mod (g)
By Euclioleon algorithm, we moy aosume degf < degegy, owdl. constder the R lineor map
of As A—A . 3—{8 Then this map heo a choractoristic pognemisd P(TY ol
P(;C)=fd+ r\d_,f"l"+---+ ro=0. Consider the diagrom :

A:F —'“—PR‘P@AJ'C' :(qubn:xj)1E

A

R — ke
Now, e ImDif nVig) &> KETE)7 o
< T s ot nilpotent in S

ta)
<> The chomctenstic polynomiod of (Ui Fu> ks not 0
in Kg)xa/@g) = mpfad
& P+ T4 mdg
S 02 (o, M=)
= @GQDU‘;) |

GWWQWJ! ?' < =0
2 fix=o

I F posses thragh ol pents of FNV/ig)
: — SpecR  Where F b a fiber. then Fré& im .

Thm: (Cheuaﬂegu

Assume R — S I8 of fiwte presentation, then SpecS — SpecR preserves
Constructible Sets.

PJC= We oo reduction Of the Ffrlg map. S= QE“"-"’x“j/(ﬁ,"',fm)

We hawe shoon that Spec(p) preseres Constructible <ets , it %cp
thus syffices to shoo that Specy) preseres Constructible RE‘N,"'.’Xn]
Sets . REuwe, K-t
Furthermore, we ore reduced to prove that the imgge of :
UNVE b condtructible wmder  Spectdy: SpecRexa—s SpecR R

oo : om ‘ - 1‘\‘,
where U= DDefy V=UDygp . fi. g; € Rexa R



Unv‘=<iL:J,Dcﬁ>> N V(stgn) = L’__IJ (DUfy NG, gmy) . Hence it Suffices to prove
for Dify N Vg~ gm) =E
Noo suppme ce R . Then we hove :
ES SpacRrxy = SpecRerxa 1L Spee 2252
l-n‘ lm l'ﬂ’z
SpecR = SpecRe 1L Spec RleR
IF E & constuctible , let Ei=ENSpecRetxa, Ea=ENSpec 2oxa. T suffices
to show that T(E) omd Ta(E2) are constructible , Since by previews lemmas ,
closed omol open immersions presepe Constructible sets.  Note that :
Ei=Dify N\Vgi-gm> . where F'. g are the imsges of f. g in Rexa;
E2=Defy N Vi~ G, where £, G are the images of i in 4tx3 .
Number gi‘s So that dlegg: < oleg gini . WJe prove by indluction on m + Zoleg gi=n
N=1: m=1, dgg=0. TkeRsc=g . E=0 Ea=Df), the result follsss from
lemma. ﬂ» clwed immersions.
Suppcte the result ko true for N<R
N=k: let c be the leading coefficient of @i . Then Ta(Ez) kv Constructible Since nso
degg < oegg = Sdeggi +m< N.
For M(E), now G & a polynemicl with leading coefficient o. umit. Thws we moy
either WNte @yn:h-g.-r r o with okarw deag, or 9m=h8. 80 Ez=Dcf)nV(§,--~,9:,._,)
In omy aee N olecreces owol by induction hypathests e are dlove. O

Exomple: (LOhat this means in number theary 7

o— gz —R . ﬁm‘l’e Ype .

Cl')euaﬂeg's +hm = Im(SpecR) in SpecZ is constuctible. But the seto (f e
fom UNVE in SpecZ ore either () finite set of Closed points or Gis non
empty open Subsets of SpecZ.

Cloim: Im¢ SpecRy 1 not o fiuite closed set

Indleed , othenobe V(n-1r) = SpecR, ie. N is nilpotent in R, but thd kb imposible
since we casumed that Z injects into R.

Conclusion: ¥/ oll but Finitely mony primes § in 2. IQE€SpeeR st GNE=4p.



§3. Noetherion Rings
Bosic ﬁct’: R Noetherian
g Eue/y ileod I of R is JCm'te(«; gerercted.
< Ascending choin condition ca.c.c. > For ivkals o R

Lemma.:
Any ffmielg gererated ring over o Noetherion ring /s Noetherian.
Pf: Let R be Neetherian. The follawing two facts foldaw from the relation
betweon the set of ideals in R anml the get of soleals in R/T od SR

o, I ISR is onm ideal, then R/1 is Noetherin

@. If S is a multiplicetive set, then SR & Noetherian.
Alog with the next foct. these focts together prove the lemma.

3 RCx1 N Neetherion.

Supome J €3J2 S -+ A a choin of ideals in Roxa. Set Iid = {0} U {lending
Coefficients of polynomiols of deg o in Ji }, which & obuicuely an ideal. Moreover
we howe 1<’ , d<ol’ = Tigd < Tena.

Cloim: there ore at- most ﬁm‘e(g many olistinct idleals Tivd omong the oollection gf
ideals { Ii,af cid> €mmen. d 7

In fact, foreach fixed <, § Iin S Tias -~} so by the
Noetherian hypothesis . 3 maimal element  lidi st whenever
d'zoi = Tig'=Tidi. Moeoer. we howe Ii.oi € Livi.din
since  Tin,die = Tier,ohosh, Yh3o anol we may Choose Such k that Olin+kz ol
Agoin by the Noetherion hypothests . 3 moximal element in the choin {I.d, € Tada<-- |,
soy Inidw, aml then we conclude tt there ore only finitdy mony distinet ones for
o> dni . Furthemore, belao ol= ol each horizontad choin 1 bouoledl eventually and
thus oith fiwitely mony ollstinct ones Now toke In.dn so that all distinct types of rddeas
lie on the locer left hond sidle of it.
Claim: JIN=Jnn = -

¥ fe v, MaN. we argue by indlctim on olegf that Fedn.
d@'F:o = F: r€ Imo=INo = reJn.

1‘



degf >0. Now Suppme we have dectt with Al craeo where Olegf <k

Nos degf=h. Sre N t &0 chomen we brow that Imk =In.k, ond thus 3 GeIn
degg=k ard g heo the Some leading cocffivient os f. => -G Ju hao degrea < k.
By indluction hypothests . f-g€ In = fe In. =

Since Ony ﬁelo( or principle ideed olompin k. Noetherion, we howe:
Cor
Any finite type olgebro. over o field R or 2 #5 Noethesisn, =i

Cor.

Any fnite type olgebra. over o Noethenian ring R 1 of finite presentation over R

Pf: Sine Rrx.—. 1 ks also Noetherion , ony iokal of it b fivtdy gererated. 0o
Def: A topolagical Space X #s Neetherion [f the Olesconcling Chain condlition

(d.c.c.y holols for ol clmed subsets of X.

Lemma.:

I R b a Noetherion ring, then SpecR 8 o Noetheron topolegical Space. O
The Comerse i rot true:

Example: A Noetherion topologiadd  Space whose ring 13 nat Noetherian.

Toke R=REXi X2, 1/ex .43, %3, ). Then SpecR=4ptS omd thus Noetherion.
But R #3 not Since ™M=(X, %, > & not fintely gererated.

Lemma.:

Let X be a noetherion topological spoce.

W. Ay TS X & Neetherion.

. X has finitely mony imeducible comporents,

@. Any irmeducible component of X Contains O non-empty open Subset of X.

PF: 1. Any dlesconding choin of cloed subets # of the fom ZNT2Z0T2 -
where Zi's are Closed ubsets of X. Then we com foom 0. dleecondling choin of claed
Qubsets of X with the Some intersection 06 ZinT. nomely & 2Z 0222202 NZs2-



omd it eventunlly Stoblizes by Noetherion hypothests. =>3AZiNTY eventuplly Stablizes.
(). Let & ={ clved subsets of X which do NOT hove finitely mony imecucible conporents
I & were not empty, by Noetherion hypothests, it woubl contain @ minimal element
Z. Z colddnt be imeducible sinee Zexd => Z=2Z'0Z", Z'. Z" choed amd not
ol o 2 => 2. 2" 8 X by mnimolity of Z =>2'=02i, 2'= 02 woith

Zi, Zj imeducible => Z=0% 0JZ , contrdiction

@ IF X=ZU~UZm, then for axch Zi, toke ZN(JZ)

Z Z2 E Za Za\ (B2UZ20Z3) A open .

Rmk: The argument in (2) 15 called * Noetterion induction"

|

Since ve bnoo that there 18 o. 1 Comvespomlonce betueen minimol primes of o ring
R ond the imeducible compoments of SpecR

Cor. T R 1 a Noetheooan , then R hoo only fintely many minimel primes. Thas

AO) = (}5. N-- N Or , intersection over these Minimal primes. w|

o Artin- Rees Lemma.
Lemma: R : Noetherian
@. Any finte R-module & of fuite presertetion
b>. Any Submodule of . finite R-moce 1 finite.
PF: (by=> (a): TF M b finite = M 1 fuitely presentedl: M=R®"/N for some n
ond NER®". Noo by v, N b fuite, ie. N=R®/ix for come mond kSR
= QemﬁQen—*M—»o /S a fm‘e preSertation g‘ M o8 on R-mooule.
Thus i Suffices to prove (b.
Let NS M be a submodule. We will proe that N & finitely generated by induction
on the number of gerertors of M.
M » gererated by | element : MER/I 2N = N=x J/1 for some ISTESR,
Sine R ks Noetherian | J 1o finitely generted , then So b T/T2N.



Trouction step: Suppme M b gererateo by i, %n . Let M’ be the Submocdule
Gorenated by %, Xn-t => MM B genorated by | eloment, ramely %n.
oO—M'— M— M/M'— 0
o—-»N‘TnM’—> NT—-é N/gMM'——H)
By induction hypothests, NOM' and N/Nnwv' - are finitely  generated. Chane o set
qf gerentxs %, Xk ) \7%« NNM' and 4Y),-~. Gy | ﬁr N/NOM!, wohere Y78
ore o Uft of gj m N. Then N N gerercted by 1%~ %e, Y.~ Ye §
Tnoleed, toke amy ZeN, Z in NINnM' canbe writton os 2=V}l . Thus
Z-3Injy >0 i NINOM', ad at be in NNM'. Therefore 2-31jy; =SSi%i
= Z=SSiXi+ ZNjY;. O

Lemmo. ( Artin- Rees Lemma)
R: Noettericn , 1SR is an ideal omd N SM . fiuitely R-modules. Then :
JceIN, st I'"'MNN=I"(IMNN) Hfr all n:c.
Pf: Comsider the ring S=ROI@I*®- = @moI", where the mutiplication ks
Given by I'xI"— 1™ (a. by ab.
Suppwe I=tfi,~,fn) . then define P Rex,-, 01— S by pexidr=f€I. S
1™ = ideal generteo by products of the form GiGn. Giel
= ioleal geremted by products of the fom Fifin. 144) <n
_W\e/veﬁve o{egm port of Rrxi-=,xn1 Sugects onto 17 via ¢, andl thus S A
Noetherion,  Siniledy , cnsioler the module 1 = M@ IM@ TM@ - = Do I'M as
an S - modde SxA— T (I"x I"™ — T™"M , muttiplicaion given in the Obuious
Soalion .
Cloim: M 18 & e S-poolule. Nomely. if .-, %n € M gererate M 0 o
R—module , then they akoo gemerate M as on S - medule .
Consider the S- Submodule M’ of & given ly M'=BnzoI"MNN S .,
By the previaw lemma, [F' o aleo finitely generated co om S-modue, say
by gjel*N/l. By toking their homogenesus Components , we moy cosume that each
§j o homogereouws in I"™MnN Jor some ;L j=ie N



Let c2 max{n| j=L-.n}. ¥V nzc, ond e I"MNN

We moy write $=32Sj%;. Since the homogereous compoments of Sj other than
these in I""M NN will be conceleol anywoy , we Moy Ossume that Sj'eln'"anN.
Moresver, Shce C2 1, V], DAt I L Sl B

= 3 Z I"(IMNAN) € I™C(IMAN),
The other inclusion I"™(IMnNY S I'M NN A obuious . O



§4.. Jacobson Rings

In mony cooes rings wilk be Jacobson rings and the spectm. will be Jacobstn

Spaces i.e. (f Xo =1 Clwed points of X}, Xo b :t/B'g Obnse” in X ie.
Z cloedl in X = Z2=20X.

® Thm (Hilbert NuUstellensatz)
Let k be o field
(. Ay moximal idead € RCx,-~, %3 hao its residue fell xem) o finite field
extersion of k
@. Any rodical idleal I S Rrx,--, %1 is the intersection of the moximel idlecds
containing L.
Furtherore , the eame holdls in amy finite type k- algebro. in ploce of krxi . %n3,
P-F: (e will prove ¢ bg induction on n.
n=o is cleor
Suppse me RCXi,-.%n1 ko maximed. et p be the contraction of M in RCXn1,
Cae I: B0 => B b maximal, genorteol by & monic irreducible p € RCxn Sine
Rt%n1 Q. P.I.D. Then R'ZkCxn1/p b o finite field extension of R. And
we have & Surection R, a1 L Xy given by exiy=2 in Kam> amd
WCCRn1Y = Xn (CXnd Stowdling for the class of X in R,
By induction hypsthesks applied to R'Cx, -~ %n=1, ke K8 . moximal ivkod anol
Kemy K o finite felol extonsion of R’ Since k' b ahso fuite cver b, we Oleduce
that Komy b finite over k.

Ce I. B=0. Considenr the ring extension RCxn1 =RCX feoy—> RDXis-~, Xa T fAm= Komy
= Qpec)«m—c'; SpechCXna. Since the ring map 1o ﬁm'zzzg presentzol (m being fintel
gerenated Since kCa, -, %3 & Noetherion ), bd Cheoaﬂey's thm, the image of ¢, re.
the gemedc point of SbecRCan1, M Constructible . hence ho nom-empty amd of the
ﬁrm ;Q. UiNVi , Wi, \i open and retrocompact (gey. I e V© = Vi© 2 (05= SpeeR
=> {pgeneric point} is non empty . open , thus would contain QU bd'ﬁm-tabd mony Claed
points, which b absud. Thus § awt be o



The loat cloim of the thm. ks true gince moximal ideals of AL, %n3/T dre in
\—1 Comeaponolence with maximed idleals Contoining J.

