A STANDARD ZERO FREE REGION
FOR RANKIN SELBERG L-FUNCTIONS

DORIAN GOLDFELD, XIAOQING LI

ABSTRACT. A standard zero free region is obtained for Rankin Selberg L-functions L(s, f X f)
where f is an almost everywhere tempered Maass form on GL(n) and f is not necessarily self
dual. The method is based on the theory of Eisenstein series generalizing a work of Sarnak.

§1 Introduction

Let 71,y be cuspidal automorphic representations of GL(n;,Ar) (i = 1,2) for some
number field F' whose central characters are trivial on R™ imbedded diagonally in the
(archimedean) ideles. As pointed out in [Moreno, 1985], [Sarnak, 2004], de La Vallée
Poussin’s proof of the prime number theorem can be applied to any Rankin-Selberg L-
function L(s,m; X my) provided one of the m; (i = 1,2) is self dual. In this case, the zero
free region for L(o + it,m X my) takes the form

Cc

- log (QmQﬂz ’ <|t’ + 2)) 7

c>1

where ¢ > 0 is an absolute constant depending only on nj,ne, F' and Qr,,Qr, are the
analytic conductors (see [Iwaniec-Sarnak, 1999] for the definition of analytic conductor) of
1, T2, respectively. A zero free region of the form

(108 (Qr, Qs - (It +2)))”

for some fixed B > 0 is called a standard zero free region.

Prior to this work, a standard zero free region for L(s, 7 X m2) was not known in the
case that both 71, w2 are not self dual. The best zero-free region (non self dual case) known
to date is due to [Brumley, 2006], and is of the form

o> 1-—

Cc

1.1 o 1-— ,
(1.1) > (QmeZ . (|t| N 2))N

where ¢ > 0, N > 1 depend only on nj,ny, F. The bound (1.1) was generalized to L-
functions of Langlands-Shahidi type in [Gelbart-Lapid, 2006]. They invoked the method
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of [Sarnak, 2004] which made use of Eisenstein series, the Maass—Selberg relations, and
a sieving argument. Sarnak’s work can be viewed as an effectuation of the non-vanishing
results of [Jacquet-Shalika, 1976] for the standard L-function.

In this paper we also follow [Sarnak, 2004], obtaining a much stronger result than (1.1),
i.e., a standard zero free region, for a restricted class of Rankin-Selberg L-functions. Our
main theorems are the following.

Theorem 1.2 Let 7 be an irreducible cuspidal unramified representation of GL(n,Ag) for
n > 2 which is tempered at all finite primes (except possibly a set of measure zero). Let
T be the contragredient representation of w. Then a zero free region for L (o +it,m X T) is
given by .

(log(lt| +2))”

where ¢ > 0 is a fized constant (independent of t) which depends at most on .

Theorem 1.3 Let 7 be an irreducible cuspidal unramified representation of GL(n,Ag) for
n > 2 which is tempered at all finite primes (except possibly a set of Dirichlet density zero).

Let f be a Maass cusp form in the space of m with dual fG w. Then
1
3
(log(|t| +2))

for allt € R and where the constant implied by the >-symbol is effectively computable and
depends at most on f.

(1.4) IL(1+it, fxf)] >

Theorem 1.2 follows from the mean value theorem together with theorem 1.3 and the
fact that L'(o + it, f X [) <nx.c (log(|t] + 2))2 for 1 — ¢/(log(|t| + 2))5 < o < 1. When
|t| is less than any fixed positive constant, the lower bound (1.4) was already proved in
[Brumley, 2012]. To simplify the exposition we shall assume |t| > 1 for the remainder of
this paper, where the constant implied by the >-symbol is sufficiently large and effectively
computable.

Theorem 1.3 can be viewed as an effectuation of Shahidi’s non-vanishing result [Shahidi,
1981] and an improvement of (1.1). Theorem 1.3 will have many applications since the rel-
ative trace formula for GL(2n) (see [Jacquet-Lai, 1985], [Lapid, 2006]) will have a spectral
contribution which involves integrating the Rankin-Selberg L-function L(1 + it, 7 x 7)1
over t € R. It is crucial to have good lower bounds for L(1 + it, 7 x 7).

The key step in the proof of theorem 1.3 is the introduction of the integral Z which is
defined as |L(1 + 2int, f x f)|? multiplied by a certain transform of a smoothly truncated
Eisenstein series on GL(2n, Ag). The precise definition of Z is given in 11.1. By the use of
the Maass-Selberg relation it is possible to obtain an almost sharp upper bound for Z. The
upper bound is given in theorem 11.2. Remarkably, it is also possible to obtain an almost
sharp lower bound for 7 using bounds for Whittaker functions and a sieving argument.
The lower bound is given in theorem 12.1. The combination of the upper and lower bounds
for Z immediately prove theorem 1.3.
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We believe that the methods of this paper can be vastly generalized to global (not nec-
essarily unramified) irreducible cuspidal automorphic representations of reductive groups
over a number field, leading to standard zero free regions for all Rankin-Selberg L-functions.
It is very likely that the assumptions of temperedness at finite primes can also be dropped.

To keep technicalities as simple as possible we work over Ag with the assumption that
7 is globally unramified. In this case, it is only necessary to do archimedean computations.
The assumption that 7 is globally unramified can be removed. It is not hard to modify the
proof we present if 7 is ramified at oo. If, in addition, 7 is ramified at a finite set of primes
then the entire proof will go through except that the >>-constant in the lower bound for
|L(1+7it, fx f)| will now depend on the finite set of ramified primes. This is clear because
the key integrals coming up in the proof will all be Eulerian and the ramified primes will
only involve a finite Euler product. So bounds for these integrals will only change by a
finite factor when doing the proof in the ramified case.

62 Basic Notation:

We shall be working with
G :=GL(n,R), TI':=GL(n,Z), K :=O0(n,R),

for n > 2. Every z € GL(n,R)/(K - R*) can be given in Iwasawa form

(2.1) z=uxy
I x12 ®3 - Z1n Y1y2 - Yn—1
1 xo3 -+ T2.n Y1Y2 - Yn—2
T = ) Yy =
1 Tpn—1,n Y1
1 1

withz;,; eR(1<i<j<n)andy; >0(1<i<n-—1).

For v = (v1,... ,v,_1) € C"! consider the I,-function
n—1n—1
bi jv;
(22) L) =[] [Tw""
i=1 j=1
where
ij ifi+j<n,
W (n—i)(n—7j) ifi+j>n.
Associated to v € C"~! there are Langlands parameters aq,...,o, € C defined as

follows. For each 1 <4 <n — 1 define

n—1
BZ(I/) = Z bi,jVj~
j=1
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Then the Langlands parameters associated to (n,v) are given by

B,_1(v) + 152, ifi=1,
(2.3) ;=4 Bn_i(v) = Bp_ipa(v) + 2221 if1 <i<n,
—Bi(v) + 252, ifi = n.
Fix a partition n = ny + ng + -+ + n, with 1 < ny,n9,...,n, < n. We define the

standard parabolic subgroup

GL(ny) *
(24) P = Pnl,ng,... RO . .
0 0 -+ GL(n,)
with nilpotent radical
I, *
0 I,
(2.5) NP .= , ,
0 0 I,
and standard Levi
GL(nq) 0 0
(2.6) M7 .= _
0 0 -+ GL(n,)
Define

b = G /(K - R”).

For a function F': G/KR* — C and v € ', we define the slash operator by

(2.7) F(z) |, = F(yz), (z € G/IKR™).

o~

For two functions Fy, F» € £?(SL(n,Z)\b™), we define the inner product

(2.8) (Fi, Fy) = / (B s,
SL(n,Z)\b™
n—1
where d*z :=d*z d*y =[] dzi; [] yk_k(n_k)_ldyk is the left invariant measure.
1<i<j<n k=1
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§3 The maximal parabolic Eisenstein series Ep, ,,:

Let z € GL(2n,R) /(K -R*) and s € C with R(s) > 1. Let P2j,—1,1 denote the maximal
parabolic subgroup as in (2.4). We may then define as in proposition 10.7.5 of [Goldfeld
2006] the maximal parabolic Eisenstein series

Ep,, .. (z,5):= Z Det(vz)?,
~ € (Pon—1.1(Z)NSL(2n,2))\SL(2n,Z)

and the completed maximal parabolic Eisenstein series

E7 (z,8) = 7 ™ T(ns)((2ns)Ep,, ,,(z,8) =Ep, (275 1—35)

P2n—1,1

where !z denotes the transpose of the matrix z.
For u € R with u > 0, and z = zy as in (2.1), define the theta function

(31) Qz(u) = Z e—w(bf—i-b%—i—..-—f—bgn).u’
(a17a27~~~7a2n)622"

where
(32) bl - Cl,lYl,

by = (a1712 + a2) Ys

by = (@121, + @222k + -+ ap—1Tk—1,% + ar) Yx

ban = (@121 20 + G2%2.2n + - -+ + Q2,) Yon
and .

Yi =192 Yon—k [yf” 13!%” 2. ‘y2n—1} -, (for 1 < k < 2n).

In the formula above for Y; we define yg = 1.
It then follows as in the proof of proposition 10.7.5 [Goldfeld 2006] that

(3.3)
* r d r n S du
E},. ., / ) —1]u —+/ Ot s -1 (u) — 1] w1 >u
1 1
1 1 +1
n\l—s s/

where w is the long element in the Weyl group. We shall use (3.3) to prove the following
proposition.
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Proposition 3.4 Let z € GL(2n,R) /(K - R*) as in (2 1). Let yo = 1 and assume that

yi >1(1<i<2n—1). Then for w € C with R(w) = 5, we have
@2n|w| 2 k)7 (k-1 -2 3
‘EPanl,l (27 w)} << n—1 Z <y1y2 y2n ]g) <y2n k;—|—1y2n k+2 e yQTL—l)
jw]® = 1<k<2n
k;l 2ngk+1
+ <yly§ : in 15) (ylgn 1k+1y2n 2k+2 yzn—1> ] ~log(y1 -+ Yan—1),
where the implied constant only depends on n.
Proof of Proposition 3.4: The factor <—— | ‘wl comes from Stirling’s asymptotic formula
w|“ 2z
for |T'(nw)|~!, which arises when passing from Ep, | (z,w)to Ep,,_,,(2,w).

