Etale Cohomology

notes from a class by J. de Jong

Introduction
0.1 Prologue . . . . . . . e
0.2 TheEtale TopoIogy . . . -« v v v o e e e
0.3 Featsofthe Etale TOpology . . . . . o v v vt o e

1 Sheaf Theory

1.1 Presheaves . . . . . . . . . e
1.2 Sites . . . . e e
1.3 Sheaves . . . . . . e
1.4 Sheafification . . . . . . . . L
1.5 Cohomology . . . . . . . . . . e e

2 The fpqc Site

2.1  Faithfully Flat Descent . . . . . . . . . . . . . . e
2.2 Quasi-coherentSheaves . . . . . . . . . L L
23 CechCohomology . . . . . . o o oo
2.4 The Cech-to-cohomology Spectral Sequence . . . . . . . ... ... ... ......
2.5 Cohomology of Quasi-coherent Sheaves . . . . . .. ... ... ... ........
26 Picard Groups . . . . ..o e

3 The Etale Site

3.1 Etale Morphisms . . . . . . . ..
82 Etale COVENNGS . . . . v v v v ot
3.3 KummerTheory . . . . . . . . . . e
3.4 Neighborhoods, Stalksand Points . . . . . .. . ... ... ... ... ........
3.5 Directlmages . . . . . . . . e
3.6 Inverselmage . . . . . . . L

4 Etale Cohomology

4.1 Colimits . . . . . . o e e
4.2 Stalks of Higher Directlmages . . . . . . . . . . . . . .
4.3 The Leray Spectral Sequence . . . . . . . . . ...

A W W W

O 0 9 AN N &

10
11
13
14
16
17
18

19
19
19
20
21
23
23



4.4
4.5
4.6
4.7

Henselian Rings . . . . . . . . . . . e
Vanishing of Finite Higher DirectImages . . . . . . . . . . . ... ... ... ....
Cohomology ofaPoint . . . . . . . . . . . .

Galois Actionon Stalks . . . . . . . . e

Cohomology of Curves

5.1
5.2
5.3
5.4
5.5
5.6

Brauer Groups . . . . . . .. e e e
Higher Vanishing for G, . . . . . . . . . . . .
Picards Groups of Curves . . . . . . . . . . . e
Constructible Sheaves . . . . . . . . .. L L
Extensionby Zero . . . . . . . L

Higher Vanishing for Torsion Sheaves . . . . . . . . .. ... ... .. .. .....

The Trace Formula

6.1  Frobenii . . . . . . ..
6.2 Traces . . . .. e
6.3 Derived Categories . . . . . . . . . L
6.4 Perfectness . . . . . . ..
6.5 LefschetzNumbers . . . . . . . . . . . . e
6.6 Preliminariesand Sorites . . . . . . . ... L
6.7 Proofofthe Trace Formula . . . . . . . . ... ... .. L
Applications

71  f-adicsheaves . . . . .. L e
7.2 L-functions . . . ... e e
7.3 Examplesof L-functions . . . . . . ... L

31
31
34
36
38
39
40

43
44
47
48
51
54
57
60



Etale Cohomology 3

Introduction

0.1 Prologue

This class is about another cohomology theory. So the first thing to remark is that the Zariski
topology is not entirely satisfactory. One of the main reasons that it fails to give the results
that we would want is that if X is a complex variety and F is a constant sheaf then

Hy. (X,F)=0 foralli>0.

The reason for that is the following. In an irreducible scheme (a variety in particular), any two
nonempty open subsets meet, and so the restriction mappings of a constant sheaf are surjective.
We say that the sheaf is flasque. In this case, all higher Cech cohomology groups vanish, and
so do all higher Zariski cohomology groups. In other words, there are “not enough” open sets
in the Zariski topology to detect this higher cohomology.

On the other hand, if X is a smooth projective complex variety, then

HEImX(x(C),A)=A forA =127, Z/nZ,

where X (C) means the set of complex points of X. This is a feature that would be nice to
replicate in algebraic geometry. In positive characteristic in particular.

0.2 The Etale Topology

It is very hard to simply “add” extra open sets to refine the Zariski topology. One efficient
way to define a topology is to consider not only open sets, but also some schemes that lie over
them. To define the étale topology, one considers all morphisms ¢ : &/ — X which are étale.
If X is a smooth projective variety over C, then this means

(a) U is a disjoint union of smooth varieties ; and

(b) ¢ is (analytically) locally an isomorphism.

The word “analytically” refers to the usual (transcendental) topology over C. So the second

condition means that the derivative of ¢ has full rank everywhere (and in particular all the
components of U have the same dimension as X).

A double cover may not be an étale morphism if it has a double point. All the fibers should
have the same number of points. Removing that point will make the morphism étale.

| |

not étale. étale.

To consider the étale topology, we have to look at all such morphisms. Unlike the Zariski
topology, these need not be merely subsets of X, even though their images always are.
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Definition. A family of morphisms {¢; : U; — X };c is called an étale covering if each ¢; is
an étale morphism and their images cover X, i.e. X = U;crpi(U;).

This “defines” the étale topology. In other words, we can now say what the sheaves are. An
étale sheaf F on X of sets (respectively abelian groups, vector spaces, rings, etc) is the data

(a) for each étale morphism ¢ : U — X, of a set (resp. abelian group, etc) F(U) ;

(b) for each pair U, U’ of étale schemes over X, and each morphism &/ — U’ over X (which
is automatically étale), of a restriction map p¥, : F(U) — F(U') ; such that

(c) for every étale covering {¢p; : U; — X }icr, the diagram
@ — FU) = WierF(U;) = 1L jer F(Us Xy Uy)

is exact (in the category of sets, and similarly in the appropriate category of abelian groups,
vector spaces etc).

Remark. In the last statement, it is essential not to forget the case where ¢ = j which is
in general a highly nontrivial condition (unlike in the Zariski topology). In fact, the most
important coverings have only one element.

Since the identity is an étale morphism, we can compute the global sections of an étale sheaf,
and cohomology will simply be the corresponding right-derived functors. In other words,
once more theory has been developed and statements have been made precise, there will be no
obstacle to defining cohomology.

0.3 Feats of the Etale Topology

For a natural number n € N = {1,2,3,4,... } itis true that
HZ(PL,Z/n7) = 7./n.

More generally, if X is a complex variety, then its étale Betti numbers with coefficients in a
finite field agree with the usual Betti numbers of X (C), i.e.

dimqu HéQti(Xa Fq) = diqu Hl%iztti(X(C)a Fq)-

This is extremely satisfactory. However, these equalities only hold for torsion coefficients, not
in general. For integer coefficients, one has

HZ(PL,7Z) = 0.

There are ways to get back to nontorsion coefficients from torsion ones.

0.3.1 A Computation

How do we compute the cohomology of IF’}C with coefficients A = Z/nZ? We use Cech
cohomology. A covering of IP’}C is given by the two standard opens Uy, U, which are both
isomorphic to AL, and which intersection is isomorphic to AL — {0} = G,,. It turns out that
the Mayer-Vietoris sequence holds in the étale topology, therefore there is an exact sequence

H YU N, A) — HLY (PG, A) — Hi(Uo, A) @ Hiy(Uh, A) — HEUo NULLA).
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To get the answer we expect, we would need to show that the direct sum in the third term
vanishes. In fact, it is true that, as for the usual topology,

HI(AL,A)=0 forg>1,

and
A ifg=1,and
g al _ _ ;
He(Ae = {01, A) { 0 forg=>2.
These results are already quite hard (what is an elementary proof?). Let us explain how we
would compute this once the machinery of étale cohomology is at our disposal.

Higher cohomology. This is taken care of by the following general fact: if X is an affine
curve over C, then
H}(X,Z/nZ)=0 forq > 2.

This is proved by considering the generic point of the curve and doing some Galois cohomol-
ogy. So we only have to worry about the cohomology in degree 1.

Cohomology in degree 1. We use the following identifications:

~

HA(X,Z/nZ) = { sheaves of sets F on the étale site X¢ endowed with an }
ét ) =

action Z/nZ x F — F such that F is a Z/nZ-torsor.

_ morphisms Y — X which are finite étale together / ~
N with a free Z/nZ action such that X = Y/(Z/nZ).

The first identification is very general (it is true for any cohomology theory on a site) and has
nothing to do with the étale topology. The second identification is a consequence of descent
theory. The last set describes a collection of geometric objects on which we can get our hands.

e Since A{. has no nontrivial finite étale covering, HZ,(A{, Z/nZ) = 0.

e We need to study the finite étale coverings ¢ : Y — AL — {0}. It suffices to consider
the case where Y is connected, which we assume. Say that this morphism is n to 1, and
consider a projective compactification

Y &———Y
b
& —{0}——PL
Even though ¢ is étale and does not ramify, ¢ may ramify at 0 and co. Say that the
preimages of 0 are the points y1, . .., y, with indices of ramification ey, . . . e, and that
the preimages of oo are the points y, . .., y, with indices of ramification dy, . . . ds. (In

particular, ) S e; = n =) d;.) Applying the Riemann-Hurwitz formula, we get

29y — 2= —-2n+ Z(ez - 1) + Z(d] — 1)

and therefore gy = 0, 7 = s = 1 and e; = d; = n. One such covering is given by
taking the nth root of the coordinates. Here Y = AL — {0} and ¢(2) = 2™.

Remember that we need not only classify the coverings of A(%: — {0} but also the free
Z/nZ-actions on it. In our case any such action corresponds to an automorphism of Y’
sending z to (,z, where (,, is an nth root of unity. There are ¢(n) such actions (here
¢(n) means the Euler function). In other words, this computation shows that

Hé1t<A(1C —{0},Z/nZ) = pin(C) = Z/nZ.

The first identification is canonical, the second isn’t.
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0.3.2 Nontorsion Coefficients

To study nontorsion coefficients, one makes the following definition:
Hét(X7 Qr) = (m Hgt(X5 Z/(”Z)) ®z, Q.
n

Thus we will need to study systems of sheaves satisfying some compatibility conditions.

1 Sheaf Theory

1.1 Presheaves

Definition. Let € be a category. A presheaf of sets (respectively, an abelian presheaf) on €
is a functor ¥°PP — Sets (resp. Ab).

Terminology. If U € Ob(%), then elements of F(Uf) are called sections of F on U; for ¢ :
VY — U in €, the map F(p) : F(V) — F(U) is denoted s — F(p)(s) = ¢*(s) = s|y and
called restriction mapping. This last notation is ambiguous since the restriction map depends
on ¢, but it’s standard. We also use the notation I'(U, F) = F(U).

Saying that F is a functor merely means that if YW — V — U are morphisms in %" and
s € I'(U, F) then (s|y)|w = s|w, with the abuse of notation just seen.

The category of presheaves of sets (respectively of abelian presheaves) on %’ is denoted PSh(%)
(resp. PAb(%)). It is the category of functors from % °PP to Sets (resp. Ab), which is to say
that the morphisms of presheaves are natural transformations of functors.

Example. Given an object X € Ob(%), we consider the functor

hx: @®°PP — Sets
u —  hx(U)=Homgy U, X)
VE2U — po—:hx(U)— hx(V).

It is a presheaf, called the representable presheaf associated to X. It is not true that repre-
sentable presheaves are sheaves in every topology on every site.

Lemma 1.1 (Yoneda). Let € be a category, and X,Y € Ob(%). There is a natural bijection
Homg (X,Y) — Homepgy () (hx, hy)
Y +—— hy=v%o—:hx — hy.

1.2 Sites

Definition. Let € be a category. A family of morphisms with fixed target {p; : U; — U} is
the data of

e anobjectU € ¥ ;
e aset I (possibly empty) ; and

e forall ¢ € I, a morphism o; : U; — U.

A site consists of a category ¢ and a set Cov(%’) consising of families of morphisms with
fixed target called coverings, such that



Etale Cohomology 7

(isom) if ¢ : V — U is an isomorphism in &, then {¢ : V — U} is a covering ;
(locality) if {¢; : U; — U}ier and for all ¢ € I, {1);; : U;; — U; } je1, are all coverings, then
{pi 0 iy : Uiy — UL jyeT, (i =L
is also a covering ;
(base change) if {U; — U};c1 is a covering and V — U is a morphism in &, then

e foralli € I,U; Xy V exists in ¥ ; and

o {U; xyyV — V}icr is a covering.
Example. If X is a topological space, then it has an associated site .Zx defined as follows:
the objects of Jx are the open subsets of X, the morphisms between these are the inclusion
mappings, and the coverings are the usual topological (surjective) coverings. Observe that if

U,V C W C X are open subsets then U xyy V = U NV exists: this category has fiber
products. All the verifications are trivial and everything works as can be expected.

1.3 Sheaves

Definition. A presheaf F of sets (resp. abelian presheaf) on a site € is called a sheaf if for all
coverings {¢; : U; — U}icr € Cov(¥), the diagram

FU) = [[Fu) = 1] 7 xutty),
il ij€l

where the first map is s ~— (s, )ics and the two maps on the right are (s;)icr = (Silu; xyu1;)
and (si)ier = (5jlus;xu;)s i an equalizer diagram (in the appropriate category of sets or
abelian groups).
Remark. For the empty covering (where I = @), this implies that F (&) is an empty product,
which is a final object in the corresponding category (a singleton, for Sets and Ab).
Example. Working this out for Zx gives the usual notion of sheaves.
Definition. We denote Sh(%) (respectively Ab(%)) the full subcategory of PSh(%) (resp.
PAb(%)) which objects are sheaves. This is the category of sheaves of sets (resp. abelian
sheaves) on €.

1.3.1 The example of G-Sets

Let GG be a group and define a site .7 as follows: the underlying category is the category of
G-sets, i.e. its objects are sets endowed with a left G-action and the morphisms are equivariant
maps; and the coverings of 7 are the families {; : U; — U} satisfying U = Uerpi(U;).
There is a special object in the site 7, namely the G-set G endowed with its natural action
by left translations. We denote it G. Observe that there is a natural group isomorphism

p: G T Autgsers(G)

In particular, for any presheaf F, the set 7 (G) inherits a G-action via p. (Note that by con-
travariance of F, the set 7(G) is again a left G-set.) In fact, the functor

Sh(Zg) — G-Sets
F — F(G)

is an equivalence of categories. Its quasi-inverse is the functor X — hx. Without giving an
actual proof, let’s try to explain why some of this is true.
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Step 1. If S is a G-set, we can decompose it into orbits S = [[,.; O;. The sheaf axiom for
the covering {O; — S}icr says that

S) = [[7©0) = [ #(0:i x5 0y)
el i,j€l

is an equalizer. Observing that fibered products in G-Sets are induced from fibered
products in Sets, and using the fact that 7 (&) is a G-singleton, we get that

[ 7(0i xs0;) =[] F(0:)

hyel iel

and the two maps above are in fact the same. Therefore the sheaf axiom merely says
that 7(S) = [[;,c; F(Os).

Step 2. If S is the G-set S = G/H and F is a sheaf on .7, then we claim that
F(G/H) = F(G)"

and in particular F({*}) = F(G)%. To see this, let’s use the sheaf axiom for the
covering {G — G/H} of S. We have

GXG/HG = GxH
(91,92) — (91,9195 ")

is a disjoint union of copies of G (as a GG-set). Hence the sheaf axiom reads

F(G/H) - F(G) = [[ F(G)
heH

where the two maps on the right are s — (s)peqy and s — (hs)pey. Therefore
F(G/H) = F(G)! as claimed.

This doesn’t quite prove the claimed equivalence of categories, but it shows at least that a sheaf
F is entirely determined by its sections over G.

1.4 Sheafification

Definition. Let F be a presheaf on the site ¢ and Z = {U; — U} € Cov(%). We define the
first Cech cohomology group by

HD(@)}’) = {(Sz’)iel S Hf(uz)

il

S’L"Z/[iXZ/{Z/{j = Sj‘uixl/ﬂ/{j} '

There is a canonical map F(U) — H(%,F), s — (s|u,)icr- We say that a covering ¥ =
{Vj — U} e refines % if there exists o : J — I and for all j € J, a commutative diagram

v, — N Uy

\/
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Given the data «, {x; }ics as above, define
H%,F) — H(V,F)
(sier = (X (5a()) jes -

We then claim that

(a) the map is well-defined (easy verification) ; and

(b) this map is independent of the choice of «, {x;}ics. To see this, consider also 3, {9); :
Vj — Ug(jy }jes and the commutative diagram

VJ Xj7w] a . Xu Z/{B

Given a section s € F(U), its image in F(V;) under the map given by v, {x;}ies is
Sa(j)|ua(j)xuug(]-)’ and its image under the map given by 3, {1 }ics is sg(; |UQ(J)Xng(])

These two are equal since by assumption s € H (% ,F). By the presheaf axiom, these
two are the same when restricted to V.

Up(j)

Theorem 1.2. Let € be a site and F a presheaf on €.

i. The rule
U— FTUZ colim H'(%,F)

U €Cov(U)
is a presheaf. (And the colimit is a directed one.)
ii. There is a canonical map of presheaves F — FT.
iii. If F is a separated presheaf then F is a sheaf and the map in ii is injective.

iv. F7 is a separated presheaf.

v. Fi= (FT)* is a sheaf, and the canonical map induces a functorial isomorphism
Hompgp (-7: g)= Homgy ) (fﬁ7 g)

forany G € Sh(¥).

In other words, this means that the natural inclusion map F < F* is a left adjoint to the
forgetful functor Sh(%’) — PSh(%).

1.5 Cohomology
Theorem 1.3. The category of abelian sheaves on a site has enough injectives.

Proof. Omitted. O
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So we can define cohomology as the right-derived functors of the global sections functor: if
X € Ob(%) and F € Ab(%),

HP(X,F) ¥ RPT(X, F) = HP(I'(X,1%))

where F — Z* is an injective resolution. To do this, we should check that the functor I'( X, —)
is left exact. This is true indeed.

2 The fpqc Site

Definition. Let T be a scheme. An fpqc-covering of T is a family {¢; : T; — T };c1 such that

(a) each y; is a flat morphism and U;crp;(T;) = T ; and

(b) for each affine open U C T there exists a finite set K, amap i : K — I and affine opens
Usky € Tk such that U = Uge @iy (Usr))-

Remark. The first condition corresponds to fp, which stands for fidelement plat, faithfully
flat in french, and the second to qc, quasi-compact. The second part of the first condition is
unnecessary when the second condition holds.

Example.

e Any Zariski open covering of 7" is an fpgc-covering.

o If f : X — Y is flat, surjective and quasi-compact, then {f : X — Y} is an fpqc-
covering.

e The morphism ¢ : [, . An Spec(Oap ») — AL, where k is an infinite field, is flat and
surjective, but not quasi-compact, hence the family {,} is not an fpqc-covering.

e Write A7 = Speck|z,y], iy : D(z) — A? and i, : D(y) — A? the standard opens.
Then the families {4, i,, Spec k[z,y] — A2} and {i,, iy, Spec OA%,O — A2} are fpqce-
coverings.

Lemma 2.1. The collection of fpqc-coverings defines a site on the category of schemes.

The proof is left as an exercise.

Definition. The site defined by the fpqc-coverings on the category of schemes (respectively,
over a fixed scheme .5) is denoted Schy,qc (resp. Sch/g, fpqc) and called the big fpqc site (resp.
over S). Note that Sch = Sch/ g,e. 7 S0 we may deal with the relative case only, without loss
of generality.