For 25, let I & kixi.--%n1 be a rodicod idleal, we hoe to shas that I=m@1m
(= intorsection of moximal idels Contoining 1.

Pick F& I, ond we reed to shao that. 3 Q moximal vleal M2I, fem.
For thid pupoe, Ovsider Def> N V(IY= Spec( (RiDg). Sine I b rediad. £ 1
not nilpoternt modl 1 => DPHNWIy* b, Pick a cwed pont M in it which K
o mwaimal jdesd of (R/T)g, awd consioler ite preimage in R, olensted by m. Then
we hwe R <cs Rfm < xem). By part t>, kam> fo finite over k. Thio implies
that Rfm o o field ond m b & moximel ideal not contaivg f-

Similor a0 above, the cue for omy Finite Yype k-algebra ks true since amy rodical
olal of K%, %3/J b O rodical idleed of kCx--.%1 Containing J. O

Some _lz)po(oqe
Def: Let X be a taologicad poce and Xo = X be the set of Claed ponts. We
Soy that X ts Jacohso if ewey claed subset Z of X 1 the closwre of ZNXo.

A Couter Exomple :

Specz’m (or omy DVR) =~{'IZ.S§ Where 1] =(0) R the gereric pont awd S
= (Za is the ony dwed pont. The topology on Spec Zizy 13 giten by 4 B1sk.
st os cloed etsy. Thus Xo=18§ amd XNXo =18y =48§ £ X .

Remeek - X Jacobson => Xo — X induces a. bijection of claad subsets of X and
Clased Subsets of Xo with the induced topologys . The Some thing holds for cpen
gubsets ¢ jut toke the Complement ). Thus it's equally well to do Sheaf thesy on X
or Xo, ond the Kul dirensins of X ard Xo ore the Some.

Lemma:
The ireduoible Claesl subets of X @tfy Z=ZNXo => X Jacohson.



Pf: Take Z a cloed subset of X, then Z= URi. waion of irreducible compments.
= Zi=ZNX = Z2ZNMX = UZN%) 2 U ZNX=UZi=2Z.

0O

Lemma:

“The property qf X ba'ng Tncobson 1 locl, ie. X=QW . U open, then X being
Jocobson <> eoch Ui 8 Jacobso.

PF: "=" v 2Z olaed subset of U, Z=ZNU. X beig Jaohson = Z=20%
Morewer Z=(ZNUSU ZNU=(ZAUVUZ. Ths Z=2Z

Lemma.

X Jncobson . The follading types of subsets T ore Jacobsm amd To = TNXo
(). open Subsets

2. Closed subsets

3. Locawdcéweol subsets
. Finite union of locally cleed gubsets. (2 constructible subsets)



Def: R o. ring. e say R is Jacobson if' eveyy rodicad iokal I & the intersection
of maximal idleals containg it.

Cor. Awy Finite type algebra. over o. el is Tocobson. ¢y Nullstellonsatz) o

Lemma.:

A ring R b Jacbsom <> SpeeR o o Jpcobsm space.

PF: «" Take o mdicol el IER. Let J=0M . Then J21 =>VI>SWI)
ond T I the Claure of V(I) N(CpecRo in Spec R, but this b eguad to VD).
Moreover, J b o radioad idleed Sinee it's the intersection of radhioed oeels . => L3y =)
omo, I=AT=40=3.

=K 2=VDES SecR fo o Ol subset , we shall shoo that the Set of chaed
N Oorse in 2, o~ in other wos . avery Deh N\UT) Contoirg . Clesed pont of Z , if
DHNVD#¢. Hee we may assume I b rodicd ond f&1. Sine R ks Jacobson,
I=m = 3Im=21 omd f&m = meDHNVD), O

Lemm.:

Z b Jowwbson.

Pf: Eveny non-0 rodicol dleal o of the form (N> whece nPtn, ¥m,m*i. Thu
n=Tpi, P dblinct = (M= NP

Moreover . O= N(P;> over ol prime idkeols . Im|

Lemma.:
Let R— S be o ring map . ™ a maximal icleol in R, and let §. be om ideal lying over
M. I Kem>c %> i algebraic , then @ kb maximad.

PF: Consicler the Ob'aamm on the right - S — 8S/g e kag>
Kemy © K@y o algebraic,  Ond  kem) <8/ e Keg) ,( T T
= S/g b a fell. R — Rjn = kem

=9 & maximad. |



Prop: Let R be a Jncabson ring and let R— S be of fite type , then:

W. S is Jacobson.

@), SpecS — SpecR maps clwad ponts o cleseol ponts.

3. _bc m < S /s maximod égingcuer\ me R, then the resivlue extension
Kimy S Kem'y b finite,

Before giving the prof. we see that:

° Amd fiuite tpe Z- algebra K Jacobson

® If R b of fwte type over Z omd ME R 1 a maximal ideol , then
ZNmMs= (p) with p prime omd TFp =2Z/p — Kem> b o finite fld extension.

Pf of prop.

Write S= R, 2%d/1, then we See that it syffices o befire to prove the prop. for
2 omes: (i S=R/T iiy: §= Rixa

Chee () b eny. Since SpecR/z <> SR 18 A Cloverd immension thus NCT) b Jpsabson

08 o topologioe Space, thus RIT is Jacobson. (23 omd @2y foldow.
Cose (i: By a top lemma. to Shoo that SpecRrxa - Jacohson , it suffives 2o Shoo
Jor imeducible Subsets of SpecRrxa. Thus toke q prime n Rexa, p2 @nR. TTake
fe Rrxa, feg, we need to shao that DA N\IQ) contaims a. Clesedl pont

Csrsider the diogrom on the right. (e are redluced Roxa—s Rfprx129

to Consider the cse where B=0 and R b a domsin, T T
By awe iy R b alo Jncobson. R — R/p

(). If 2=co. wﬁfeﬁadxd—r---—rao. Since F&q, not ol ai ore 2ero. Since
R &8 Jacobson . we com find o maxmel ideph m of R such that Gigm for Sme .
Thus f#0 in kem@Rrxa= Kemx1, ond we an choose o meximad igleal vt contaiving
the imgge of f. since KtrCxa ks Jocobson by Hilbert Nullstellensatz, and thus the
iwerse imoge 'S RCx3 defines o Ohsed pont of DifyN\Vigy omd Kem's 1o Sfuite
over Ky, by Nullstellensotz again.

0. If q#c0). Then o—>R—> B2 ns o k— Kexa/akrxa where K 1 the
fmction Feld of R. Cince Krxa b a DID. QKrxa =g ﬁr om irredlucible  polynomin|



Q€ Kox1. e rmay Further ossume g=bexC+-+ bo , bieR. bexo. Sine Roe 1 alto
Jocobson, omd Rbe — R, Rexa— RbeLxa inoluces iSomorphiama on /eo:dueﬁe/dom
are redued o the cre where § b monic. Then Rrxa/q = R% < krxu/g 2 k™
= 0=(9>. By lemma 1?2, the imgge of Dgfs NVIG) in SpecR fo Dervyy-- uDerd)
Jor some rveR. Take ony moximal ideal in this image . say m. ond comicler ony
prime m' lying oer m . Since M'2 9. the revidue Feld of ™ ks fte over km
thus  Kem) S QL,:L(J Skomy = m' N moximed ad Kem'y K fiute over Kim>

Thus we fowe shoon that SpecRrxa b Jacobson, ond it ol for Rexa,
Morewier, toke Q to be any moximal jdeal of Rrxa. The obwe ogument shaos
that m' & mepped to M ond ke K finte oer Kom). O

Remarks:
In ce R b Noetherion and Jacobson. (eg. of finte Zype over R or Z )
R— S fiute type ~w Spee S L Spec R the induced mop on the Spectrum .
Consivlen the dliogrom:
{ Constructoble Subsets of SpecR § —— {Constructable subsets of (SpecR)o |

JQE) — JC;(ED)
|1 ]
—_ Eo

E
{ Constructable Subsets of SpeeS § —— {Constcteble Subsets of (SpexS)» }
Where the horizontod mops ore bijections. Note that fo ks well-dlefined by the previous
proposition , ond the Cliagrom  Ccommutes.



Def. I k=k ., ond R.S are of Fiute type over k.
R— S m— 2 Spae§— SpecR 2 X
Y «—Yo  Ther Xo. Yo are the k-points’ of X and Y, in the sonse that:
l l R— Rim=zk = we hwe o k-alebra homomerphm R—s k
X «— Xo T/ = Speck — SpecR | the imgge 1o the chued
lk poirt ™M,
So %o & HomeR .k ) «— Homu(S. ky2 Yo

Example:

X = Spec( RO{tjlif= 3/ (T=T) k=h. Here (T=T) stamls for the idea! geneoated
by the entries of T*-T ., T=(ty). Then Xo is in 1= comeaponolerce with the set
of idempotent matrices.

Defire: GLn o+ g g("1e,)g7, where Gln=Specc hTigpil, 1)
and ronk ("""o-.°)= r . Then @ Correspords to the ring mop:

RCtj1/cT=T>—> R[ §ij. 3 3

tj > the ¢ijy-th ety of G(")g"!

From Jordon conmicod form coe brno that every rolempotent: matrix con be written i
the form Qog(Ir, On-miG!. Thus the image of G- in Xo Cowists of alh iddempstents
of Mn(k). Se GLn ks irrediucible, 28 image & oko ireducible. (When r ranges
from 0 o n, the image ronges ocver oll X. Mareower we see that we an ook up
“functions” toking ohﬂefevrt volues on Oiffersnt compoients QucGlny, r=o,-.n, nomely
fe kCty1/er=T>  feltyly= St ¢ Asume chork=0>, ond f tokes the value
ro @Gl = F-r Gmgam)f Br 2 the minimal prime coresponding o
the component Qr(GLn) . Hence we oom see that X b discomected.

(In choark >0, tWhs f reed not Seperade ol comporents, for instance . chork=3
(' )= H1+i=0  ond (%0 ) = 0. Haweven. wWe may Cook up mme Sophistiordeol
ersons of “1r", vomely, we may take the trae of N'1\) o NPk, wohich &
| on Qs(Gla) but O on Gwy other Compoments @i(Gl3) =0, 1,2 )



§5. Artinian Q‘ngs.
® Nokoyemo's  Lemma
Lemma.: (Nokagama) R: a ring, M: an R-modlule.
@. If M fiute, IM=M , then 3xeI st (+¥)M=0
by. If M n finte, IM=M and I S Red(R) (RadR= N ol maximol ivlecls of R,
then M=o
PJQ 3. Pick gereeataors my,,mn of M. Then M=IM=> mi=Sfymy, €l
( ) (VC)) ounikilates the Collumn vector (M, mMn3t,
*A( ) = (s ) = [ sims) = cletas amibiltes M.
But det'A-—-def(I+ (Fi)) = 1+ Polynomizla in ff = 1+ x. Xe L.
(by Tt suffices to Show that 1+ & invertible. Suppae not, then 1+x €M ﬁn
Some maximel ideol , but Xe Rad(RY S™ => 1em, which i absud. o

Rmk: Typically. Nokoyama's lemma. 1 opplied wohee R 1 locel and I is the

moximed ideol of R. Then if M s fiite. any genemtor of the finite dimensionl

Rin-vector spree M/mM lifts to genemtm gf M. TPf: Grsider the submooile of
M MM+ <M=+, Mn>

M Se”md by the lifis. say. m.- WMM«M. > = O = MTmms =7 < mas>
= M n> <M =o. peqsle'tem{tomkem:smk@bgﬁgetbqgwcheck

M ﬁmg Geverated.

As on epplicedion typ Nekayeme's lemma. , we prove:
Lemma.:
Let R be o Noetherizn local ring. M finite module cver R. T SR s a proper
ioleal, then NmI"M=o0. In porticior, if we toke R=M=KTx, -, xndexeany
I=m = (%~ xR the maximal joleal, then Nnwm"= 0 .
Pf: Toke N= NI"M . By assumption, N s finitely genemteol.

By Artin- Rees lomma, 3 ceN. st. I'MNN = I"(IMAN) . But in o case.
IMNN=N, vk Hewe if n=cn, N=IN.

Nekoyoma = N=o. O



® Length of on R -module.
Def: Ris aring ond Man R-medub. The lemgth of M as om R -moslule s clefined
b “éefgt'hQMé SMP‘(”,EﬁHM’ﬁM MoEMIS - SMn=M)

Exomgle -
R=krxa . Mi=R , then Lemgthe (Mi> =+, Since in this aue, Y N€EIN we may
olways fird fltrations of lemth n: eg. (X" G (x"s K K (x> EMr

On the other hond , M2=Rrxa/(x5) ko a module of length &: Since the only
moximel. filtration 18 given by RCXI/xE> 2 (RY/x8> 2 - 2 XO[XE) R 0, Gy 4o
Subsequent Quotionts = R. the Simple fwite hrx1-module. => Lengthe (M) = 5.
Foact: Equudlence of aategery
{ Finte lemgth hrwa-modes § Q{Daim (V.T) where \/ b & finite dimensisnol uecan"f

spae with o Unear operatsr acting on it

Lemma.:

oO—M—M-SsM"—0 : A shot exat Sequence of Q- mooluies. Then
Lorgthe (M) = Legtha (M) + Logthp (M™)

%f-. Given ﬁlﬁamm fur M, M mpectw@ of /engtf: n'.n" cmey be 00y Sy

M 2M 2 M, M'2M' R 2Mw. Then the Sfiltratim on M given by

MR M) 2 2@ MM 2 MR- 2 Mu b of lewgth > n'+n.