It follows from (3.3) that for w € C with R(w) = 3, to bound Ep,, . , (z,w), it is enough

to bound the integral
du
0. (u) — 1| u™/? —.
] 18-t = 1z
1

The other integral can be bounded similarly.
First of all, we note that by (3.1), (3.2), we have

(35) Z Z Z e—ﬂ'u[aZYk2 + bi_H 4o+ bgn]

ap7#0 Ak41-+- 0210 EZL
al—O (1<i<k—1)

Observe that for t > 0 and a € R, we may compute (using the Poisson summation
formula) that

1
3.6 6—(n—|—a) t / —(z+a)?t 271'1711: de < 1+ —.
56 S e 2 Y !

nez neZ o 2

It immediately follows from (3.2), (3.5), (3.6) that

2n—1 2n
. —mualY? 1
-1« 3 3 et ] (1

1
k=1 ax70 i=k+1 it w2 aon#0
Consequently
o0 2n—1 ¢ , 2n du
/|92(u) —1| u"/? < Z Z e Tk H (1 + — 1) Y, a2
1 k=1 y2 a0 i=k+1 YiYy ™ - w2 u
k
r d
U
+ e~ Uz, YT n/2 -
) ”



A STANDARD ZERO FREE REGION FOR RANKIN SELBERG L-FUNCTIONS

We now define

0o 2n
T s emmua (1++) Y2 e i1 < k< 2n— 1,

1
Y2 ar#0 i=k+1 YiY, "uz
Ie(2) =9 o
2 _ .
[ 3 emmuean Y, yn/? du if k = 2n.
Y22n a2n750
so that

u

o0 2n
/|€Z(u) — 1|u”/2 du < ZIk(z).
1 k=1

The bound for Zj(z) will depend on whether Yy > 1 or Y, < 1. Clearly

Yi>2Yy > > Yo,

Case 1: Vi, >land 1<k <2n-1

In this case we have

T du
(3.6) Ti(z) < [ Y e™a L4y hve] - [L+ Y5, V0] Y/ —
1 ak¢0
-1 -1y n—k
< Yk+1 T }/271 Yk :

since Yj_lY/zC >1forj > k.

Case 2: Vi<land 1<k <2n-—1

We write

1

©0 2n
2 1 du
7 = E —Tua | | 1 Yy~ "n n/2
+(2) / * / ‘ ( +Y1-Yk_1.u§> O,

ar#0 i=k+1
Y2 1

= Il —+ IQ.
Note that for u < 1, we have

j : —ra? _1
e ﬂaku << U 2.
ar#0
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It follows that

2n
1 du
3.7 / ¢—mual R S R KL
57) 3 et T (1 gyt ) e

2 ar#0 i=k+1
k

1
< / %<Y/€+1Yk %> <Y2nlqu %>Y_n n/2 —
Ve

1
3

< /(Yk+1Yk+12 Y277,1> Ykn_k uwmEETE gy
Y2
< Yol Yo YR log(yn o yann), ik =n+1,
Yk_—i-l Y5 Y ik £n+ 1.
We also have

(3.8)

Case 3: £k =2n

Clearly Y5, < 1. We compute

Ton(2) = Z e 7r"’E’H“Y ny? 2 du
v.2 az2n#0 Y
1 [e%e]
-/ +]
Y22n 1
where
1 1 .
/Y2 < /Y uTEPE T du Yyt < (L Y5 ) Y, <Y,
and

oo

/ < Y,

1
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Hence
(3.9) Ion(z) < Y3,

To complete the proof of Proposition 3.4, we make use of the following two identities.

D=

1
(3.10) Yo Yo YT = (w3 v i) 7 (Yot Yononsa Yon—1)
1 —1y—1 on—k\ T (, k-1 —2 mo

(311) Y Ye, Y = (n1y5 - van_ k) (Yon—ts1 Yom ko " Yon1)

The proof of Proposition 3.4 then follows form (3.6), (3.7), (3.8), (3.9) in conjunction
with (3.10), (3.11). O
84 Eisenstein series associated to the P, , parabolic on GL(2n):

We fix an even Maass form (normalized with first Fourier coefficient = 1)
(4.1) f:GL(n,Z)\GL(n,R)/(O(n,R) -R*) — C,

of type v = (v1,...,vp—1) € C as in definition 5.1.3 [Goldfeld, 2006]. Associated to f
there are Langlands parameters aq, ... ,a, € C" as in (2.3).
Also associated to f we have the L-function

=TI (1- O‘) (1 €C)

p 1=1

and the Rankin-Selberg L-function

which satisfy the functional equations

(4.2)

2
=1
INCYEY) :WHHF(”—M_) L(s,f x F) = e(f x F)-A(L—5,F x f),

with root numbers €(f), e(f x f) of absolute value one, and where f denotes the dual
Maass form, i.e., f(z) = f(w *(271)) with w the long element of the Weyl group.
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Remark 4.3: The completed Rankin-Selberg L-function given by A(s, f x f) is entire if f
is not self dual (see [Jacquet, 1972] and [Moeglin-Waldspurger, 1989] for a proof).

Let s € C with R(s) > 1. For the parabolic P = P, ,, with nilpotent radical N7 and
standard Levi M%, define

ns

dot(ma) f(my) f(my),

det (mz)

(4.4) ds(nmk) :=

where
ne NP, m:(“” )eMP, keK.
mso

Let z € GL(2n,R)/KR*. By the Iwasawa decomposition, z lies in the minimal parabolic,
and hence lies in every standard parabolic, so z has a decomposition of the form z = nmk
as above. We may then define the Eisenstein series

(4.5) E(z f;s) == > ds(72).
Y € (Pn,n(Z)NC)\L

Let
n(l—s)

A(2ns —n, f x J?) f(my) f(ms)

A1 +2ns—n, fxf)

denote the constant term of E along the parabolic P (see proposition 8.5). It is convenient
to introduce the height function

det(ml)

(4.6) Cp E(z, f;5) = ¢s(2) + det(my)

det(ml)
4. = .
(4.7) h) = | o
Define
(4.8) Ea(z, f;5) = E(z, f5) — > CpE(z f;s)
Y € (Pn,n(Z)ND\T Y
h(yz)>A

to be the truncated Eisenstein series in the sense of Arthur [Arthur, 1980]. It appears
difficult to compute a useful Fourier series expansion of Arthur’s truncation, so we introduce
a modified version.

Definition 4.9 (Smoothed Arthur truncation of E): Let A > 1. We define
A(2ns —2n, f x f)

Ex(z [;8) = E(z, f;5) = AZE(z, f;5 = 1/2) + AL+ 2n5 2 f x ) E(z, f;2—s)

- Y e <1 — hAZ )f(lm)f(mz)

YEP, n(Z)\I' (2)% ~
h(vz)>A
~ A(2ns—2n, fx f) n(2—s) ( A% >
A(1+2ns —2n, f X f) Z h(z) 1 h(z)% f(my) f(ma) .

v E (Pn,n(Z)mF)\F
h(vz)>A
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to be the smoothed Arthur truncation of E(z, f;s).

Proposition 4.10 Let h(z) be given by (4.7). Then for any v € P, ,(Z)\SL(2n,Z) and
yi>1, i=1,2,...,2n—1), we have h(yz) < h(z).

The proof of proposition 4.10 relies on the following lemma.

Lemma 4.11 Suppose M is an m xX m upper triangular matriz. Let k < m. Define

Ii= (i1, ig), (withl <iy <ig < --- < iy <m),
J = (i i) (with1 < jy < iz < -+ < ji, <m),

and let [M]; ; denote the determinant of the k x k sub matriz of M that corresponds to
the rows with index I and the columns with index J. If iy > js, (for some 1 < 0 < k),
then [M]LJ = 0.

Proof of lemma 4.11: Since M = (mm-) is upper triangular we have m; ; = 0

1<i<m
1<<m

if i > j. Now [M]; s is the minor of the matrix M determined by I, J and has the form

Jj1 J2 Je  dr Ik

\L \L PR \L ‘L « o J/

ig— kK eee kK eee ok
[M]I,J = Det ig_q— Kk e X
- 0 0 -+ 0

Laplace’s theorem says that if we select any ¢ columns/ rows of a matrix M and form
all possible ¢-columned /rowed minors from these ¢ columns/rows, multiply each of these
minors by its cofactor, and then add the results, we obtain Det(M). Expand [M]; ; along
the first £ columns. Since at least one row in the £ x ¢ minors is zero, we immediately see
that [M]],J =0. O

Proof of proposition 4.10: Let

1
1 =" = fp—1 = fint1 = = fop—1 =0, fn =

With this choice of = (0,...,0

3=

,0,...,0) we see that (2.2) is given by

Y

2n—1
bi,n'%
L) =[] w ™ =n(e).
=1
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Further, by lemma 5.7.2 [Goldfeld, 2006], it follows that for v € GL(2n,Z) we have

2n—2
I(vz) = H HGQn—i’VZ AN oo ANeap172 A egn'yzH_ZWQ”’i’l
=0
Z 2n—2
: €amm—_iZ N+ N eap_12 N €eap 2 2npn—i-1 I (z
II1 | u(2)
i=0

= Henﬂfyz Ao A e%'yzH_Q-HenHz Ao A 62n2H2 I,(2).

Here Hen+1 zZ N+ A eap z’ |2 is the sum of the squares of all the n x n minors of the last

n rows of z.
Fix A, B € GL(2n,R), an integer 1 < k < 2n, and

I:= (i1, ig), (With1 <i; <ig<--- <ig < 2n),
J = (1 s da), (With 1< jp < jo < --- < jj, < 2n).

With these choices we have the Cauchy-Binet formula

(4.12) [ABlr.; =Y [Alrx [Blk.s,
K
where the sum goes over all K = (ky,... ,kg), (With 1<K <kyg< - <k < 2n).

We will apply (4.12) with the choices k = n and

Yr--Yn—1 Y1 Y2n—2T12 - Yi1T12n-1 T1,2n
Y1 Y2n—2 o Y1T2.2n—1 T2,2n
B=z= ,
Y1 T2n—1,2n
0 1
1.1 aq 2 s a1 2n
== n+1, n+1, n+1,2n
A=~ Opt1,1 On41,2 Qp41,2
Q2n.1 a2n 2 ce Q2n 2n

Let C := ~z. Then by (4.12) we see that

[C](n+1,n+2,...,2n), (1,2,...,n) — Z [’7](n+1,n+2,...,2n),K : [Z]K (1,2,...,n)"
K
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By lemma 4.11, we have [z]x (12,... n) = 0 unless K = (1,2,... ,n). It follows that
[C] (n+1,n+2,...,2n), (1,2,... ,n) — h/] (n+1,n42,...,2n), (1,2,...,n) * [z](1,2,... ,n), (1,2,...,n)

Again, by lemma 4.11, we see that

[C] (n+1,n+2,...,2n), (1,2,... , n—1,n+1) — Z [7] (n+1,n+2,... 2n), K * [Z]K, (1,2,... , n—1,n+1)
K

= [’7](n+1,n+2,...,2n),(1,2,...,n) : [Z](1,2,... n),(1,2,... n—1,n+1)

+ [’Y](n+1,n+2,... ,2n), (1,2,... ,n—1,n41) [2’](1,2,...,n),(1,2,...n—1,,n+1)-

Continuing in the same manner it follows that

[C] (n+1,n42,...,2n), (1,2,... ,n—2,n,n+1)

= [’Y](n+1,n+2,...,2n),(1,2,... n) " [Z](1,2,... n),(1,2,...,n—2,n,n+1)
_|_

+ [’Y](n+1,n+2,... ,2n), (1,2,... ,n—1,n41) [Z](1,2,...,n—1,n+1),(1,2,...n,n+1)

+ [V nt1,n42,... 2n), (1,20 mont1) * [21(1,2,0 mont1), (1,2, m,m41) 5

[C] (n+1,n42,... ,2n), (n+1,... ,2n)
= [7](n+1,n+2,...,2n),(1,2,...,n) : [2’](1,2,.“ n), (n+1,2,... ,2n)