Lemma 2.2. Let F be a presheaf on Sch;g. Then F is a sheaf on Sch g ¢, if and only if

i. F is a sheaf with respect to the Zariski topology, and

ii. for every faithfully flat morphism Spec B — Spec A of affine schemes over S, the sheaf
axiom holds for the covering {Spec B — Spec A}. Namely, this means that

F(Spec A) — F(Spec B) = F(Spec B ®4 B)

is an equalizer diagram.
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An alternative way to think of an fpqc sheaf F on Sch /g g, is as the following data:

(a) for each T/ g, ausual (i.e. Zariski) sheaf Fr on Ty,; ;
(b) for every map f : T" — T over S, a restriction mapping f*Fp — Frv; such that

(c) the restriction mappings are functorial. These three conditions give the data of a Zariski
sheaf on Sch . The above lemma says that for 7 to be an fpqc sheaf, one also needs that

(d) for every faithfully flat morphism Spec B — Spec A over S, the diagram
Fspec A(Spec A) — Fgpee B(Spec B) =2 Fspec Bo 4 B(Spec B @4 B)
is an equalizer.
Example. Consider the presheaf

F: Sch(;%p — Ab

Tys  — T(T,9Qp)

The compatibility of differentials with localization implies that F is a sheaf on the Zariski
site (conditions (a)-(c) hold). However, it is not a sheaf on the fpqc site: consider the case
S = SpecF,, and the morphism

¢V = SpecF,[v] = U = SpecFp[u]

given by mapping u to vP. The family {¢} is an fpqc-covering, yet the restriction mapping
F(U) — F(V) send the generator du to d(vP) = 0, so it is the zero map, and the diagram

FU) S FO) = FOV xy V)
is not an equalizer. (We will see that F is in fact a sheaf on the étale and smooth sites.)
Lemma 2.3. Any representable presheaf on Sch g is a sheaf on the fpqc site.

We will prove this further. We say that the fpqc site is subcanonical.

Remark. The fpqc is the finest topology that we will see. Hence any sheaf on the fpqc site
will also be a sheaf in the subsequent sites (étale, smooth, etc).

Example. For the additive group scheme G, s = Ag, one has hg, ((T) = Homg(T, Ga5) =
I'(T, Or), hence the structure sheaf

O: Sch(/)%p — Rings

T/S = P(T, OT)

is a sheaf on the fpqc site. So for instance there is a notion of O-modules on this site.

2.1 Faithfully Flat Descent

Definition. Let % = {t; : T; — T};c; be a family with fixed target. A descent datum for
quasi-coherent sheaves with respect to % is a family (F;, i;)i jer where

(a) for all 7, F; is a quasi-coherent sheaf on 7 ; and
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(b) forall 4,5 € I, p;; : pryF; = pr] Fj is an isomorphism on T; x7 T} such that the

diagrams
Prg; Pij
pry Fi pry F;
pr&k‘ Aojk
pry Fi

commutes on T; X7 T X7 Ty.

This descent datum is called effective if there exist a quasi-coherent sheaf F over 1" and Or;-
module isomorphisms ¢; : t;F — F; satisfying the cocycle condition, namely

pi; = Pri(p;) o pri(ps) .

Theorem 2.4. If V' = {T; — T} is an fpqc-covering, then all descent data with respect to
Y is effective.

In other words, the fibered category of quasi-coherent sheaves is a stack on the fpqc site. The
proof of the theorem is in two steps. The first one is to realize that for the Zariski site this is
easy (or well-known) using standard glueing of sheaves and the locality of quasi-coherence.
The second step is the case of an fpqc-covering of the form {Spec B — Spec A} where
A — B is a faithfully flat ring map. This is a lemma in algebra, which we now present.

Descent If A — B is aring map, we consider the complex
(B/A)e : B—-B®sB—-BsB®sB—---
where B is in degree 0, B ® 4 B in degree 1, etc, and the maps are given by

b — 1®b-b6®1,
bo®by — 1®RbRb —by®1®b; +by®@b; ® 1,
etc.

Lemma 2.5. If A — B is faithfully flat, then the complex (B/A), is exact in positive degrees,
and H°((B/A).) = A.

Grothendieck proves this in three steps. Firstly, he assumes that the map A — B has a section,
and constructs an explicit homotopy to the complex where A is the only nonzero term, in
degree 0. Secondly, he observes that to prove the result, it suffices to do so after a faithfully
flat base change A — A’, replacing B with B’ = B ® 4 A’. Thirdly, he applies the faithfully
flat base change A — A’ = B and remarks that the map A’ = B — B’ = B ®4 B has a
natural section.

Lemma 2.6. If A — B is faithfully flat and M is an A-module, then the complex (B/A)e ® 2
M is exact in positive degrees, and H°((B/A)e @4 M) = M.

The same strategy of proof works.

Definition. Let A — B be aring map and N a B-module. A descent datum for N with respect
to A — B is an isomorphism ¢ : N ® 4 B = B ®4 N of B ®4 B-modules such that the
diagram of B ® 4 B ® 4 B-modules

N®sB®aB oo

B®aN®aB

®o1 P12
B®aB®aN

commutes.
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If N/ = B ®4 M for some A-module M, then it has a canonical descent datum given by the
map
Wean - N/®AB — B®ANI
bo@m®by +— by ®b ®@m.

Definition. A descent datum (N, ¢) is called effective if there exists an A-module M such that
(N, @) = (B ®4 M, pcan), with the obvious notion of isomorphism of descent data.

The previous lemma is then equivalent to the following result.

Theorem 2.7. If A — B is faithfully flat then all descent data with respect to A — B is
effective.

Remark.

e This fact gives the exactness of the Cech complex in positive degrees for the covering
{Spec B — Spec A} where A — B is faithfully flat. In particular, this will give some
vanishing of cohomology.

e If (N, ) is a descent datum with respect to a faithfully flat map A — B, then the
corresponding A-module is given by

M = ker N — BoalN .
n — 1en—phel)

2.2 Quasi-coherent Sheaves

Proposition 2.8. For any quasi-coherent sheaf F on S the presheaf

Fipge Sch/sy fpqe — AD
(f:T—S8) — I(T,fF)

is a sheaf of O-modules (on the fpqc site).

Proof. As established in a previous lemma, it is enough to check the sheaf property on Zariski
coverings and faithfully flat morphisms of affine schemes. The sheaf property for Zariski
coverings is standard scheme theory, since I'(U, *F) = F(U) when i : Y — S is an open
immersion. .

For {Spec(B) — Spec(A)} with A — B faithfully flat and F|spec(4) = M this corresponds
to the fact that M = H? ((B/A)e @4 M), i.e. that

0—-M-—>BRsM —>BsBs M
is exact. OJ

Definition. Let € be a ringed site, i.e. a site endowed with a sheaf of rings O. A sheaf of
O-modules F on % is called quasi-coherent if for all U € Ob(%) there exists a covering
{U; — U}, of € such that F

), 15 isomorphic to the cokernel of an O-linear map of free
O-modules %) o)
o G -0 Gy

Here, 6, is the category of objects of ¢ over U, whose objects are morphisms V — U
and whose morphisms are over I/, and the sheaf OK) js the sheaf associated to the presheaf
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Remark. In the case where € has a final object (e.g. S) it suffices to take I/ to be the final
object in the above statement.

Theorem 2.9. Any quasi-coherent O-module on Sch g 4 is of the form Fipqc for some
quasi-coherent sheaf F on S.

In other words, there is no difference between quasi-coherent O-modules on S (or on Sch /g, 7ar)
and on the site Sch /g, fqc-

Proof. After some formal arguments this is exactly the descent theorem 2.4. O

2.3 Cech Cohomology

Our next goal is to use descent theory to show that H Ep (5 F) = H. 1.(S, F) for all quasi-
coherent sheaves F on S, allowing us to compute cohomology of some fpqc-sheaves. To this
end, we introduce Cech cohomology on sites. See [1] for more details.

Definition. Let € be asite, % = {U; — U}, a covering of € and F € PAb(%) an abelian
presheaf. We define the Cech complex €*(% , F) by

Hf(uio)ﬁ H ]—"(Z/{io quh)_) H f(Uio XU Uil XU UZQ)—>

o€l Q9,01 €1 10,01,2€1

where the first term is in degree 0, and the maps are the usual ones. Again, it is essential to
allow the case ig = i; etc. The Cech cohomology groups are defined by

HP(%,F) = HP(C* (%, F)).

Lemma 2.10. The functor €*(% , —) is exact on the category PAb(%).

In other words, it 0 — F; — Fo — F3 — 0 is a short exact sequence of presheaves of abelian
groups, then
0—->F* (%, F1) = C (U, F2) > C*(%,F3) — 0

is a short exact sequence of complexes.

Proof. This follows at once from the definition of a short exact sequence of presheaves. Since
the category of abelian presheaves is the category of functors on some category with values in
Ab, it is automatically an abelian category: a sequence F; — F2 — F3 is exact in PAb if and
only if for all i/ € Ob(%), the sequence F1(U) — Fa2(U) — F3(U) is exact in Ab. So the
complex above is merely a product of short exact sequences in each degree. O

This shows that F/*(% , —) is a §-functor. We now proceed to show that it is a universal J-
functor. We thus need to show that it is an effaceable functor. We start by recalling the Yoneda
lemma.

Lemma 2.11 (Yoneda Lemma). For any presheaf F on a site € there is a functorial iso-
mophism
HomPSh(‘g)(hZ/hj:) = FU).
Definition. Given a presheaf of sets G , we define the free abelian presheaf on G, denoted Zg,
by
Zg(U) = free abelian group on G(U) = @ ZET7(GU))
gegU)
with restriction maps induced by the original restriction maps of sets. In the special case
G = hy we write simply Zyy = Zy,,.
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The functor G — Zg is left adjoint to the forgetful functor PAb(%) — PSh(%). Thus, for any
presheaf F, there is a canonical isomorphism

HomPAb( %) (Zuy, F) = HomPSh(%)(huaf) = F(U).
In particular, we have the following result.

Lemma 2.12. The Cech complex %5'(02/ , F) can be described explicitly as follows

Cg.(%;}-) = H Homppy, (%) (Zuiy, F H Homp ZZ/{OXMZ/ﬁ)f) o
g€l 10,61 €1
= HomPAb((’f) @Zuio - @ ZuiOXUuil = | F
g€l Q0,61 €1

= Hompyy(¢) ((Z(Hioeluio) — Z(Hioyileluioxuuil) — ) ,f)

This reduces us to studying only the complex in the first argument of the last Hom.

Lemma 2.13. The complex of abelian presheaves

ZI:{ : Z(Hio Uiy) Z(Hio,ileluioxl'fuil) -

is exact in negative degrees (in PAb(%)).

Proof. For any V € Ob(%) the complex Z;, (V) is

H H0m<g<v,ui0) — 7 H Hom%(v,uio Xu Uil) —

g€l 10,01 €1

= @ (z|]]Home,WV,thy)| —Z | J] Homy(V,Ui,) x Homy(V,Uy,) | « -
p:V—-U i€l 10,01 €1

where Hom,(V,U;) = {V = U; |V — U; — U = p}. Set S, = [[;c; Homy, (V,U;), so that

ZV = @ (ZIS,] — LS, x S, — Z[S, x Sy x Sl —---).
e:V—U

Thus it suffices to show that for each S = S, the complex
Z[S] — Z[S x 8] — Z[S x 8 x S| —

is exact in negative degrees. To see this, we can give an explicit homotopy. Fix s € S and

define K : N ..s,) 7 N(s,s0,...,5,)- One easily checks that K is a nullhomotopy for the
operator
P
d: N(s0,ee8p) T Z(71)pn(so,.‘.,§i,...,sp)-
i=0

O

Lemma 2.14. Let € be a category. If T is an injective object of PAb(€) and % is a family of
morphisms with fixed target in €, then HP (% ,Z) = 0 for all p > 0.
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Proof. The Cech complex is the result of applying the functor Hompyp () (—, Z ) to the com-
plex Z7,, i.e.
HP (%) = Hp(HomPAb(%)(ZZ.JaI))-

But we have just seen that Zj, is exact in negative degrees, and the functor Hompyy,(¢) (—,7)
is exact, hence Homp,y,(4)(Z;,, ) is exact in positive degrees. O

Theorem 2.15. On PAb(%) the functors HP (% , —) are the right derived functors of H*(% , —).

Proof. By the lemma 2.14, the functors H? (% ,—) are universal é-functors since they are
effaceable. So are the right derived functors of H°(% , —). Since they agree in degree 0, they
agree by the universal property of universal §-functors. O

Remark. Observe that all of the preceding statements are about presheaves so we haven’t made
use of the topology yet.

2.4 The Cech-to-cohomology Spectral Sequence

Theorem 2.16. Let € be a site. For any covering % = {U; — U}, of U € Ob(€') and any
abelian sheaf F on € there is a spectral sequence

EP? = HP(% ,HY(F)) = H'T(U, F),

where HY(F) is the abelian presheaf U — HY(U, F).
Proof. Choose an injective resolution 7 — Z* in Ab(%), and consider the double complex

LU, I ——C*(%,T°)

N

C (U, F)

where the horizontal map is the natural map I'(U, I*) — €°(% ,1°) to the left column, and
the vertical map is induced by & — Z and lands in the bottom row. By assumption, Z* is
injective in Ab(¢’), hence by lemma 2.17 below, it is injective in PAb(%’). Thus, the rows of the
double complex are exact in positive degrees, and the kernel of the horizontal map is equal to
I'(U,Z*), since T is a complex of sheaves. In particular, the cohomology of the total complex
is the standard cohomology of the global sections functor H%({4, F).

For the vertical direction, the qth cohomology group of the pth column is

I HO@h xu-- xulhi; F) = [ H'Uiy xu-- x Us,)

105--50p 105--50p

in the entry EP"?. So this is a standard double complex spectral sequence, and the Ea-page is
as prescribed. O

Remark. This is a Grothendieck spectral sequence for the functors Ab(%’) — PAb(%) and H.

Lemma 2.17. The forgetful functor Ab(€) — PAb(%) transforms injectives into injectives.

Proof. This is formal using the fact that the forgetful functor has a left adjoint, namely sheafi-
fication, which is an exact functor. O
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2.5 Cohomology of Quasi-coherent Sheaves

Lemma 2.18. Let U be a scheme and % = {U; — U}icr an fpqc-covering of U. Let

i. v ={V — U} is an fpqc-covering ; and

ii. the Cech complexes €*(% ,F) and €*(V ,F) agree whenever F is an abelian sheaf.

The proof is straightforward by unwinding the definitions and observing that if F is a sheaf
and {Tj};c is a family of schemes, then the family of morphisms with fixed target {7; —
HjeJ Tj}ie is an fpge-covering, and so

FIUn ) =117

jeJ jeJ

Note that this equality is false for a presheaf. It does not hold on any site, but it does for all the
usual ones (at least all the ones we will study).

Remark. In the statement of the lemma, % is a refinement of ¥, so this does not mean that it
suffices to look at coverings with a single morphism to compute Cech cohomology.

Lemma 2.19 (Locality of cohomology). Let € be a site, F an abelian sheaf on €, U an object
of €, p > 0 an integer and { € HP(U,F). Then there exists a covering % = {U; — U}icr
of U in € such that |y, = 0 forall i € 1.

Proof. Choose an injective resolution 7 — Z°. Then ¢ is represented by a cocycle & € Z7 U)
with d”(€) = 0. By assumption, the sequence ZP~! — 7P — TP*! in exact in Ab(%’), which
means that there exists a covering % = {U; — U};cs such that £y, = dP~(&;) for some
& € TP~ (U;). Since the cohomology class &y, is represented by the cocycle é |u; which is a
coboundary, it vanishes. O

Theorem 2.20. Let S be a scheme and F a quasi-coherent Og-module. Then
Hé)ar(S7 ‘7:) = Hp(S7 Fquc) for Clllp 2 0.

Remark. Since S is a final object in the category Sch g, the cohomology groups on the right-
hand side are merely the right derived functors of the global sections functor.

Proof. The result is true for p = 0 by the sheaf property. We only prove the result for .S
separated, and we start with the case of an affine scheme.

Step 1. Assume that S is affine and that F is a quasi-coherent sheaf on S. Then we want to
prove that HP (S, Fipqc) = 0 for all p > 0. We use induction on p.

p=1. Pick ¢ € H'(S, Fipge)- By lemma 2.19, there exists an fpqc covering % =
{U; — S}ies such that £|y, = 0 for all i € I. Up to refining %, we may
assume that each 4; is affine and [ is finite. Applying the spectral sequence 2.16,
we see that & comes from a cohomology class ¢ € H'(%, Fipqc)- Consider
the covering ¥ = {[[;c;Ui — S} = {Spec B — Spec A}, then by lemma
2.18, H*(% , Fipqe) = H*(V, Fipqc). On the other hand, the Cech complex
€*(¥,F) is none other than the complex (B/A)s ®4 M where F = M. Now
by lemma 2.6, HP((B/A)e ®4 M) = 0 for p > 0, hence £ = 0 and so £ = 0.
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p > 1. Observe that the intersections U, X 5 - - - X gU;,, are affine, so that by induction
hypothesis the cohomology groups

B = HY(U , H(Fipqe))

vanish for all 0 < ¢ < p. Now the same argument as above works: if £ €
HP(S, Fipqc)> we can find a finite covering % of S by affines for which & is
locally trivial. Using the spectral sequence 2.16 and the induction hypothesis,
we see that £ must come from a £ € HP(%, Fipqe). Replacing % with the
covering ¥’ containing only one morphism and using lemma 2.6 again, we see
that the Cech cohomology class £ must be zero, hence & = 0.

Step 2. Assume that S is separated. Choose an affine open covering S = U;cjU; of S. The
family % = {U; — S}ier is then an fpqc-covering, and all the intersections U;, X g
- X g U;, are affine since S is separated. So all rows of the spectral sequence 2.16

are zero, except the zeroth row. Therefore

HP(S, Fipqe) = HY(U , Fipqe) = HP (% , F) = HP(S, F)

where the last equality results from standard scheme theory.

The general case is technical and requires a discussion about maps of spectral sequences, so
we won'’t treat it. O

Definition. The sheaf T' +— T'(T,Or) is denoted G,, regardless of the site on which it is
considered. Its usual restriction on a scheme S (in other words, Og) is sometimes denoted
Gyq,s. Similarly, the sheaf 7' — I'(T, O7.) is denoted G,,,. The constant sheaf 7.,/nZ on any
site is the sheafification of the constant presheaf U +— Z/nZ with restriction maps the identity.

Remark. If € is the small étale site over S (defined later) and U/ — S is étale, then I'(U, Z /nZ)
is the set of Zariski locally constant functions from i/ to Z/nZ.

Remark. A special case of theorem 2.20is Hy, (X, Ox) = Hg

(X,G,) forallp > 0.

2.6 Picard Groups

Theorem 2.21. Let X be a scheme. Then Hflqu(X; Gm) = Pic(X) = H}, (X; O%).

Sketch of proof. Arguing as above, one shows that

Hflpqc(X;Gm) = colim ﬁl(%,Gm)

U €Cov(Sch) x fpqc)

Given an fpqc-covering {U; — U};cr and a Cech cocycle (fij)ijer fij € T(Us xx Uj; Gpy),
we get a descent datum

(OMU fij‘uiXXuj 1 pro(Oy,) — pr?(ouj))

for coherent sheaves, which is effective by theorem 2.4, hence we can descend line bundles.
O
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3 The Etale Site

3.1 Etale Morphisms

For more details, see the section on étale morphisms in [2].

Definition. A morhism of schemes is étale if it is smooth of relative dimension 0. Recall that a
morphism of algebras over an algebraically closed field is smooth if it is of finite type and the
sheaf of differentials is locally free of rank equal to the dimension. A morphism of schemes is
smooth if it is flat, finitely presented, and the geometric fibers are smooth. A ring map A — B
is said to be étale at a prime q of B if there exists h € B, h ¢ q such that A — By is étale.

Proposition 3.1.
i. Let k be a field. A morphism of schemes U — Speck is étale if and only if U =
]_[(Z-) Spec k; where for each i, k; is a finite separable extension of k.
ii. Let p:U — S be a morphism of schemes. The following conditions are equivalent:
o (is étale,
o o is locally finitely presented, flat, and all its fibres are étale,

o o is flat and unramified.

iii. A ring map A — B is étale if and only if B =4 Alxi,...,x,|/(f1,..., fn) such that
A = det (8f1- ) is invertible in B.

oz,
iv. The base change of an étale morphism is étale.
V. An étale morphism has relative dimension 0.
vi. LetY — X be an étale morphism. If X is reduced (respectively smooth) then so is Y.
vii. Etale morphims are open.
viii. If X — S andY — S are étale, then any S-morphism X — Y is also étale.