Cowenely. Suppoe Mo& -~ S Mn=M & & fltratim of M of length n. Cinsider
Ma=MinM'. Mi= @(Mi). Let n' = #{strict incluaioma in MAS amol N =
#4{ strict inclusions 'n Mn § .

Cloim : gf Mi'= Mixi, Mi= M, then Mi= Min,
Troleedl . voe have by dlefinitin the excct Sequenceo -
00— Mi —s Mi — Mi'— o0
J," Jc Jc"
0 — Min—> Mty — My — 0
Now if ¢, (" are identities. by foe lemma, so b (.
Hence in our setting, either Mi'# Mir or Mi' # Mih = '+ 1" > leggthat. 0



Lemma:

Suppse R 1 & Noetherion (ol ring with maximal ilead ™. M @ fiute R-moglule .

.ch m"M #=0, Vn, then "[@'H%Q[M) (éée(M)ﬁr short) = t00.

Pf: By Nakoyema's lemma , oll the inclusions in the filtration: M2 mM 2 m2M 2 --.
pre gtrict . ( otherobe MM = m*¥'M = m-m*"M = m**M= m*M = m*M=0). -

On the other hard , we hove:

Lemma.:

R: local Noetherien, mS R its moximel ideed . M on R -module and mM=o.
Then 4RtM) = dimgm (M.

PJC-. Note that M 1 Q. weld-olefied Rin - vectsr space. Arg Submodiule 1 just

Q. subspare. O

Lemma.:

R: Noetherian load ring. M: o finte R modue with m"M =0 for some .
Then LetM) < .

Pf: Corsider the filtratin, M2 mM 2. 2m"M=0. If eadh step & of
Finite length, then JQ(M)=§-€Q(M‘M/M"“M) <o, by adolitivity of length.
But each miM/m+M & finte ond killeo by m , owol thus B of finite length. O

° Arbmam angs
Def: A ring is called Artinion if- the descending Choin condition halcls for ideals.
(= a.cc for clwed subsets of SpeeR)

Examples:

0. Finte rings teg. Z/ny ore Artinion.

2), Given & fleld k , oll fiwite cimensimal k- algebros are Artinion. In Fact, if
R b of fiute type over k. then R & Artinian <> dimR < co.



Lemma.:

R: Artinien = R hos a ﬁm‘fe rumber f meximel 1oleals .

%Q If {Mi. Mo, - § were am infiute Sequence of distinct moximed oleals .
Then we obtoin an infiuitely ascending choin of clwed sets of SpecR, namely -
Zi= M, mi} S CpecR. Z S Z2 S Zs K- .

(Algebroically - if there were itfinitely mony distinct maximed ipleels, e may

Cook up a olexcenoling Choin of iolenls:

R2m 2mnmaz2 mnmnms = -
The Inclusims are strict, by Chinese remaider thesrem =Tn,—nE.TW’=‘ 7%@---6% )

Lemrna:

I R & Artinian => Rod (R & nilpotent.

Pf. Set I= RudR, and lookat 12172 -~

R Artinign => IN=I""=-. Get JT={xlxI"=0} =R.

To get a Contrediction , assume that JeR. Pick JEJ ', T’ & minimal element
among jdepls Strictly containing J. Pick xe J' x & J, then by minimality, J=
)+ J. = JIJ s fute. Nokeyma = 19/3 2377 = IT'sI =
I3'eJ byminimelity agoin.=> J'I11" €J1"=0, but JI-I"=J'1""=J'1"

= J'cJ, contradiction. O
Lemma.:

R aring. ISR a nilpstert ideal. Then iolempstents of R <> idlempotents
of R/1.

DJC: ( Geometric ) : |
{Tdempotents of RY <~~~ diegan >{ Lolempotents of RII }
11 11
1 Comected compoments of SpeeRt <= {Comected compments of Spec RI1 §
(Algebric ) : +this method (Newton) also works for ren-commutative rings.
For any idempotent & of RII, we reel to find an idempotent e of R mopping
to €.



e, n eoch Kep)

First ke ony preimege of & in R, soy @i, then @
el- e=xel
Chosing Olifferent Uifts 2= ey gives 28, —) W @ch kep>
2 2 2 cuwit!)
€2~ €= 9.-1—28;3-1—3—61—3 @
=2e-1)y+y*x %o moedI*

Tnoleeol the equation com be Solwed Since 22,-1 K Q. wnit : (2e-1y= 4(87-e)) 4]
=1+ % omd X & pilpotent. Thus we may just toke g=% €I, and the differone
of ei-ea is in I% Inductively this con bedoe mod I" for ol 1. but Since 1

is nilpotent, I"=0 for somen., amd ei-es=o0. O

Upshst:  An Artinion ring is the product of its locelizetions at moximal
ileals onal the only primes are the maximals
(R=Qx @ . loccligetions give copies of Q. o well s toking quatients )

Lemma:

Any ring with finitely meny moximal iokeals ond whie rodical # - rilpotent clocolly
mlpotont ) lo the product of its locoligations at moximal ideels. Moveover, ony
prime B maximex .

Pf: Let M-, i be the maxmal ideals of R. Rad(R>= Nmi . Nilpoteney of
Rod(R) = Rad(RyS NP =p. for omy prime p of R. = 2 NMi =
G2 for Sme 4. = B ="M, thus moximal.

By Chinere remoioler thm, we howe R/RedcRy 2 R/m,x -~ xRfmn . By the
previous lemma, we con find idempstonts &, . 8n of RIRedcR) ocorrespmaling
t (0, 1,~0) in B/m % xRfmn (5.5)-:8.)'5.'), Whae Ufts in R gle rie
t the ring Olecompoition R = Re, x+ x Ren, which 1 o decompwition of R
into (ool rings. C ei&mu but eremy, v xis Rei = Re which b lomd with
moeximed ioleal U 3 Spec(Reiy = il ). O

Lemma

A n‘ngQ i3 Artinian ff it is o module gfﬁm?hyﬁwnmlf .:[]080, R



is Artinien and  Neetherian , and is equal to products of (oadlizations ot maximal
ivleals.
Pf: (rRy<w <> both a.co. ond dcc hld for R
< R ts Neetherion and Artinicn.
It Suﬁrfa% t Shaw that, R Artimien =AptR) <+
Noo R Artinian => R= Rix-xRm, with Ri locod Artinien. Moreover, by
0— Ri —Rix-xRi —> Rix=-xRin — 0 and additioty of the length Fimotion
it Suffices to prove for the Artimian locol cove. _ ‘
Now, R2m=2 - 2m'2m™=o. =>-€acr2>=éfac—m—l—) = %obme/m ().

m i+

Moreover, €2ch mi 0o R- mpdule clso sotifes ol.c.c. = dimpm ™/ <00, 0



86. K- Groups
R: a ring. e define two fumfwm: Ko(RY, KolR) : Modln — .
Def: (Ko(R)) For evey finitely generted R-moole M, 3 on element CM3I € Ki(R)
onol for every short exact sepuence 0—> M'— M-—M"—0 of finite R-medhies
CMI=CM'1+IM"1 in Ko(R). Furthermore. it's the free object with these fwo
properties.
Def: (Ko(RY)For eveny fim‘fe projective [R- moole M, 3 on element CM31€Ks(R), and
for ewery short exact sepuene 0— M'— M—M"—s o0 of fiute prj. R-medues
CMI=IM'1+CM"1 in Ko(R). Furthermore. it's the free object with these two

propertiea.

Lemma;

Let R be an Artinian ring. Then Lengthec-> indces am obelien group homomaphism
Ko(R) — Z , TM1 > Lengtha(M).

Pf: Ay M= RN 1 of fiite length, since R . Furthermare Longthe 1 cctbve. T

Note that thee & o conswiord homemorphism: Ko(R) — Ko(R)

ExmLpleA

. R=Rk a field. then KoR) = zocp)—ﬁ Z
@. Let R be a fild, Kotkrxay 2 Kichrxay 25 2.
Troleedl . by the Stucture thm of finitely generated mwlu/ea over o principal wleed
domoin OMﬁ Mfmb@ 99%%21‘20[ Yen M=R G—)@gacm Fi ivedlucible .

Hone M projective <> M free,  Ko(R)Z Z trivinlly.

Furthormore, we aan shao that « if N tovion (N R/(fi™)) then [NI=0
n K&R>. Indeed, 0 —>RELR s N—0 = [R1=[RI+LNI = INI=o0.
Now rank : KS(RY to well- oefined Since romk 1 pdditive.

Now g[ ronk(SnifMil)=0 = SN nkMi =o. Grwp together thwe N
Which are positive or negative, e obfnin: - Z i rank M =R = ﬂzmn,n:mkfmJ

n's>o



o— QKEB QK’—' QKGDQK'—%’ @Mml__)o (Ni>o or Ni<o)

= S n;[M.-J— S Mjl[Mj]: ni'ka-\-k’J ) ZEQK-\-kj N ZL_Q;«\:"__I —V,J.Z«,EQij =0
ni>o V\j<0 i%0

ni>o <o
. Let k be o feld . R=1{Fekrxal fo=Fn | In this cuse KotR) =k*® Z
Ko(RY = Z .

Rz RCA.B1/(A-R% AR)

RCA, U] < RTARY B AU A3 AU AU
(A-ueuy (4-0AB) =A% A= uHw)
(
e
ke =  RCUIB-- @ hrud™
( /
) e En
ks, k[ --- Bhrsy
(—1+ SRy

3.3 [32 B’- QH—)(}\'\' JC(U))Q‘I
S - + ©6S8
° T)\+—’f€s>

2 3 \SK
- S
> ( B S REY S( 1+ BRSY) =



Foct: Ko(RixRe) 2 KatR)yx Ko(R2); KolRixR2) 2 KolR)x Ko(Ra) .

Lemm&:

Suppoe R & local, KD(Q)V?\—"'EZ-

Pf: First of all we con show that if R is loeol, then M projective => M free.
Indeed, let m.~mn be @ minimal set of gonemtors => o—skerp— R'E> 11— 0
splits since M pny‘ect«‘ue. = R"=Mkerep = ®k: l<"‘=;% @%, Bg Nafmﬁcwa's
lemma. Mfmm 2 K" => ¥/ iery =0 => kerg=o. by Nokayama agoin. crote that
kerp 18 ne@ssodly finitely generded, snce R"—kerg & 0lSo swrjective).

Thus ronk: Ko(R)— Z s weM—o/efned,S/hce oM —-M—oM"'—0 ses
of prgective moodes => M'=R", MR, MaR™ for some n.me Z. rank (sairR™)
=0 & o=@ R™ L ®R" .o et O
Lamma.:

Suppme R 15 Artinion locol | then we howe 0. commutative dlisgram .
KolRY — Ko(R)
ronk | = z| L
ZJ -Mg@) Zj/ %&
Pf: Sine the maps are well-defined, it Suffices to check for gerenmtss of
Ko(R). namely free moolules over R, which ogoin reduces to check for R itself:
ronke(R) - Lengthe(R) = LengtharR). o



§%. Groded Rirgs and Moduleo.

Def. (Grooled Ring) S=@dz0 Sd. Sd- Se = Sdve. St = @dziSd o an
idead of S, colled the irrelowent idead.

Def . (Groded Module) M=@dez Md, Sd-Me S Make .

Lemma.
S & Neetherom < So s Noetherion omd S+ i fm‘?‘e@ genemz‘eol o6 on S-
modlule . Furthermare , homogeresus elewents i, fn € S+ generate S a0 an So

olgebro. iff they gererate S+ as om idkal .

[emma.
If M a fiittly generated groded S-molle omd St neetherinn , then
each Md s a fnite So —mpoule.

Def . (Numericel Polyromial) A : an abelien group. A famctio £ 2 — A defined

for Ul buffmfl’@jﬂmy m‘@% /s oolled o numeniced pelyromied if 3 r 2o,
Qo O €A st fim= 21

Examples
d_
@. S=Rx), -, Xn1. o/ =1, AimRC X, ~, XnJol ) = m fob s a
numencel  polynomied .
o ol:odd
(k). S=RIX1, deg«::, dim RCx34 = {: o.even o't be numerieod.

Lemma.
Suppme f.- N finyeA definedd for n>>0 etisfles N fem—finy is
nunerical , then ' is pumencad.
Df (Wnite ﬁm an n>_Z() Qi . Then gcn>—ﬁm—>:(.+,)
sotisfles  gem - gen- n>—fm fn -1y - f[ T:,' )
= QCCV\) f(n—l)— 0.4
= 0 ﬁr‘n»o



= gm=QR1€A b a coutant
L. Nt
= ftm=0-+ ?___:D(m)ai for n>o. 0

Now given S: Noetheren graded ring. M: finite, grodedl S- module over S.
Define Pu:0l > [Md1 € Ké(So)

Thm. Assume St Gerenated b\(j elements in olegree 1. Then the above functiom
IN— Ko(Ss) /s a rumerdcad polynomial .

Pf: Let M be gererated over mi.--, ms, homogeneous elements of Olegree
d, -~ ds. Now we prove by induction on the number of generators r of
S+ oer Se.
r=0. S=So. Then Md =0 fov\ d > max4ohi. -+, ols}
r>o, let xe S be ore of a minimal set of generators. so that we can
apply the indluction hypothests to S/xS = So B s Bz @ -

Cose 1: % is nilpotent on M. This aan be proved by induction o e:
XEM =0 (M is biled by x* by Neetherizn hypothes's )

e=1, M is a module over S/xS. The aboe induction hyoothests applies.