+ Vnt1,n42,... 2n), (1,2, m—1,041) * [2](1,2,..n—1,n41), (n+1,...2n)
+

+ [Vnt1,n42,... 2n), (n+1,... 2n) * [Zl(nt1,... 20), (n41,...2n) -

For
1<t <tg < <ty <2n — 1,
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we have

o n.n n n
(2] (61 i i), (i vimein) = Y1 Y5 Yomi 1" Yomi,

n—1 n—1
“Yon—in+1 " Yon—i,

n—2 n—2
“Yon—ip_14+1" " Yom—i,_o
Yon—io+1Y2n—iq -
Here, we define yy := 1 and

n—1,n—2

2
[zkn+Ln+2w.2n%(n+Ln+2w.2n)::yl Yo cYn—9oYn—1

= |lent12 A ANeap—12 A eanzll,
where the exponents of the powers of y; (1 < j <n — 1) in the expression
(4.13) VT T Yn o
are less than or equal to the exponents of the powers of y; (1 < j < n — 1) that occur in
(2] (314i2,... i), (i1,is,... in)- Lhis is because the exponent of y; in (4.13) is equal to n— j while

the exponent of y; in [2](i, iy,... in), (61,i0,... i) 15 Digger than n — j because i, _; < 2n — j.
Hence

(4.14) (2] (nt1,m42,... 20), (142, 20) < (2] (i sinses sin)s (i1 sizsenin) >
forany 1 <iy <io < -+ <1y <2n—1.
Recall that
h(v2) = L,(72) = ||lens172 A Aean_172 Aeanyz|| 72 - ||eng12 A+ Aean_12 Aeapnz||2h(2).

To prove h(yz) < h(z) it is enough to show that

(4.15) llent172 A< Aean_172 A eanyz|| > |lent12 A Aeap—_12 A eapz||-

Here )
lent12 Ao Aean_12 A ezl = (%712/372 Y oln—1)

and

(4.16)

l|ent172 A Aeap_172 A €2n72||2 = [O]%n+1,n+2,... ,2n), (1,2,...,n)

2 2
+ [Cleat1n42, 20), 1.2 -1ty 0 [Clat1nt2, . 20), (n41,... 20)-
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Now
[Cltnt1,n42,... 20),(1,2,....0) = [V nt1,n42,... 2n),(1,2,.. ) * [2](1,2,0 0, (1,2, m) -

If [’Y](n+1,n+2,...,2n),(1,2,...,n) # 0 then [7]%n+1,n+2,... 2n),(1,2,... n) > 1 since it is an integer.
It immediately follows from (4.14) that

2 2
> [2]
[C] (n+1,n+2,... ,2n), (1,2,... ,n) = (n+1,n4+2,...,2n), (n+1,n42,... ,2n)

= |lent12 A Aean_12 A eanz||?
which proves (4.15), and, hence, also proves proposition 4.10. If

Vnt+1,n+2,... 2n),(1,2,... n) = 0,

then we use the next term, (i.e. [C]%n+1,n+2,... 2n), (1.2,... m—1.nt1)) D equation (4.16) and
repeat the previous argument. This process can be further continued and we eventually
prove proposition 4.10. [

For s € C with R(s) > 1, let EA(Z, f;s) denote Arthur’s truncated Eisenstein series
attached to the Maass cusp form f defined in (4.8). Define

A(2ns —n, fx f)
A(1+2ns —n, fxf)

(4.18) es(f) =

2n(2n—1)

Corollary 4.19 Let t € R witht > 1. Let 3 =t" . Then for 1 < y; < () 2 with
1<i<2n—1 and g < A <25, we have

Ei(2,f;8) = Ea(z f;5) — A2Ea(z,f;5—1/2) + ¢_1(f)Ea(z, f;2 - 9).

Proof: Recall from (4.6), (4.7), (4.8) that

~, n A(2ns — 2n, f x f)
ce) — i) — A% e _ .9

n

- X ner (1 ) s
YE Py, n (Z)\T (=)
h(vyz)>A

A(2ns —2n, fx f) - ( e )
_ 3 b B
A(1+2ns—2n, f X f) VEPn,Xn%Z)\F (2) 1 f(my) f(m2)

h(yz)>A

v
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By the assumptions on the y;, (1 <i < 2n — 1) and proposition 4.10, we see that

2n—1

2
bi,n'% € TL2 "
h(vz) < hiz) =[] w = Y1Y3Y3 Yn Ynai¥nia o Yen—1 S (t(2+) ) <4
=1

. _ A(2ns—2n,f><f) oy s .
Since ¢,_1(f) = AL one—za FxF)’ it immediately follows that

E4(z fi8) = E(z, f;5) = ATE(2, fis = 1/2) + ¢,_y (f) E(z, £;2 — 5).
A similar argument can be applied to EA(Z, f;s), using (4.8).
O
§5 Upper Bounds for Rankin-Selberg L-functions on the Line R(s) =
The main result of this section is the following lemma.

Lemma 5.1 Let t € R and f be the Maass form on GL(n,Z) defined in (4.1). Then for
|t| > 1, we have the bounds

L(1+2int, fx f) <n s loglt],
L'(1+2int, fx f) <y (logt])?.,

Proof of lemma 5.1: It follows from theorem 5.3 in [Iwaniec-Kowalski, 2004] that

(5.2)
~ O A 7(m) ~ & A, (m)
L(1+42int, fx f) = % Vit2int <X) +e(fx[f) % V_2int(mX)
m=1 m=1
—|—< Res + Res )A(S+u’f>if)G(u)X“,
u=—2int u=—1—2int ’}/(8, f X f) u

where X = (|t| + 1)71T By proposition 5.4 in [Iwaniec-Kowalski, 2004], we have

~100
Vogint, Vitaint(y) < (1 + \/%> ;
2
with ¢eo = ([t| +1)" = X2
Consequently, L(1 + 2int, f x f) is essentially approximated by the first piece in the
approximate functional equation (5.2). Since

2 Apxfm) < N,
m<N
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the bound for L(1 + 2int, f x f,) follows immediately.

Next, we consider the derivative. Let G(u) := (cos (££%)) ! , as in [Iwaniec-Kowalski,
2004, p. 99|, and define

34100
~ ~ d
106 E % Fos)im o [ XA+ x )6

3—1i00

where s = 1 4 2int. If we shift the line of integration to $(u) = —3, we pick up a double
pole at u = 0 and simple poles at u =1 — s, —s. Note that

Set A(s, f % f) = (s, f % f)L(s, fx f) It follows that

/

Res X“A(s +u, f x ) Glu) _ [X“A(s Yu, fx[) G(u)]

U2 u=o

=log X A(s,f x ) + o'(s,f x F)L(s, f x ) + 7(s,f x [)L'(s,.f x ).
Applying the functional equation (4.2), we obtain

(5.3)
(1OgX> "7(55][‘ X f)L<87f X f)+7/(3af X }V)L(Saf X f)
G (u)

(s, fx )L (s, f x f) + (ufzifﬁs + Res)A(s+u, Fx f)—2LXxm

u=—s U2

=I(X, fx f,s) + e(f x (XY fxf1—s)

Now, we may expand (X, fX f, s) into an absolutely convergent series. Let L(s, f X f) =

mZ::1 Aty 7 (m)m™*. Hence

. 3+100 u
X% o) = Y Appmm= ot [ s tur <) (3) 6w %
m=1 3—100

e AT
=v<s,f><f)2%fmv:(§),
m=1
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where
e (s+ufxf)d
" . —u Y(S$+u, f X U
(5.4) Vs (y)—2m.3_/ y “G(u) X)) w

Next, we do the same for I <X_1, fx f,1— s) and then divide both sides of (5.3) by
(s, f f) It follows that

(5.5)

(log X)- Lis, f x ) + LI pe os 7y 4+ s f < 1)

V(s fx f) ~
# (s, + R ) D

~ I
- —nii.{z(ﬂ) Vi) + DY vz ).
m=1 m=1

Recall that go = (|t +1)™".

Claim: For 0 < ®(s) <1 and |3(s)| > 1, we have

~100
) (%) ; if ¥ > \/Goo,
Vs (y) < R(s)

logy+0(J=) ity < V.
Stirling’s asymptotic formula for the Gamma function says that for fixed o, as |t| — oo,
IT(0 + it)| ~ V2r |t|7~/2e /2,

If we apply the above asymptotic formula to the n? Gamma functions in the numerator

and denominator of %ﬁ}f) (see (4.2)) it follows that

’7(5 + U, f X f) Rt 2| ul

5.6 — )« gl ez
(56) (s, fx f) e e

The first bound in the claim follows upon shifting the line of integration in (5.4) to
R(u) = 100 and then using the estimate (5.6). If we shift the line of integration to
R(u) = —R(s)/2, we derive the second bound.
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It is clear that V*,,,(nX) < 1. The second bound in lemma 5.1 now follows from (5.5)
and the above claim.
U

§6 Maass-Selberg Relation:
The Maass-Selberg relation for GL(n) with n > 2 (due to Langlands) is an identity for
the inner product of two Arthur truncated Eisenstein series (see [Garrett, 2005], [Labesse-

Waldspurger, 2013]).

Theorem 6.1 (Maass-Selberg relation) Let r,s € C with r # § and r + § # 1. Then

we have
R R An(r+§—1) B An(’r—g)
(Batefiv), Bae f5 ) = ALAUFD St + AP e
An(§—?”) An(l—r—E

2 _
+|<f7f>| “Cr 5_r +<faf><f7f>'cTCsT_§)7

A(2ns—n, fxf) . . n .
AL ome—n X" Here (f, f) is the inner product on SL(n,Z)\b", while the

inner product of Eisenstein series is on SL(2n,7Z)\b>".

where ¢4 1=

Next, we prove the following corollary.

Corollary 6.2 Define ¢, := %cs. Then for s = % + it with 0 #t € R, we have

~ —~ AQnit A—Znit
(Bats, 5 ), Balx.fi 9)) = I HF e + WELHP e
— (LD -2+ (LD F) - 2mlog A
Proof of corollary 6.2: Let
s:%—kit, r=5+c¢, (teR, €>0),
for € — 0. Then Theorem 6.1 takes the form
N R Ane A2nit+e
(BaGe, f5 1), BalnoF ) = (LIS - = + (LD 8 G
(6.3)
Afneanit A*nﬁ
+ O e ———— = (L) e

—e — 21t €
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On the line R(s) = 3, we have |¢,| = 1. It follows by the Taylor expansion around s = 0
that

Cp - Cs = Cg [cs +ce+ 0(62)}
=1+7Cycs'e +o(e?).
Further,
A" =1+ (log A) - ne + o(€?).
A" =1 — (log A) - ne + o(€?).
Corollary 6.2 immediately follows upon letting e — 0 in (6.3). O

Proposition 6.4 Let F := SL(2n,Z)\GL(2n,R)/(O(n,R) - R*). Then we have

|L(1 + 2int, f x f)’ / ‘EZ(z,f; 1 +it>’2 d*z < A"(log A)(log [t]).
-F

léyig(t1+é)n(2n—1)
1<i<2n—1

Proof: This follows immediately from corollary 4.19, the Maass-Selberg relation in
theorem 6.1 and corollary 6.2, and the upper bounds for Rankin-Selberg L-functions given
in lemma 5.1.