Definition. A ring map A — B is called standard étale if B =4 (A[t]/(f (1)), with f(t)

monic and % invertible in B.

Theorem 3.2. A ring map A — B is étale at a prime q if and only if there exists g € B, g ¢ q
such that By is standard étale over A.

3.2 KEtale Coverings

Definition. An étale covering of a scheme U is a family of morphisms of schemes with fixed
target {; : U; — U};cs such that

(a) each ¢; is an étale morphism ;
(b) the U; cover U, i.e. U = Ujerp;(Us).

Lemma 3.3. Any étale covering is an fpqc-covering.
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Proof. Since an étale morphism is flat, and the elements of the covering should cover its
target, the property fp (faithfully flat) is satisfied. To check qc (quasi-compact), let V C U be
an affine open, and write ¢, 1= Uje, Vi; for some affine opens V;; C U;. Since ; is open
(étale morphisms are open), we see that V = Ujcr Uje, i(Vij) is an open covering of U.
Further, since V is quasi-compact, this covering has a finite refinement. O

So any statement which is true for fpqc-coverings (respectively sheaves etc) remains true a
fortiori for étale coverings (resp. sheaves etc). For instance, the étale site is subcanonical.
Definition. Let S be a scheme. The big étale site over S is the site Sch g 4 defined by the €étale
coverings on the category Sch g of schemes over S. The small étale site over S is the site Sg
defined by the étale coverings on the full subcategory of Sch,g which objects are morphisms
U — S. We define similarly the big and small Zariski sites on S, Sch g and Sza,. Note that
there is no notion of a small fpqc site.

The small étale site has fewer objects than the big étale site, it contains only the “opens” of
the étale topology on S. It is a full subsite of the big étale site, and it is true that the restriction
functor from the big étale site to the small one is exact and maps injectives to injectives. This
has the following consequence.

Proposition 3.4. Let S be a scheme and F an abelian sheaf on Sch g 4. Then F |s, is a sheaf
on Sg and

Hp(sétaf|sér) = HP(S, F)
forallp > 0.

We write HY (S, F) for the above cohomology group.

3.3 Kummer Theory

Let n € N and consider the presheaf p,, defined by

Sch°’? — Ab
S — up(T) ={t €I'(S,0%) | t" =1}.

This presheaf is an fpqc sheaf (in particular, it is also an étale sheaf, Zariski sheaf, etc.) and it
is representable by the group scheme Spec(Z[t]/(t" — 1)).

Lemma 3.5. Ifn € Of then

0— Mn,5 — Gm,S ﬂ’ Gm,S — 0

is a short exact sequence of sheaves on the small étale site of S.

Remark. This lemma is false when S is replaced with Sz,;.

Proof. The only nontrivial step is to show that the last map is surjective. Let &/ — S be an
étale map and f € G,,,(U) = I'(UU, O};). We need to show that we can find a cover of I/ in Sy
over which the restriction of f is an nth power. Set

U' = Spec(Oy[T]/(T" — f)) = U.

Locally, the map 7 has the form A — B = A[T]/(T™ — a) for some a € A* and n € A*.
Since it is an injective integral ring map, 7 is surjective. In addition, n and 77! are invertible
in B, so nT™~! € B* and the ring map A — B is étale. Hence % = {n : U’ — U} is an
étale covering. Moreover, f|y = (f’)" where f’is the class of T'in T'(U’, O},,), so % has the
desired property. O
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Lemma 3.5 gives the long exact cohomology sequence

0—> H(gt(sa y’n) — F(57 qu) i) F(S, Og)

(S, m,,) — Pic(S) ——— Pic(9)

It is also true that

I

L invertible sheaf on S
Ha(S, ) = {(ﬁ,a) ‘ and o : L& = Og }/

3.4 Neighborhoods, Stalks and Points

Definition. Let S be a scheme. A geometric point of S is a morphism Speck = § — S
(usually denoted 5 again) where k is separably closed. An étale neighborhood of § is a com-

mutative diagram
@
/ l‘ﬁ

— S

§s—— S
where ¢ is étale. We write (U, u) — (S,5). A morphism of étale neighborhoods (U, u) —
(U',u') is an S-morphism h : U — U’ such that @' = h o .

Remark. Since U and U’ are étale over S, any S-morphism between them is also étale. In
particular all morphisms of étale neighborhoods are étale.

Lemma 3.6.

i. Let (U;,;)i=1,2 be two étale neighborhoods of 5 in S. Then there exists a third étale
neighborhood (U, w) and morphims (U, w) — (Us, U;)i=1 2.

ii. Let hi,hy: (U,u) — (U',a') be two morphisms between étale neighborhoods of 5. Then
there exist an étale neighborhood and a morphism h : (U",u") — (U, u) which equalizes
h1 and hs, i.e. such that hy o h = hy o h.

In other words, the category of étale neighborhoods is codirected.

Proof. For part i, consider the fibre product f = U; X gUo. It is étale over both U/ and U and
the map § — U defined by (1, tig) gives it the structure of an étale neighborhood mapping to
both U and Us. For part ii, define U" as the fibre product

U ——u
J J(hh’m)
U —25u xgit!

and let @’ = (u,w’). Since u and @' agree over S with 5, we see that " # &. Moreover,
since U and U’ are étale over S, so is the fibre product U’ x g U’ and therefore " by base
change. O
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Lemma 3.7. Let 5§ be a geometric point of S, (U, ) an étale neighborhood of 8, and U =
{pi : U; — U}ie[ an étale covering. Then there exist i € I and u; : 5 — U; such that
vi » Ui, u;) — (U, a) is a morphism of étale neighborhoods.

Proof. AsU = J,c; pi(U;), the fibre product 5 X g, 34,,, U; is not empty for some i. Then look
at the cartesian diagram

_ pTo
S Xa, U,p; Z/[Z' *ﬂ/li

( Jp Jw

Speck =5 —2 4.

The projection pr is the base change of an étale morphisms so it is étale. Therefore, 5 X 1/,
U is a disjoint union of finite separable extensions of k£, where § = Spec k. But k is separably
closed, so all these extensions are trivial, and there exists a section o of pr;. The composition
pry oo gives a map compatible with 4. O

Definition. Let S be a scheme, F a presheaf (or a sheaf) on Sg and § a geometric point of S.
The stalk of F at 5 is
Fs = colim F(U)
U,a)—(S,3)
where (U, u) — (S, 5) runs over all étale neighborhoods of 5 in S. By lemma 3.6, this colimit
is directed. We also define the érale local ring at 5 to be the stalk of the sheaf G, at 5, that is

Lemma 3.8. The stalk functor

PAb(S;) — Ab
F +— fg

is exact. Furthermore, (f ﬁ)g = F5 and hence it induces an exact functor Ab(Sg) — Ab.
Proof. Exactness as a functor from PAb(S¢) is formal from the fact that directed colimits
commute with all colimits and with finite limits. The identification of the stalks is via the map

K:Fs — (f ti) )

S

induced by the natural morphism F — F*. We claim that this map is an isomorphism of
abelian groups. We will show injectivity and omit surjectivity.
Let 0 € F5. There exists an étale neighborhood (U, u) — (5, 5) such that o is the image
of some section s € F(U). If k(o) = 0 in (F*)s then there exists a morphism of étale
neighborhoods (U’,4') — (U, @) such that sl is zero in F*(U'). Following, there exists an
étale covering {U] — U'},; such that s|y; = 0 in F () for all i. By lemma 3.7 there exist
i € I and a morphism @, : § — U/ such that (U], a,) — (U',@') — (U, u) are morphisms of
étale neighborhoods. Hence for some ﬂ;-, we have s|; = 0, which implies o = 0. Therefore,
slyy = 0 € Fs and £ is injective.
To show that the functor Ab(S¢) — Ab is exact, consider any short exact sequence in Ab(.Sg):
0 — F — G — 'H — 0. This gives us the exact sequence of presheaves

0—-F—-G—H—->H/FPG—0,

where /P denotes the quotient in PAb(S¢). Taking stalks at s, we see that (H/PG)s =
(H/G)s = 0, since the sheafification of H /PG is 0. Therefore,

0—Fs—Gs—Hs — 0= (H/PG)s

is exact, since taking stalks is exact as a functor from presheaves. O
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Theorem 3.9. A sequence of abelian sheaves on Sg is exact if and only if it is exact on stalks.

Proof. The necessity of exactness on stalks was proven in the previous lemma. For the con-
verse, it suffices to show that a map of sheaves is surjective (respectively injective) if and only
if it is surjective (resp. injective) on all stalks. We only treat the case of surjectivity.

Let o : F — G be a map of abelian sheaves such that 75 — G5 is surjective for all geometric
points. Fix U € Ob(Sg) and s € G(U). For every u € U choose some @ — U lying over v and
an étale neighborhood (V,,v,) — (U, u) such that s|y, = a(sy,) for some sy, € F(Vy).
This is possible since « is surjective on stalks. Then {V,, — U}, is an étale covering on
which the restrictions of s are in the image of the map «. Thus, « is surjective. O

3.5 Direct Images

Definition. Let f : X — Y be a morphism of schemes, F a presheaf on X¢. The direct image
of F (under f)is

feF YOPP —, Sets

ét

(V-=Y) — FXxyV—-X).

This is a well-defined étale presheaf since the base change of an étale morphism is again étale,
and defines a functor f, : PSh(X¢) — PSh(Yg) since base change is a functor.

Remark. If {V; — V},.; is an étale covering in Yy then {X xy V; — X Xy V} is an étale
covering in Xg. Hence the sheaf condition for F with respect to the latter is equivalent to the
sheaf condition for f,F with respect to the former. Thus if F is a sheaf, so is f.F.

Definition. The previous functor therefore induces fi : Ab(Xg) — Ab(Yg), called direct
image again. It is left exact, and its right derived functors { R? f, },,> are called higher direct
images.

3.6 Inverse Image

Definition. Let f : X — Y be a morphism of schemes. The inverse image functor f~! :
Sh(Yg) — Sh(Xg) (respectively f~! : Ab(Y) — Ab(Xg)) is the left adjoint to f,. It is thus
characterized by the fact that

Homsh(xét)(f_1g7f) = HomSh(Yét)(gaf*j:)
functorially, for any F € Sh(Xg) (resp. Ab(X¢)), G € Sh(Yg) (resp. Ab(Yg)).

Lemma 3.10. Let f : X — Y be a morphism of schemes, T — X a geometric point and G a
presheaf on Yy,. Then there is a canonical identification

(f_lg)j = gfoa':-

Moreover, f L s exact.

Proof. The exactness of f~! is a formal consequence of the first statement, the proof of which
is omitted. [

Remark. More generally, let €7, %> be sites, and assume they have final objects and fibre
products. Let u : 5 — %1 be a functor satisfying:

(a) u(Cov(%a)) C Cov(%1) (we say that u is continuous) ; and
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(b) u commutes with finite limits (i.e. w is left exact, i.e. u preserves fibre products and final
objects).

Then one can define f, : Sh(%1) — Sh(%2) by fuF (V) = F(u(V)). Moreover, there exists a
functor f~! which is left adjoint to f, and is exact.

To recover our definition, notice that a morphism of schemes f : X — Y induces a continous
functor of sites uy : Y — X¢ via uf(V -Y)=Vxy X - X.

4 KEtale Cohomology

4.1 Colimits

Let us start by recalling that if {7}, is a system of sheaves on X, its colimit (in the category
of sheaves) is the sheafification of the presheaf U — colim;c; F;(U). In the case where X is
noetherian, the sheafification is superfluous. See [4].

Theorem 4.1. Let X be a quasi-compact and quasi-separated scheme. Let (F;, p;j) be a
system of abelian sheaves on X4 over the partially ordered set I. If I is directed then

colim HY (X, F;) = HY (X, colim F;).
i€l iel
Sketch of proof. This is proven for all X at the same time, by induction on p.

Step 1. For any quasi-compact and quasi-separated scheme X and any étale covering % of
X, show that there exists a refinement ¥ = {V; — X},_; with J finite and each
Vj quasi-compact and quasi-separated such that all the Vj, Xx --- X x V;, are also
quasi-compact and quasi-separated.

Step 2. Using the previous step and the definition of colimits in the category of sheaves, show
that the theorem holds for p = 0, all X. (Exercise.)

Step 3. Using the locality of cohomology (lemma 2.19), the Cech-to-cohomology spectral se-
quence (theorem 2.16) and the fact that the induction hypothesis applies to all V;; x x
-++ X x Vj, in the above situation, prove the induction step p — p + 1.

O]

Theorem 4.2. Let A be a ring, (I, <) a directed poset and (B;, @;;) a system of A-algebras.
Set B = colim;cr B;. Let X — Spec A be a quasi-compact and quasi-separated morphism
of schemes and F an abelian sheaf on X 4. Denote X; = X Xgpec A Spec By, Y = X Xgpec A
Spec B, Fi = (X; — X) ' Fand G = (Y — X)"LF. Then

HE(Y,G) = colim HE((X3), Fi).-
Sketch of proof.

Step 1. Given V — Y étale with V quasi-compact and quasi-separated, there exist ¢ € I and
U; — X;suchthat YV =U; xx, Y.
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Remark. If all the schemes considered were affine, this would correspond to the fol-
lowing algebra statement: if B = colim B; and B — C is étale, then there exist ¢ € [
and B; — C; étale such that C' = B ®p, C;.

This is proven as follows: write C = B [z1,...,zy] /(f1,..., fn) withdet(f;(zy)) €
C* and pick ¢ € I large enough so that all the coefficients of the f;s lie in B;, and
let C; = Bjlz1,...,25) /(f1,-.., fn). This makes sense by the assumption. After
further increasing ¢, det( fj(xy)) will be invertible in Cj, and C; will be étale over B;.

Step 2. By Step 1, we see that for every étale covering ¥ = {V; — Y’} jeJ with J finite and
the V;s quasi-compact and quasi-separated, there exists 7 € I and an étale covering
Y ={Vij — Xi}jeJ such that ¥ = ¥ xx, Y.

Step 3. Show that Step 2 implies
H*(V,G) = CQIi}nH*(Vi,E).
1€
This is not clear, as we have not explained how to deal with F; and G, in particular
with the dual.

Step 4. Use the Cech-to-cohomology spectral sequence (theorem 2.16).

4.2 Stalks of Higher Direct Images

Lemma 4.3. Let f : X — Y be a morphism of schemes and F € Ab(X). Then RP f, F is
the sheaf associated to the presheaf

(V=Y)— HY (X xy V, Flxxyv) -

This lemma is valid for topological spaces, and the proof in this case is the same.

Theorem 4.4. Let f : X — S be a quasi-compact and quasi-separated morphism of schemes,
F an abelian sheaf on X4, and s a geometric point of S. Then

(RPf.F), = HY, (X XS Spec(OSS}}E), pr! .7-")
where pr is the projection X Xg Spec((’)%}g) — X.

Proof. Let .# be the category opposite to the category of étale neighborhoods of 5 on S. By
lemma 4.3 we have

(Rpf*]:) = colim Hp(X X8 V,]:|X><Sy).

Vp)es

5

On the other hand,

O% = colim T(V,Oy).
S5 (g%)lglj( V)

Replacing .# with its cofinal subset .#*T consisting of affine étale neighborhoods V; =
Spec B; of § mapping into some fixed affine open Spec A C S, we get

OP. = colim B;,
’ iesaft

and the result follows from theorem 4.2. O
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4.3 The Leray Spectral Sequence
Lemma 4.5. Let f : X — Y be a morphism and T an injective sheaf in Ab(X4). Then
i. foranyV € Ob(Y) and any étale covering V' = {V; — V}jeJ we have HP (V| f.T) =
Oforallp >0;
ii. f.Z is acyclic for the functors T(Y, =) and T'(V,—) ; and
iii. ifg:Y — Z, then f.T is acyclic for gs.
Proof. Observe that (¥, f,I) = €°*(¥ xy X,ZT) which has no cohomology by lemma
2.14, which proves i. The second statement is a great exercise in using the Cech-to-cohomology

spectral sequence. See [2] for more details. Part iii is a consequence of ii and the description
of RPg, from theorem 4.4. O

Using the formalism of Grothendieck spectral sequences, this gives the following.

Proposition 4.6 (Leray spectral sequence). Let f : X — Y be a morphism of schemes and F
an étale sheaf on X. Then there is a spectral sequence

EPY = HY(Y,RIf.F) = HYY(X, F).

4.4 Henselian Rings

Theorem 4.7. Let A — B be finite type ring map and p C A a prime ideal. Then there exist
an étale ring map A — A’ and a prime p' C A’ lying over p such that

i. K(p) = rK(p')

ii. BQA A =By x---x B, xC;
iii. A" — Bj is finite and there exists a unique prime q; C B; lying over ' ; and

iv. all irreducible components of the fibre Spec(C ® a: k(p")) of C over p’ have dimension at
least 1.

Proof. Omitted (see EGA 1V, théoreme 18.12.1). ]

Definition. A local ring (R, m, k) is called henselian if for all f € R[T] monic, forall « €
such that f(a) = 0 and f'(«) # 0, there exists & € Rsuchthat f(&) = 0and @ mod m = a.

Recall that a complete local ring is a local ring (R, m) such that R = lim,, R/m", i.e. itis
complete and separated for the m-adic topology.

Theorem 4.8. Complete local rings are henselian.

Proof. Newton’s method. O

Theorem 4.9. Let (R, m, k) be a local ring. The following are equivalent:

i. Ris henselian ;

ii. for any f € R[T) and any factorization f = gohg in k[T with ged(go, ho) = 1, there
exists a factorization f = gh in R[T] with g = go and h = hg ;
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iii. any finite R-module is isomorphic to a product of (finite) local rings ;

iv. any finite type R-algebra A is isomorphic to a product A = A’ x C where A’ = A; X
- X A, is a product of finite local rings and all the irreducible components of C g k
have dimension at least 1 ;

v. if Ais an étale R-algebra and n is a maximal ideal of A lying over m such that k = A/n,
then there exists an isomorphism ¢ : A = R x A’ such that p(n) =m x A’ C R x A'.

Example. In the case R = C[t], the finite henselian R-algebras are the trivial one R — R
and the extensions C[[t] — C[t][X, X ~!]/(X™ — t). The latter ones always miss the origin,
so any étale covering contains the identity and thus has the trivial covering as refinement. We
will see below that this is in fact a somewhat general fact and this will give us the vanishing of
higher direct images for a finite morphism.

Corollary 4.10. If R is henselian and A is a finite R-module, then A is a finite product of
henselian local rings.

Definition. A local ring R is called strictly henselian if it is henselian and its residue field is
separably closed.

Theorem 4.11. Let (R, m, k) be a local ring and k. C k*P a separable closure. There exist
canonical local ring maps R — R" — R" where
i. R" R are colimits of étale R-algebras ;
ii. R" R are henselian ;
iii. mR" (respectively mR*") is the maximal ideal of R" (resp. R*") ; and
iv. the first residue field extension is trivial k = R"/ mR", and the second is the separable

closure K°? = R" /m R*".

Moreover, R*" = Og;ec(R)’ Spec(rh) 45 defined in 3.4.

Remark. If R is noetherian then R is also noetherian and they have the same completion:

R~ ]/%Tl In particular, R C Rh C R. The henselization of R is in general much smaller than
its completion and inherits many of its properties (e.g if R is reduced, then so is R", but not R
in general).

4.5 Vanishing of Finite Higher Direct Images

The next goal is to prove that the higher direct images of a finite morphism of schemes vanish.