Suppme it's e for <e. Fore, we an find a shot exact Sapence
of groded modules 0—M'—> M—— M— 0o st. M', M" are billed by
¢ x&', e, e'ce, thn the inductim hythess of this cose applies . Sich
0. S.e.s. (mbe token, for instance, to he M'=xM , M= M[xM'. Then
for each degree, we hawe 0— Md— Md— Md— 0, vde Z

= Puidr= Bucdy + Burcd
= By is a numerical polyrwmied  Since Dv ard B one, by inaluction.

Case T. x i not nitpotent o1 M. Let M'={me M| xtm=0 for Some telN§
Then M' is a ﬁmie@ gererated submodule of M by Noetherian hypothests . we
moy then form 00— M'—M-—M"—o0, where M" & M/M', ond
% acts on M as & non-zer divisor. Sinee B = S+ B, it reduces
 prove for M" on which X i8 & non-2er divisor.



CaAeﬂ[. % i3 a. non-2em divisor on M. Set M= M/xM. Then. vd
0 — Mot 25 My — Md —0 /8 Shot exact and M s an S/xS
medule So that the induction hypothests moyy be cpplied omd v M a
numericel po@mm‘a,{. = QS.M(ob— §M<d—o = @gedy. Then Bucdy # a
numericel polynomiad by our previous lemma. O

Remark: Morphigms of gradkd moglules @:M— N is an S-map ond
@ Md> S Nd. Thus multiplication by homegenesus elements of S are pot
necessarily morphisme of grocled. modules. et the quotient mogule M/xM
is still groded ard M —>MlxM & o greded  morphism.

Examples -
(3. R=M=RE%o, 51 = Ro=k , KiR)22 2 , dime Md = (%5 ]
. R=M=R/cfs F: honcgereows of oleg ol dimeMm=("m )~ “med ).

'App(,icnﬁon: Noetherien Local Q«'{lgs
R: Noetherion (ool , with moximal ideal m ., resioue J[/‘e[a[ K=R/m.
M: a finite R-moolule.

Def: (Hilbert function Qf M over RY ©y: IN =N, N -@engthn(m"M/m”’M)
(= Ohimse cm"™™M/ MMM by Nakayema's lemma.).
Note that LengthacM/m™ M) = 2, Gucds |

Def: (a wriont) Let 1SR be on ideod of oefinition, ie. {I=m (<> m'<1
for some ne N, in particuler, wWe see that M/mkM — M/I*M, anol thus
MIT'M hes finite lemgth). Puu.zny 2 Longthe (I"M/I™M)

Prop: @mz is a numerical polynomial.
Pf: Consider the graded ring S=R/1@T/12@ /1@ ool grockd modue
N=M/IM®IM/PM @ TM/BM. Then S is a. graded ring Qenenatenl by clegyee



| elements and M is & finte S-modue, ond tua the thm opplies. Here
we identifyy KUSo) = KIR/1) = 2 by toking length, sine RIT is Artinian.

Lemma.:
Suppme 06— M'—M—M"—0 /s a S.es. q“ﬁm‘e R-moolules. Then
there exists 0. Submodule NS M' of finite colength (i-e. MIN of finite length)
ord on integer C€IN st Prmenmy= cwacm+ Qineny. n>>o. ,

Df.- e howe a Sugec&ue mop ”M/I”M M/ — o, amd kere = M'\:w
= o—-»MI\;IInM—-’ " 1M 9 8 o ses.

Morever, by Artin- Rees lemma. TMNM'= I”‘C(ICMHL\/I’) for oll nze. Let
N=IMIM', then N is offmfecde'gth( Me %—ﬂ—;m
= 00—y 1‘;‘AM — 1w 0 se ﬁ‘r‘ n:c.
_Take engfh ord we ob'mn &(1».\4)”: Loty + Lo Ry = Lo () +datamr+ Lelra)

= Pruei) = Lo+ Z = > v+ 2, Prmncdy for nze

'Talang Olifferences of neighboring N, 01 th equativn

= Prmim = Qraem + Qg enm. m|

L emma.:
If MSM is of fiute colength, then 3C, i€ IN st :

Gmeny 2 Prm(n-cd-Ca omd  Prmtny 2 Prutny - Ca
%C- Consider the se.s: 0— 'Tznu - m Mr\éM—ao M'EM of fn#ea;laqgth
= IIMEM' for Some & = For 20 o—>1'2",,"——*1r:,f4 M 0o is eact.
Bat ™= I"% I € I"°M' = Loy s bay) . Honce

Loty = Doty Loliay Loy + baith)

= O ucn 2 @ min-ci for Nns>o
NMoreover i'v\x—ﬁ‘a —> oo Ir;\/;,ll = -»fp(lnM. z@g(%)=€n(3¥r4)- Latip) by the s.e.s abwe.
= Qrwieny > Pzmm fcr n>>o.
Now toke C2 [a@e, +hen QCimm 2Prm(n-cd=Ca, P12 Grpmm — G

O%ra//( neiN. )




Lemmas

Suppwe 1.1 are ideals of cefinitin, and M o flute R- mockde. Then there
n an

exists an aeiN st 2 Pruh € 2 Prmcd).

a-l
Pf: Inoeed, since I"e1 for some aeN.
[274]
= %(PI,MM‘) = Lp(MIT™M) € LM/ M) € Lo(MT'"y= 2 Crivedy.

(SINe (A-1)(N+1Y < AN+ J%r nzao-) O

Def. R o locad Noetherion ring . M ﬁm‘z’e over R. /XI.Mlm:A‘-x”ergthp (M/1™ M),
Then oltM) = D{EQ/XJ.M

= {o LatMy<oa
0leg(QPr vy 1 Othemvise

This dlefiuition of oliMy s independlent of choices of idkals of olefinition by the

provious lemma ;. NXam(ny € Xaimeany € Hzcalan) => oleg Nz = oleg Az,

Remork : L\)hﬁ the ]qexibfb't\(j obout choosmg I~

Example . Consider R=krxy.23/(zmy> M=(xy, 2). Then

Lemma.:

If M'esM is of finite colength , but neither hos finite length , then :

X1,m = Yam hea d@ree S‘I‘rfc’t@ less than the d@/ee @‘: either YXim or N,
Pf: By a previows lemma, 3. Ca, st

{CPJ.M(H) 2 Q1M (N-C) -Ca
Crmreny 2 Pz mny - Ca

|
Moreover, 0l Prucny =d >0 => Fal( Prmim+G) 243 Crm(n 2 7al Puyn-C)-Ca)

Lething n— o0 = the lealing Coefficient of Pru and Piru are the Same.

= Xm =~ KXiw has O- Coefficiont ﬁw naH )



Lemma.:

O—M'—M—M"—0 , Ses. Then:

max { deg Xamr. Oleg Yam\ = dleg Naw. Furthemore . if M’ doewnt hae finire
/ength, then d%(%,M-/XJ,M’— X1,mn) <0l63(’)<1,M>.

Pf: By one of the previows lemmes, Poaeny= @ o)+ Prmcn ﬁv‘ n>>o ond
M'es N is of fwite colength. In porticulsr. Prn ond Quur have the Some
leadjng coefficient amol d@nﬁe. = XM, XN m+X1,mnn (wohich hes the
Some [eadling coeffivient amd dlegree 2n (X1 m+ Xz (n, in amy coee) have the
some leadling coeffivient omd degree . The resutt follows. O



§8 Dimensfon
Def' The Krull dimension of o ring R &8 the Krll dimensi of R a6 &
topologioed Space, i.e. OimR = supAn|3 s G s Spn. GiSR prime §

Def: The height of p < R & Olefined a0 climRp ¢ codim of Vi in SpecR)
Eg. dimR=0 {ff even prime is moximal.
Lemma:  climR = sup 4 height m.| m maxinel | 0

Lemma.:

R+ Noetherion ring of dimo & R: Artinicn.

Ff]c: The comere is proveo] elrecdy.

Now, ossume R is Noethenlznof oimo. = Qe is Neetherion = SpecR =
ZiU~ UZr, O finite union of imeduoible compments. Now snee Zi= 2Z¢pi>
Jor minimel primes ;'s and AimR=0 , Bis ore meximed. = SpeeR=1 @, Br)
tevery prime Contpins o. minimal prime) . Set I= N@i = mdR = V=0 ﬁ some N
snee R is Neetherion. = R=TIRi, Ri=Rpi. Now R & local, Noetherion with
exactly one prime , ond which R nilpotent ( pilredicole loockize > => Ly <oo =

2R <., H
Cor

R: Noetherion looed , then dimR =0 < dtRy=o0

5C: Ry =0 & botRy< H

UPShDT: ,Q Noetterion Loced. amR=0 < diRy=0 < M=A0 < Artinon -
Hoo obowt oimR=17

Lemma:
R: Noethetion lod. TFAE:



. dimR=1

2. oltRy =)

. Ixem , X not nilpstent , st M=

4.3 an ideol of olefintion generated by | clement but F# on ideol of definition
gerented by 0.

%C.- S 4 s eny .

D= 3. Assume dimR=1. Let B~ Br be minimol prives of Q. Then the only other

prime is M Since M2 @i, by prime quoidance, IXem. 7X& i, v1. Honce the only

prime Containing X 18 M. ond X 1 not nijpotent. => Vixo= 1M amd Adw=m

3 => 2. Asume I3 xem, x not nilpstent . M=dmxy. Beawse x b not nilpotent
OtRY#0  (the upshot cbwey. On the other bond, I=txy I om idlead of obfinition,
S0 we moy Compute df/?)=0’99(§°1,n>+1. TIn other words. we rmo bk at

g & Qe R X @ g R
Prrcny= -€9rgﬁxnf ) = jp(ﬁmﬂ. ne Ixy —> x>0 = _€((_,;<l\+_l)> <L)

= Qo < Oowst, ¥n, = d%ce,g =0 = dRy=/

2)=> 0. Anue by Contradiction. Suppme 3 pEgam ditnet primes. Pick an
ideal of oefiuition, and consider 0— p— R— Rlp—0. By assumption, we
have olcRY= moax{depy, drRlpst =1 ¢« Note that oleRIp) 13 the some rggondiess

of visding it a» an R on Rip—madide) = 0l Ripy <. Cleody oltRipy=o sice
Rlp is not O-dimensional. Now, pick X ¢ g, x&p = o— Rjp % R —e o
is exoct. = X1,Rlp -X1.Rlp — XL Rlup= - X2 Rlxwp DO o@ree <|

= 0l R/mrp)=0 = oimR/txs1pp = 0 , which to absurd Since G.Em. 0

Remark: In 2y =1 we wed the fact that if R—>R' amd M' s an R'-module
=> Lay=LRM) , ond if T 1 om ideel of dlefinition i R, then IR' 1o on
ilepd Q)C déﬁmﬁm in R’

More genem,%,wemmshwly disng dlimension reduction o Show that:



Lemma.:

R: lool Noetherion rirg . dxo. TFAE:

0. oimR = d

2). 0lcRy =0

a.smM#o@mﬁmgmedlyd-dmenfswsé any ideal of
olefinition Gerercded by ol-1 elements.

Cor. R: loopl Neetherion rirg , then dlimR<w.
PF: e mow loulate oimR Q d{g’)(m () cbeve) , Lihich fo <o . i

\’\)W”""’l@’ 3 Neetrerion rings with olim= oo,

Note also that by Nakapma’s lemmo. . Ao s = minimol. of gerecators
Qf m obd on ikl (2 dimR ., by 35 abwe>.

Def= lfob)'n9=mm‘ma{#ofgemmqu, then /Q/amdeo/an?gu/an
Local ring.

Exa,mp/e: R=(Rra, Y23/ xy. 2000m M=% Y, Z,0)

Cloim: R/ cx+y, 20mR 12 ﬁm'fe.

Tnoked.  R/exy, 210 Q’é(hfx.g.z,wj/my,zw, xy.20))m Z(ROX. 21/ (%, 29)
=ROXZ1/(X% 25 = RORX © Rz BRxz

(M=cx.2), omything like Qo+Z05X'8 Aozo 1 abedky @ unit in koazi/ext 2y).
Thwe OiMR <2, But (xY, 20 S (X, 2) S (X, 2. Y> S (X, Y. 2.w) exhibits

it Q length 2 Choin, thus dimR=2.

Lemma.: R: Neetherion ring.
. xeR. .Q € R primes 8t PP+ Sq and @ b a minmal uh. Then
there fo np prime Strictly between (5 and ..



b 50 XeR ard g minimal cver x, then the hegt of @ I eitrer o or 1.
sz The primes between p and g are the primes of K'= (R/plg = /PRy
ond QR' 1 the maximal ideed of R, which 1 aleo minimad over xR’ =>
"R = 4R" ond by previsws lemmas , dimR’ <\ “=" holds if xR'#o0, or X&p .
Port b follans from (@0, by Choosing any @.€ Dex). al

Lemma: (R, m. K): Neetherion (ool ring. xem. Then olim R < dimR/exy +1.
Equality holds if x& ony minimal prime of R.
Rmk: by prime awoidence. if dimR>1, such x that =" holds abiays exists.
Pf: R —» Rfixy. Pick &, -, % € Rfx) where d=dim Rltx)y and (%~ %)
is on ioleod of olefintion. = R/ex, ., xa) % Rlexs [ R 7%y ond hos finite
length. => tx. %\, %> is am idenl of olefinition => dimR < o1,

Moreover, prime chains that ocour in Riexy are prime chains in R containing
. IJC X& onuy minimal prime., Such choins con be extended at least by one of
the minimpl primes. |

Two lemmas on filtrations of moolules.

Lemma 1: R: o.ring, M: o fiite R-module. Then 3 a. filtration of M by
Submodlules o=MoS M S SMr=M st Mi/Mi- 2 R/1; for some ILi
pf-‘ M= (%1, Xn) then leA't' et Mi= (%, ==, 7%i). 0O

Lemmo 2: R: Neetherian, M finite R- module. Then 3 a filtration 0=Me SM,
S EMn=M st. Mi/Min 2R fir Some prime §;.