U

§7 Stade’s formula for Whittaker functions:

Let v = (v1,...,vp_1) € C*" 1 denote spectral parameters for GL(n,R) with n > 2.
The Whittaker function W,, , on GL(n,R)/(O(n,R) - R*) is defined to be

(71) Wn,y(z) — / L/(wnuz)e—Qn'i(ul,2+...+un_1,n) H dui,j;

(n—1)n 1<i<j<n
2

1
where w,, = ( : ) is the long element of the Weyl group of GL(n,R) and
z

j—1

NUVp_fk1i — 1
=y
i=0

The completed Whittaker function is defined to be

n— 1n1 —|—V]’)

W* ( : H H 7T2+V7’“

Jj=1k=j
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Stade found a beautiful formula which expresses the Whittaker function as an integral
of K-Bessel functions. For v € C, the Bessel function K, is defined as

(7.2) K, (2my) : / —my(tHL/t) g ﬂ
0

l\')lr—t

t

For y,a,b > 0, define )
K (y;a,b) ::2<Z>§ (27ry\/_>

For any array {ug ¢}, define

1 —2,i— —3,i— i— i—
S(j,i) = 1+ <1+Ua 2, 1(1+UJ 3, 1(1+_‘_+U2, 1<1+u1, 1))))
Uj—1,i Uj—2,i Uj—3,i U2 i Ul

for 1 <j <.

Proposition 7.3 (Stade, 1990) Letn > 2 andv = (v1,... ,vn_1) € C*" 1 with R(v;) >

S|=

n—1
for1<i<n-—1.Set ;= Y vjr. Then
k=)

k=i+1

n—1 du:
(o)) 1 o

; L Uyj,j
k=i+1 1<i<j<n—1 K

n—1 Z b jvj—pi n—1 n—1
H Yo / 1T {K; (yi; L+ ) uig, S(Z’J))
(n=2)(n-1) i=1

(R*)

Corollary 7.4 Let n > 2, and v = (v1,... ,vp_1) € C"1 with associated Langlands
parameters o = (aq,...,ap) € C" as in (2.3). Assume (o) < C|t| for t € R with
[t| = 00 and C > 0 a fized constant. Further assume that

¢t de>0).
 Jmax. 1yl > |t (for some fized € > 0)

Then
-N
Wny,,(y)<<< max yz)

1<i<n—1

for any fixed large N > 1. The implied constant in the <-symbol above does not depend on
t,y.
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Proof: The proof follows from proposition 7.3 and the bound for the K-Bessel function
PR ) <y, (for y= (SO + DT RO < 1),

which holds for any fixed N > 1. [

Assuming R(«a;) = 0 for 1 < ¢ < n, [Brumley-Templier] proved corollary 7.4 using a
different method.

68 Fourier Expansions of Eisenstein Series:
Definition 8.1 (Automorphic function) Let k € Z with k > 2. Let z = xy € GL(k,R)
as in (2.1). A function

F:SL(k,Z)\GL(k,R)/O(k,R) -R* — C

is called an automorphic function if it is smooth and F(z) has polynomial growth in

for all1 <k <kg, - <k, <n—1, and where y; is fived if j # k; (1 <i <r).

Definition 8.2 Let m,n € Z withn > 2 and 1 < m < n. We define the parabolic subgroup

* % *
SL(n—m) :
N ok ek
P = 1 % 0 % C SL(n).
1 =
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Theorem 8.3 Suppose F is an automorphic function for SL(k,Z) with k > 2. Then F
has the following Fourier expansion.

10 -« 0 wupg

1 1 .
1.0
F(Z)://F . . z duLk’duQ,k"'dukfl,k
0 0 ’

1T ug—1k
1

LD ONED SIS 2.

1<€<k=2 mp 170 mip#0 4 ePy y (Z)\SL(k—1,2)

10 Our p—e - U1, k—1 ULk
1 0ugk—¢ " U2 k-1 U2k

1 up—1k
1

k—1 k
6—27T1(mk71uk71,k 4+ MUk —e, k7£+1) H H duz’,j
1=1 j=max(k—¢,i+1)

D IRED SENDS

mp_17#0 m17#0 vyg_1€UL_1(Z)\SL(k—1,Z)
luyz - U pg—1 ULk

1 1 1 - ugk—1 u2k
//F DU : -(W_l 1)Z
0 0

1 ug—1k
1

k=1 k
—omi Cun
e m(mk 1UE—1,k + +m1u1,2) H H duz’,j-
i=1 j—it1

Proof: See [Goldfeld, 2006], [Ichino, Yamana].

To simplify the later exposition, we define the last sum above as the non degenerate
term associated to the automorphic function F'. Here is a formal definition of both the
degenerate and the non degenerate terms..
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Definition 8.4 (degenerate and non degenerate term) Let I’ be an automorphic
function for SL(k,Z) with k > 2. We define the non degenerate term associated to F to
be

ND(F) := >y >

mg_170 m17$0 ’yGUk_l(Z)\SL(k—l,Z)

1w - urp—1 ULk
1 1 1 w1 uog
//F .(7’61 1)2
0 0 1 Uk—1,k
1

k-1 k
. e—27‘ri(mk,1uk71,k + -+ m1u1,2) H H dui,j-
i=1 j=i+1
The other terms in the expansion for F(z) given in theorem 8.3 are defined to be the
degenerate term which is denoted D(F).

Proposition 8.5 (Langlands) The Eisenstein series E(z, f; s) has constant term Cp (as
defined in (4.6)) along the parabolic P = P, ,. Along all other parabolics, the constant
term is 0.

Proof: See theorems 6.2.1, 6.3.1 in [Shahidi, 2010] and proposition 10.10.3 in [Goldfeld,
2006]. O

Proposition 8.6 Let z € GL(2n,R) with Twasawa decomposition

1 mio2 -+ T12m

1 oo Zoom Y,
Z = ' Y2 )

1

where Y1,Ys are diagonal matrices in GL(n,R). Let E(z, f;s) be the Fisenstein series
defined in (4.5). Then we have

B fi5) = )3 et o
YEP2n—1, n—1(Z)\SL(2n—1,Z)
n(l—s)
b eh) [ peey f(ml)f*(mz)] |+ )
(1)
Here
F*(mg) = Z Z B(man_1,. ml) W, (MY3)

n—1
m2n71¢0 mn+1¢0 H ’m2n—k’ 2
k=1

'627Ti(m2n71w2n71,2n+ +mn+1$n+1,n+2)
9
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where B denotes the Fourier coefficient of f, the matriz M is the diagonal matriz
M = diag((man—1mon—2 - |Mnt1|, .., Map_1Mon_2,man_1,1)),

and Wy, ., is the Whittaker function (see (7.1)) in the Fourier expansion of f.
Proof of Proposition 8.6: There are two cases to consider.

CASE 1, { #n —1: Let

1 wuop—ron—e4+1 -+ U2p—p 2n—1 U2p—0, 2n
1 St U2p—p41,2n—1  U2p—i+1,2n
Uy :=
1 U2p—1,2n
1

Then we see that for L = 2n — ¢ — 1, we have

U1, 2n—2¢ ce U1, 2n
U2, 2n—+¢ e U2, 2n
U,
U2n—0—1,2n—0 U2n—0—1,2n
Ul 2n—¢ UL 2n—f U2n—0, 2n—b+1 T U1 2n—b+1 Ul 2n—¢ U2p—g2n T+ UL 2n
U2 2n—¢ U2 2n—f U2n—0, 2n—b+1 T U2, 2n—¢+1 U2 2n—¢ U2p—g2n T -+ U2 2p
UL on—¢ UL 2p—¢ U2n—f, 2n—0+1 T UL 2n—b+1 *°° UL 2n—f U2pn—¢2n + -+ UL 2pn

In the above, we make the change of variables:

UL2n—f U2n—L2n—b+1 T U1 2n—p41 —> U1 2p—041 | U12n—¢ U2p—p2n + -+ UL 2n —> Ul 2n

UL 2n—f U2n—f2n + -+ UL2m — UL 2

UL 2n—f U2n—€2n—0+1 T UL 2n—¢4+1 —> UL 2n—f41
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It follows from the above calculations that with the notation E(z) := E(z, f; s), we have

L=2n—f—1 041

— - % ~
10 -+ 0 wion—re - U1,2n,
1 - 0 wuzop—p - U2,2n,

1 1 . : A

1 upon—e -+ UL 2n v
1 o UL412n 1
0 0 _ ) _
1 wugp—12n
1

o 2mi(Man—1U2n—1,2n + ** + Man—eUzn—r,2n—1+1) g%y,

is equal to (for Iy« ., the L x L identity matrix)

1 0 -+ 0 wuion—e -+ Ui2n
1 - 0 waop—rp -+ U2y
! 1 U : : Inxr, O
Rl ")
Ur2n—¢ °° UL2n 1
0 0 1 0 0 Ug
1

e 2mi(Man—1U2n—1,2n + ** + Man_rU2n—t,2n—0+1) g%,
b

which is 0 by proposition 8.5.

CASE 2, / =n — 1: In this case, define

Uln+1 - Ul2n

1 1 I’)’LX'I’L E o e In)(’n 0
lCn:Z/"'/E Upnnil +°  Upon (”Y 1)'2
) ) 0 U

]nX’I’L

. 6—27T'i(m2n—1u2n—1,2n +-+ mn+1un—|—1,n—|—2) dxu.

Let 2/ = (7 1) - z. We write 2’ in Iwasawa form, so that

p_ (X1 Xo\ (Y
z —( X} vy C GL(2n,R).
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Then

()= () 0 )
e 2= ;-
Unfl Un—lelg YQ

Here X3 is a unipotent matrix with off diagonal entries z; ; and U, 1 X3 is equal to

/ / /
1 un+1,n+2 e un+1,2n—1 un+1,2n 1 n+1,n+2 xn+1,2n—1 xn+1,2n
/ /
1 Upnizon-1  Unjz2n 1 ’ T n+2,2n
/
1 uzn—1,2n 1 x2n—1,2n
1 1
/ /
Un+1,n+2 + xn+1,n+2 e Un+1,2n +o xn—|—1,2n
/
1 e Up42,2n + T Th 409y
- . )
1

which becomes

nd+l,nt2 nd1,2n—1 n+1,2n

n+2,2n—1 un+2,2n

2n—1,2n

after making the following change of variables:

/ /
Un41n+2 T Tpgipyr2 7 Untl,n+2, e yU2n—1.2n T Top_1 2, —7 U2n—12n-

27
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Consequently,
Ul,n+1 *° Ul2n 1
. X1Yy! XLy
1 1 1 1 Inxn : : 171 272 n 2n
]Cn — / .. ./ /. . ./ Un,n+1 " Un,2n H H dul,]
=1 j=n+1
0 0 0 0 0 U Y/ =17
-1
Lnxn e
] 2n—1 2n
. 6—27Tl(m2n_1U2n_1,2n + -+ mn+1un+1,n+2) H H duk,£
k=n+1/{¢=k+1

. / /
. 627T2(m2n—1w2n—1,2n et mn+1xn+1,n—|—2).