Lemma 4.12. Let R be a strictly henselian ring and S = Spec(R). Then the global sections
functor I'(S, —) : Ab(S¢) — Ab is exact. In particular

Vp=1, HE(S,F)=0
forall F € Ab(Sg).
Proof. Let % = {fi:U; — S};c; be an étale covering, and denote s the closed point of

S. Then s = f;(u;) for some ¢ € I and some u; € U; by lemma 3.7. Pick an affine open
neighborhood Spec A of u; in ;. Then there is a commutative diagram

R—A

|

K(s) — k(u;)
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where k(s) is separably closed, and the residue extension is finite separable. Therefore,
k(s) = k(u;), and using part v of theorem 4.9, we see that A = R x A’ and we get a

section
Spec A —— U;

Nl

In particular, the covering {id : S — S} refines %. This implies that if
0= F —Fp 5 Fy—0
is a short exact sequence in Ab(Sg), then the sequence
0 — I'(Sa&, F1) — I'(Se&r, F2) — T'(Ser, F3) — 0

is also exact. Indeed, exactness is clear except possibly at the last step. But given a section
s € I'(Se, F3), we know that there exist a covering % and local sections s; such that a(s;) =
s|y;. But since this covering can be refined by the identity, the s; must agree locally with s,
hence they glue to a global section of F». O

Proposition 4.13. Let f : X — Y be a finite morphism of schemes. Then for all ¢ > 1 and
all F € Ab(Xg), R1Uf.F = 0.

Proof. Let X;h denote the fiber product X Xy Spec((9§9’g). It suffices to show that for all
q=>1, Hgt(Xgh, G) = 0. Since f is finite, X%h is finite over Spec((’)%}’jg), thus X;h = Spec A
for some ring A finite over (’)Shg. Since the latter is strictly henselian, corollary 4.10 implies
that A is henselian and therefore splits as a product of henselian local rings A; x --- x A,.
Furthermore, /@(Oﬁb’g) is separably closed and for each ¢, the residue field extension /@(Og‘}i g) C

k(A;) is finite, hence x(A;) is separably closed and A; is strictly henselian. This implies that
Spec A = [[;_, Spec A;, and we can apply lemma 4.12 to get the result. O

4.6 Cohomology of a Point
Lemma 4.14. Let K be a field and K* a separable closure of K. Consider
G = Autgpec(x) (Spec(K )P = Gal(K**|K)

as a topological group, and denote G-Sets (respectively C*(4-Sets)) the category of (resp.
continuous) left 4-sets. Then the functor

SpeCKé[ — “-Sets
(X — Spec K) —— Homgpec i (Spec(K*?), X)

is an equivalence of categories, with essential image C°(¥-Sets).

Recall that a ¥-set is continuous if each of its elements has an open stabilizer. This means that
the action is continuous when ¢ is endowed with its profinite topology and the ¥-sets have
the discrete topology.

Proof. Recall that X is étale over K if and only if X = [[;.; Spec K; with K;|K finite and
separable. Then use standard Galois theory. O
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Remark. Under the correspondence of the lemma, the coverings in Spec(K )¢ correspond to
surjective families of maps in C°(¥-Sets).

Lemma 4.15. The stalk functor

Sh(Spec Ky) — C°%(¥-Sets)
]: [ — ]:SpeCKsep

is an equivalence of categories. In other words, every sheaf on Spec(K )4 is representable.

Proof. The category Spec K¢ has some extra structure (maybe pushouts or something — fig-
ure it out) which makes it automatic that all sheaves are representable. In the language of
paragraph 1.3.1, we have identifications Sh(.7;) = Sh(¥/-Sets) = ¥-Sets. O

Corollary 4.16. Let F be an abelian sheaf on Spec(K ). Then

i. the ¥-module M = Fgpec(fcser) is continuous ;
ii. HY(Spec(K),F)= MY ; and

iii. Hj(Spec(K),F) = H}\ (94, M).
Proof. Partiis clear (use that the stalk functor is exact). For ii, we have

[(Spec(K)et, F) = Homgyspec(x)e) (Pspec(r)s F)
= HomCO(W—Sets) ({*}a M)
= MY

where the first identification is of Yoneda type, the second results from lemma 4.15 and the
third is clear. Part iii is also a straightforward consequence of lemma 4.15. O

Example (Sheaves on Spec(K )g.).

(a) The constant sheaf Z/nZ corresponds to the module Z/nZ with trivial action ;
(b) the sheaf Gy [spec(r), corresponds to (KP)* with the canonical (left) G-action ;
(c) the sheaf Gg|gpec(kser) corresponds to (K °%, 4) with the canonical (left) G-action ;

(d) the sheaf fi,|gpec(rser) corresponds to pu, (K*°P) with the canonical G-action.

The same arguments as in the fpqc case (see section 2.5) give the following identifications for
cohomology groups:

HY(Set,Gp) = T(S,0%) ;
s, G

m) = HY(S,05) = H'(S,0%) = Pic(S) ;
(Set,Ga) = Hy, (5, 05).

Also, for any quasi-coherent sheaf 7 on S¢, H'(Se, F) = Hp, (S,F). In particular, this
gives the following sequence of equalities

0 = Pic(Spec(K))

Hg (Spec(K)e, Gn)
= Hgo(G, (K°P)")
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which is none other than Hilbert’s 90 theorem. Similarly, for ¢ > 1,

0 = H'(Spec(K),0)
H(Spec(K)er, Ga)
= H'(G,(K*P, +)).

*#* MERGE THESE TWO SECTIONS *3#*

4.7 Galois Action on Stalks

Definition. Let S be a scheme. A geometric point 5 of S is called algebraic if k(s) C k(5) is
algebraic, i.e. if x(S) is a separable algebraic closure of x(s).

Example. The geometric point Spec C — Spec Q is not algebraic.
Stalks as sets. Let S be a scheme, F an étale sheaf on X, and § a geometric point of .S.
Then

Fs={U,u,t) |U— Sisétale, 4 : 5 — U is an S-morphism and t € F(U)} / ~

where (U, @, t) ~ (U', @, ') if there exist an étale neighborhood (4", @”) of 5 and a commu-
tative diagram

N
|

such that o*(t) = §*(t') in F(U").

Galois action on stalks. Given an algebraic geometric point 5 of S, set ¥ = Gal(k(5)|k(s))
and define an action of ¢ on F5 as follows

9 x Fs — Fs
(¢ , U,u,t)) —— (U,uoSpeco,t).

It is easy to check that this is a well-defined left action on the stalk 5. We can thus restate the
theorem of last time as follows.

Theorem 4.17. The action of 4 on the stalks F3 is continuous (for the discrete topology on
Fs. Moreover, if § = Spec K then it induces an equivalence of categories

Sh(Ss) — {discrete -sets with continuous action}

F — Fs

In particular, the category Ab(.S) corresponds to the full subcategory of discrete ¢-modules,
and we have the identification HY(S, F) = (Fs)?, and more generally HZ (S, F) = HZ, (¥, Fs)
forq > 1.
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5 Cohomology of Curves

The next task at hand is to compute the étale cohomology of a smooth curve with torsion
coefficients, and in particular show that it vanishes in degree at least 3. To prove this, we will
compute cohomology at the generic point, which amounts to some Galois cohomology. We
now review without proofs. the relevant facts about Brauer groups. For references, see [?] or

[?].

5.1 Brauer Groups

Definition/Theorem 5.1. Let K be a field. A unital, associative (not necessarily commutative)
K-algebra A is a central simple algebra over K if the following equivalent conditions hold

i. A is finite dimensional over K, K is the center of A and A has no nontrivial two-sided
ideal ;

ii. there exists d > 1 such that A ® x K 25 My(K) ;
iii. there exists d > 1 such that A @ i K5 X prep My (K5P) ;
iv. there exist d > 1 and a finite Galois extension K C K’ such that AQ g K' =y My(K');

v. there exist f > 1 and a finite dimensional division algebra D with center K such that

The integer d is called the degree of A.

Definition. Two central simple algebras A; and Ay over K are called equivalent if there exist
m,n > 1 such that M, (A1) = M,,,(Az). We write A; ~ As.

Lemma 5.2. Let A be a central simple algebra over K. Then

A XK Ao — EndK_Mod(A)

a®ad — (2 — azxd)
is an isomorphism of central simple algebras over K.

Definition. Let K be a field. The Brauer group of K is the set Br(K) of central simple
algebras over K modulo equivalence, endowed with the group law induced by tensor product
(over K). The class of A in Br(K) is denoted by [A]. The neutral element is [K| = [Mg(K)]
forany d > 1.

The previous lemma thus mean that inverses exist, and that —[A] = [A°PP]. The Brauer
group is always torsion, but not finitely generated in general. It is also true (exercise) that
A®degA | K for any central simple algebra A.

Lemma 5.3. Let K be a field and 4 = Gal(K*P|K)). Then the set of isomorphism classes
of central simple algebras of degree d over K is in bijection with the anabelian cohomology
HL, (%, PGLy(K)),

Sketch of proof. The Skolem-Noether theorem implies that for any field L, Autz,_1,(Mg(L))
= PGL4(L). By 5.1, we see that central simple algebras of degree d correspond to forms of
the K-algebra My(K ), which in turn correspond to H}, (¢, PGL4(K*P)). For more details,
see [7]. ]
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If A is a central simple algebra over K, we denote £ 4 the corresponding cohomology class in
H éo (¢4, PGLgeg a(K*P)). Consider now the short exact sequence

1 — (K°P)* — GL4(K*®) — PGL4(K*?) — 1,
which gives rise to a long exact cohomology sequence (up to degree 2) with coboundary map
64+ Hzo(9,PGLy(K*P)) — H*(9, (K*P)*).

Explicitly, this is given as follows: if £ is a cohomology class represented by the 1-cocyle (g, ),
then 64(¢) is the class of the 2-cocycle ((¢7) tgor97 ).

Theorem 5.4. The map

§: Br(K) — HXY,(K*")*)
[A] — daega(éa)

is a group isomorphism.

We omit the proof of this theorem. Note, however, that in the abelian case, one has the identi-
fication
H'(4,GLy(K*?)) = H}(Spec K, CL4(0))

the latter of which is trivial by fpqc descent. If this were true in the anabelian case, this would
readily imply injectivity of J. (See [3].) Rather, to prove this, one can reinterpret 6([A4]) as
the obstruction to the existence of a K -vector space V' with a left A-module structure and
such that dimg V' = deg A. In the case where V' exists, one has A = Endg_woq(V'). For
surjectivity, pick a cohomology class & € H?(¥, (K*P)*), then there exists a finite Galois
extension K C K’ C K*P such that £ is the image of some &' € HZ(Gal(K'|K), (K')*).
Then write down an explicit central simple algebra over K using the data K’, £'.

The Brauer group of a scheme. Let S be a scheme. An Og-algebra o7 is called Azumaya if
it is étale locally a matrix algebra, i.e. if there exists an étale covering % = {; : U; — Sticr
such that 7o = My, (Oy, ) for some d; > 1. Two such &7 and # are called equivalent if there
exist finite locally free sheaves F and G on S such that & ®p4 End(F) = Z Q04 End(G).
The Brauer group of S is the set Br(S) of equivalence classes of Azumaya Og-algebras with
the operation induced by tensor product (over Og).

In this setting, the analogue of the isomorphism § of theorem 5.4 is a map

s : Br(S) — H2(S,G,,).

It is true that dg is injective (the previous argument still works). If S is quasi-compact or
connected, then Br(S) is a torsion group, so in this case the image of dg is contained in the
cohomological Brauer group of S

Br/(S) déf HéQt(Sy Gm)torsion-

So if S is quasi-compact or connected, there is an inclusion Br(S) C Br/(S). This is not
always an equality: there exists a nonseparated singular surface S for which Br(S) € Br'(.9).
If S is quasi-projective, then Br(S) = Br'/(S). However, it is not known whether this holds
for a smooth proper variety over C, say.

Proposition 5.5. Let K be afield, 9 = Gal(K*?|K) and suppose that for any finite extension
K'of K, Br(K') = 0. Then
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i. forallq>1, HI(Y,(K*P)*) =0, and

ii. for any torsion §-module M and any q > 2, H}, (¥, M) = 0.

See [6] for proofs.

Definition. A field K is called C, if for every 0 < d" < n and every f € K|[T1,...,T,]
homogeneous of degree d, there exist &« = (a1,...,ay), a; € K not all zero, such that
f(a) = 0. Such an « is called a nontrivial solution of f.

Example. An algebraically closed field is C,.

In fact, we have the following simple lemma.

Lemma 5.6. Let k be an algebraically closed field. Let fi, ..., fs € k[T1,...,T,] be homo-
geneous polynomials of degree dy, ... ,ds withd; > 0. If s < n, then fi = ... = fs = 0 have
a common nontrivial solution.

Proof. Omitted. O

The following result computes the Brauer group of C' fields.

Theorem 5.7. Let K be a C1 field. Then Br(K) = 0.

Proof. Let D be a finite dimensional division algebra over K with center K. We have seen
that
D QK JSeP o Md(Ksep)

uniquely up to inner isomorphism. Hence the determinant det : My(K5P) — K5P is Galois
invariant and descends to a homogeneous degree d map

det = Npg: D — K

called the reduced norm. Since K is Cq, if d > 1, then there exists a nonzero x € D with
Nrea(z) = 0. This clearly implies that x is not invertible, which is a contradiction. Hence
Br(K) =0. ]

Theorem 5.8 (Tsen). The function field of a variety of dimension r over an algebraically
closed field k is C,.

Proof. Case 1. Projective space. The field k(z1, ..., x,) is C, (exercise).

Case 2. General case. Without loss of generality, we may assume X to be projective. Let
feK[T,...,T,)qwith0 < d" < n. Say the coefficients of f are in I'(X, Ox (H))
for some ample H C X. Let o = («,...,qp) with a; € T'(X,Ox(eH)). Then
f(a) € T(X,Ox((de + 1)H)). Consider the system of equations f(«) = 0. Then
by asymptotic Riemann-Roch,

e the number of variables is n dimg I'(X, Ox (eH)) ~ ni—:(HT) ; and
e the number of equations is dimg I'(X, Ox ((de + 1)H)) ~ M(H”).

r!

Since n > d", there are more variables than equations, and since there is a trivial
solution, there are also nontrivial solutions.

O]
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Definition. We call variety a separated, geometrically irreducible and geometrically reduced
scheme of finite type over a field, and curve a variety of dimension 1.

Corollary 5.9. Let C be a curve over an algebraically closed field k. Then Br(k(C)) = 0.

This is clear from the theorem.

Corollary 5.10. Let k be an algebraically closed field and k C K a field extension of tran-
scendence degree 1. Then for all ¢ > 1, H}(Spec K, G,,) = 0.

Proof. 1t suffices to show that if K C K’ is a finite field extension, then Br(K’) = 0. Now
observe that K’ = colim K", where K" runs over the finitely generated subextensions of k
contained in K of transcendence degree 1. By some result in [4], each K" is the function field

of a curve, hence has trivial Brauer group by the previous corollary. It now suffices to observe
that Br(K") = colim Br(K"). O

5.2 Higher Vanishing for G,,

In this section, we fix an algebraically closed field & and a smooth curve X over k. We denote
iz : © — X the inclusion of a closed point of X and j :  — X the inclusion of the generic
point. We also denote X the set of closed points of X.

Theorem 5.11 (The Fundamental Exact Sequence). There is a short exact sequence of étale
sheaves on X N
0— Gm,X B j*Gm,n = igpsls — 0.

e X0

Proof. Let ¢ : U — X be an étale morphism. Then by properties v and vi of étale morphisms
(proposition 3.1), U = [[, U; where each Uf; is a smooth curve mapping to X. The above
sequence for X is a product of the corresponding sequences for each U;, so it suffices to treat
the case where U/ is connected, hence irreducible. In this case, there is a well known exact
sequence (see [4])

1 — T(U, Of) — k) > P z,

yeuo
This amounts to a sequence
* * div
LU, 0f) — T xx U, 0p, ) —— P Tla xx U, Z)
z€X0

which, unfolding definitions, is nothing but a sequence
) di .
Gm(“) - J*Gm,n(u) B @ Zw*Z(u)
zeX0

This defines the maps in the Fundamental Exact Sequence and shows it is exact except possibly
at the last step. To see surjectivity, let us recall (from [4] again) that if C' is a nonsingular curve
and D is a divisor on C, then there exists a Zariski open covering {V; — C'} of C such that
Dy, = div(f;) for some f; € k(C)*. O

Lemma 5.12. Forany q > 1, R15,G,,, ,, = 0.

Proof. We need to show that (R95,G,, )z = 0 for every geometric point z of X.
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Step 1. Assume that T lies over a closed point z of X. Let Spec A be an open neighborhood
of z in X, and K the fraction field of A, so that

Spec((’)?ﬂ Xxn= Spec((’)?)}(l’j @4 K).

The ring O _®4 K is a localization of the discrete valuation ring O _, so it i either

O _ again, or its fraction field K3 But since some local uniformizer gets inverted,
it must be the latter. Hence

(qu*Gm,n)(X,:E) = Hgt(spec K%ha Gm)

Now recall that O% , = colimy z)_.; O(U) = colimacp B where A — B is étale,
hence K2 is an algebraic extension of k(X ), and we may apply corollary 5.10 to get
the vanishing.

Step 2. Assume that £ = 7] lies over the generic point 77 of X (in fact, this case is superfluous).
Then Ox 5 = £(n)*P and thus
(

R15.Gmy)y = HE(Speck(n)*® xx n,Gp)
= HI(Speck(n)*®,Gp,)
= 0 forg>1

since the corresponding Galois group is trivial.

Lemma 5.13. Forallp > 1, HY (X, j.Gy, ) = 0.

Proof. The Leray spectral sequence reads
By = Hi(X, R'jiGny) = Hy (1, Cnyy),

which vanishes for p 4+ ¢ > 1 by corollary 5.10. Taking ¢ = 0, we get the desired vanishing.
O

Lemma 5.14. Forall ¢ > 1, H}(X, @, ¢ xo iz+L) = 0.

Proof. For X quasi-compact and quasi-separated, cohomology commutes with colimits, so it
suffices to show the vanishing of H gt(X ,iz+Z). But then the inclusion i, of a closed point is
finite so RPi,,Z = 0 for all p > 1 by proposition 4.13. Applying the Leray spectral sequence,
we see that H{(X,iy,Z) = H{(x,Z). Finally, since x is the spectrum of an algebraically
closed field, all higher cohomology on x vanishes. 0

Concluding this series of lemmata, we get the following result.
Theorem 5.15. Let X be a smooth curve over an algebraically closed field. Then
H}(X,Gy,) =0 forallq>2
We also get the cohomology long exact sequence
0 — HY(X,Gm) — HY(X, juGmy) =5 HYX, @ innZ) — HY(X,Gpn) — 0
although this is the familiar
0 — HY,.(X,0%) — k(X)* L% Div(X) — Pic(X) — 0.

We would like to use the Kummer sequence to deduce some information about the cohomology
group of a curve with finite coefficients. In order to get vanishing in the long exact sequence,
we review some facts about Picard groups.



Etale Cohomology 36

5.3 Picards Groups of Curves

Let X be a smooth projective curve over an algebraically closed field k. There exists a short
exact sequence

0 — Pic®(X) — Pic(X) <% 7 — 0.
The abelian group Pic’(X) can be identified with Pic’(X) = Pic% si(k), i.e. the k-valued
points of an abelian variety ﬂg( Ik of dimension g = g(X) over k.
Definition. An abelian variety over k is a proper smooth connected group scheme over & (i.e.

a proper group variety over k).

Proposition 5.16. Let A be an abelian variety over an algebraically closed field k. Then

i. A s projective over k;
ii. Ais acommutative group scheme;

iii. the morphism [n] : A — A is surjective for all n > 1, in other words A(k) is a divisible
abelian group;

2dim A

iv. Aln] = Ker(4 I, A) is a finite flat group scheme of rank n over k. It is reduced

if and only if n € k*;

v. ifn € k* then A(k)[n] = An](k) = (Z/nZ)?dim(A),

Consequently, if n € k* then Pic?(X)[n] 2 (Z/nZ)* as abelian groups.