Pr: By lemma 1. it suffees to prove for M=R/1. Consivler the Set of ideals
{J 21 | the conclusion fouls for RIT§. e will shaw that it's empty. Othenote.
it wouldl contoin . maximal cement. oy, J, st. RIT has no such filtratin
Cleerly J comnot be prime, othencbe 0 SRIJ 18 & filtrotion. Then Fa.beR st.

abe J bwta,b&J.NmO—%—@%iJ——*—g*ﬂagw —o A s.e and we

howe -‘%lg% , I2J e beI' = both I'omd al+J shrictly contains

J thus R/, RlaRT howe a required flretion. = RIT hes o reguired




filtration.  Contradliction. O

Example: R=M=Rx1. we see that such Sfiltratims are highly nor-unigue.
L oeM. 2. 0S(MEM 3 0 (X-QXYE (XYM -
However, ob will be shan lotler, the minimal primes ocowring in any
Such o filtration will be wnigie with muttplicity !

Supoort of & medule
Def: R: a ring. M an R-module . SuppW) =4 Be SpecR] Mp#0},

Lemma: If M is fwte, then SuppM /s olmed.
PF. We shao that, SpecR\ SupM b open. Irdeed. let M= (%Ki, %r)

Mp=o0 =>T’x“=o =L in Mp = 3fiép st 3[,-’0(.'=o in M
= 3f&p fxi=o in M f=1fH
= MJC =0

= M%=o, V@eDc )

(A direct prof. M is an R/amM — module => Mp 1o an (R/ami)p- module .

Mp#0 = (R/amM)p =0 = omM-Rp + Rp => = amM.
Cowoenely i @2 oM, 3 xeamM, x&p = T €Rp is a wit amd FMp=o.
=5Mp=o)

Lemma: R : ring. M: R- mode.

w. If M is fite, then SipotMIIM) = SippMOVIT)

). NEM = SN < SypM

3. M—Q = SuppQ € SupprM

@. S.e.S: 0— N—M— Q—0 => SuppM= SuyppN U SumpQ.

Bf: ). 3y 4y follaw dlirectly from lowhization being exact

For . Since M—> M/IM = Supp(M/TM) S SippM . nd (Q/I)en__» M/1m =

Supp(M/IM) S VLI). where n is the number of a set of gereratens. amezy if
Mp=+0 omd I1EE = Mp/IMp+0 bj Nokaypmo.'s lemma = (M/IM)p 0.

O



Cor. Suppae 0=MoSM S SMn=M. Mi/Mi« ZRIpi . then all pi € SeppM.

O
Lomma: (R, m«):éocal Noetherion ﬁry. M ﬁmte K- moolule .
Then SuppR =1m§ < Latm) < o0,
Pf: "=" M hos & fiite filtration o=Mo S M S~ SMn=M, Mi/Mi-s 2 R/m
= mM"M=0 = lM)<»,
=" mM=o for some neIN. I pem, then 3xeM. X&H. K'M=o0 but
x"e Qp 8 0 unit = Mp=o. m]

Lemmo.:
M: an R-medule with fltration 0=Mo €M, S+ SEMr=M, Mi/Mi- 2R/pi. Then
the et of minimal elements in 4pi} is the set of minimal elements in SupoM.
Moreover we howe #14 | Pi=p, Bi minimad } = fge(Mp).
I%f: For Mp, 0=Mop S Mip S~ Mrp=Mp M agoin aﬁ(‘l‘mﬁon, with Mip/Mi-p
=Rip)p = Re/BiRp . PRy 1 either Kp o~ a prime idesnl. Heme Mp 0 < at
leoat ore of the inclusions K Strict <> @ 2 @i for Some Bi minimad .

IJC O is minimal, fheﬁ/frnﬁbn o=Mop = S Mrp=Mp is of successive
Quotionts either KPi) or 0 = LrptMp) = H#4mm-trivied inclusions} = #{i| Mijmr = Rip |,

O
Lemma.:

R: Neetherion local ring, M a finite R-moolule, then oleM)= Olim SupptM).

Pf: Toke a fittration as absve. (e have dim SuppM= maxd dimR|ps §. But since
diMy = max{ d(RIpn and olcRpry= dimR/p:, the reukt foldan . -

Associoteol  primes.

Def. R: Noetherian ond M fiute. A prime p i oabled an gssociated prime
of te mode M ff Ime M, Anm=p (or Rip <>M). Assivr=1@|
§ ausociated primes of M.



Lemma.:
R Noetherion ond N finite. Take o filtration 0=Mo EM S~ S Mu=M st. Mi/Mi-
SRIpi. Then Astvy S4Bit .
Pf: Bﬂ inoluction on /e@dv Qf the ﬂz‘mﬁm
n=1. M2RIp. Any nm-o eement in M hea crminilator @.
Now suppoe the lemma. s true for modules with o fitiredtion as ckove of length
<n-1. Pick meM whae amnibilotor 1 0 prime .

IJC me Mn-, them we ore Olone é(j induction hgpoﬁleém

If Mm& Mo, then 0% € Mn/Mns Z RIpn = S Amini = Bn. If p=pn
then we ore dme, Ohenotse < Pn. Pk fePn, £& 6. Conider the amibilator
Ojcfmé Mn-1 Qle:O =>gfep , F&p = gepg; amuame@ oy gep b&lA\fr‘n
= Arm(f-m>=(p, we win bg ingluction. m|

Cor. Condition 05 obwe, AsstM) B Swite .

Prop:

R Noetherion, M ﬁm’#e. Then the ﬁﬂowwg sets of ioals Coinciole.

0>. Minimad primes in SupptM)

@. Minimak primes in Ass(M)

(3). Minimad primea in a ﬁlfmﬁm O=Mo EMI S EMn=M, Mi/Mia ZRIpi.

Pf: We have ghaon = 3 oleady. Thas it suffices to Shas that, if p & a

Cminimad ) Clement in a. filtration , then it B in 2 by the previows lermma.
Now, et S€16:5 amd | be minimal Such that ©=0r. Pk me Mi, mé&Mi-,

then Amem> € Bi. Ao prprpim=0 = Amms> 2 - prpi. By our ohoice of

1, G- Q- &P = afG Qi . feOr—pi-  Convider Amifmy. Ofm=o amd

FfmEMi- = gic Armgc;n) ard Amcfmy € Bi = Amcfmy=pi. |

Lemma-.
R, M 0a obove, then Upeasin p = set of Zerm dlivisors on M.



Pf: 'S b by definition

"Pick x a zew divitor. Let oFN={m|xm=0}. => 0#Ass(N) E Ass(M)

2
Toke neN st Aminy=@e AmM, Sine xn=o, Xe@.

Exomple: R=M= htxya /ex3 xy»

X €M hea ommihilator (X,§) . then ome moy guess
that AstMd=1¢o. .y, Indeed we aam find
o ﬁfm‘m Q]C M:

ox(X)ys M
M

_ R R
md D=7y, &% ™o the prop. above applies.

#

A line with
o fmgent

In porticulor, note that although SpecR = Sperkrys as topologial Spaces.
thia Corme immriomt of AsstRy shows Hut SpecR 18 not Momorphic %o Soecél:gj

a» SChemes.



89, Qeﬁu(af Sequences omd  Depth,

Def: R: o ring. M an R-modue. A sequence of elewents fi—.fre R m
colled M requiar iff:

w fi # a non-260 divsor on M/cfi - frM

@. M/ fraM#0.

I 1SR i onideal and f.-- fr €1 with 0y and (>, they are called

an M- regulor Sequence in 1. lf M=R ., it's just colled o reguipn Sepusrce
in 1.

The concept t5 not So weld- behaved in Some of the Follaving:

Example :

0 R=M=RCxy, 21 (a global" rig)

(X, Yu-%0, 20-%)) A then reguler 5 but (Yo-%0, 20-%>, X) B neot
sine in Rhya-xy, 2Zu-xy B & Zero-divisor , i€ bills § +o0.

@. R=M= RTX. Y, W, W, =~ 1/1, T=cywi. Lr-Kedier .= ) ( Non- noetherion)
Cloim: ¢X. U 1 o requiar sequene , but cy, x> tn't.

Tndeed R/t = kY3, but y a zer divisor in R.

ng-‘: IJC (Rm 1 2 lol ring, M an R-module. Then Olepthmem) 2 sup of
length of M- requier Sequence in M.

Lemma.:

Let R be Neetheriom loced, M finite over R. If (%~ Xe) s a réguiae
Sequence , then D K omy permutation : (/X Kie),

er Note that oodition (2> Hforces Xi€ m.

Tt suffices to prve for 2 elewents , Since omy permutation fs A Combination
of trowepasitions. Now. fake xem a non-zem divisor, yem a nsm-zem
dimor on - M/xM.



Considder the ob‘agmm :

(¢}

l

0 — M XM — M/xM—0

I "R

0 — M T M — M/aM —0

o !
M/le ﬁ?M/QM — M/xypM—0
ﬁ | \

= 0— kery B bory— 0 MYM S MIYM — MlaxpMm =0 b ot
= mkey=kery (xem and  MYM = Myt B an injection

= kery =0 by Nekayama. ond Xt 0. non-gem divior on M

= (Y, %) B regor.

Lemma.:

R: Noetheran local, M: finite R-module. IS m on ideal of R. TFAE:

m. IXeT which K not & Zem-divisor on M, i.e. depth:M 2

@. We hove 1% Q for all G € AsstMy, (in porticulor m & AssM).

Pf: We bnow that Ugesssu G = {2ero- divisors on M}

@)= > Since AssM B @ finite set, by prime awoidonce, Ixel, X&Q Y@eAsM

0y=>(2 Obvious a
Cor. In the previows lemma, if I=m, depthm> <> MeAsM O
Cor. I R Noetherion leoal, with resioue FRid K . then olepthe=0 iff there exiats
C. nm-2ero module mop Ke—R.

Pf: depthR=0 < me AssM <> ke R. =

Example: R= RIAYIoxgs /x>, then X0 and mvx=0 =>0epthR= o0



Lemma:
R: Noetheran local, M: an,ﬂ'e R -module. dlepthmM < dlimeSipoMy= oleM) .
Of: H M s of finite legth, then me AssM, and depthM =0,
Now if M n not of finite length, ond take ony reguior Seuence on M, soy
Fifrem, we will shoo that its length r<olevy by induction on M. The
dimy=o cue & ome by the first Sertonce.
Since ¢fa, . 0> b 0 reguise sequerce on MIfim, r-1 < depthtMigmy. B
Suffices to show that diMIfimy € dimM =1, then r-1 < depthimifm)saMIFiM) €oM-1.
Sine 0—M-TFoM —MIfM—0 IS exact, by the last lemma of §7. we

brow that  oltMIfiv= Oleg Kom.vif < cleg Kmma = Olentifinay. 0

[emma.:
R a ring ond J=cf,— f) gererated by a replor sequence, then the groked
ring OneoJ/ T™ is groded Momorphic to RIT Lo, %1,
CA variont for modules aleo holds if fi..fe b a reguiar Sequence on M. in
which cose the grodeol @need"|T™ — module @nzo TMIT™M 8 gravles komprphic
o M/IM %, X3 ).

Spec ®noJ/T™ — SpecRIT 18 called. the nomal coe of Spec RIS

in SpecR. c.f the exampe belmo.

Example: R=Crx.y. 21/ x3+ Y% 22+ X"+ 2% y*) 2 J=(xy. 2

Then J/J* = @C’= C{%.§.2}. Swely Dn Gm"eIlg™H—» J"g"™"

Howeoer, X3+ 33+ 2% Ker®s since X™+ 2%+ y'™e J* => ROC X, §,23 F
Oroo T/T™, ond (x,y. 2> b not a regun sequence.

In fasd Do JNT™ 2 Cxy, 23 /(R34 g3+ 2% ond s max- Spectrum 1 Q. aome
in &

Poof of lemma.

We prove by induction on . ¢c=1 k dear.
Goal: Zim=n Q:fte ™01 T, v I=tddere Zh.



We mn write any elewent in J" 08 Zwenbef? with bied. Thus gffer
substmction we are reduced to pove f a=ZinenGaf =0 then 0:1€3J,V I,

Collecting torms. we have o=, (5, One THYFE . T'= i dc). Now we shal
Show by ascending inductin o o<den that i we hove

s, m_n_eal’efl)fe

then Qreed. Set J~cﬁ--~,fc-.>. f=0 k the induction hypothem Qf c-1.
Now f ( rd, (S ipi=ne Qre F TV ET) =X iw1=n Qze fII =0 modJ' omd fe
IS Q. non-2em olvisor = et (Z

F(x Oue £)= -3 (3 gwef )s

[T\=n- e=0 |1

n
CbUecting terms , we hawe Q= e%,(ll%,_e OvefT )f. where 1'=10, 1), 1c).
4 )
We will prove by induction that Z (=, OnefH£° € I, then Oreed

Now Zimi=¢ Orof ™ € 3% modefiy and Since Ro-fe> 1 A reguinr sequence
modl (i ) :e bﬂ incluction 0: 'thee (emgjh qfsequa/lce Ozo € J :b e&rosi{I I‘tﬁdms
that Z m-e—e aI'QJC )Jc eJ™ = (ezo ﬂl:{-eqaref )JC )ed

—_————
d
D=50a,+ Q et Qe " y) |
JKx: LJCL—t Jcc 3 E 5: blefI)CF
A~ =p YIs4-e
lﬁ:—@ bj't°§ < D J
mod ¢f1) = (Oref®) = Qe e I

= 4

= O'I"e = bl’\ Jq‘f '*b:’, c OC;— |1|=
ya

ez-—-o( > 01’,e{r) qu-l) =0

17'|=4-¢



° D{gression: Homologicaj A@ebn

Lemma: R a ring, M an R— module.