By proposition 8.5, the inner integral above is

ns

F(x) £ (UaaYs) + el

n(l—s)

o) F(x070) (v a2).

det(Y2)

det(YY)
det( Y3)

Further, the outer integral picks up the Fourier coefficient of f and f, respectively:

2n—1 2n

1 1
/ /f 1Y2 —2m‘(m2n,1u2n71,2n+ mn+1un+1,n+2) H H dUk,e
0 0

k=n+1/¢=k+1

_ B(mgn Tyeon s mn+1)

H ‘m2n k|

W (MY5)

k:(n«‘rk:)

where B(maop—1,... ,Mpy1) is the Fourier coefficient of f.
Ol

Corollary 8.7 Let z € GL(2n,R) as in proposition 8.6. Let Ez(z, f;s) be the smoothed
truncated Eisenstein series in definition 4.9, and set

T(2n — 1) == Poy_1,,-1(Z)\SL(2n — 1, 7).
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Then we have

det (m1 ) e
det (mg)

{1 - hAl} f(my) f*(mg)

EZ(z, fis) = Z (y)"/2

vel(2n—1)
h(71)z) <A

("1)

det (ml)
det (mg)

A(2ns —2n, fx f) Z
A(1+2n5 =20, f x f) el (2n—1)

n((71)z) <4

n(2—s) An/z
{1 —~ h(y)n/g] f(m) f*(ma)

n(l—s)

det(my) cs(f) - flmy) f*(mo)

det(mz)

DY

vel(2n—1)

(1)

n(s—1)

det(m,) ca—s(f) - f(m1) f*(m2)

det (mg)

A(2ns —2n, f % f)
A(1 + 2ns — 2n, fxf) Z

vel(2n—1)

1 2+iOO A—E’w n(l_s_%)
B Z L 2 det(ml)
271 1) |det
vel(2n—1) mz—z'oo wlw+1) Jdet(mg) (")

N 24100 "
B A(2ns —2n, fx f) Z 1 A2v
A1+ 2ns —2n, f x ]?) 2mi w(w +1)

det(ml) n(—l-l—s—%)

det (mg)

vel(2n—1) 2—i00

st (f) - f(m1) f*(m2)

(1)
+ ND (EA)

Proof of corollary 8.7: The proof follows from the well known identity

24100

1 w 1—-1 ifx>1,
(8.8) — x—dwz{ ’

27 w(w + 1) 0, otherwise,
2—100
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together with the identity

A(2ns—2n,f><f) B(e f:2— 5)
A(1+2ns—2n,f><f) T

Ei(z f;8) = B(z, f;5) — ARE(z, f;5 — 1/2) +

(8.9)
14200 A "
1 —2W w
L B g4 Y) a
omi / wwrn L\ lstg) dw
1—200
14200 n

A(2ns—2n,f><f) 1 A~ o w
A(1—|—2ns—2n,f><f) 2my / w(w+1)E<Z’f’2 8+2)dw'

1—1i00

and proposition 8.6. [

§9 Coset representatives for P, ,,\SL(n,Z):

Recall definition 8.2 which states that

* % *
SL(n—m,Z) :
_ ok ek
(9.1) P,m(Z) = | R C SL(n,Z).
1 %
1

The main goal of this section is the proof of the following proposition.

Proposition 9.2 Let A, A’ € SL(n,Z). Then there exists a matriz X € ﬁmm(Z) such that
A=XA
if and only if for each 1 < k < m, the matrices A, A’ have the same k x k minors on the

bottom k rows.

The proof of proposition 9.2 is based on the following lemma.
Lemma 9.3 Suppose n > m > 1 and aiyj,ag’j €Z (for1 <i<m,1<j<mn). Define
matrices
_ o ! /
A= <a17])1§z’§m, 1<j<n’ A= (ai,j)1gz§m, 1<j<n’
If rank(A) = rank(A’) = m, then there exists a rational m X m matrix

1 % -+ %

U= )
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such that
A=UA

if and only if, for each 1 < k < m, the matrices A, A" have the same k X k minors in the
bottom k rows.

Proof of lemma 9.3: It is easy to show that if A = UA’ then the matrices A, A’ have
the same k£ X k minors in the bottom k rows. In the other direction, we use induction.
Before proceeding with the induction we establish two claims.

Claim 9.4: Let k € Z with k > 2. Let

o (e%) . e ok a{l 0/2 . e Od;

a1 Q22 -+ G2k , asi1 Qa22 -+ G2k
A= . . . ’ A=

a1 Qag2 - Qgk a1 Aag2 - Qkk

be two matrices in GL(k,Z) satisfying det(A) = det(A’) # 0. Then there exists

1 wy usy -+ Up_1
1 0 0
(9.5) U= : : € SL(k,Q)
1 0
1

such that A" = U - A.
To prove the claim note that det(A) = det(A’) # 0 implies (by expanding in terms of
k

/
”
cofactors C; 1 along the first row) that det(A) = > . ; Ci1 = Zle a;Ciq = det(A)
which implies that

(96) Z(O&Z - Oég)ci’l =0.

It immediately follows that if we set
Oé; = Oy + az iUy + as ;U2 =+ Qf Uk—1, (Z = 1, 2, e ,k‘),

then we can find rational numbers uy, ... ,ug_1 so that (9.6) is satisfied. Since det(A) # 0,
one then concludes that the matrix U = A’A~! must be of the form (9.5).

Claim 9.7 Let n, k € Z with 2 < k < n. Let

al a2 “ e an al a2 .« an
az1 a2 -~ A2n az1 dAa22 -~ A2n

k1 Gk2 -+ Qkn k1 Qg2 -+ Qkn
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be two matrices with integer coefficients. Assume that the k& x k minors of A are the same
as the k x k& minors of A’, and that at least one of these minors is non-zero. Then there
exists

1w w0 up—
1 0 0
(9.8) U= ot | e SL(k,Q)
1 0
1

such that A" =U - A.
To prove claim 9.7, note that, without loss of generality, we may assume the first minor

o Q9 N o Oég_ 0/2 PN a;ﬁ
a1 Q22 -+ A2k a1 Q22 -+ A2k

det . ) ] = det ) ) ) # 0.
ag,1 Qg2 - Gkk ag,1 Qg2 -+ Ok

It immediately follows from claim 9.4 that there exists U of the form (9.8) such that

/ / /
al a2 e ak aq Q2 e QL
az1 Q22 - G2k U az1 Q22 - G2k
ag,1 Qg2 -+ Gk a1 Qg2 Ok

Similarly, for any £ < ¢ < n we must have

/ / / /
051 a2 ce ak—l &E a1 a9 st Af—1 Oy
az1 422 -~ A2k—-1 G2y az1 A2 - A2k—-1 A2y
g1 Ag2 - OAgk—1 Qkgyg k1 Aag2 -+ QAgk—1 Qg

This is because a solution U must exist even if the determinants of both minors are zero,
and uq,...,up_1 are already determined by the first £k — 1 columns and the previous
computation. This implies that o) = oy + ag gus + - - - ag eur—1 for all a < ¢ < n. This
completes the proof of claim 9.7.

Let’s assume that
A = (a’-

A= <ai’j)1§z‘§m, 1<j<n’ i) 1<izm, 1<n

have the same k£ X k minors in the bottom k£ rows. We want to prove there exists a unipotent
matrix U such that A = UA’. For the 1 x 1 minors on the bottom row this implies that
Am,i = @, ; for i = 1,2,...n. For the 2 x 2 minors on the bottom two rows we may use
claim 9.7 to conclude that

/ /

Um—11 " Omo1p ) _ (1 w0\ [ Gm-11 - Gmeoin
)

am,1 T Am.n 1 am, 1 T Qm,n
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for some rational number uy.

Next, we consider the 3 X 3 minors on the bottom 3 rows. We want to prove there exists
an upper triangular unipotent 3 x 3 matrix U such that

!/ /

Ap—21 "7 Ap_an Am—-21 *° (Gm-2n
a’{m—l,l a;n—l,n = U. Am—1,1 *** Gm-1n
am,1 e Qm,n am,1 e Am.n
We may set
1 U U2 1 0 0 1 Uy U2
U= 1 Uuo = 1 Up : 1 0 N
1 1 1

which implies that we need to prove

/

10 0 CL;n—2,1 a;n—Z,n a’;n—2,1 ERIR o, S
1 Uo a;n_l’l a;n—l,n = am—-1,1 Am—1,n
1 Am. 1 Am.n am,1 T Qm,n
1w us Amp—2,1 Am—2.n
= 1 0 : m—1,1 Om—1,n
1 Am,1 Am.n

But this again follows from claim 9.7. It is clear that we may proceed by induction to
complete the proof of lemma 9.3.

0

Proof of proposition 9.2: Let A, A" € SL(n,Z). Assume there exists X € ﬁn,m(Z)
such that A = X A’. Then it is obvious that for each 1 < & < m the matrices A, A’ have
the same k x k minors in the bottom k rows.

In the other direction, let

a1,1 T a1,n
M(n—m)xn
A= Apn—m,1 e An—m,n _
- - Y
An—m+1,1 ot An—m—+1,n
’ ’ Nm><n
Qn,1 an,n
/ /
a1 a1.n
’ /
/ . / n—m)xXn
A/ _ an—m,l an—m,n _ ( )
= , , =
an—m+l,1 U an—m+l,n N/
mxn
a/ .« .. /
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By lemma 9.3, there exists a rational m x m matrix

1
1
U= :
1 %
1
such that
N=UN".
Let
(X1, Xo) := MA'™".
Clearly
- (X1 )[(]2> € By m(Z).
O

§10 Bounds for Eisenstein series:

Fix the parabolic P = P, ,, in GL(2n,R). Let z = nmk € GL(2n,R) with

ne NP, m:<m1 m)eMP, keK.
2

Proposition 10.1 Let f be a Maass form on GL(n,Z) as in (4.1) with Whittaker function
W.v, as in proposition 8.6, and set

M = diag(mon—1man—2 - [Mns1l, --., Man—1Mon_2,Map—_1,1).
Then
Z f(m1>Wn7,/ (MYQ) <K 1
1€Pan 1,01 (2)\SL(2n-12) (")
for any z € GL(2n,R) for which |z; ;| <1, and y; > 1 with (1 <i < j < 2n). The upper

bound above does not depend on M.

Proof of proposition 10.1: For 1 <: <n —1, set
—Lifj=2n—i-1
i+1° 1 j = 4n ? )

ph = 1, ifj=2n-1,

0, otherwise.
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Let :UJz = (/“”17 ce nu%n—l)' Then

: 2% (j+1—4)
1,:(z) = Hyg“ :

=1

It follows from lemma 5.7.2 [Goldfeld, 2006] that for

N = (7 1) e SL(2n,Z),

with v € SL(2n — 1,Z), that we have

2n_ —2n
b Hegn_iz/\---/\egnz il Iw(Z)

(10.2) I,:(v'2) = Hegn_i'y’z/\- - ANeap_17 zNeany' 2

Remark 10.3 For any 2n x 2n matrix M, the wedge product Hegn,iM AREEWAN egnM’ |2 18
the sum of the squares of all the (i + 1) x (i + 1) minors of the last i + 1 rows of M.