Corollary 5.17. Let X be a smooth projective of genus g over an algebraically closed field k
andn > 1, n € k*. Then there are canonical identifications

fin (k) ifq=0;
Pic’(X)[n] ifq=1;
Z/nZ ifg=2;

0 ifq=3.

Hgt(X7 Nn) =

Since p,, = 7./nZ, this gives (noncanonical) identifications

Z/nZ  ifq=0;
@2y ifq=1
Z/nZ ifq=2;
0 ifq=3.

H}(X,Z/nZ) =

Proof. The Kummer sequence 0 — i, x — Gy x L Gm,x — 0 give the long exact
cohomology sequence

00— pin(k) g

/’On/

HL(X,p,) — Pic(X) —— Pic(X)

il

HE(X, ) 0 0--
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The n power map k* — k* is surjective since k is algebraically closed. So we need to compute

the kernel and cokernel of the map Pic(X) 9k Pic(X). Consider the commutative diagram
with exact rows

d
0 — Pic?(X) —— Pic(X) 2= 7——0

o or [n

d
0 — Pic?(X) —— Pic(X) 2= 7 ——0

where the left vertical map is surjective by proposition 5.16, iii. Applying the snake lemma
gives the desired identifications. O

Corollary 5.18. Let X be an affine smooth curve over an algebraically closed field k and
n € k*. Then

i. H)(X,p,) = (Z/nZ)Qg”LT__l, where 1 is the number of points in X — X for some smooth
projective compactification X of X ; and

iii. forallq >2, H.(X,p,) = 0.

Proof. Write X = X — {x1,...,2,}. Then Pic(X) = Pic(X)/R, where R is the subgroup
generated by O (z;), 1 < i < 7. Since r > 1, we see that Pic?(X) —» Pic(X) is surjective,
hence Pic(X) is divisible. Applying the Kummer sequence, we get i and iii. For ii, recall that

L € Pic(X)
1 _ ~
i) = {ew| S0 1/
= {(£, D,a)} /R
where £ € Pic?(X), D is a divisor on X supported on {1, - o, rppanda L& = O (D)
is an isomorphism. Note that D must have degree 0. Further R is the subgroup of triples of the

form (O (D’),nD’,1%™) where D’ is supported on {z1,--- ,z,} and has degree 0. Thus,
we get an exact sequence

I8
0 — HY(X,p,) — HA(X.p,) — @Z/nZ = Z/nZ — 0
=1

where the middle map sends the class of a triple (£, D,a) with D = Y7_, a;(z;) to the
r-tuple (a;);_,. It now suffices to use corollary 5.17 to count ranks. t

Remark. The “natural” way to prove the previous corollary is to excise X from X. This is
possible, we just haven’t developed that theory.

Our main goal is to prove the following result.

Theorem 5.19. Let X be a separated, finite type, dimension 1 scheme over an algebraically
closed field k and F a torsion sheaf on Xg. Then

H}(X,F)=0, Vqz=3.
If X affine then also H3(X,F) = 0.
Recall that an abelian sheaf is called a torsion sheaf if all of its stalks are torsion groups. We

have computed the cohomology of constant sheaves. We now generalize the latter notion to
get all the way to torsion sheaves.
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5.4 Constructible Sheaves

Definition. Let X be a scheme and F an abelian sheaf on Xg;.. We say that F is finite locally
constant if it is represented by a finite étale morphism to X.

Lemma 5.20. Let X be a scheme and F an abelian sheaf on Xg. Then the following are
equivalent

i. F is finite locally constant ;
ii. there exists an étale covering {U; — X}, such that F|y, = A; for some finite abelian

group A;.

For a proof, see [3].

Definition. Let X be a quasi-compact and quasi-separated scheme. A sheaf F on X is
constructible if there exists a finite decomposition of X into locally closed subsets X = [, X;
such that F| x, is finite locally constant for all i.

Lemma 5.21. The kernel and cokernel of a map of finite locally constant sheaves are finite
locally constant.

Proof. LetU be a connected scheme, A and B finite abelian groups. Then

Hom g4 (Ayys Byy) = Homyy(A, B),
so Ker (Au 2, Bu) = Ker(y), and similarly for the cokernel. O

Remark. If X is noetherian, then any constructible sheaf on Xy, is a torsion sheaf.

Lemma 5.22. Let X be a noetherian scheme. Then:

i. the category of constructible sheaves is abelian ;
ii. it is a full exact subcategory of Ab(X4) ;
iii. any extension of constructible sheaves is constructible ; and

iv. the image of a constructible sheaf is constructible.

Proof of i. Let ¢ : F — G be a map of constructible sheaves. By assumption, there exists a
stratification X = [[ X; such that F|x, and G|x, are finite locally constant. Since pullback if
exact, we thus have Ker ¢|x, = Ker(F|x, 2 G|x,) which is finite locally constant by lemma
5.21. Statement iv means that if ¢ : F — G is a map in Ab(X) and F is constructible then
Im (¢) is constructible. It is proven in [3]. O

Lemma 5.23. Let p : U — X be an étale morphism of noetherian schemes. Then there exists
a stratification X = Hl X, such that for all i, X; x x U — X is finite étale.

Proof. By noetherian induction it suffices to find some nonempty open V C X such that
0 Y(V) — Vs finite. This follows from the following very general lemma.

Lemma 5.24 (02NW in [2]). Let f : X — Y be a quasi-compact and quasi-separated
morphism of schemes and 1 a generic point of Y such that f~1(n) is finite. Then there exists
an openV C'Y containing ) such that f~1(V) — V is finite.

O
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5.5 Extension by Zero

Definition. Let j : U — X be an étale morphism of schemes. The restriction functor 5! is

right exact, so it has a left adjoint, denoted 7, : Ab(Us) — Ab(X¢) and called extension by
zero. Thus it is characterized by the functorial isomorphism

Homx (1F,G) = Homy (F,7'G)
for all F € Ab(Ug) and G € Ab(Xg).

1

To describe it more explicitly, recall that 77 is just the restriction functor Uz, — Xy, that is,

iU — Uy =g (u’ ~u X) .
For F € Ab(Us) we consider the presheaf
j!PSh]: : X4 — Ab
V—-X) — @ Fv 5 u),
V55U over X

then jF is the sheafification (jFS*F )

Exercise. Prove directly that j is left adjoint to 5~

and that 7, is right adjoint to j 1.

Proposition 5.25. Let j : U — X be an étale morphism of schemes. Then

1

i. the functors j~* and j) are exact ;

ii. j~' transforms injectives into injectives ;
iii. HY(U,G) = HL(U,j71G) forany G € Ab(X4)

iv. if Z is a geometric point of X, then (jiF), = GB Fa
U,2)—(X,z)

Proof. The functor j~! has both a right and a left adjoint, so it is exact. The functor j, has
a right adjoint, so it is right exact. To see that it is left exact, use the description above and
the fact that sheafification is exact. Property ii is standard general nonsense. In part iii, the
left-hand side refers (as it should) to the right derived functors of G — G(U) on Ab(X), and
the right-hand side refers to global cohomology on Ab (). It is a formal consequence of ii.
Part iv is again a consequence of the above description. O

Lemma 5.26. Extension by zero commutes with base change. More precisely, let f : Y — X
be a morphism of schemes, j : V — X be an étale morphism and F a sheaf on V. Consider
the cartesian diagram

then jlf'~\F = f~15F.

Sketch of proof. By general nonsense, there exists a map j{ o f’ —1 — f~1oj. We merely
verify that they agree on stalks. We have

Gf'F), =B Fw= @ Fo=0F) g =1 Fy

vy 79— f(7)
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Lemma 5.27. Let j : V — X be finite and étale. Then j) = j,.

Sketch of proof. In this situation, one can again construct a map j; — j, although in this case
it is not just by general nonsense and uses the assumptions on j. Again, we only check that
the stalks agree. We have on the one hand

(1 F)z = @ Fs,

V—T

and on the other hand
(juF)z = H&(Spec(OX ;) xx V, F).

But j is finite and Ox z is strictly henselian, hence Spec(O}t(1 =) Xx V splits completely into
spectra of strictly henselian local rings

Spec((’)i?j) Xx V= H Spec((’)}?p,z)

V—T

and so (j«F); = [[;_5 Fv by lemma 5.26. Since finite products and finite coproducts agree,
we get the result. Note that this last step fails if we take infinite colimits, and indeed the result
is not true anymore for ind-morphisms, say. O

Lemma 5.28. Let X be a noetherian scheme and j : U — X an étale, quasi-compact mor-
phism. Then jiZ/nZ is constructible on X.

Proof. By lemma 5.23, X has a stratification [ [, X; such that 7; : j “1(X;) — X, is finite
étale, hence
IZ/nZ)|x; = ma(Z/nZ) = 73 (Z/nZ)

by lemma 5.27. Thus it suffices to show that for 7 : Y — X finite étale, m.(Z/nZ) is finite
locally constant. This is clear because it is the sheaf represented by Y x Z/nZ. O

Remark. Using the alternative definition of finite locally constant (as in 5.20), the last step is
replaced by considering a Galois closure of Y.

Lemma 5.29. Let X be a noetherian scheme and F a torsion sheaf on X4. Then F is a
directed (filtered) colimit of constructible sheaves.

Sketch of proof. Letj : U — X in Xg and s € F(U) for some U noetherian. Then ns = 0 for
some n > 0. Hence we getamap Z/nZ, — F|y, by sending 1 to s. By adjointness, this gives
amap ¢ : ji(Z/nZ) — F whose image contains s. There is an element 1iq,, € I'(U, iZ/nZ)
which maps to s. Thus, Im (¢) C F is a constructible subsheaf and s € Im (¢)U). A
similar argument applies for a finite collection of section, and the result follows by taking
colimits. O

5.6 Higher Vanishing for Torsion Sheaves

The goal of this section is to prove the result that follows now.

Theorem 5.30. Let X be an affine curve over an algebraically closed field k and F a torsion
sheaf on X¢. Then HL(X,F) = 0 for all ¢ > 2.

We begin by reducing the proof to a more simpler statement.
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Step 1. If suffices to prove the vanishing when F is a constructible sheaf.
Using the compatibility of étale cohomology with colimits and lemma 5.29, we have
colim H (X, F) = HZ(X, colim F;) for some constructible sheaves F;, whence the
result.

Step 2. It suffices to assume that F = jG where U C X is open, G is finite locally constant
on U smooth.
Choose a nonempty open { C X such that F|y, is finite locally constant, and consider
the exact sequence
0— j(Flu) —F—Q—0.
By looking at stalks we get Qz = O unless € X — U. It follows that Q =
@ i2+(Qy) which has no higher cohomology.
zeX-U
Step 3. It suffices to assume that X is smooth and affine (over k), G is a finite locally constant
sheaf on a open U of X and F = jG.
Let U/, X and G be as in the step 2, and consider the commutative diagram

XV
2L
U$>X

where v : X¥ — X is the normalization of X. Since v is finite, H (X, 1G) =
HZ (X", jt'G), which implies that v, ((j*)1G) = jiG by looking at stalks.

We are thus reduced to proving the following lemma.

Lemma 5.31. Let X be a smooth affine curve over an algebraically closed field k, j : U —
X an open immersion and F a finite locally constant sheaf on Ug. Then for all ¢ > 2,

HI(X,5F)=0.

Proposition 5.32 (Topological invariance of étale cohomology WHERE DO I GO?). Let X
be a scheme and Xy — X a closed immersion defined by a nilpotent sheaf of ideals. Then the
étale sites X 4 and (Xg)e are isomorphic. In particular, for any sheaf F on Xg, HY(X,F) =
HY(Xo, F|x,) for all q.

The proof of this follows the “méthode de la trace” as explained in SGA 4, exposé IX, §5.

Definition. Let f : Y — X be a finite étale morphism. There are pairs of adjoint functors
(fi, f~Y) and (f~1, f.) on Ab(Xg). The adjunction map id — f.f~! is called restriction.
Since f is finite, fi = f, and the adjunction map f,f~! = fif~! — id is called the trace.

The trace map is characterized by the following two properties:

(a) it commutes with étale localization ; and

b)iff:Y = ngl X — X then the trace map is just the sum map f, f 1 F = F&¢ — F,

It follows that if f has constant degree d, then the composition F — f,f~1F W o Fis
multiplication by d. The “méthode” then essentially consits in the following observation: if
F is an abelian sheaf on X such that multiplication by d is an isomorphism F = F, and
if furthermore HZ (Y, f~'F) = 0 then HL(X,F) = 0 as well. Indeed, multiplication by d
induces an isomorphism on HZ (X, F) which factors through H{ (Y, f~1F) = 0.

Using this method, we further reduce the proof of lemma 5.31] to a yet simpler statement.
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Step 1.

Step 2.

Step 3.

We may assume that F is killed by a prime /.
Writing F = F1 ®- - - ® F, where F; is £;-primary for some prime ¢;, we may assume
that ¢" kills F for some prime ¢. Now consider the exact sequence

0— Fl{] - F — F/F[{] — 0.

Applying the exact functor j; and looking at the long exact cohomology sequence, we
see that it suffices to assume that F is ¢-torsion, which we do.

There exists a finite étale morphism f : V — U of degree prime to { such that ' F
has a filtration

0CG CGC--CGs=[f'F

with G;/Gi—1 = vaor alli < s.

Since F is finite locally constant, there exists a finite étale Galois cover h : U’ — U
such that h~'F = A, for some finite abelian group A. Note that A = (Z/(Z)®™ for
some m. Saying that the cover is Galois means that the finite group G = Aut(U’'|UA)
has (maximal) cardinality #G = deg h. Now let H C G be the /-Sylow, and set

U= v=u/g-1-u.

The quotient exists by taking invariants (schemes are affine). By construction, deg f =
#G /# H is prime to £. The sheaf G = f~1F is then a finite locally constant sheaf on
V and
G =h\F = (2/7)S".
Moreover,
H{(v.9) = HU' . ='6)" = ((@/tz)*™)" # 0,

where the first equality follows from writing out the sheaf condition for G (again,
schemes are affine), and the last inequality is an exercise in linear algebra over [Fy.
Following, we have found a subsheaf Z/EZV — §. Repeating the argument for

the quotient G/Z/ EZV if necessary, we eventually get a subsheaf of G with quotient
Z) EZV. This is the first step of the filtration.
Exercise. Let f : X — Y be a finite étale morphism with Y noetherian, and X,Y

irreducible. Then there exists a finite étale Galois morphism X’ — Y which dominates
X overY.

We consider the normalization Y of X in 'V, that is, we have the commutative diagram

veloy
Il
U—"-X.
Then there is an injection HL(X, jF) — HL(Y,j{ f~1F) for all q.

We have seen that the composition F = f, f~1F L Fis multiplication by the
degree of f, which is prime to . On the other hand,

G F =ahf T F = i F

since f and f’ are both finite and the above diagram is commutative. Hence applying
J1 to the previous sequence gives a sequence

GF — L F — G F.

Taking cohomology, we see that H& (X, jiF) injects into HZ (X, f™*4{f~'F). But
since f” is finite, this is merely HZ (Y, j{ f~1F), as desired.
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Step 4. It suffices to prove H}(Y, j{Z/{Z) = 0.
By Step 3, it suffices to show vanishing of HZ (Y, f~'F). But then by Step 2,
we may assume that f~1F has a finite filtration with quotients isomorphic to Z/nZ,
whence the claim. -

Finally, we are reduced to proving the following lemma.

Lemma 5.33. Let X be a smooth affine curve over an algebraically closed field, j : U — X
an open immersion and { a prime number. Then for all ¢ > 2, H}(X, jZ/{Z) = 0.
Proof. Consider the short exact sequence

0 — JZNL, — ZNL, — P iz(Z/Z) — 0.
zeX-U

We know that the cohomology of the middle sheaf vanishes in degree at least 2 by corollary
5.18 and that of the skyscraper sheaf on the right vanishes in degree at least 1. Thus applying
the long exact cohomology sequence, we get the vanishing of jiZ/¢Z  in degree at least 2.
This finishes the proof of the lemma, hence of lemma 5.31, hence of theorem 5.30. O

Remark.

e This méthode is very générale. For instance, it applies in Galois cohomology, and this
is essentially how proposition 5.5 is proved.

o In fact, we have overlooked the case where £ is the characteristic of the field &, since
the Kummer sequence is not exact then and we cannot use corollary 5.18 anymore.
The result is still true, as shown by considering the Artin-Schreier exact sequence for a
scheme S of characteristic p > 0, namely

0— Z/pZS — Gq,5 £, Gg,s — 0

where F' — 1 is the map x +— aP — z. Using this, it can be shown that is S is affine then
H(S,Z/pZ) = 0forall ¢ > 2. In fact, if X is projective over k, then H{ (X, Z/pZ) =
0 forall ¢ > dim X + 2.

e If X is a projective curve over an algebraically closed field then H. (X, F) = 0 for all
q = 3 and all torsion sheaves F on Xg. This can be shown using Serre’s Mayer Vietoris
argument, thereby proving theorem 5.19.

6 The Trace Formula

A typical course in étale cohomology would normally state and prove the proper and smooth
base change theorems, purity and Poincaré duality. All of these can be found in [3, Arcata].
Instead, we are going to study the trace formula for the frobenius, following the account of
Deligne in [3, Rapport]. We will only look at dimension 1, but using proper base change this
is enough for the general case. Since all the cohomology groups considered will be étale,
we drop the subscript . Let us now describe the formula we are after. Let X be a finite
type scheme of dimension 1 over a finite field &, £ a prime number and F a constructible, flat
7./ "7 sheaf. Then

2

> Te(Frob |Fz) = Y (—1)' Tr(nk |[HAX @4 k, F)) (%)
zeX (k) i=0

as elements of Z/("Z. As we will see, this formulation is slightly wrong as stated. Let us
nevertheless describe the symbols that occur therein.
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6.1 Frobenii

Throughout this section, X will denote a scheme of finite type over a finite field & with ¢ = p!
elements. We let o : X — Spec k denote the structural morphism, £ a fixed algebraic closure
of k and G}, = Gal(k|k) the absolute Galois group of k.

Definition. The absolute frobenius of X is the morphism F' = Fx : X — X which is the
identity on the induced topological space, and which takes a section to its pth power. That is,
Ff:Ox — Ox is given by g — ¢P. Itis clear that this induces the identity on the topological
space indeed.

Theorem 6.1 (The Baffling Theorem). Let X be a scheme in characteristic p > 0. Then the
absolute frobenius induces (by pullback) the trivial map on cohomology, i.e. for all integers
j >0, | |

F% : H(X,Z/nZ) — H’(X,Z/nZ)

is the identity.

This theorem is purely formal. It is a good idea, however, to review how to compute the pull-
back of a cohomology class. Let us simply say that in the case where cohomology agrees with
Cech cohomology, it suffices to pull back (using the fiber products on a site) the Cech cocy-
cles. The general case is quite technical and can be found in [2, somewhere]. A topological
analogue of the baffling theorem is the following.

Exercise. Let X be a topological space and g : X — X a continuous map such that g~ }(U) =
U for all opens U of X. Then g induces the identity on cohomology on X (for any coeffi-
cients).

We now turn to the statement for the étale site.

Lemma 6.2. Let X be a scheme and g : X — X a morphism. Assume that forall p : U — X
étale, there is a functorial isomorphism

U————U X x9 X

then g induces the identity on cohomology (for any sheaf).

The proof is formal and without difficulty. To prove the theorem, we merely verify that the
assumption of the lemma holds for the frobenius.

Proof of theorem 6.1. We need to verify the existence of a functorial isomorphism as above.
For an étale morphism ¢ : &/ — .S, consider the diagram

Uu Fy

~N
ks pry

St

X—X.