. There exists an exact Complex - Fa—F — [ —M—0, where 5 ae
free R~ montules.
(2).:@Cphkbeﬁenmmdngﬁfe,ﬁBnmmnChomﬁfm¥ej;ee. jm|

Notation: (e will denote the complex --- — Fi A by F..
0. The i-th howology group & defined as Hi(F.)= kercli / Imoli .
2. Morplisms of  complexes th F.— G. is gen by mops oi: Fi—Gi such that
R = L N
J/w 2 lu:_.
=G Y G-
omd & induces mops on homolagy graues = Hicoty: HitF ) —HicG)
3. g F. — G. morphisms of complexes | then 0. homotopy beteen o omd p
is o oollection of maps Fi— Gin st oi- p Qi ehi + hi-i o0l

N = TN

ey

i+ i
= (i HsGin,—

Tmmediate Consequence: oc~ﬁ;=> H-0 = Hepy on hormology  grougs.
4). Cohomological rotation: F SE A EY e HE) = ked™ imd

Lemma: Suppwe G-— N—o0 & an exact reslutin, = —M— 0 is o free
resolution. and ¥: M—N 8 an R-rmap. then:

M. ot Fo — G- which induces ¥, i.e. Hotoy=y.

2. Any two such mops are homatopic. O

Def: (ExterM.N) Choose afae resolution F. of M. Consivler the complex:
HomacF.N) = 0— HomdFo N 2 Homel B NY 25 Homg (B, NY— -
Set: ExtitMNy=H' (Hom(F., N, Tt's “the” Qocept by the next lemma:



Lemma: R a ring, M. Ma, N are R-modules. F. a free resolution gf M,
G- a free resolution of Ma. @:Mi—Mz, and o Fo — G- any map of complexes
St Hotoy=¢. Then the induced maps:

H't) = H( HomeF., N> — Hi( Home (G- ,N»)
ore indeperdent of choices of o Furtheamoe , i @ 1o an komerphism , S0 48 €ach
Hion ; if Mi=Mz2, @=id, 80 /s Hitety=d. =

Rmk: This lemma says that Ext'(M.N) fom o Contravariant Somctor in the
wariable M.

Lemma: ExtacNy = Homel M, N). A

Lemma: M— M’ giles Ext'(M,N)— Ext'MN) 5 N— N' giies ExthmN)
— Bt M N Thus Bt : (Mool )PP x (Madg ) —> Mosle =

Lemma: R o ring. M on R-pogule. 0—N'—N—N"—0 ses. of
R - modules => 3 (opg exact sequence:
0 — Home(M. NY — Home(M, NY— Homa(M.N")
— Extrom N — -
— Exth (M. NY— Bxth (M, NY — Exta (M, N")
— Bl

Example :

0). Ext2(Z/pZ, 2> ="

0—=2Z2-HZ—2Zph—o0 N afree rezolution

=> The homdogy of: ©— Homz(2.2) P> Hmz(2Z. 20— 0 computes Exta(zh. 2>
which & the Some sequene as o—2Z > 2 o

=> Extg (2. Z)(=Homz!Zp. Z)) =0, Extz(Z/p. 2)=Z/p, wd the higher
groups Ext'¢Z/p. 2)=0, 1>1.



b. R=krei2 hoxa/x?y. re. €%=o. Bxtith hy="7
C . RERER SR po
= Home(F. . Ry: 0 > k-5 k-5h kS

= Extech.hy=k Jor all i>0.

Lemma: R a ring, M.N R-modules. xR st. either xM=0 or %N=0.
Then X ommikilitza each Exth(MN).

Thio folloas immediately once ore renkizes that for ol xe R\ Multihieatim on
Exte(M.NY is the Some as the mop induced by M-2M or NN by

Fonctoriokity .
Using this [omguage, we hawe a. reat interpretation @C depth -

Lemma.: R Noetherion, locad . with moximed el m. M a. finite R-montule .
M=o, Then oeptha tM) = min{ i| Exth(Rim M)y=0}.
PF: By a previous lemma. Oleptheviy = 0 <0 Home Rim, M) = Ext®( Rim. M,

Thus we moy oasume that depthay>o, and proe by induction. Now. Ixem,

X net a Zero divisor on M st olepth(MIxM)Y= olepthtM)—1 . ( Sust foke x=F1,
where i, fd is a maximal reguler sequence). (onsider the s.e.s.
0—MZM—MiM—0
=> [ e.8. 0= Homx, M) HomX, M)y — Hom (K, Mxm)
— Ext'ck. M) == Ext'(k, My — Ext'(k, MlxM)

— - sos — Ext®ik, MiaM)
ol-1 0 - -
— Ext®k, M) — Bxt¥tk. M) — Ext*t, MIxM)
— 0
— Exthie, M) = -~

. d-I
By inoluction hypothesls, Ext'ck .Miamy=o0  4<d-1 and Ext (k. M/xM)=+0
[e.8 = Extick.Mi=o ., 1<d-I amd 0% Extd ek, MixM) = Ext%k, M)

This kind of * dimensim shifting” 18 constontly see in AG omd CA.

O



Co R: Noetherion local ring. 0—N'—N-—N"—0 a ses of Fuite
R - modules. Then:
M. dleptheN" > min { dlepthe N, olepthaN'~ 1}
@), cleptha N' 2 min { dleptheN , olepthe N' +1 § |
Pf: The s.e.s gives rie to a les:
- —s Ext 7 k,N"
— Extitk, N'y — Extitk, N)— Ext'tk, N)
— Ext™ui, Ny — Ext ™, Ny — Ext™ ok, N")
Thus, we oom see that o lomg a0 Extitknr=o = Ext ™k, N, Bxt'tk, N> =0 ;
and s long 06 Extick, Ny =0 =Ext™k,N", Ext'tk,N'y=0. The repult follown
from the previsus lemma O

Tn the next Section. we will See that higher clepth means = betler”. This cor. Shads
that the modules in 0. rewlution are “better” going To the lef?

Rmk: We olefived oepth by Toking Bxta(MN) = H (Hem(F..Ny) for . projective ¢ free>
resolution of M :F.—M—0. However, it am be oefired by Toking on injective
resolution of N: 0— N— I, and ExthM,N)=H(Hm(M, I,

One con prove that these Olefiuition agree by chaving that both ase aquol to
H' CTort Hom(F. . I,



§10. Cohn- Maco,afaﬁ Moolules
Def R: Noetherion Lol ring. M o fnite R-module. We say that M is (obn -

Macaulay if climSupoM = OlepthaM .

Notation: In situotion of the okf, let £ fu be an M-requiar Sequence with
o= dimSiypM> = depthetM>. Then we say that gem /s Qood w.rt (Mifi . fa)
if for ol i=0.1,--.d-1, we howe dimt SuppMNVIG.F.-- (= Olim Suppt Mg f - fism)

= ol-4-1.

Lemma: In the Situation as cbove
M. g 8 & nm-2em divisor
@. MIgM is CM with a. maeximel reguine Sequence (fi. -+, fa-).

Pf: By induction on d ¢l >0».
o=1. Only need to show that g is & non-2em odlivisor . sinee by axsumption of g

being govd, clim SippM NVigy =0, and dlim O madtules ore triviolly CM.
Let K= kortM LMy Sk = SipoMN Vg, ard dimk=0. IF K#0, then we

hove {m} = AssK e AssM = olepthM=0, Contradiction.
d>1. Consder the obagmm ¢ ctill let kelM2my= K, kertw;.m—imlﬁm: Ki)

o—M 4, M — M/fmM —0

o la

06— M s M—Mifm— ©

Sroke lomma => 60—k S kK —> K\ - M/gM—’—q—» MIgM— Mitf.ppM— 0. By ausumption
g b god wrt. MM (Which is still CM), ol the regulor Sequence £, -~ fol. Indl. hypo
=>K=0 and Ki,; K. Nakupma = K=0 o g b a n-2em divisor. Morepver
O——»M/gMiM/QM soys that £ ko a non-2en divissr on MigM. Agoin by ind. hyeo.
M. Mt OM with reqibr Sapuence fa,—.fa. Hene M/gM 18 CM with a
reguior Sequence £, -+, fa-.



From the progf, we See that CM allows us to cut dimension olawn and olo induction,
Twig argument Wil appear often.

Lemma: R Noetheron (ocal. M: CM cver R. I gem st dlimSipp MigM =
odimSuppM ~1 . Then:

. g B a non-zer dvisor

2. M/GM o (M of Olepth | less.

Pf: Pick o maximod reguior Sequence fi..fa col>1 by assumption, omd the lemma
is abonys tre if ol=1, by the proof' of the previous lemma. § s 0. nen-2em dlivisor, ard
Since dlimSuppMigM=0 =>CM. Thus we may Stast with d>2).

I gk good w.rt (M Ffd> then we are dove by the previows lemma.
Now pick hem st 0. h i good w.rt (M. fi-fa)

2. lim SuppM NVCh, gy = 0l-2

This M possible becouse i 105 1 the set of minimel. primes of SuppM |
Supp MigM amd Supp M/cFi . FoM |, i=1,-.d-1, then Qi+ Since none of
these modules ore Artniom , omd prime awadlamce apolies to Provide om h.

Tt follacs from the previows lemma tt ch, F7, - fams b a ned reguler Seuence
and g b good w.rt. (M) cie g cuts dimension doon on M/hm)y. Nas we repeat
this process, to obtain on h' 8t h'is good w.rt. (Msh. £ fa-o

2. tim SupoM n Veh'ih.g) = ol-3
= col-1) times loder--
We replace (fl, . fd3 by onsther requlan Sepuence w.r. t. which § 18 good. New
the previous lemma. applies.
A non-constructive proof. -+ (afler obtaining b --

0 — M- M—MIMM—0
o o s

0 —M b M—MhM— o0

Now we finish the provf by indluction on ol Since MM 1o CM of dlim di-1



oma. dimM/eg.mM =0l-2. Ind. hypo. = g h @ non-2ero dlivsor on M/hm
ond Mlg,hM ks CM of dim ol-2.

Shake lemma. = 0K Lk —o and o—>M/gMi> M/gM — Mg M= 0
= K=0 by Nakayama amd MigM 18 CM of dim d-1 a6 h k a non-2ero divisor
on MigM. =

By this lemma. f we cmn toke o sopuence of elements that restly outs oo
dlimengons , then:

Cor. R: Neetherion local. M s CM over R. I 3 g e St dimM/cg,—.geM
= pimM-c. then G, Ge is Q. requiar Sepusnce and. om be exterded t
moximad  reguior Sequence. |

Def A Neetrerion local ring is colled CM f it's CM as o yodule over
rtself.

Lemma:  J R is ool Noetherian CM of dim ol , then amy maximal choin of
primes o <--SPn has length n=ol.
Pf . If dimR=0, the rewlt b tue tnviadly. Now we prove by ndlction
Here (o €4q1q a minimal prime of R =13Qu-~.Qn}. By assumption £.4 49
omd  prime owaidonce => 3 XeP,, X& G
Hence dimR/xRQ =d-1 ond thus kb CM b\j the previous lemma. Ind. hypo => the
moximal choin  @/ex> € -+ € Palx> hos length n-1=d-1. = n=d. m)

Applicotion: RTXu.- Xd1 has dlimensm do. k=l

Tnoleedl RTAw, -+ XdItxi--y i8 CM of dim o (%, %d b o requior Sequence .
= Every moximed Choin of prime ioleps in BT, Xddex.~xd> heo length d.

Now awy maximad choin of prime ideals endls with (% -, Xd-0d), which
s bomorphic To (%, -, %A by Lramslotion.



= Eveny maximed Chain of prime ioleals in L%, %1 hoo length dl.
or SpeckhCi,-xd1 ks equidimensionad of dlim d !

Lemma :

R loaet Neetherion CM ring, @ <R prive , olimR = olimRp + climRIp.

Pf. Pk goc-cqrSRp. foc Sfs cR/p maximal chains of prmes,

Then outomatically . @r=pRp. Bo= (0>

= GoNR C-- C@rNR =Po S € =Bs k a maximal chain gf primes

in R. By the previeus lemma . dimRp + dimRlp = r+s=n= dimR. m|

% Coution: This result even moy nst hold Hor rings that ore loaolizations
of finite type rings over C ! Ressom: SpecR needs nst be equiclimensionod.

Lemma.:
R:locat Neetherion CM ring. SR prime = Rp M.
Pf: Let c=olimRp. e wont to construct o regular Sequence of lemgth ¢ in
Re ¢ Note that it suffies to check for c>0: C=0 => Artinian, which
outomatically CM),

For this purpose, 'S good enough to find f.fe €@, an R-regulor sequence
in . Inoeed , since (ocalizations are exoct:

o-RER = O—’Qp—ai-Qp = £ non-2or0 olivisor

0— Q/(\-ﬁ,---ﬁ-,)—ai» R/, . Fi-1 => 0— Re /e - f ;.)ﬂgp/(;ﬁ,-wﬁ—u)
Now R CM, ﬁr fiin @ tobe a non-2Zew divisor, it's necessny omd
sufficient that F & any mivimed - prime of R. This is possible sine c>0 =>
O is not ony prime iden) => 3 fie®, £ &G, Vg minmal prime in R,

Next R/fiR is again & CM-module, if dim(RIfiRY =0 then we are clove.
Othenvise . it's necessory omdl sufficient that f¢ amu minimad prime in \¢f))
(By the previows lemma . all Such minimol primes hove dimRg =1 thus p&q
for oll these §'s). Such om £2 exists by prime owoidance.