Consequently, for z € GL(2n,R) in upper triangular Iwasawa form, we have

A
(104) HﬁQn_iZ ARRRNA 62”ZH = [Z] (2n—1i,...,2n), (2n—i,... ,2n) = H yé+l_£7
=1

where for a matrix M, and for vectors of integers I, J, we denote the minor of M determined
by the rows I and columns J as [M]; ; (see lemma 4.11).
It immediately follows from (10.2), (10.4) and remark 10.3 (with M = +z) that

2n
i1

Iui(ry/z) = HGZTL*’LJY/Z A A eanl’)/Z A 62n’}/Z

n

o (G (S PR < )

i, Bi i, Bi2 ag, Bi,L

where

C:=7z,
a=2n—14,2n—i+1,--- ,2n),
Bixi=(1,2,...,i+1),
Bigi=(1,2,... 4, i+2),

BirL=o;=02n—1i,2n—i+1,...,2n).

By the Cauchy-Binet formula (4.12) and lemma 4.11 it follows that
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[C]ai,ﬁi,l - [’7/]0&',51‘,1 [z}ﬁi,hﬁzu

[C]ai,ﬁi,z - [fyl]ai,ﬁig |:z:|/6i,175i,2 + [7/:|04i73i,2 [Z]ﬁi,znﬁi,z

[C]Oéi,ai - [fyl]aivﬁi,l |:Z:|Bi,1,06i + [7/]%751‘,2 [2}51,2,%
4o+ W]ai,ai [Z]ai,ai

[C} ai,Bi1 — [z} Bi 1,841 1.
If [1'] B = 0 then
2

[C] a;,Bi,2 =z [Z] Bi,2,Bi,2 = 1’

and by repeating the previous argument, we have
Ii(v'z) > 1.
Hence
N>1.
max ye (v') 2
We adopt the notation
vi () ==y e (for1 <i<mn-—1).

Now it follows from corollary 7.4 that

—Nn2
W00, < (o)) <™
2 2 2 -N
< <[C} a;,Bi1 + [C} a;,Bi,2 + [C] Oéz'ﬁi,L) ’

for arbitrary large fixed N > 1, and every 1 < i < n.
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Since f is a cusp form, it is absolutely bounded, and it immediately follows from the
above calculations and proposition 9.2 that

Z fmy) Wy, (MYs)

YEPay 1 n_1(Z)\SL(2n—1,Z)

(1)

< > Wy (MY2)
Y€P2p_1.n—1(Z)\SL(2n—1,Z)

—-N
< > (€125, + [CL2 s + o 1O )

YEPay 1 n_1(Z)\SL(2n—1,2)

< L

0

R) - R* with Iwasawa decomposition z = xy as

Proposition 10.5 Let z € GL(k,R)/O(k,
(1<i<j<k). Let

in (2.1) where —% <z, < %, yi > 1,

M = diag(map—1map—2- - |Mp_1|, ..., Mop_1Maon_2,Man_1,1),
and for spectral parameters v = (vy,... ,vx_1) € C*1 define
> A(m ,ME—1)
17 k—1
PE= ) > 2 Wiea (My)

£(k—1)
YEUR—1(Z)\SL(k,Z) m1=1 mg—170 H ‘de
(=1

2mi(mixy,2+moa 3+ +ME_1Tk—1,k)

("1)

- €

where the coefficients A(mq, ... ,mi_1) € C satisfy

> |A(ma,... ,mi_1)]? < N.

m’f_l«--mk,1|§N

Assume the Langlands parameters (aa,... ) attached to Wy, (see definition (2.3))
satisfy |S(ay)| < [t] as |t] = oo, for all 1 < i < k. Then for

k(k—1)
2

1<r?<a1§ 1y" = (‘t|1+6)
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we have

-N
() < (1<i<ak—1 yl)

for any fixed constant N > 1.

The proof of proposition 10.5 requires the following lemma.

Lemma 10.6 Let v/ = <’y 1) € SL(k,Z) for k > 2. Assume that min y; > 1. Then

1<i<k
2
, -1k
max vy; > max y; .
1gz‘<ky’(7) - (1§i<kyl>

Proof of lemma 10.6: Set = (0,...,0,1) and let z = zy € GL(k,R)/(O(k,R)-R*).
It follows from (2.2) that

k—1
k—¢
Iu(z) = H Yy > 1<r?<a]§<_1yi.
=1 - =

On the other hand,

(k—1)k
2

k—1
1\ — Nk—L (A
/) = TLne) < (s )
Claim: [,(y'z) = I,(2).

The claim is a consequence of the fact that
k—2 i i
I,(vz) = H Hek_fy'z A A ek’y’zH b=t Hek_iz Ao A esz P L (2),
i=0

and that ux_1 = 1 only if i = 0, (the other p;’s are zero). Hence, only the last row of z
contributes which establishes the claim.
It follows that

k—Dk
!
max v; > [ max vy; O
1§i<kyz(7) - <1§¢<ky’)

When k = 3, the above lemma 10.6 and proposition 10.5 are due to [Brumley-Templier]
with a better power.

Proof of proposition 10.5: For every 1 <i < k — 2, we choose p’ := (ui,... ,ut )
where
—Zil, ifj=k—i—-1,
ph=< 1, ifj=k-1,

0, otherwise.
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With this choice, we see that

(*) H

It follows from lemma 5.7.2 in [Goldfeld, 2006] that for

i— €+1
1+1

N = <7 1) € SL(k,Z)
we have

€p_iz \ - Aepz _“’Ll-[ i(2).
I

Li('z) = ||exs—iv'z A -

Since
3
Hek_ﬂ/\ Aesz - [Z](k—i,...,k)(k—i,...,lc) - Hyé““,
¢

if we combine the above with (*), we obtain

Li(v'2) = ||ex—iv'z A -+

Since
2k>
I ; !/ /
o) < ()
and
1+e) k(k 1)
3 t )
=
it follows from corollary 7.4 and the above that
— N1
Wy (M MV L (o ) T e
k(M- y(7)) < max  (miyi(v)) " < Ls('2) 5 | max g,
N’ -
f— . / .« .. / - . .
= |lex—iv'2 A - exy'z|| (15?35(_1%)
where N/ = % and N = % are very large.

Hence, for k > 4, we obtain

k—2
z)<<z Z Z Z ml,... mi— 1)|

. £ k ¥4
im1 yEUL L (ENSL(k—1,8) mi>1  me_1£0 H |

lex—iv'z A - /\ek»)/zHiNl (maxy;)

N
< max ; ,
<1§i§k—1 yl)
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by theorem 11.3.2 in [Goldfeld, 2006] and similar arguments as in the proof of proposition
10.1.

For k = 3 and
a b
vY=1c d
1
we have "
d /
yl( ) |C'22 + ‘ylv yQ(fy ) |CZQ + d|2
Hence

It follows that

1
3 1
[pax mjy; ") > (m% may1 (V') y2 (’/)) = (mimayiyo)®

and

WM y() < (mas my;()) - (max i)

1<j<2 1<5<2

. ~ -N
< (mtma)~F - Jlear's nea'=|| ™ (mas,u)

for any large N, N’'. Hence
|A my, M2 | _ —N
F(z) < esy' z N esy'z ~(rna )
(2) Z Z Z |m|3|m|3 H 27 37 H 1<j§2yj
~EU2(Z)\SL(2,Z) m1>1 ma7#0

N
< (112362{2 yj) '

OJ

Proposition 10.7 Let us rewrite the identity for Ej‘ given in corollary 8.7 as
Ei(z, f18) = Ay + Ay + A3 + Ay — Ay — Ag + ND (EA> :

where PR j:éz;i "~ {1 _ h(f;lgL)f/Q} f(m) 7 (m2) ‘ Y

yel(2n—1) ( 1
h((71)z)<A
and Ag, As, Ay, As, Ag are defined similarly. Recall that h(z) =
bounds hold.

det (m1 )
det (mg) :

The following
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(1) If h(z) > A and érzlgnyz > \/g’ then we have Ay, Ay < A™ < AT h(z)2 (h(AZ)> ,
A; <1 for3 <1 <6.
(ii) If h(z) < A and min y; > %g, then

1<i<2n

n[3

Al < A% : (yzy::—piyn—FQ y2n—1) = Ala A2 < A/7 A3aA4aA5vA6 < 1.

> 14e\n(2n—1) i 0o

(iii) If | ax i (|¢]*<) and 1<r1111<1%ny2 > X2 and g € C3° ([1,2]), then
[ (A -, N dA
/g (E) ND (EA(z,f, 1 +Zt)> o < ||
0

for any fixed N > 1.

Proof of proposition 10.7:

Part (i) We first prove part (i) for A;. It follows from proposition 10.1 that

1

Ay < AT YT [ f () ()| ‘(7 ) < A" < ATh(2)® (h(z)>_2.
1

5 A
veT'(2n—1)

Next, we prove the bounds for As. Recall that s = 1 + i¢t. Then

A@2ns —2n, fx f)
A(1+2ns —2n, f X f)

_1
the same argument as the above shows A < A" < A2 h(z)? <h(z)> °.
To obtain the bound for A3 we note that

A(2ns —n, f x f
()] = | <1,
A(l+2ns—mn, fx f)
from which it follows that
A * .
3K ~Z | f(my) f*(my)] ) <1
~vel(2n—1) ( 1
by proposition 10.1. To obtain the bound for A4, note that
A(2ns —2n, f x f
: DL oa epi<,
A(1+2ns—2n, fx f)
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so by the same argument as for Az, we obtain A4 < 1.
To obtain the bound for A5 we write A5 = A5 1 + A5 2 where (for ' = (7 1 ))

2+1i00 w
1 A=5Y  |det(my) n(1-s—%)
A = e s+ W * * d
we ¥ oo f w(w 1) | dot(ms) Coryp (f) - () f1(ma) | dw
yer(2n—1) 2—400 v
h(v'2)<+%
and
A Z 1 2700 A—%w det(ml) n(l—s—%) (f) f(m )f*(m ) J
= By Cs4u . w.
>2 K 271 w(w + 1) |det(my) t2 ! 2
v€T(2n—1) 2—j00 v
h(v'2)>%

It is clear that As 2 < 1 by proposition 10.1. For As; shift the line of integration to

R(w) = _%, and write As 1 = As 1,1+ As 1,2, where As 11 is the residue at w = 0 given by
As11 = Z h(z)n(l_s)cs(f) - f(my) f*(m2) < 1,
~el(2n—1) g
h('y’z)<%
by proposition 10.1. Further
4 > 5 _7m At Jdetm) (UTE |
e _— CS )2 * 'U),
5L2ZT o w(w + 1) |det(my) i ! .
’YGF(2TL—1) —%—ZOO vy
h(v'z)<%

and again As ; 2 < 1 by proposition 10.1.
The case of Ag is similar to As. The only difference is that

A2ns —2n, fx f)
A(1+2ns —2n, f X f)

‘:1.