The dotted arrow is an étale morphism which induces an isomorphism on the underlying topo-
logical spaces, so it is an isomorphism. O
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Definition. The geometric frobenius of X is the morphism 7x : X — X over Speck
which equals F)J; We can base change it to any scheme over k, and in particular to Xz =
Speck Xgpeck X to get the morphism idg,..; X7x : Xz — Xj which we denote mx again.
This should not be ambiguous, as X7, does not have a geometric frobenius of its own.

Lemma 6.3. Let F be a sheaf on Xg. Then there are canonical isomorphisms 77)_(1.7: = F
and F = mx,F.

This is false for, say, the flat site.

Proof. Let ¢ : U — X be étale. Recall that mx , F(U) = F(U x ¢, X,mxX). Since
T = F)J;, by lemma 6.2 that there is a functorial isomorphism

L{—ﬂ/{ X Xmx X

where 7, = (i, sz; ). Now we define an isomorphism

FU) — mx.FU) =FU Xp x 7y X)
by taking the restriction map of F along ;, 1. The other isomorphism is analogous. O
Remark. It may or may not be the case that FLJ; equals .

Let F be an abelian sheaf on X¢. Consider the cohomology group H7 (X, F| x;) as a left
G,-module as follows: if ¢ € G, the diagram

Spec oxidx

\/

commutes. Thus we can set, for £ € H (Xp, Flx,)
o+ &= (Speco x idx)*¢ € HY (X, (Speco x idx) " F|X;) = HY (X;, Flx,),

where the last equality follows from the commutativity of the previous diagram. This endows
the latter group with the structure of a G-module.

Lemma 6.4. Let F be an abelian sheaf on X4. Consider (R o, JF)
natural Galois action as in paragraph 4.7. Then the identification

Speck endowed with its

(Rja*f)Specl_C = Hj(Xl_wf‘X;;)

from theorem 4.4 is an isomorphism of G-modules.

A similar result holds comparing (R oy F )speck With H, (X, Fl Xz )- We omit the proof.

Definition. The arithmetic frobenius is the map froby, : k — k, x +— x4 of Gy,

Theorem 6.5. Let F be an abelian sheaf on X4 Then for all j > 0, froby acts on the
cohomology group H? (X, F|x; ) as the inverse of the map .



Etale Cohomology 46

The map 7% is defined by the composition
. 7'I'Xf . _ ~ .
HJ(XI_w]:|X;;) — HJ(XI_w(WXl‘F)’XE) - HJ(XI_w]:|X;;)‘

.. Spec(frob .
Proof. The composition X Speclivob), r % Xi is equal to F)’;_, hence the result follows

from the baffling theorem suitably generalized to nontrivial coefficients. Note that the previous
composition commutes in the sense that F' )J;;; = mx o Spec(froby) = Spec(frobg) orx. [

Definition. If 2 € X (k) is a rational point and Z : Spec k — X the geometric point lying over
x, we let mx : Fz — Fz denote the action by fI‘Ob’;l and call it the geometric frobenius. This
notation is not standard (this is denoted F, in [3]).

We can now make a more precise statement (albeit a false one) of the trace formula (x). Let
X be a finite type scheme of dimension 1 over a finite field k£, £ a prime number and F a
constructible, flat Z/¢"Z sheaf. Then

2
Y Tr(nx|Fe) =Y (—1) Te(nk|Hi(Xz, F))
zeX (k) i=0

as elements of Z/¢"Z. The reason this equation is wrong is that the trace in the right-hand side
does not make sense for the kind of sheaves considered. Before addressing this issue, we try
to motivate the appearance of the geometric frobenius (apart from the fact that it is a natural
morphism!).

Let us consider the case where X = IP’}{ and F = Z/¢Z. For any point, the Galois module F3
is trivial, hence for any morphism ¢ acting on Fz, the left-hand side is

> Te(elFe) = #Ph(k) = g + 1.
zeX (k)
Now IP’,Ic is proper, so compactly supported cohomology equals standard cohomology, and so
for a morphism 7 : P, — P}, the right-hand side equals
Tr(n*|H(Py, Z/(Z)) + Tr(n*|H?(Py, Z/(Z)).

The Galois module H O(IP’}C, ZJVZ) = Z/VZ is trivial, since the pullback of the identity is the
identity. Hence the first trace is 1, regardless of 7. For the second trace, we need to compute
the pullback of a map 7 : IP’%C — ]P’]lf on H? (}P’]%, Z/lZ)). This is a good exercise and the answer
is multiplication by the degree of 7. In other words, this works as in the familiar situation of
complex cohomology. In particular, if 7 is the geometric frobenius we get

Te(mx [H? (P, Z/{Z)) = q

and if 7 is the arithmetic frobenius then we get
Tr(froby |H*(P}, Z/(Z)) = g~ "

The latter option is clearly wrong.

Remark. The computation of the degrees can be done by lifting (in some obvious sense) to
characteristic 0 and considering the situation with complex coefficients. This method almost
never works, since lifting is in general impossible for schemes which are not projective space.

The question remains as to why we have to consider compactly supported cohomology. In
fact, in view of Poincaré duality, it is not strictly necessary. However, let us consider the
case where X = A}C and F = Z/¢Z. The action on stalks is again trivial, so we only need

look at the action on cohomology. But then 7% acts as the identity on H O(A}f, Z/V7) and as
multiplication by ¢ on H, CZ(A]%;’ ZJlZ).
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6.2 Traces

We now explain how to take the trace of an endomorphism of a module over a noncommutative
ring. Fix a finite ring A with cardinality prime to p. Typically, A is the group ring (Z/¢("Z)|G]
for some finite group G. By convention, all the A-modules considered will be left A-modules.

Notation. We set A to be the quotient of A by its additive subgroup generated by the commu-
tators (i.e. the elements of the form ab — ba, a,b € A). Note that A? is not a ring.

For instance, the module (Z/¢"Z)[G]" is the dual of the class functions, so

z/n)Gl = @ z/Z.

conjugacy
classes of G

For a free A-module, we have End (A®™) = M,,(A). Note that since the modules are left
modules, representation of endomorphism by matrices is a right action: if a € End(A®™) has
matrix A and v € A, then a(v) = vA.

Definition. The trace of the endomorphism a is the sum of the diagonal entries of a matrix
representing it. This defines an additive map Tr : Endy (A®™) — A",

a

Exercise. Given maps A®" % A®® 2 A®™ show that Tr(ab) = Tr(ba).

We extend the definition of the trace to a finite projective A-module P and an endomorphism
¢ of P as follows. Write P as the summand of a free A-module, i.e. consider maps P

A% Y P owith

(a) A®" =TIm a @ ker b; and

(b) boa =idp.

Then we set Tr(p) = Tr(agb). It is easy to check that this is well-defined, using the previous
exercise.

Derived categories

With this definition of the trace, let us now discuss another issue with the formula as stated. Let
C be a smooth projective curve over k. Then there is a correspondence between finite locally
constant sheaves F on Cg which stalks are isomorphic to (Z/¢"Z)®™ on the one hand, and
continuous representations p : 71 (C,¢) — GL,,(Z/¢™Z)) (for some fixed choice of ¢) on the
other hand. We denote F, the sheaf corresponding to p. Then H 2(Cy, F,) is the group of
coinvariants for the action of p(71(C, &)) on (Z/¢"Z)®™, and there is a short exact sequence

0 — m(Cf,¢) — m(C,¢) — G, — 0.

For instance, let Z = Zo acton Z /{7 via o(z) = (1+¢)z. The coinvariants are (Z/(*Z), =
Z,/07Z, which is not a flat Z/¢Z-module. Hence we cannot take the trace of some action on
H?(Cy, F,), at least not in the sense of the previous paragraph.

In fact, our goal is to consider a trace formula for /-adic coefficients. But Q, = Z,[1/¢] and
Zy = UimZ/{"7Z, and even for a flat Z/¢"7Z sheaf, the individual cohomology groups may
not be flat, so we cannot compute traces. One possible remedy is consider the total derived
complex RI'(Cj, F),) in the derived category ID(Z/¢"7) and show that it is a perfect object,
which means that it is quasi-isomorphic to a finite complex of finite free module. For such
complexes, we can define the trace, but this will require an account of derived categories.
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6.3 Derived Categories

To set up notation, let .4 be an abelian category. Let Cxs(.A) be the abelian category of com-
plexes in A. Let K (.A) be the category of complexes up to homotopy, with objects equal to
complexes in A and objects equal to homotopy classes of morphisms of complexes. This is
not an abelian category. Loosely speaking, D(A) is defined to be the category obtained by
inverting all quasi-isomorphisms in Cxs(.A) or, equivalently, in K (.4). Moreover, we can de-
fine Cxs™(A), K*(A), D" (A) analogously using only bounded below complexes. Similarly,
we can define Cxs™ (A), K~ (A), D™ (A) using bounded above complexes, and we can define
Cxs’(A), Kb(A), D?(A) using bounded complexes.

Remark.

e There are some set-theoretical problems when A is somewhat arbitrary, which we will
happily disregard.

e The categories K (A) and D(A) may be endowed with the structure of triangulated cat-
egory, but we will not need these structures in the following discussion.

e The categories Cxs(.A) and K (\A) can also be defined when A is an additive category.

The homology functor H? : Cxs(A) — A taking a complex K® — H'(K*®) extends to
functors H' : K(A) — Aand H' : D(A) — A.

Lemma 6.6. An object E of D(A) is contained in D (A) if and only if H'(E) = 0 for all
i < 0. Similar statements hold for D~ and D,

The proof uses truncation functors.

Lemma 6.7. i. Let I°® be a complex in A with I" injective for all n € Z. Then

HomD(A)(K', I.) = HOII]K(_A)(K., I.).

ii. Let P* € Cxs™ (A) with P is projective for all n € Z. Then

HomD(A)(P',K') = HOHIK(A)(P., K.).

iii. If A has enough injectives and T C A is the additive subcategory of injectives, then
DT (A) = K*(Z) (as triangulated categories).

iv. If A has enough projectives and P C A is the additive subcategory of projectives, then
D= (A) = K~ (P).
Proof. Omitted. O

Definition. Let F' : A — B be a left exact functor and assume that .4 has enough injectives.
We define the total right derived functor of F as the functor RF : Dt (A) — D™ (B) fitting
into the diagram
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This is possible since the left vertical arrow is invertible by the previous lemma. Similarly, let
G : A — B be aright exact functor and assume that A has enough projectives. We define the
total right derived functor of G as the functor LG : D~ (A) — D~ (B) fitting into the diagram

D~ (A) 255D (B)

K= (P)—55 K= (B).

This is possible since the left vertical arrow is invertible by the previous lemma.

Remark. In these cases, it is true that R'F(K®) = H(RF(K*)), where the left hand side is
defined to be ith homology of the complex F'(K*).

6.3.1 Filtered Derived Category

Definition. Let A be an abelian category. Let Fil(.A) be the category of filtered objects (A, F')
of A, where F is a filtration of the form

AD---DF'ADF"AD...D0.

This is an additive category. We denote Fil/ (A) the full subcategory of Fil(.4) whose objects
(A, F) have finite filtration. This is also an additive category. An object I € Fil/(A) is called
filtered injective (respectively projective) provided that gr?(I) = grh.(I) = FPI/FPT'[ is
injective (resp. projective) in A for all p. The categories Cxs(Fil/(A)) D Cxs™(Fil/ (A))
and K (Fil/ (A)) D K*(Fil/(A)) are defined as before.
A morphism a : K* — L* of complexes in Cxs(Fil/ (A)) is called a filtered quasi-isomorphism
provided that

@i?(a) : P (K*) = gP(L?)

is a quasi-isomorphism for all p € Z. Finally, we define DF(A) (resp. DF*(A)) by inverting
the filtered quasi-isomorphisms in K (Fil/ (A)) (resp. Kt (Fil/ (A))).

Lemma 6.8. If A has enough injectives, then DF+(A) = K (I), where T is the full additive
subcategory of Filf (A) consisting of filtered injective objects. Similarly, if A has enough
projectives, then DF~(A) = KT (P), where P is the full additive subcategory of Fil/ (A)
consisting of filtered projective objects.

We omit the proof.

6.3.2 Filtered Derived Functors

Definition. Let T : A — B be a left exact functor and assume that .4 has enough injectives.
Define RT : DF*(A) — DF*(B) to fit in the diagram

DF+(A) —2 5 DF+(B)

T T

KH(T) —— K+(Filf (B)).

This is well-defined by the previous lemma. Let G : A — I3 be a right exact functor and
assume that A has enough projectives. Define LG : DFT(A) — DF*(B) to fit in the
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diagram

DF~(A) —“— DF~(B)

T T

K= (P) —% K~ (Fil/ (B)).
Again, this is well-defined by the previous lemma.
Proposition 6.9. In the situation above, we have
gr? o RT = RT o gr?
where the R on the left is the filtered derived functor while the one on the right is the total

derived functor. That is, there is a commuting diagram

DF+(A) 2 DE+H(B)

grpl lgrp

D+(A) —2 D (B).

Given K* € DF*(B), we get a spectral sequence
EPY = HPT(gr? K*) = HP™(forget filt(K*)).

6.3.3 Applications

Let A be an abelian category with enough injectives, and 0 — L — M — N — 0 a short
exact sequence in .A. Consider M € Fil/ (A) to be M along with the filtration defined by

FIM =L, F*M = M forn < 0,and F"M = 0 forn > 2.
By definition, we have

forget ﬁlt(M) =M, grO(M) =N, grl(M) =L

and gr" (M) = 0 for all other n # 0, 1. Let T : A — B be a left exact functor. Assume that .4

has enough injectives. Then RT' (M) € DF*(B) is a filtered complex with

o 0 if p#£0,1,
gr?(RT(M)) E { RT(N) if p=0,
RT(L) if p=1.

and forget ﬁlt(RT(M ) ® Ry (M). The spectral sequence applied to RT(]T/f ) gives

EPY = RPTIT(grP (M) = RPTIT (forget filt(M)).
Unwinding the spectral sequence gives us the long exact sequence
0——T(L)——T(M)——T(N)
R'T(L) —— R'T(M) — -

This will be used as follows. Let X /k be a scheme of finite type. Let F be a flat constructible
Z /0" Z-module. Then we want to show that the trace
Tr(nx|RT (X5, F)) € Z/"Z

is additive on short exact sequences. To see this, it will not be enough to work with RI'.(Xz, —) €
DT (Z/¢"7Z), but we will have to use the filtered derived category.
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6.4 Perfectness

Let A be a (possibly noncommutative) ring, Mod, the category of left A-modules, K(A) =
K (Mody ) its homotopy category, and D(A) = D(Mod, ) the derived category.

Definition. We denote by Kpe.t(A) the category whose objects are bounded complexes of finite
projective A-modules, and whose morphisms are morphisms of complexes up to homotopy.
The functor Kper(A) — D(A) is fully faithful, and we denote Dy ¢(A) its essential image.
An object of D(A) is called perfect if it is in Dper(A).

Proposition 6.10. Let K € Dyert(A) and f € Endpp)(K). Then the trace Tr(f) € Al is
well defined.

Proof. Let P® be a bounded complex of finite projective A-modules and o : P* = K be
an isomorphism in D(A). Then o' o f o « is the class of some morphism of complexes
f®: P*— P*®by 7?7 Set

Te(f) =) (1)’ Tr(f: P' — P') € A%,
i
Given P* and «, this is independent of the choice of f®: any other choice is of the form
f* = f*+ dh + hd for some h' : P — P'~1(i € Z). But
Te(dh) = > (—1)'Te(P" 2 PY)
i

= D () TP AL P
_ _Z(_l)ifl Tr(Pifl ﬂ)Pifl)

= —Tr(hd)

and so >_.(—1)" Tr((dh + hd)|p:) = 0. Furthermore, this is independent of the choice of
(P*, «): suppose (Q°, 3) is another choice. Then by ???, the compositions

— —1
QLKL P and P KIS

are representable by morphisms of complexes 7 and 73 respectively, such that y7 o 35 is
homotopic to the identity. Thus, the morphism of complexes 75 o f®* o~} @ Q° — Q°
represents the morphism 3~ ! o f o 3in D(A). Now

Tr(yz0 f*ontlee) = Tr(vonzof*lpe)
= Te(f*|pe)
by the fact that 7} oy is homotopic to the identity and the independence from (P°, o) already
proved. O

Filtrations

We now present a filtered version of the category of perfect complexes. An object (M, F')
of Fil/ (Mod, ) is called filtered finite projective if for all p, gri.(M) is finite and projective.
We then consider the homotopy category K Fperr(A) of bounded complexes of filtered finite
projective objects of Fil’ (Modp ). We have a diagram of categories

KF(A) D) KFperf(A)

! !
DF(A) 2 DFpet(A)
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where the vertical functor on the right is fully faithful and the category DF (A ) is its essential
image, as before.

Lemma 6.11 (Additivity). Let K € DF,.,/(A) and f € Endpg (K). Then

Te(flx) = 3 Te(flgor ).

PEZL

Proof. By proposition 6.10, we may assume we have a bounded complex P* of filtered finite
projectives of Fil/ (Mod,) and a map f* : P®* — P* in Cxs(Fil/ (Mod,)). So the lemma
follows from the following result, which proof is left to the reader.

Lemma 6.12. Let P € Filf(ModA) be filtered finite projective, and f : P — P an endomor-
phism in Fil/ (Mody ). Then

Tr(flp) = Y Te(flgw(p))-

Characterizing Perfect Objects

Definition. An object K € D~ (A) is said to have finite Tor-dimension if there exists r €
Z such that for any right A-module N, H Z'(N ®H/§ K) = 0 for all ¢ < r (in other words,
Tor (N, K) = 0). Recall that N ®@% K is the total left derived functor of the functor Mod, —
Ab, M — N ®, M. Itis thus a complex of abelian groups.

Lemma 6.13. Let A be a left noetherian ring and K € D~ (A). Then K is perfect if and only
if the two following conditions hold:

i. K has finite Tor-dimension ; and

ii. foralli € Z, H(K) is a finite A-module.

The reader is strongly urged to try and prove this. The proof relies on the fact that a finite
module on a finitely left-presented ring is flat if and only if it is projective.

Remark. A common variant of this lemma is to consider instead a noetherian scheme X and
the category Dp,c,(Ox ) of complexes which are locally quasi-isomorphic to a finite complex
of finite locally free O x-modules.

The Lefschetz Trace Formula

Definition. Let A be a finite ring, X a noetherian scheme, K (X, A) the homotopy category of
sheaves of A-modules on X, and D(X, A) the corresponding derived category. We denote by
DP (respectively Dt, D7) the full subcategory of bounded (resp. above, below) complexes in
D(X,A).

We consider the full subcategory D% (X, A) of D~ (X, A) consisting of objects which are
quasi-isomorphic to a bounded complex of constructible flat A-modules. Its objects are abu-
sively called perfect complexes.

Remark. In fact, a perfect complex is projective in each degree, because of the noetherian
assumption on X.

Remark. This construction differs from the common variant mentioned above. It can happen
that a complex of O x-modules is locally quasi-isomorphic to a finite complex of finite locally
free Ox-modules, without being globally quasi-isomorphic to a bounded complex of locally
free O x-modules. This does not happen in the étale site for constructible sheaves.
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In this framework, lemma 6.13 reads as follows.

Lemma 6.14. Let K € D™ (X, A). Then K € D°(X, A) if and only if

i. K has finite Tor-dimension ; and

ii. foralli € 7, H Z(K ) is constructible.

The first condition can be checked on stalks (provided that the bounds are uniform).

Remark. This lemma is used to prove that if f : X — Y is a separated, finite type morphism
of schemes and Y is noetherian, then Rfi induces a functor D2 (X, A) — DP(Y,A). We
only need this fact in the case where Y is the spectrum of a field and X is a curve.

Proposition 6.15. Let X be a projective curve over a field k, A a finite ring and K €
Db+ (X, A). Then RT (X}, K) € Dpere(A).
Sketch of proof.