Repeat this orgument c times. m

Def. A Noetherion ring R is called Cohn—Mamulag Jf ol of its  looad

ﬁ'ngs ore CM,

Rerks: . Any localizatin of a (M ring /s CM.
2. In gereral, o fiwitely generated olgebra cver o CM ring reed not be
CM. For exomple R: a feld => CM, but RCaya/ o, &Yy /s mot CM.

Lemma: R (M= Roxa O™,

Rmk: In Qereml . dlimRrxa = cimR + 1 for Noetherion rings.

Pf: Pick gcRtxa a prime over PR, ie. p=@NR. Pick a regubor Sopuence
i fd € Rp.

Cloim: i~ f4 are requlor in Rcaag.

Tnoleed, RpTx1 & free over Rp as on Rp-module thuo Similar ao in the
previous lemma., ﬁfo{ ore regular in Qpcx:
= f.-.fd are Rrxag reglor sice RCX1g 1 o Juther loodization of Rptxa.

(This olto ﬁums g%ma Generad fact that Rp — chzg N flot, and wnder
flat morphisms . requier sequences +— reqular Seqences )

Now, Consider RIx1q/¢f. - JayRex1g = (RIF 5> LX) , where § is the
image of @ in Ricffr %1, Tt suffices to show that. for Artinien (ocal R
(RIR~Fr), Rtxlg is CM for any Q€ Rtx1. This & the cortont of the
next lemma. In both coses of the lemma, Fi.-.fa com be completed into o reguior
Sequence omd R/ Cf.~fo. f>IxIg o0 R/(h~fa)tx3q  ore Artinion, thus of dim o.

O

Lemma.:

R: Artiian (ocal ring, then vq prime in Rexa , Rixag is CM.
P: There are two coues to Consider. (i § Cortoing o monic polynomial
iy g doesn't Contoin omy monic  polynomial.



In cose ¢y f is a nen-zer divisor omd Rexa (cfy is finite free over R, so that
Rexa/cfy  Artinion , thus CM of dimo. Hene Rrxag 6 CM of clim 1.

. In this awe §=mRrx1. Indeed QOR=m = xompo—~Rrx1/(q. , which

is o quotient of Kemyixa. I Rixa/g# kimicxa then Rrxa/@ = Komixa/cf
on imeducible polynsmiad in KIMICX3 . = OuxMaeos Qun X%+ x4 Qi€ ™, i2N21.
But Sine mME Q. we moy well remove oU the (Om,- Onu Since QXX € G. M3 k2 N+
omd we erd up with o monic polynomigd.  Controdiction. Thus F=o omd @ =mRrxa.
Morewer , §. constuts of nilpotent elements => SperRrxa 2 Spee RDX/g = Speckemy Lx2.
ond is reducible. Hence G is miimpd  owmd  Olim QEXJ@:D, twe CM.

O
Lemma: R (a fieldy is CM. Z is CM.
%C: R is Artinion; Zp is dim 1. and hos p regulon. o
Lomma: RLCX\, - X1 omd Z[%,~%n1 ore CM. o
Lemma.: ( Dimension Shifting )
R: Noetherian local ring . CM of dimd. M: j?m‘e R woclule. Then for ony
ses8 0—K—R®"—sM—0, we hwe cither depthK >depthM or
depthM=d.
Pf: By a previaus lemma, depthK > minidepthR . depthM+1}. O

Def. R: Noetherion locod CM ring. A finite module M/R is called moximed
CM iff OlepthM =depthR .

Lemma.:

R : Noetherion local , CM of oclimd. M oy finite module. Then 3 on exact
complex O0—K—F —F.—=~—F —=M—o0 with Fj fre and K MCM.
More preoisely, if depthM=c, then i=d-c-. O



This lemmo. is wefil if we wont 2o knao wether KolRY— Ko(R'y—0. Le may
Start by resoling M's with projective ¢frees resolutions . amd thus only need to
wory  about MCM modules anol  Check under what conditions they are free.

( regular R, Serre)

Ca‘f'@nazry Ql'ngs
Def: A ring is soil to be caterary if v primes ¢ < §. ol maximal choins
of primes @E=Po S-- SPe=¢ hme the Dme finite length.

Net axterary . but we toould
™~ like all imeducible comporents

to be cotencry.

| emma
Awy locolizodion of a Cotencry ring 18 Caterery. The game holds fm“ Quotient. 1

'é% Coution: 3 example of a Noetherien coterery ring R omdl o, Finite type
R- algebra. which is net Cotenary, i.e. 3 Rix .~ not atenany, by the
previous  lemma.

Def: R is called universolly aoterory if Rra,--xc3 are catenary, Yeso
Then it Jollows fim the previous lemma that ony R-olgebra is cotenory and
thus Converse is trivially trve.

Lemmo.:

A Noetrerian CM ring is u.c. Thus Z. kR ore u.c.

PF: RI%u-—xn1 is CM f R is. The resutt folloos by lowlizing at @ ond
the lemma that omy CM locad ring hos moximal choins of primes auul length o



811 Qegu{()/‘ Q«‘ngs
Def: (R.m.x) a Noetherian local ring is ko requier (ff Clime mim?= chmR

Lemmo.:
If (R.m. x> is reguler, then the groded ring @nso MYm™' I8 isomorphic
the graded polynomiod ring X LX.-~ Xd1 , where o= dimR. The Coweme is trviall
true.
Pf: Let X,-. %d be a minimad Set of Qenemtors of the ideal m. Then there
exists o Swjection XLXi,-, Xd1— @nzo m/m™', Xi — X € Mm?

Thus it &g?”cea to check injectivity. dimR=d = (n— dimemYm™) s a
Numericod. plynomiod qf deg ol-1. Mearwhile , the numerical polynomiod for the

polynomio ring KOXu- X1 is  em = mtd—' . If 0#G . homogeneous of dlegree
C. is in the kemel, then KLX,-~.Xd1/(g) — @nzoM/mr, but the numericol

polynomich for KO- xd3/cqy is ("d ") - (") L which hoo dlegree -2,
ontrodiction. Tt follows that the mop must be an isomorphism. O

L_emma.:

Any requiar local ring is a dlsmain.

R)C: IJC not, toke 0#a.be R, ab=o0. Cmsiler the Sfiltration R=2mz2m?2
Toke the Smallest ( So that Aemi, a¢m™ ; K so that be m* b&m**
csuch i, k exist by Artin- Rees lemma).

= 0= A em/m*, oxbemYm. But ob=o = ab=0 mod m<™

= Q-b=0, Contradiction with @mo m?/m™ being A dompin. i

In J%rt' this lemma eaoiéﬂ gererclizes to the Case where R Noethenzn and
Bmo M"/m is @ domain  (eg. R CM)

Lemma.
R requior locod ring, 4%} a. minmal set of generators of M. (Q regulor
systom of pamweters). Then 1.~ %d} is a reguler Sequence, ord R/ .~xe>



8 a regulor locel ring of dim d-c. In porticuler. R is CM.

Pf: % is a non-zor divisor Sice R is regular. Morewer, R/xR has
(%a, =, %Y gerenating M. But dimR/xR = d-1, thus R/xR is regular (ocal

bg definition . An induction finishes the proof. cdl=0 coe 8 tnvid ). O

Cluestion: R reguler (ocal = Rp reguler locsl ?

Lemma..

R: Neetherian locol ring. xem. M o fiite module such that % b a
non-2ero olivissr on M ard  Mix is free cver R/xR. Then M /8 free
over R. (X is neessorily a non-Zerm olvisor in R)

Pf. oMIM—MaM—o whee MixM = RIxRY. Pck m,,~mn
which are Mopped bouis elements of MixM. By Nokoyama,, i, mr generate
M. Thus we hove d/‘agmm ( K=ker®)

R®" 2, R® — (RIAR Y — o
O L
o— M 2 M — MjaMm — o0
= KZK—0 sufectve = K=o by Nakaypma owd = @ 5 an (mophion
O

[ emma:
I R is a reglar locod ring, then oy MCM 13 free.

Recoll that i R CM. then ony module M has o reslution :
0—K—Fi—»~—=Fo—M—0 (dmensin shifting)
with K MCM.  (isd-y. Thus we have an immeiiate corolleny :

Cor. If R is requies load , then a)egﬁm%e R- module hos aﬁnﬂe ﬁae
resolution of length < dimR.  (More explicitly. we con find length 0limR - dlepth\)
resolution). O



Pf of lemma.:

Assume M is MCM over R regulor (CM).

d=o, R=k ond the resut M triviad .

Let xem be poart of & minimal System of Generators of m. Then X & @
non-2ero dlivisor on M chy the second lemma. before, X s govd w.rt. the minimal
system , tus won-2em olivsor) . Moreover, R/xR s reqular of dimension | less
ond MixM MCM over RixR. Thus M/xM s free by inductim cnd we ore olone
by the previous lemma. |

Lemma.: ¢ Schonuel )

R: ring. M: an R - module. Suppece that o—kHRPMm—o,
O—’L—L*szM—*O ore two S.es, ond P. P2 prjective.

Then K@R 2 L@P. (K L are stobely equinlent. I in portindor, KK ks projective
then L & alo injective).

Pf. (onsider 0 —skectpy— P@P2Z5M—0

I

00— K —8 P — M—0
Sroke = kerprgy/k = Pa. But Pa projective => Kker(pt@) = K@Fa. By gymmety
KOR.2 kercptgy = L@P., O

Def- R: Noetherion locad. A ﬁmm R module M has ffwie projective dimensior
if it hos o finite length projective reslution , onol prjclime(M) 2 minimed  length
o such a reslution.

Lemma.

R: Noetherian locel ring. M o. finite R-mode. Assume projolimey=ol. If
Fe—Fe- — =k —M—o0 & eact ad Fi prj, ezo-i, Then
ker(Fe — Fe-i> /8 ﬁm‘z‘e Projective.



Def. R: Noetherian. (e soy that R has finite globat climension i 3 om
integer N St every fiuite R-module has o fte projective resolutin of
length <n. The minimal such n is colied the global dlimension of R

Cor. A regulor loool ring hoo finite global dlimension < climR.

Digression:  (Ohat mokes Q. complex exoct 7
Qef- Bushsbaum & Eisenbud , What meokes o. complex exact 7 J. A[gebm 25
pp. 259-268. 1973,

Basic Se‘d'ingr
(R, m. k) Noetherion (ocal ring.
Complex i 0—s R'e &, gre-1 By QU i Fo By o 0

|_emma.:
In the Complex o), if omy @i hoo a. matrix Coefficent o unit. then we an

write (%) Up To isomorphism o o dlirect Sum
0—> Qne& Qﬂe—l %-,l _,Qﬂhl_cfi, Qm—.-: 2;! ﬁ’ Qn°—> 0

D

O——»O——>O~>---O—’Q —l-yQ_,o—»n--——bo-—eO

Pf: Simple Linear plgebra.. ]

Complexea @C fhej?m 0-R—R—0 are colled —tnuial.

Cor. Eveny complex of the form %) 1 isomonphic o
0—s Qne& Qe %—;_*Qmiﬂ__ Qm-._C_PL—.___ 80",

®
Triviol ones.
omd each @i hao coefficients in M.



Lemma.:
I Rt Artinian , then any exact complex fs a direct sum of triviol ores.

Pf: Inview f the previows Cor, it Suffices to Ghow that Rer@e o, where Qe
hos its matrix coefficients in M.

X
But R Artinion = IXeR, X£0, MX=0 =>o#(

°
6

)ébercPe. a

Def. (Only for this Oigressiony Griven @: R™— R", we eet
W. ronk@y=max{rl A'e : ATR™ — A"R™ ks rum-=en }
@ Ly = ideod genemted by oleterminonts of romk@ x romke minors of @,

Lemma: Suppme owr complex
0— RMe R, re-1 By o, o P @ pne
iS o direct Sum of triviel ones. Then:
0. TRIGNE I = Mi=Niri++ (-1 Ne
@. rRe@md+ rR®H= 1
@). Eoch Ipn=R.

Pj-‘: Lineos algebm. |

Lemma: @ R™— R". TFAE:
w. @ 8 injective
@. romk@y=m ., omd either Iipy=R or Iy Comains A non-2em Olivisor,
Pf: By the cor, we moy cosume ¢ has Ul coefficients in M.
Let geAsRy . %xeR with amxy=¢. Then

o— R £, Q"

0 —»éxEZ y 2 (mEu’"
But xRz R/g. = (Q/Q)”‘& (RIp" => (k)™ = (keg>)" => Some mxm  minon
of ¢ lo not zom in Kg) = LK Q. By prime quidbmee, 3 el J&@.V
QeAsstR) = g b a non-2ero olivisor,



Co*nuemelg, Iy =R = 3 mxm minor invertible, tus @ must be injective
Futhemore, notice that @ R™—R" i injective ff Pg:Ry"— Ry’ is injective
VGeAsR. (Inseed. =" is eanyi'=" v %e R™, om=0 = G)=0 = Ag=0

= omX %G, VQEAsR. By prime awidonce. 3 1 a nm-2zer givisor, re dmx = x=0.)
Now if xeIwpy b a non-2em oivisor, % becomes a wwit in Ry, v@ € Ass(R)
and it reduces to Itpy= R Coe. O

Cor. If me AssR , then omy exact complex b a direct Sum of triviol ones.

d
Lemma. XeR o. non-2em dlivisor .
0 —s Qnei Qne—|%-;____,gmi&, Qm-._‘_Pf;___ 8, pre exact
= 0— (RxRY" — - — (RIxR)" (v’
Pf: 0= () =) =)' =0 kb a s e s of complexes
= (l.e.gy &' kb exact 0

[_emma.. (Acgc(jaitg) R Noetherien (ocal ring.
A complex M. 0—Me— Me-—— Mo  with depth Mi >i.
Let o be the lorgest index st M. is not @act at i
I o>o0. then depth HiolM.) 21.
Pf: We brenk the complex into ports:
0— Me — Me—~y — Te-1 —0

0— Je-t = Me-2— Je2 —©

0— Tig— Miott = Iin —0
O — Tio+1 — kerdin— Hir — 0
From o previows lemma, we ko that
Olepth Te-1 2 min { depthMen, depthMe -1} 2 e-
olepth Te2 > min{ depthMe-2 , depthTe- 1 § > e
- = depth Tion > io+), omd  olepth Hio > mtin 30lepth kerdlio, depthTion =1} > >0. O



Thm. (R, m. X : Noetherion (oxd ring. Consider the complex :
o__)gne_?i)Qm_.&;‘_“ _&)Qno

this complex is exact iff for all 1, 1s6ce, we hue:

(. Monk(Qiy=1i (s predicted from trivial aues)

@. I@o=R or Tepn cottoine on R-reguor Sequesce of levgth <.
Pf: W.L.0.G. we moy osswme that the matrix coefficients of ol @i ave in M
Firstly we shoo that >+ = exactress. For this purpme, we wee inpluction on
dlimR .

dimR=0, only Igy=R omld ocour, then some matrix coefficients muat be umits,
oontracliction with our aasumption uness the original complex 8 a. dlirect sum of
triviad onea.