The same arguments as for As then give Ag < 1.

Part (ii) Next we prove the bounds in part (ii) of proposition 10.7. As in the proof
of part (i), let

1 1
"= (0,...,0, ——, 0,..., - )
/’L ( Y Y Y 2n7 Y 2
N—— ~~~
nth position (2n—1)*" position

Then I,.(2) =y 'ys™2 - y,_1 > 1 and I,,(v'2) = Z - I,s(2). The proof of proposition
4.10 shows that Z > 1. Hence, 1,/ (v'2) > 1,/ (2).
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Now .
n
i / > I , !/
(15135_131 (v 2)> > Ly (v'2),

and

Ay <A Y h(2)F]f(my)]

A v
yeT'(2n—1) 1)

By proposition 4.10

h(v'2)% <h(2)% = (yryiit - yon—1)® (yiyd - yr1)®,
and since
—N-—nS
f*(ma(v)) < <1glg<xn vi (7,2))
we have

—N-n®
A< A (yw% - 'ij)E : Z (maX Yi (’Y’Z>>

% 1<i<n
~el(2n—1)
-N
/ 2 n—1\% —n? ’
<A (yys o ypo1)® Lw()™" ~Z (1??<Xnyi o Z))
~el(2n—1)

< A

The same argument also shows that As < A’. The proof of the bounds As, A4, As, Ag < 1,
are the same as in the proofs in part (i).

Part (iii) Finally we prove the third part of proposition 10.7. We have

T /AN ~ dA
[a(5) Eaerin %
0
24100

:Eo(zanS)O/g(A)%—% / hE(%ﬂ S+%)§(—gw) dw

2—100
~ 24100 "
_ A@ns=2n, fxf) 1 / BT E(zfi2-s+5)5(-2w) dw
A1 +2ns—2n, fx f) 2m w(w + 1) T 2 2 ,

2—100

where

Eo(z, f;5) = E(z, f;5) — ATE (z, fis— %) + A(Al(i”;n? 3”2’ j ; i %E(z, f;2—9).
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n(2n—1)

Now, we are assuming that max y; > (|¢t|'T) . By proposition 10.5, for R(s’)

1<i<2n
fixed with s’ € C, |3(s")| < [t|'*€, we have ND (E(z, f;s')) < [t|™". The conclusion
follows.
U

Corollary 10.8 Let g € C2° ([1,2]).

. . V3
> ;> =
(1) If h(z) > B and iy > 55 then

Jo ()t <ot (5
0

.s . V3 14e\n(2n—1)
< > M2 . >
(i) If h(z) < B and 1£3£ny2 5, and 122)2(71% (t ) , then

N[

n

i A Tk dA = n, n— 2
/g<g> EA(Z7f;S) 7 < B/:ﬂQ (ynyn+i"'y2n—1)2 .
0

Proof: This follows directly from proposition 10.7. [J

6§11 Upper bound for the integral 7:

The key idea for proving our main theorem 1.3 is in obtaining suitable upper and lower
bounds for the integral Z which we now define.

Definition 11.1 (The integral 7) Let t € R with |t| > 1 and set

p=l". s=p
Let f be a cusp form on GL(n) as in (4.1). Set
h2" .= GL(2n,R)/(O(2n,R) - RX).
We now define the integral Z = T, (t) for test functions g € CF([1,2]) (with g(n/2) =1)
and ¢ : [0,00] — C, where g,1 are non-negative. In addition, we require that for some
fized a > 0, the Mellin transform Y(w) is holomorphic in —a < R(w) < a, and satisfies

Y(w) < e vl in this strip. Let
2

T = |L(1+2int, f x [)|” / /E;(z,f;l +it)g (é) % - (deg(2)> T
0

B
Poy—1,1(Z)\H27

Theorem 11.2 (Upper bound for 7) For |t| > 1 we have the upper bound

T, 0(t) < |L(1+2int, f x f)| 672827 (log|t])” - [1 + |L(1 + 2int, f x f)”’

where the < -constant depends at most on n and f.



A STANDARD ZERO FREE REGION FOR RANKIN SELBERG L-FUNCTIONS 45

Proof of theorem 11.2: We begin with some standard computations involving Mellin
inversion and Rankin-Selberg unfolding.

0o 2

To(t) = [L(1+ 2int, [ x ) / /EA(Z,f; 1+it)g (E) A
Pan-1,1(Z)\b2 | 0

JERICORE

|L(1 + 2int, f X f)|2 B w
- i [ dws
2—100

2
-Ep,,_, ,(z,w) d"z dw.

oo A ~, . . %
/o 9(5) Ey(z, f;1 +1it) 1

Next, we shift the line of integration in the w-integral to R(w) =
cross a pole of the maximal parabolic Eisenstein series Ep,, ., (z,w)
that

SL(2n,Z)\h2"

%. In doing so, we
at w = 1. It follows

< (AN =, _CdAP
Zgp(t) = / g(E) EA(z,f;l—l-lt)Z d*z
0

|z 2in, f X AP o(=1) /
5

SL(2n,Z)\h2"

3 —l—zoo

+|L(1+2mtf><f)} / e

/

SL(2n,Z)\b>"

*—ZOO

2

/ g (é> Efﬁl(z, fi1+it) % -Ep, ,,(z,w)d"z dw
0 B A '

=T00(8) + ().

Here ¢ # 0 is a constant.
Next, we will obtain upper bounds for Z) and Z(?). To bound Z(") we break it into 3
pieces:
Cil I(l) — I{l) —f—Iél) —|—I?()1),

AN\ - dA |?
— | Ey(z, f;1+it) —| d*z,
[a(5) Bateinein %

where

J(—1
T = | L+ 2int, f x f)| ¢(5 ) /
SL(2n,Z)\h2"

h(z)=8
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b(—1 © AN A dA|?
Y = |L(1+2int, fx [)|” ‘Z’(é ) / / g(g> Ej(z fil+it) 7| d'=
SL(2n,Z)\h2n 0

max y; > (t1+5)n(2n71)

1<i<2n
h(z)<p
b(—1 < (AN 4 dA |
I(l) |L(1+2int, fxf)| v(=1) / g (—) Ei(z, fi14i4t) —| d*z.
0 0 I6] A
SL(2n,Z)\h2"
12?(%% < (tl+e)n(2n 1)
h(z)<p
. ol om0 .
By corollary 10.8 (i) and the fact that h(2)" ] v, < 1, it follows that
(=1
IV <« 67187 - | L1+ 2int, fx [,
Similarly, by corollary 10.8 (ii)
7" < 578" log t])” - [L(L + 2int, [ x [)[",
and by proposition 6.4, it follows that
) < 5718 (log [t])? - |L(1 + 2int, fx [)].
It remains to bound Z(® which we also split into 3 parts:
ori - I =1 + 7V 4 7V
Here
1—|—zoo A 9
d
7% = |L(1 4 2int, f x )|’ / (- / ‘/ ( )EAzf,lJrzzf)7
1—ioco SL(2n,Z)\h2"
h(z)>p
-Ep,,_, ,(z,w) d*z dw,
e © (A dA|?
I(Q) |L —|—2mtf><f / 1/1 / ’/ g(g)EZ(z,fﬂ%-it)Z
1—ioco SL(2n,Z)\bh%" 0
(g Vi 2 (preyrizn=
h(z)<p

-Ep,,_, . (z,w) d*z dw,
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2"‘“’0 2
Z(Q) |L —|—2mtf><f / 1/1 w)d v / ’/ ( ) f,1+zt)%
1—ioco SL(2n,Z)\h>"
g e < (e
h(z)<pB

-Ep,,_, ., (z,w) d*z dw.

By corollary 10.8 (i), proposition 3.4, and the fact that

V=
N

n 2n—k k—1
h(z) Z [(gﬂy%- Yon— k) <y2n k+1y2n k42 T anﬂ)

1<k<2n

k—1 2n—k+1 2n—1 ; 0 )

k 2n k 2 2n —0(2n— 1

+ (ng : ygz k> <y2n 1k+1y2n k42 y2n71> ] : H Yy @n < h(z)za
(=1

it follows that L .,
I < 673834 (log [t]) - |L(1 + 2int, f x f)|”.

By corollary 10.8 (ii) and proposition 3.4 it follows that
I < 67383 (log [t]) - |[L(1 + 2int, f x f)|°.
Next, by proposition 3.4, for i <y < [t|HInCn=1) (1 < i < 2n), we obtain the bound

n(2n_1)( (2nfk:)(§nfk+1) + (k:;l)k )

EPzn—1,1(va) < Z |:(|t|1+6)

1<k<2n

N (’t’1+€)n(2n_l)((2n—k)(2n4—nk+1)(k—1) + (k—l)kglznn—k+1))
< [t (log |t]) < B2
Consequently, by proposition 6.4 it follows that
TP < 6738 3 (log [t))? - |L(1 + 2int, f x ).
Finally, combining all the above bounds, we get

Ty (t) < |L(1+2int, fx J)| <6758 3 (log t))? - |1+ |L(1 +2int, f x ).
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§12 Lower bound for the integral 7:
The main aim of this section is to prove the following lower bound for the integral 7.

Theorem 12.1(Lower bound for Z) Assume that the cusp form f for SL(n,Z) has
Langlands parameters (i, ... ,iay,). Assume further that J(w) vanishes (to order n*) at
w=i(a;—ay) #0 for1 <j, k <n and that J(O) = 1. Then, under the same assumptions
as in definition 11.1 and theorem 11.2, we have

Iyy(t) > B 6 /(loglt]),

where the >-constant depends at most on n and f.

Remark: To show that it is possible for ¢ to vanish to high order at finitely many pure
imaginary points and also satisfy the conditions specified in definition 11.1 (i.e., positivity
and exponential decay of the Mellin transform in a strip) can be seen as follows. Let ¥ be a
function satisfying the conditions in definition 11.1. For A > 0, define ¢(y) := U(Ay)+¥(y).
Clearly 1) satisfies the conditions specified in definition 11.1. Then

P(w) = (A + 1)U (w).

If we choose A = ™/ then it is clear that J(ia) = 0. By iterating this procedure we can
construct a test function ¢ having the properties required in theorem 12.1. For example,
we may initially choose a test function of type ¥(y) = yRe*yl/Qn (for some large positive
R) and then apply the above procedures. We may, therefore, take

Ty e LR+ w)) 1)
plw) = 94(n?—L) F(QnR)K}_]Ln (e S 1) '

ajFag

where L = #{j,k | aj = ay}. From now on we shall assume that 1:5 is of this form with
R > 1 sufficiently large and independent of n and f.

We defer the proof of theorem 12.1 until later. A key ingredient of the proof is the
following orthogonality condition stating that the degenerate part of the Fourier expansion
of F'is orthogonal to the non-degenerate part.