Step 1. The cohomology of RI'(Xp, K) is bounded.
Consider the spectral sequence

H'(Xp, H!(K)) = H"™(RT(X;, K)).

Since K is bounded and A is finite, the sheaves H”(K) are torsion. Moreover, X},
has finite cohomological dimension, so the left-hand side is nonzero for finitely many
1 and j only. Therefore, so is the right-hand side.

Step 2. The cohomology groups H™I(RT(X, K)) are finite. ‘
Since the sheaves H” (K) are constructible, the groups H'( X, H/(K)) are finite,' so
it follows by the spectral sequence again.

Step 3. RI'(X%, K) has finite Tor-dimension.
Let N be a right A-module (in fact, since A is finite, it suffices to assume that N is
finite). By the projection formula (change of module),

N @% RT(X3, K) = RT(X;, N @% K).

Therefore, ‘ ‘
HY(N &k RT(Xy, K)) = H(RT (X3, N @ K)).

Now consider the spectral sequence
H'(Xz, H (N ®% K)) = H*(R[ (X, N ok K)).

Since K has finite Tor-dimension, H’(N ®H1§ K) vanishes universally for j small
enough, and the left-hand side vanishes whenever i < 0. Therefore RI'(X7, K) has
finite Tor-dimension, as claimed. So it is a perfect complex by lemma 6.13.

O

'In section 5.6 where we proved vanishing of cohomology, we should have proved — using the exact same
arguments — that étale cohomology with values in a torsion sheaf is finite. Maybe that section should be updated.
It’s flabbergasting that we even forgot to mention it.
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6.5 Lefschetz Numbers

The fact that the total cohomology of a constructible complex with finite coefficients is a
perfect complex is the key technical reason why cohomology behaves well, and allows us to
define rigorously the traces occurring in the trace formula.

Definition. Let A be a finite ring, X a projective curve over a finite field £ and K € ID)lc’tf(X ,A\)
(for instance K = A). There is a canonical map c : W;(lK — K, and its base change c| X;
induces an action denoted 7% on the perfect complex RI'(X%, K|x; ). The global Lefschetz
number of K is the trace Tr(7% ‘ Rr(X;,K) ) of that action. It is an element of AL,

Since K € ]D)lc’tf(X , \), for any geometric point Z of X, the complex K7 is a perfect complex
(in ]D)perf(A)). As we have seen in section 6.1, the Frobenius wx acts on Kz. The local
Lefschetz number of K is the sum

> Tr(rxlx,)

zeX (k)
which is again an element of A"

At last, we can formulate precisely the trace formula.

Theorem 6.16 (Lefschetz Trace Formula). Let X be a projective curve over a finite field k,
A a finite ring and K € ]D)gtf(X ,\). Then the global and local Lefschetz numbers of K are
equal, i.e.
Tr(rx ‘RI‘(X];7A)) = Z Tr(rx |k, )
zeX (k)

in AL

We will use, rather than prove, the trace formula. Nevertheless, let us discuss some ideas of
proof. Since we only stated the formula for curves, it is a consequence of the following result.

Theorem 6.17 (Weil). Let C' be a nonsingular projective curve over an algebraically closed
field k, and ¢ : C — C a k-endomorphism of C distinct from the identity. Let V() = Ac-T,
where Ac is the diagonal, ', is the graph of p, and the intersection number is taken on C' x C.
Let J = @00 Jk be the jacobian of C and denote p* : J — J the action induced by ¢ by taking
pullbacks. Then

Vip) =1—Trs(¢%) + degep.
The number V' () is the number of fixed points of ¢, it is equal to

V(‘P) - Z MFix(y) (C)

c€|C|:p(c)=c

where Mgy, (¢) is the multiplicity of ¢ as a fixed point of ¢, namely the order or vanishing of
the image of a local uniformizer under ¢ — id¢. Proofs of this theorem can be found in [5, §].

Example. Let C = E be an elliptic curve and ¢ = [n] be multiplication by n. Then p* = '
is multiplication by n on the jacobian, so it has trace 2n and degree n2. On the other hand, the
fixed points of ¢ are the points p € E such that np = p, which is the (n — 1)-torsion, which
has cardinality (n — 1)2. So the theorem reads

(n—1)2=1-2n+n
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Jacobians We now discuss without proofs the correspondence between a curve and its ja-
cobian which is used in Weil’s proof. Let C' be a nonsingular projective curve over an al-
gebraically closed field k and choose a base point ¢y € C(k). Denote by AY(C x C) (or
Pic(C x C), or CaCl(C x ()) the abelian group of codimension 1 divisors of C' x C. Then

ANC x C) = prj(AN(C)) @ pry(AY(C)) @ R

where R = {Z € AY(C x O) | Z|oxeor ~ra 0and Z| g1 ~rat 0} In other words, R is
the subgroup of line bundles which pull back to the trivial one under either projection. Then
there is a canonical isomorphism of abelian groups R = End(.J) which maps a divisor Z in
R to the endomorphism

J = J
0c(D)] '~ (pry |2):(pra |2)*(D).

The aforementioned correspondence is the following. We denote by o the automorphism of
C x C that switches the factors.

End(J) R
composition of «, 5 priz, (priz”* () o prog*(5))
idJ Ac—{CO}XC—Cx{Co}
©" Ly — C x {QO(CO)} - Zcp(c):co{c} xC
the trace form .
o, 4 Tr(af) 8= = Joxc oo™l
the Rosati involution .
t a— oo
o
positivity of Rosati Hodge index theorem on C' x C
Tr(aa®) >0 — Jowo aota > 0.

In fact, in light of the Kunneth formula, the subgroup R corresponds to the 1, 1 hodge classes
in H(C) @ HY(O).

Weil’s proof Using this correspondence, we can prove the trace formula. We have

Vie) = /CCDP.A

_ / To. (Ao = {eo} x C = C x {co})—i-/ To.(feo} x C+C x {co}).
cxC

CcxC

Now, on the one hand

| Torlfen) x 0+ 0 x feo}) = 1+ degp
CxC
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and on the other hand, since R is the the orthogonal of the ample divisor {c¢o} x C+C x {co},

/ Ty (Ac —{co} x C = C x {co})
CxC

= [ {remoxtetan - X 4 xC ) (de—{a} x €= Cx {a)
x e(c)=co
= —Trs(p*oidy).

Recapitulating, we have
V(p) =1 =Trs(p") + degep

which is the trace formula.

Corollary 6.18. Consider the situation of theorem 6.17 and let { be a prime number invertible

ink. Then )

Z(_l)iTr(¢*|Hi(C,Z/Z"Z)) =V(p) mod "
=0

Sketch of proof. Observe first that the assumption makes sense because H(C,Z/("Z) is a
free Z/¢"7Z-module for all i. The trace of ¢* on the Oth degree cohomology is 1. The choice
of a primitive ¢"th root of unity in k& gives an isomorphism

H(C.Z/0"Z) = H'(C, )

compatibly with the action of the geometric Frobenius. On the other hand, H'(C, pyn) =
J[¢"]. Therefore,

Tr(o* g czyemny)) = Trp(e*) mod €7
= Trgymz(e” : J[O"] — J[")).

Moreover, H?(C, pyn) = Pic(C) /" Pic(C) =2 Z/¢"Z where ¢* is multiplication by deg ¢.
Hence

Tr(0*| 2 z/0mz)) = deg p.
Thus we have

2

> (1) (" miczjemzy) =1 — Try(@*) + degp  mod £
=0

and the corollary follows from theorem 6.17. O

An alternative way to prove this corollary is to show that
X — H(X,Q) = Q@ lim H*(X,Z/("Z)
n

defines a Weil cohomology theory on smooth projective varieties over k. Then the trace for-

mula
2

Vip) =D (-1 T(¢" miccap)
=0

is a formal consequence of the axioms (it’s an exercise in linear algebra, the proof is the same
as in the topological case).
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6.6 Preliminaries and Sorites

Notation. We fix the notation for this section. We denote by A a commutative ring, A a
(possibly noncommutative) ring with a ring map A — A which image lies in the center of A.
We let G be a finite group, I' a monoid extension of G by N, meaning that there is an exact
sequence

1-G—-T—-7Z—1

and T consists of those elements of I' which image is nonnegative. Finally, we let P be an
A[I']-module which is finite and projective as an A[G]-module, and M a A[I']-module which
is finite and projective as a A-module.

Our goal is to compute the trace of 1 € N acting over A on the coinvariants of G on P ® 4 M,
that is, the number
Tra (1; (P ®4a M)g) € A%

The element 1 € N will correspond to the Frobenius.
Lemma 6.19. Let ¢ € G denote the neutral element. The map
A[G] — A
Z )\g g — A

factors through A[G)°. We denote ¢ : A[G)* — A¥ the induced map.

Proof. We have to show the map annihilates commutators. One has

(5 00) (S 0) = (S ) (S 0) - ( S i A) ]

9192=9
The coefficient of e is

Z ()‘9“9‘1 - Mg)‘g‘l) = Z ()‘g/‘g‘l - “g‘lAg)

g g
which is a sum of commutators, hence it it zero in AL, OJ

Definition. Let f : P — P be an endomorphism of a finite projective A[G]-module P. We
define

T (f3 P) = & (Trajq)(f: P)) -
Lemma 6.20. Let f : P — P be an endomorphism of the finite projective A|G|-module P.

Then
Tra(f; P) = #G - Tr§ (f; P).

Proof. By additivity, reduce to the case P = A[G]. In that case, f is given by right multipli-
cation by some element ) | A, - g of A[G]. In the basis (g)4ecq, the matrix of f has coefficient
)\g;lgl in the (g1, g2) position. In particular, all diagonal coefficients are \., and there are #G
such coefficients. O

Lemma 6.21. The map A — A defines an A-module structure on A"

This is clear.

Lemma 6.22. Let P be a finite projective A[G|-module and M a A[G|-module, finite projec-
tive as a A-module. Then P ® 4 M is a finite projective A[G]-module, for the structure induced
by the diagonal action of G.
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Note that P ® 4 M is naturally a A-module since M is. Explictly, together with the diagonal

action this reads
(Z )\gg) (p@m) = Z gp ® Aggm.

Proof. For any A[G]-module N one has

HOHIA[G] (P X4 M, N) = HOHIA[G} (P, HomA(M, N))

where the G-action on Homp (M, N) is given by (g - ¢)(m) = gp(g~'m). Now it suffices to

observe that the right-hand side is a composition of exact functors, because of the projectivity
of P and M. [

Lemma 6.23. With assumptions as in lemma 6.22, let u € End 4 (P) and v € End g (M).
Then
TS (u @ v; P @4 M) = TeG (u; P) - Trp(v; M).

Sketch of proof. Reduce to the case P = A[G]. In that case, u is right multiplication by
some element a = ) agg of A[G], which we write v = R,. There is an isomorphism of
A[G]-modules

o: AGl@aM = (AG)®a M)

gom — gog 'm

where (A[G] ®4 M)’ has the module structure given by the left G-action, together with the
A-linearity on M. This transport of structure changes u ® v into » g 0gRg ® g~ 'v. In other
words,

o(u®v) o<p_1 = ZagRg@)g_lv.
g

Working out explicitly both sides of the equation, we have to show

Trg (Z agRy @ glv> = ae - Tra(v; M).

g

This is done by showing that

G 1y_J 0 ifg#e
Ty (ag Ry @ 97" 0) _{ a. Try (v; M) ifg=e

by reducing to M = A. O

Notation. Consider the monoid extension 1 — G — I' = N — 1 and let v € I'. Then we
write Z, = {g € G | gy = vg}.

Lemma 6.24. Let P be a A[I'|-module, finite and projective as a A[G]-module, and ~ € T.
Then 2

Tra(y; P) = #2Z, - Try” (7; P) .
Proof. This follows readily from lemma 6.20. O

Lemma 6.25. Let P be an A[l'|-module, finite projective as A|G|-module. Let M be a A[T'|-
module, finite projective as a A-module. Then

vy (v; P @4 M) = Tt (v; P) - Tra(v; M).

Proof. This follows directly from lemma 6.23. O



Etale Cohomology 59

Lemma 6.26. Let P be a A[T'|-module, finite projective as A|G|-module. Then the coinvari-
ants Po = A® A[g) P form a finite projective A-module, endowed with an action of T'/G = N.
Moreover, we have

Tra(1l; Pg) = Z TrA ~v; P
’yl—)l

where Z/m—d means taking the sum over the G-conjugacy classes in I

Sketch of proof. We first prove this after multiplying by #G.
#G - Tra(1; Pg) = Tra < > PG> = Try ( > P)
=1 y—1
where the second equality follows by considering the commutative triangle
pe e p—ty Pg
\m/
C
where a is the canonical inclusion, b the canonical surjection and ¢ = Zm_,l ~. Then we have

(Z'y) —aocob  and (ny>

y—1 =1

=boaoc
Pg

P

hence they have the same trace. We then have

#G - Trp(1; Pg) = Z

y—1

#GZ Tr ~v; P

’y|—>1

#Z

To finish the proof, reduce to case A torsion-free by some universality argument. See [3] for
details. [

Let us try to illustrate the content of formula 6.25. Suppose that A, viewed as a trivial I'-
module, admits a finite resolution 0 — P, — ... — P, — Py — A — 0 by some A[l']-
modules P; which are finite and projective as A[G]-modules. In that case

H. ((P))g) = Tort“ (A, A) = H.(G, A);

and 1 1 1
Z
Ty (v, Pe) = Tra(y; Ps) = Tr(v;A) = .
T iR = gy Trali R = g Tii) = o
Therefore, lemma 6.25 says
Tra(1l; Pg) = Tr (1 H*(G,A) ’Ygl #Z

This can be interpreted as a point count on the stack BG. If A = [F, with £ prime to #G, then
H,.(G,A)is Fyin degree 0 (and 0 in other degrees) and the formula reads

Z #Z mod /.

o-conjugacy
classes ()
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6.7 Proof of the Trace Formula

Theorem 6.27. Let k be a finite field and X a finite type, separated scheme of dimension
at most 1 over k. Let A be a finite ring whose cardinality is prime to that of k, and K €

Db (X, A). Then
(7% ) = 2 T (el ()
zeX (k)

in A8
Remark.

e This formula holds in any dimension. By a dévissage lemma (which uses proper base
change etc.) it reduces to the current statement — in that generality.

e The complex RI'c(X, K) is defined by choosing an open immersion j : X — X with
X projective over k of dimension at most 1 and setting
That this is independent of the choice made follows from (the missing section).

Notation. For short, we write T"(X, K) = >~ x(r) T (72| K) for the right-hand side of (1)

and T (X, K) = Tr (7}| op (X K)) for the left-hand side.
c k>

Proof of theorem 6.27.

Step 1. Let j : U — X be an open immersion with complementY = X —U andi:Y — X.
Then
(@) T"(X,K)=T"(U,j7'K)+T"(Y,i 'K) ; and
(b) T'(X,K) =T'U,j ' K) +T'(Y,i ' K).

This is clear for T”. For (a), use the exact sequence
0—jj 'K —>K—ii'K—0

to get a filtration on K. This gives rise to an object K € DF(X, A) whose graded
pieces are jij 1K and i,i~'K, both of which lie in D’ (X, A). Then, by filtered
derived abstract nonsense (INSERT REFERENCE), RI'. (X}, K) € DFpe¢(A), and
it comes equipped with 7 in DF,¢,¢(A). By the discussion of traces on filtered com-
plexes (INSERT REFERENCE) we get

Tr (W}‘RFC(X,;,K)) = Tr (W}‘RFC(X,;,j[j*KD +Tr (W}‘RFC(X§,i*i71K))
= T"U,i 'K)+T"(Y,i 'K).

Step 2. The theorem holds if dim X < 0.
Indeed, in that case

RT(X}, K) = RU(X}, K) =T(X;, K) = @ Kz O mx *.
(Z'EXE

Since the fixed points of mx : X3 — Xj, are exactly the points € X}, which lie over
a k-rational point z € X (k) we get

Tr (7x | ar.(x;)) = Z Tr(mz| K, )-
zeX (k)
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Step 3. It suffices to prove the equality T'(U,F) = T" (U, F) in the case where

o U is a smooth irreducible affine curve over k ;

o Uk)=0;

o K = F is a finite locally constant sheaf of A-modules on U whose stalk(s) are
finite projective A-modules ; and

o A iskilled by a power of a prime ¢ and { € k*.

Indeed, because of Step 2, we can throw out any finite set of points. But we have only
finitely many rational points, so we may assume there are none®>. We may assume that
U is smooth irreducible and affine by passing to irreducible components and throwing
away the bad points if necessary. The assumptions of F come from unwinding the
definition of Dgtf(X , \) and those on A from considering its primary decomposition.

For the remainder of the proof, we consider the situation

y——Y

1

U——X

where U is as above, f is a finite étale Galois covering, ) is connected and the horizontal
arrows are projective completions. Denoting G = Aut(V|U), we also assume (as we may)
that f~1F = M is constant, where the module M = T'(V, f~1F) is a A[G]-module which is
finite and projective over A. This corresponds to the trivial monoid extension

1-G@—-T=GxN-—-=N-—1.

In that context, using the reductions above, we need to show that 7" (U, F) = 0. We now
present a series of lemmata in order to complete the proof.

1. There is a natural action of G on f,f~'F and the trace map f.f 'F — F defines an
isomorphism

(fuof ' F) @njgp A = (fof T F)a — F.

To prove this, simply unwind everything at a geometric point.
2. Let A=7Z/0"Z withn > 0. Then f.f'F = (f.A) ® 4 M with diagonal G-action.

3. There is a canonical isomorphism (f.A ® A M )® AlC] ~ F.
In fact, this is a derived tensor product, because of the projectivity assumption on F.

4. There is a canonical isomorphism RT.(Uy, F) = (RT (U, f A) @% M) ®]/L\[G] A, com-
patible with the action of y;..
This comes from the universal coefficient theorem, i.e. the fact that RI'. commutes with
@, and the flatness of F as a A-module.

We have

* _ ! Z *
Tr(WU‘RFC(L{E,]-‘)) - Z Try? ((g, U ‘ch(u,;,f*A)@ng)
geG

/ VA %
= Z TrAg((gaﬂu)‘Rpc(u%7f*A)) - Tra(glar)
geG

2 At this point, there should be an evil laugh in the background.
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where I acts on RI'.(Uz, F) by G and (e, 1) acts via ;. So the monoidal extension is given
by ' =G x N — N, v +— 1. The first equality follows from lemma 6.26 and the second from
lemma 6.25.

Step 5. It suffices to show that Trig ((g, ) |RF Us.f A)) € A maps to zero in A.
Recall that

#Z, T ((ngZIMRFC(u,;,f*A)) = Tra ((9’”5)‘ch(u,;,fm>)

Tr4 ((9_1”1/)* ‘RFC(V;’WA)> '

The first equality is lemma 6.24, the second is the Leray spectral sequence, using
the finiteness of f and the fact that we are only taking traces over A. Now since
A = Z/0"Z with n > 0 and #Z, = (¢ for some (fixed) a, it suffices to show the
following result.

Step 6. Try <(g_17rv)*‘RFC(V,A)) =0in A
By additivity again, we have
Tra (<gilﬂy)*‘RFc(V;;7A)> +Tra <(9717TV)*}RFc(Y—V);;7A))
T (7 )

The latter trace is the number of fixed points of g~ '7y on Y, by Weil’s trace formula

6.27. Moreover, by the O-dimensional case already proven in step 2,

—1 *
Tra <(9 ™) |ch(y—v),;,A))
is the number of fixed points of g~!7y on (Y — V). Therefore,

Tra ((g‘lﬂv)*|3rc<v,;,A))

is the number of fixed points of g~ !y on V;. But there are no such points: if j € Y},

is fixed under g~ 7y, then f(y) € X is fixed under mx. But U has no k-rational
point, so we must have f(y) € (X —U)j; and so y ¢ Vr, a contradiction.