Next, Obsere we may ossume €22 by o previsus lemma.
Cloim: the complex localized at omy prime SR . G+m. & exct.

Ts is true since dimRp < dimR omd conditions > amd > st hold |, thus the
induction hypstheshs applies.

It follows the cohowology groups H-(M.) must be supported at m = OimH.(M. =0
(2)=> depthRze. Thw by the aglic lemma, if omy H.(M.) %0, olepth H.(M.) > |
which cotmadicts the fact that cdim > dlepth.

Converly, oasume that the compex is exact. ¥ @€ AsR , depthRy =0  omd
the complex ®Ry 1 exact. By o previews lemma . the Locolized complex must
be o direct Sum of “triviod ones. Thus the ronks . must then matoh le'ccp,-Js R
Vi Hence P& @, Vi V0eAsR = T IO» < Q. vg = T Contains
0. non-2ero olivisor in R, by prime qwoidlance.

By a previows lemma, 0—s (RIxY "= (R — —(RIx)" s still exact.
By inductim on e (e=1 b a lemma ). Tt /xR S RI%R howe depth > (-

omd we are Olne . =



Applicotion :
Lemma.:
Let R be o Neetherion local ring . Suppme the residue field ¥ hos SFuite projective
dimenson n oer R. Them depthRzn
Rk: ﬁf‘ mowy rings. ProjdimeX = +oo.
P It suffices to prove for prodimex =n<oo, ie. 3 on exct free complex
0— Pn'c&’ Pn—\c&g-"-ﬂ Po— x—0
We mow toke the complex minimol So that the matrix coeffivients of the boundlany
mops ore in M. Thm = L@y Sm contoing Q. regular Sequence of length n
|
Lemma.
Suppme R is Noetherion load with moximad ideod m , residue J%/d X . Then
Proj dimg (x> > clime m/m?
Rk: note that we oloys howe dimR < dimem/m?,  omal ﬁv* requipr (oo, rings
projdime ¥y < dimR = depthR => dlimR= dlimem/m™= projdtime (X) .
Pf: Pick amy finite free resolution of x. with all matrix coefficients in m
F.. o—=Fe—>Fe-t »——F = F — xXx—o.
Pick 2w %ne m that fom a basks of m/m>. Form the Koszul complex.
K.(R %y 0—-AR"— A"R"— - = NR-R'—R
with boundary Mofs:  GjiA= A Gan- ACj — i—j 1% Xjo€jin+-AEa A A ).
Clem{g, Ho(K.(R, i = R/t~mxm = R/m =x. She . is exact, omd
K (R, M) s o complex, & previous emm => 3 Q. map of complexes mdua‘rg
idHo = folk:
_____,/\eQV\__’ AE—IQH — e —» Q”——*Q —»K —0
lole lole—x ld‘ B lrol
0o = Fe—» Feu— " F—F—K—o
Observe that Fo com be token to be R. Then oo I necessanly rmultipkcation
by Q. wnit.
Cloim: v@x is injective.



Tndeed:  R'®x =»> mox
o 2| e
Flox = mex
= @ik K nective
Inductively, we ehall shoo that oiex i injective. V i
AKRT 2 AR em 25 ATmRYex2 AF(RM & K"
l k@K l oli- ® K"
Fiem —— mE-®x  ( Fi—mF-, by osumption)
But by explict computation, ore com ghoo that i is injective ond by induction hypothess
M- ® X" B inective = @K KB injective.
Hence we Condude that ezn omd we are doe. 0

G)mbivung the cbowve results, we obtuin:

Thm. ( Choracterization Qf Qegulm Loced ergs)
Let R be a Neetherion Local ring. TFAE:
m. R is reqular.
@). X hos finite projective Qlimersion.
®. R ha ﬁm"le Qlobad - dlimension.
@. For every Finite R-module M., we howe projolimatM) + depthaty = olimR.
Pf: @w=>@3)y= > k& trivid
(2> => o If projoimex<oo. climR > depthR > projolimex > dimk mim? = cimR.
1> = & Recoll that R reguler local, of dim n ¢ CM, in portioulery, M Finite cver
R of depth e, then M hes o finite free resolution: cqlim shifting + MCM over
reguio~ (ocal rings ore free):
0o—Fne™ - > F 5 R-aMo0
Note that this is a minimal resolution Since, ogoin by Oimensim Shifting,
ony minimal reolution hoa - limkeri= n+i. i



Lemma.:
Suppme R hos firu‘fe globod Olimengion . then SR how fmﬁ? Global dimension,
vV multiplioatively cloed  set,
Pf: Let N be omy finite S'R mockle. genpmted by 1. nr oer SR,
Let M be the R- submodule generoted by these 1i's inside N. Then M has
0. finite projective resolution: 0— P.—M— 0.

Locelizing (@eSR>: 0— 8P — EM=N—0 gues O projective rewltion
of N as SR- madule. O

Gor. R reguor (ool => Rg requiar locol. O
Def. A Noetherion ring is called requior (ff all of its locad rings ave regulor.
2 4 requlor Locod. ring can have infinite climension.

Gor . R Noetherion. R has finite globpl dimensim <> R requlor ond GlimR < oo
Pf: “=" by the lemma. R hao finite global olmension ,vp. Thus Rp regulor,
&' ¥ R-module M. Toke o free resolution of length dimR -1 :
0o—=K—-Fi—-—-F—=FR—-M—0
Now ot every prime B, Kp M free since Rp regulor with dimfQs < cimR. It
followes that K s projective . =



§|2. Gooo{ pmpert:‘ea 96 po@mmiﬂl Q«Vgs
|oter we sho Stuoly varieties (Schemes).

A the ategoy of TP, Ay the ategoy of fute
offine Schemes (uarietien) olgebros over R ( domoins)

Via. glueing . we witl construct arbitrory Schemes ¢ arieties ). Thus we
First stucly some Qg properties of polynomiad rings. (govdl properties of
Offine Schemes . very primitive).

Dimension of Sfinite type algebrms cver fields.

Lemma.:

Let mcREx, - xn1 be & moximal idenl. then m 1S gereroted by N elements.

Pf: By Hilbert Nullstedensatz, xm> 13 o fimite extevsin of k. e prove

the result by induction. Let 1= mORCX.-~Xn3, then RS RCX,- Xn2/m!

S Km) = m' B4 moaximad . 83 inoluction hﬁpo‘l'hem, = € Fiex, - e Kna)
=> KMy = Kim'>LXnd/ (fn(Xny  Jfor Some ntxm) € KMHCXn1, which o be
token to be @ polynomind in RCX, xnd| o

Lemma.

Assumption 0o gbove , then QUmRTX., -~ Xn1m = n.

Pf: ocfb efifre~ efimfr=m b a chain of primes

of lngth n. But cfi.~ fa> gererates m = dimRrx. - %adm = 1. =

Cor. 3. ROX,~ Xn3m 18 requinn locad of dim n.
). RCx,-~ X hod finite globad Olimengion n. o

Note that in the previows Section. To Shaw () => (2>, we wed that omy
locolly free moolule M projective. By a Conjecture ¢ thesrem now> of Seme
States that amy finite projective modtule over RCX,—%n1 1y OCtuslly free .



prcp@r'h‘eo:
0. Given o prime idead 5 € RCx~,%n1, then RCX,~ xn3/p IS equidimensioncd
OJC dimension n—htp.
PF. (e did the prof befie for the cue k=K. Now, with the oid of the
Previows  Cor, we moy remove the requirement b=k
Suppre 0=, € B, c- B be a maximal Choin of primes, let pi be
the preimages in kCX.~.Xn3, then Br K recessarily maximal ond Go= .
Futhermore, REX xn1p 1 regulne local => every maximal Chain of primes
descencling from @ hoa length htp. Combined, thee chains gue rise to o maximod
Choin of primes in RCx.—xi1 (or RCXi-xndm) = ht@-+dimR/p = n. m

». VPSS hixxn1 primes. Then every moximal choin of primes between
O ond @ hos length Itg -htp.
Pf: b isS u.c. O

2. olim REx,,~xn1/p = tr dege £-£(REXIp).

We shall prove the result using the next:

Lemma1: R @ fleld, ©y <@ G SPn=m a maximal Choin of primes in
RCXi~xn3. Then 3 RCY,- Yl s ROXuw xnl fiite St GinRLYL Ynd = (Y Yo,

Proof of 3.

Say =0i in a maximal chain of primes as in Lemma 1. Then
RTYiwi, - Yad=REYy - Y2 / (Y iy € REXT/

omd the mop ks fiwite by lemma 1.

= Ry, Y e ff hrxaigy b fite

=> . dege RCX1/6 = n-4 = n-hte = dimRCxa/p. O

Lemma. 2. Given fe RCX3, non-Corstomt , then 3IP:RCY1—krx1 fiue , st
Qo= F ond @ is an injection.



Df: Write f:Zx Oz%' (Some Qr#0 .Izo0, by ossumption). W.L.0. G, we moy
assume that % occurs in F Consioler
JQ’Xu, Yot XE2, w Ynt My = S 1eti-rvimy (Oz X EFER (o 4 i )
the Lo.t. hoa coefficients polynomials in e~ Yn. Now pick 1<<@ <<@a2<<-- <<en
So that oM imMegeM i+ (2€2+-+(nen ocouring are pairwise. olistinct. Hence :
f=CxN+lotinx, cek.
Set @ Y. Yoo X-xE, . Ynr> Kn- XN
Cloim: Qererates RLx1 over RCY1 as a. ring. and x sotisfes a monic
polynomiad over RCY 1.
Trdeed . @uyy = Fexi=%ad = F e, Qe -, Pryny+ %)
= XN+ Lot in X
= CXN+-+ ON- Q=0 S a monic equation.

That @ is on ijection IS easy by Oef of ©. O

Rok: A more gereml foct is that -+ R— S, S fintely gorerated by - Xr

over R, each i satisfles a monic polynomial over R, then S/ R is funite.

Lemma 3. If R—8 is a fuite ring map. omd @.q' are Olistinct primes
in 8 lying over the Some prime. then reither Q'c9 nor < g’

Pf: Rewll that primes lying over @ <> primes in S®eKepy. S Sfiuite cver
R= S®xp) is finte cver i), thud Artinion, omd the distinct primes
ore Qi moximad , s incomponphle . |

Pro?f of lemmo, 1

Pick fe® . not & constomt. Lemmo 2 = Skry,.za~2a1 <h ke fiuite such that

Quyn=Fep. Bylemma 3. all the prime ideals (03NRTY..22-2n1G RCY 2 ZING,

G- G RCY. 22+, 200En. Sice RTYuza- 21 is Qxterony. anol hos dimn=> RTY:. 2, 2n1

NG, = (2. ( Note that this oleo forces (05N RTYi, Za.2a1=(0) ard @ is injective),
Incluctively, oasume we howve RTY,- Y2, 201 < RLKi X1 finite and

0% B N RCY., ~Yi Zr, - Za3 = (YY) G G i ORCY ~Yi. B~ Zn] &



Bie NRTY, Yi 2o, 201 G - & B NRLY =Y, 2o 201,

Choe omy f€ Gin NRTY~ Y, 2in~ 23, F& G NRCY =y, 2211, we may
write f: Q2. Znr+ ;;:,g,- hj. Then & GiNRLY\.~Yi Zen, - 20 = Yo Yiy. Lemmg
2 =>3 a fiste map  Yo:RLYw. Zita 20T —> RLZi~ 201 with YolYiny=g,
Toke the boe chamge, we obtoin W: RCYu~ Yi Y, Zia- 2a1—RLY, - YiZi~EZn]
stil o fiute map. (Bue chwge pressres Fuiteness). Compasing with the originad
mep RLYu Ui Zm~2n] s REX1, we obtoin 6 fiite map RTY.~ Y, Zha- 21— hCX1,
Moreover, Pen RTY..~ Yin, Zia - 201 =( BeNRC Y~ Ys, 21~ 20 1) (V RTIY,,, Yo, Btz 20
= (Yo Yo 0 R Y, B 20D = (Yo o) for 0¢R< 4 (which alio Forees the
compoaite map to be injective again), omd for k= i+

Bre N RTY. Yo, Zita 2HT=(Brm 0 RTY~ Yy 2o 201Y N RTY, Yo, Zi - 24

2 (9, Y, Yid N RTY Yo, Zia, 203
=2 (Yo Yind
Agoin by the caterany property of RLY.-Ywm, 2201, we howe
Bt N RLY. Yo, B 243 = (Yo, Yo )
omd we are dore. m