This finishes the proof. 0

Remark. Even though all we did are reductions and mostly algebra, the trace formula 6.27
is much stronger than Weil’s geometric trace formula (theorem 6.17) because it applies to
coefficient systems (sheaves), not merely constant coefficients.

7 Applications

7.1 /-adic sheaves

Definition. Let X be a noetherian scheme. A Z,-sheaf on X is an inverse system {7, },,~;
where

e F, is a constructible Z/¢"7Z-module on X, and
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e the transition maps F,1 — JF, induce isomorphisms F,,+1 ®y, Jen17, 707 = F.

We say that F is lisse if each F,, is locally constant. A morphism of such is merely a morphism
of inverse systems.

Lemma 7.1. Let {G,,}n>1 be an inverse system of constructible Z /(" Z-modules. Suppose
that for all k > 1, the maps
Got1/05Gnr1 — G/ Gn

are isomorphisms for all n > 0 (where the bound possibly depends on k). In other words,
assume that the system {G/ Kkgn}n>1 is eventually constant, and call Fy, the corresponding
sheaf. Then the system {Fy;};~, forms a Zg-sheaf on X.

The proof is obvious.
Lemma 7.2. The category of Z¢-sheaves on X is abelian.
Proof. Let ® = {¢n},~; : {Fn} — {Gn} be a morphism of Z,-sheaves. Set
Coker & & {Coker <fn LN gn)}
n>1

and Ker ® is the result of lemma 7.1 applied to the inverse system

m Im (Ker ¢, — Ker¢y,)
mzn n>1

That this defines an abelian category is left to the reader. 0

Example. Let X = Spec(C) and ® : Zy — Z, be multiplication by ¢. More precisely,

o= {z/rz % 2/02}

n>=1 '

To compute the kernel, we consider the inverse system
—znz 2707l 707

Since the images are always zero, Ker & is zero as a system.

Remark. 1f F = {Fy}, 5, is a Zs-sheaf on X and Z is a geometric point then M, = {F, z}
is an inverse system of finite Z /¢"Z-modules such that M,, ; — M, is surjective and M,, =
M, +1/0" My 4q. Tt follows that

M =1lim M,, = lim F,, ;
n

is a finite Zy-module. Indeed, M /¢M = M; is finite over Fy, so by Nakayama M is finite over
Zy. Therefore, M = Z?T ® B! Zo/l57, for some 1, t > 0, e; > 1. The module M = Fj is
called the stalk of F at T.

Definition. A Z,-sheaf F is torsion if (™ : F — F is the zero map for some n. The abelian
category of Qy-sheaves on X is the quotient of the abelian category of Z,-sheaves by the Serre
subcategory of torsion sheaves. In other words, its objects are Zy-sheaves on X, and if F,G
are two such, then

Hoer (f, g) = HOmZz (f, g) Rz, Qy.

We denote by F — F®Q, the quotient functor (right adjoint to the inclusion). If F = F'®Q,
where F' is a Z,-sheaf and Z is a geometric point, then the stalk of F at T is Fz = FL. @ Q.



Etale Cohomology 64

Remark. Since a Zy-sheaf is only defined on a noetherian scheme, it is torsion if and only if
its stalks are torsion.

Definition. If X is a separated scheme of finite type over an algebraically closed field k£ and
F ={Fn},>1 is a Zs-sheaf on X, then we define

H{(X,F)SlimH(X,F,) and  HYX,F)=limH(X,F,).

n

If F = F' @ Q, for a Z,-sheaf F’ then we set
Hi(X,F) = H(X,F) @z, Q.

7.2 L-functions

Definition. Let X be a scheme of finite type over a finite field k. Let A be a finite ring of order
prime to the characteristic of £ and F a constructible flat A-module on X¢. Then we set

LX,F)E ] det <1 A e
z€| X|

ﬂ) Al

where | X| is the set of closed points of X, degx = [k(z) : k] and Z is a geometric point lying
over x. This definition clearly generalizes to the case where 7 = K € ID)th(X JAN).

Remark. Intuitively, T' should be thought of as 7' = t/ where p/ = #k. The definitions are
then independent of the size of the ground field.

Now assume that F is a Qy-sheaf on X. We define

T

L(X,F)= [ det (1 — % Tdee®
z€|X|

>_1 € Q[T1.

Note that this product converges since there are finitely many points of a given degree.

Cohomological Interpretation

This is how Grothendieck interpreted the L-function.

Theorem 7.3 (Finite Coefficients). Let X be a scheme of finite type over a finite field k. Let A
be a finite ring of order prime to the characteristic of k and F a constructible flat A-module
on Xg. Then

-1
L(X,F) = det (1 _ % T‘RP « F)) e A[T].
c k»

Thus far, we don’t even know whether each cohomology group H:(Xp, F) is free.

Theorem 7.4 (Q,-sheaves). Let X be a scheme of finite type over a finite field k, and F a
Qy-sheaf on X. Then

(—1)+
T].
Hzi(Xm) € QT

L(X,F) =[] det (1 — % T

Remark. Since we have only developed some theory of traces and not of determinants, theorem
7.3 is harder to prove than theorem 7.4. We will only prove the latter, for the former see [3].
Observe also that there is no version of this theorem more general for Z, coefficients since
there is no ¢-torsion.
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We reduce the proof of theorem 7.4 to a trace formula. Since QQy has characteristic 0, it suffices
to prove the equality after taking logarithmic derivatives. More precisely, we apply T% log
to both sides. We have on the one hand
-1
-)

)

d _ d * rpdeg @
Torlog L(X,F) = T—log gﬂdet <1 T

_ d * rpdeg @
= Z TdTlog (det (1—7TIT

ze|X|
= Z deg:vZTr ((ﬂg)*}]_.) T dese
z€lX| n>1

where the last equality results from the formula
d —1 _ n n
T log (det (1= fTw) ™) = ; T (/") T

which holds for any commutative ring A and any endomorphism f of a finite projective A-
module M. On the other hand, we have
(=1t
Hi( X5, F )> >

TdiT log <H det <1 - T
= X () ) T

i n>1

by the same formula again. Now, comparing powers of 1" and using the Mobius inversion
formula, we see that theorem 7.4 is a consequence of the following equality

Zd Z Tr ((W;L(/d>* }_I) = Z(fl)iTr ((71'3?)*

dn  =€IX]
deg z=d

H};(X;;f)) )

Writing k), for the degree n extension of k, X,, = X Xgpeck Specky, and ,F = Fx,,, this

boils down to
> T (wkl s) = D0 I ()

2€Xn (kn) i

Hé((Xn);;mf))

which is a consequence of the following result.

Theorem 7.5. Let X be a separated scheme of finite type over a finite field k and F be a
Q¢-sheaf on X. Then dimg, Hg(X,;, F) is finite for all i, and is nonzero for 0 < i < 2dim X
only. Furthermore, we have

> Trlmels) = Y (-1) T (%

zeX (k) i

HZ»(X;;I)) ’

Theorem 7.6. Let X /k be as above, let A be a finite ring with #A € k* and K € D2 (X, A).
Then RT'o(Xj, K) € Dpere(A) and

Z Tr (7 |k, ) = Tr (W} ‘]RFC(X,;,K)) .
zeX (k)

Note that we have already proved this (REFERENCE) when dim X < 1. The general case
follows easily from that case together with the proper base change theorem. We now explain
how to deduce theorem 7.5 from theorem 7.6. We first use some étale cohomology arguments
to reduce the proof to an algebraic statement which we subsequently prove.
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Proof of theorem 7.5. Let F be as in theorem 7.5. We can write F as 7' ® Q, where F/ =
{F]} is a Z,-sheaf without torsion, i.e. ¢ : F' — F' has trivial kernel in the category of Z-
sheaves. Then each ), is a flat constructible Z/¢"Z-module on X, so F, € Db (X, Z/("Z)
and F, ®Hi /17, Z/0"7 = F),. Note that the last equality holds also for standard (non-

derived) tensor product, since F, is flat (it is the same equality). Therefore,

(a) the complex K,, = RI. (X}, F,) is perfect, and it is endowed with an endomorphism
Tt Ky — K, inD(Z/0"Z)

(b) there are identifications
Kn+1 ®%/€n+lz Z/E”Z = Kn

in Dye.¢(Z/¢"7Z), compatible with the endomorphisms m,1 and 7, (see [3, Rapport
4.12]);

(¢) the equality Tr (7% [k, ) = > ex () Tr (72 (7). ) holds ; and

(d) for each x € X (k), the elements Tr (ﬂ'a;
equal to Tr (7, |7, ) € Q.

P 7.> € Z/0"Z form an element of Z, which is

It thus suffices to prove the following algebra lemma.

Lemma 7.7. Suppose we have K, € Dyo(Z/0"Z), T, : K,, — K, and isomorphisms
on Kt ®Hi/en+1z 707 = K, compatible with 7,41 and . Then

i. the elements t, = Tr(m, |k, ) € Z/("Z form an element to = {t,,} of Zy ;

ii. the Zy-module H!  =lim, H'(k,) is finite and is nonzero for finitely many i only ; and

iii. the operators H'(w,) : H'(K,) — H*(K,) are compatible and define 7’ : H', — H:_

satisfying
i % —
Z(—l) Tr (WOO‘H&)@@Z@Q@) = too-

Proof. Since Z/¢"7 is a local ring and K, is perfect, each K, can be represented by a finite
complex K of finite free Z /¢"Z-modules such that the map K, — K P+ has image contained
in (K2 It is a fact that such a complex is unique up to isomorphism. Moreover 7,, can be
represented by a morphism of complexes 7y, : K — K, (which is unique up to homotopy).
By the same token the isomorphism ¢,, : K41 ®EZ‘ 1z, Z)0"7 — K, is represented by a
map of complexes

90:1 : K:z—i-l ®Z/gn+1z Z/f”Z — K;L

In fact, 7, is an isomorphism of complexes, thus we see that

e there exist a, b € Z independent of n such that K = 0 for all i ¢ [a, b] ; and
e the rank of K is independent of n.
Therefore, the module K’ = lim,{K", '} is a finite free Z,-module and K2, is a finite

complex of finite free Zy,-modules. By induction on the number of nonzero terms, one can
prove that H? (K3,) = lim,, H* (K?) (this is not true for unbounded complexes). We conclude
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that H!, = H'(K?2.) is a finite Z,-module. This proves ii. To prove the remainder of the
lemma, we need to overcome the possible noncommutativity of the diagrams

However, this diagram does commute in the derived category, hence it commutes up to homo-
topy. We inductively replace 7, for n > 2 by homotopic maps of complexes making these
diagrams commute. Namely, if o' : K} | — Ki=!is a homotopy, i.e.

5 © Pn = P © Tnyy = dh + hd,

then we choose h' : K!,, — K@ lifting h'. This is possible because K7, free and

’ i n+1
K 72;_11 — K~1is surjective. Then replace 78 by 7* defined by

7};_;’_1 = 7r7.1+1 + dil + ild

With this choice of {7}, the above diagrams commute, and the maps fit together to de-
fine an endomorphism 735, = lim, m; of K3,. Then part i is clear: the elements ¢, =
S (=1)"Tr (7, | Ki ) fit into an element ¢ of Z¢. Moreover

e = (1T, (mi )
= YV Trg, (el o)
- Z(—l)iTr (ﬂ-OO'Hi(K;o@QZ))

where the last equality follows from the fact that Qy is a field, so the complex K3 ®Qy is quasi-
isomorphic to its cohomology H(K$, ® Q). The latter is also equal to H(K2,) ®z Q; =
H!_ ® Qy, which finishes the proof of the lemma, and also that of theorem 7.5. O

7.3 Examples of L-functions

We use theorem 7.4 for curves to give examples of L-functions

Constant sheaves

Let £ be a finite field, X a smooth, geometrically irreducible curve over k£ and F = Qg the
constant sheaf. If  is a geometric point of X, the Galois module Fz = Qy is trivial, so

-1
1
* rd _
det <1—7T$T eg E) = [ 7dess

Applying theorem 7.4, we get

—1)it+1
>( 1)

2
LX,F) = Hdet (1 — 7T§( T Hi(X%,Qp)
i=0

det (1- 5 T

HCI(X;;,QZ)>
Hg(X,;,@A) - det (1 — T

To compute the latter, we distinguish two cases.

det (1 — % T H?(XE7Q4)>
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Projective case. Assume that X is projective, so H:(Xf, Q) = H*(X%,Qy), and we have
Q¢ ifi=0,and 7% actsas 1 ;
(X5, Q) =< QF ifi=1;

Q¢ if ¢ = 2, and % acts as multiplication by ¢ = deg 7x.

We do not know much about the action of 7% on the degree 1 cohomology. Let us call

aq, ..., Qo4 its eigenvalues in Qy. Putting everything together, theorem 7.4 yields the
equality
L det (1= 7% Tl v, 00)
_ degx _ _
x| 1-T (1-T)(1—4qT)

from which we deduce the following result.

Corollary 7.8. Let X be a smooth, projective, geometrically irreducible curve over a
finite field k. Then

i. the L-function L(X,Qy) is a rational funtion ;

ii. the eigenvalues ov, ..., a4 of T On H(X;, Q) are algebraic integers indepen-
dent of £ ;

iii. the number of rational points of X on ky, where [k, : k] =n, is

29
#X (k) =1 onz?qu”;
=1

iv. foreachi, |o;| < q.

Part iii is theorem 7.5 applied to 7 = Q; on X ® k,. For part iv, use the following

result.

Exercise. Let ay,...,a, € C. Then for any conic sector containing the positive real
axis of the form C. = {z € C | |arg z| < ¢} with € > 0, there exists an integer k > 1
such that o, ... af € C..

Then prove that |«;| < ¢ for all i. Then, use elementary considerations on complex
numbers to prove (as in the proof of the prime number theorem) that |o;| < ¢. In fact,
the Riemann hypothesis says that for all |o;| = /g for all i. We will come back to this
later.

Affine case. Assume now that X is affine, say X = X — {x1,...,2,} where j : X — X
is a projective nonsingular completion. Then H(X;, Q) = 0 and H2(Xj, Q) =
H?(X7, Q) so theorem 7.4 reads

det (1 -7 7|

1 X H}-(XUQLJ)>

L(X,Qg): H 1 — Tdegz = 1_qT : '
z€| X|

On the other hand, the previous case gives

L(X7 Qf)

L(%.@) ] (1 - o)

i=1
[T, (1= 7o) L2, (1 - ayT)
(1= T)(1 - qT) |
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Therefore, we see that dim H} (X5, Q) = 29+ > -, deg(x;) — 1, and the eigenvalues
at, ..., agg of T acting on the degree 1 cohomology are roots of unity. More precisely,
each x; gives a complete set of deg(x;)th roots of unity, and one occurrence of 1 is

omitted. To see this directly using coherent sheaves, consider the short exact sequence
on X

n
0— j1Q — Q — P Qe — 0.

i=1

The long exact cohomology sequence reads

n
0—Q — POy ™™ — HY(X;, Q) — HY(X;, Q) — 0
i=1

where the action of Frobenius on ;" , Q;B degi i by cyclic permutation of each term;

and H? (X}, Q) = HZ (X3, Qo).

The Legendre family

Let £ be a finite field of odd characteristic, X = Speck [)\, ﬁ} , and consider the family

of elliptic curves f : E — X on P% whose affine equation is y* = x(z — 1)(z — X). We set
F=RflQ, = {le*Z/E”Z}n>1 ® Q. In this situation, the following is true

e for each n > 1, the sheaf R!f,(Z/¢"7Z) is finite locally constant — in fact, it is free of
rank 2 over Z /("7 ;

o the system {R! f.Z/{"7},>1 is a lisse ¢-adic sheaf ; and

o forallz € | X

, det (1 — Ty Tdegx‘]_._> = (1 — a, T (1 — 3,T79%) where o, (3,

are the eigenvalues of the geometric frobenius of £, acting on H'(Ez, Q).

Note that F, is only defined over x(x) and not over k. The proof of these facts uses the proper
base change theorem and the local acyclicity of smooth morphisms. For details, see [3]. It
follows that

1
(1 _ adeegx)(l _ ﬂdeega:) '

LE/X)=LX,F) =[]
z€|X|

Applying theorem 7.4 we get

_1)i+1
)( 1)

)

2
L(E/X) = [ det (1 kT ‘H};(Xﬁ)
i=0

and we see in particular that this is a rational function. Furthermore, it is relatively easy to
show that HO(X}, F) = H2(X}, F) = 0, so we merely have

L(E/X) = det (1 - W}T|H3(Xf)) .

To compute this determinant explicitly, consider the Leray spectral sequence for the proper
morphism f : F — X over Qy, namely
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which degenerates. We have f,Q; = Q; and R! f,Q, = F. The sheaf R?f,Q, = Q,(—1) is
the Tate twist of Qy, i.e. it is the sheaf (9, where the Galois action is given by multiplication
by #~k(x) on the stalk at Z. It follows that, for all n > 1,

#E(ka) = ) (-1)'Tx <7T%* H};(Ek"@e))

- Z(—l)"ﬂ' Tr <ﬂ'§(*

i’j
= (¢"—2)+Tr (W%*‘H‘%(XE7F)) +q"(¢" — 2)

= ¢ —¢"—2+Tr (W}*\Hg(xg,f))

PRI

where the first equality follows from theorem 7.5, the second one from the Leray spectral
sequence and the third one by writing down the higher direct images of @, under f. Alterna-
tively, we could write

and use the trace formula for each curve. We can also find the number of k,,-rational points
simply by counting. The zero section contributes ¢ — 2 points (we omit the points where
A =0,1) hence

HE(ka) = ¢" — 2+ # {1 = a(x — 1)(@ — N, A #£0,1}.
Now we have

#{y* =z(z—1)(x—A), A#0,1}
—# P =w@—1)(@—N)inA3) —# {2 =22z —1)} — # {12 = 2(z — 1)}
—#{d =yt e e A0+ # {P = (e - D@ - A2 =01} —2(¢" — &)
=q"(¢" —2) +2¢" — 2(¢" — &n)

= ¢®" —2¢" + 2¢,

where ¢, = 1 if —1 is a square in k,,, 0 otherwise?, i.e.

en = % (1+ (Z)) - % (1+ =),

Thus #E(k,) = ¢*"* — ¢" — 2 + 2¢,,. Comparing with the previous formula, we find

q" -1

=2, =1+(-1)"7,

Tr (77}*

H.%(Xz;f)>

which implies, by elementary algebra of complex numbers, that if —1 is a square in £, then
dim H} (X7, F) = 2 and the eigenvalues are 1 and 1. Therefore, in that case we have

LE/X)=(1-T)>2

31 don’t understand this:

# =t} = S e (FE) e B () -

rEkn rE€ky

and similarly for # {y2 =z(zr — 1)2}, soen, = 0?
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Exponential sums

A standard problem in number theory is to evaluate sums of the form

27'riza(zfl)b

Sa,b(p) = Z € P

z€F,—{0,1}

In our context, this can be interpreted as a cohomological sum as follows. Consider the base
scheme S = SpeclF, [x, ﬁ} and the affine curve f : X — P! — {0,1, 00} over S given
by the equation y?~! = 2%(2 — 1)°. This is a finite étale Galois cover with group [, and there
is a splitting
Q)= D A

X:]F;;*)@Z
where y varies over the characters of IFI*, and F, is a rank 1 lisse (Qs-sheaf on which IF‘;; acts
via x on stalks. We get a corresponding decomposition

HY(X;, Qo) = D HY(PL — {0,1, 00}, Fy)
X

and the cohomological interpretation of the exponential sum is given by the trace formula
applied to F, over P! — {0, 1, 00} for some suitable x. It reads

Sa’b(p) = —"Tr (W;(‘Hl([p%_{oj,oo},fx)) )

The general yoga of Weil suggests that there should be some cancellation in the sum. Applying
(roughly) the Riemann-Hurwitz formula, we see that

29x =2~ 2(p—-1)+3(p—2)=p

s0 gx =~ p/2, which also suggests that the y-pieces are small.
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