Proposition 12.2 Suppose F' is an automorphic function for SL(k,7Z) with k > 2 as in
theorem 8.3. Define D(F) and ND(F) as in definition 8.4. Then

/ D(F)- ND(F)y (detT(Z)) d*z =0.

Pr_1,1(Z)\b*
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Proof of proposition 12.2: We have

D(F)-ND(F)= Y - Y >

m1#£0 mg_170 ’YEUk_l(Z)\SL(k—l,Z)

1w e Uk
1 1 1 uzs --- U2k
D v : : : v
D(F)(( 1)2)/ /F . : ( 1)2
0 0 1 Uk—1,k
1
. 6—27Ti(m1u1,2+'"+mk71uk71,k) d*u
Since
J (7)) et = v
YE€Uk—1(Z)\SL(k—1,Z)
we have
det(2) 1 1
— et(z " —
D(F)-ND(FW( ; )dz:Z-~- > / D(F)/---/
Pp_1,1\bF 170 mk-170 Ui (Z)\b* 0 0
1 w9 e UL
I ugg -+ ugp
. F . . : P _6_27Ti(m1u1,2+'“+mk—1uk—1,k)
1 ug_1k
1

Il
—
—
—
—

IS,

3
—
—

y1=0 Yr—1=0 1 2=0 Tr—1,5=0 u1,2=0 Uk —1,k=0

1 Uy,2 Ui,k

1 U23 U2k
L F . . . p .6—2771'(m1u1,2+"'+mk71uk71,k)

1 up—1k
1
det(z

1/}( 5( ) d*ud z.

Consequently, it is enough to prove that
1 1

J = / / E(F) 627Ti(m1w1,2+---+mk—1xk_1,k) d*z = 0.

x1,2=0 Tr—1,5=0

49
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We write
D(F) := Dy(F) + - - + Dy_1(F)
and
T =T+ e+ Ter,
where
10 - 0 wik lxzy2 - x1,6-1 0
1 1 1 1 1 0 ugp 1 - 225-10
J = / / / / F U SO Y
z1,2=0 Tr—1,=0 u1 =0 Uk —1,k=0 1 ukil,k 1 ?
_62ﬂ’i(m1$1,2+~~+mk—1$k—1,k) d*r d*u
=0,

after computing the x;_; -integral.
For 1 </ <k — 2, we define

10-- 0 UL, k—0 """ Ul,k—1 ULk
1 1 1+ 0 uggp—p " U2, k—1 U2,k
. . . Vk—1
Jo+1 = / / F Lo ; ( BE
z1,2=0 Tp_1,=0 1 Uk —1,k
1 1
/ 627”(_m;c—lukfl,k_'"_m;c—éuk*ﬂk*€+1) d*u
u1,k—1=0 Uk—1,k=0
eQﬂ'i(W’L1$1,2+"'+mk71$k71,k> dxx.
Here
L xio(yk-1) 213(-1) - T1e(k-1)
1 z23(Yk-1) 0 @2k(Vk—1)

(%_1 1>Z - : y(Vk—-1)

1 zp—16(ye—1)
1

(mod Zy, O(k, R)).

Now 21 i, 2k, ... ,Tk—1, do not appear in y(yx—1). Note also that

Th—1.k(Vh—1) = Qk—11%1 % + Ak—12T2k + +* + Qp—1 k—1Tk—1 k>
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10 0 U pop - UL g1 UL R Lzia(ye—1) = Tik—e(ve—1) = Z1k(Ye-1)
1.- 0 U2:k—£ U2:k_1 U2:k 1 o o p—e(Vk—1) - xok(VE—1)

1 _
Yh—1,k 1 zr—1,k(Ve—1)
1

1z o(ve—1) = Tik—e(Ve—1)Fu1,6—¢ - T1e(Vk—1)FU1k—tZTh—r,k(Ve—1)+ = Fu1
1 @ k—e(Ve—1)Fuz k—¢ - T2 p(Ve—1)FU2 k—eTr—pk(VE—1)F - Fu2k
1 Th—1,k(Ye—1)+uUk—_1k
1
Now 1 k,Z2k,... ,2Tk—1, only appear in zq x(Vk—1),--- ,Tk—1,k(Ve—1). If we make the

change variables

1 k(Ye—1) + Wi k—eTh—tk(VE—1)

ok (Ve—1) + U2 k—eTr—0.k(Ve—1)

+ + Uy — Uik
+ + U — Uk

Tr—1k(Vh-1) + Uk—1k —> Uk—1k,
and compute the x1 ., T2k, ... ,Tr—1, integral, it follows that

ag—11= "+ =ap—1 k-2 =0, ak—1k—1 =1,

which implies that
Ye-1 € Pr-1,1.

To complete the proof, we use induction. Assume
Ye—1 € Pr—1,0\Pr—1,i—1

for 2 < i < ¢. We will show that y,_1 € ng_l,i.

Since
ﬁk—l,i—]_ = { (7]‘(7)_7' U::l> ‘ fYk—’L' € SL(k - 7;, Z)} 5

Ve—i 0

, by multiplying a suitable matrix in
0 Ui

we can assume i_1 is of the form <

ﬁk_Lg on the left.
Let

ai1 T a1, k—i
Yek—i =

Ak—i,1  *°° Qk—ik—i
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Then
1 T12 1,3 Ly k—it1
1 T2,3 Ty it
Ve—i O
0 1 y
]' xk—i,k—i+1
1
1 'rl,Q(Pykfi) x1,3(’7k—i) xl,kfiJrl(fYk—i)
1 x2,3(7k7i) xz,kﬂ‘“(%ﬁi
= . y(v)  (modz, O(k,R)).
1 xk*i,k*i%»l (P)/kfz)
1
Here
xk—i,k—iﬂ(%—i) = 0k—i1T1 k—i+1 T Qk—i2T1 k—i+1 + **° + Qk—i k—iTh—i k—it1
does not appear in y(yx—;).
Next, change variables
UL k—it1 + - F 21 k—it1 (Ve—i) — UL k—it1

Uk—ik—itl + Thoik—it1(Vh—i) —> Uk—ik—it1-

Computing the x

1,k—it+1)

Ak—4,1 =

which implies that

Hence

1 1

%1::/... / P

x1,2=0 Tr—1,=0

J

u1,x—1=0

T, _.._.4, integrals, it follows that

c=Qg—ik—i—1 =0, Ak—ik—i = 1,
Vi—i € Pr—1.
10 0 wik—g - u,k—1 Uik
1

0 ug k¢ " U2 k—1 U2k

1 up—1k
1

—

27Fi(—m/ Uk—1,— " — M pUk—t,k—0 1) X
e k—1 , k—t k1) g%,

Uk —1,k=0

. e?ﬂ‘i(m1m1,2+"'+mk—1$k71,k> dx.'IT.
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Here 1 < /¢ <k —2 and

k—¢—1 column

lxzy2 - T1,k—t e Tk
10 - 0 wupp—e UL k-1 ULk 1 - T2kt R
1 -0 uzg_¢ U2 k1 U2,k
Loy o ke " Thoo—1,k
Tug o q—e 7 Yot k—1 Yk—e—1,k
1 Tp_1%
1 Uk—1,k 1
1
Lwyp o @y gy Ty h—e T ke ULkT Tk
1 Tp ot T8 o1 ke " Ttk T p—1 ke Tk T T U1

The change of variables

Thp-1k—l T Uk—p— 1kt — Uk—p—1k—2
Tht—1 k41 T Uk—p—1 k-l T J—lt1 T Uk—p—1 kb1 — Uk_f—1 k—0+1

Th—t—1k T Uk—t—1,k—0 Tk—tk T -+ FTUL—p—1k — Uk—t—1k

and the computation of the x;_,_; ,_,-integral shows that J,1; = 0.
O

Corollary 12.3 We have for any N > 1 that

Tyw(t) > |[LO+2int, fx f)° [ - 3
-]

0 N<p<2N
1 U2 *++ Ul2n
~ et .
. ///E:1 . : y, fi 1+t g<g>7
0 0 O 1
2
. eQﬂi(—puzn_1,zn — U2n—2,2n-1— ** —u1,2) d*u ¢ (D%(y)> d*y,

where the sum above goes over primes N < p < 2N.
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Proof: This follows from proposition 12.2 and definition 11.1 after noting that only
the absolute value squared of the non-degenarate terms (see definition 8.4) contribute.
The lower rank average in the Fourier expansion is gone because of the unfolding in the
beginning of the proof of proposition 12.2. For the lower bound we only consider the

contributions of the (1,...,1,p) Fourier coefficients with N < p < 2N. Another key step
in the proof of theorem 12.1 is the choice of N. [

The following lemma is due to [Stade, 2002].

Lemma 12.4 Fiz an integer m > 2, a vector v € C™~1, and the associated Whittaker
function W, . Let (f1,...,0m) be the Langlands parameters associated to (m,v) as

defined in (2.3). Then

_(m—-1)m

o0 o0 9 w (m—1)m(m+41)
W s T 2 -2 6

[ [ [Wonsto] ety ay = NED

0 0 2

1 -2

.W_%—%(ﬁm—k—ﬁm—lcﬂ') r (1 + Bk — 6m—k+j)
2

'ﬁﬁr<—w+6§+@>.

j=1k=1

j=1 j<k<m—1

Next, we use corollary 12.3, lemma 12.4 and results from sieve theory to get a lower
bound for Z .

Proof of theorem 12.1: By corollary 12.3, we need to consider the contribution
from different parts of (8.9). The main contribution to the lower bound will come from
the sum (over primes p) of the (1,...,1,p) Fourier coefficients of E(z, f;1 + it). The
Fourier coefficient for an individual prime p (denoted a4 (1,...,1,p)) is given by (see [Go],
Proposition 10.9.3, [Shahidi], 2010)

. ) 1 wugo - w2,
1 - ugo, 1 .
(11(1, 717p) = //E . : v, f7§+2t
0 0 ' 1
'627ri(—pu2n71,2n — U2n—-2,2n—-1— " —U1,2) d*u
n A(P) it (p) 1

= on—1 Wn,l/ My : ~
p- T 2 (My) L(1+2int, fx f)
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where ¢, is an absolute constant depending only on n,

p

o= X (0w

ab=n
a,b>1 1

and A\(p) is the p-th Hecke eigenvalue of f. The Langlands parameters of E(z, f; % + it)
are

(i(nt +aq), ... yi(nt+ay), i(—nt+a1), ... ,i(—nt+ ozn)),
where (iay, ... ,iay,) are the Langlands parameters of f. For simplicity, we assume
R(aj)=0for 1 <j<n.

Let
oo o0 o0 2
o A\ dA Det (z)
= [ A 1 1 - — d*
/ / / 2 al(; 77p)g(6> A w( 5 ) Yy
0 0 |o
n 2 2 I *
= 8" |AD)I" i (P)|” - — 2 '11,1(29)»
’L(l + 2int, fx f)‘
where
(12.5)

14200

. 1 _ . (0. @} [e.e) .
11,1(]9) =9 / Y(—w) (pd) / /|W2n v (Det 2)" d*y dw
1—ioco 0 0

_WQRQQW ﬁﬁ <1+z(ak )) (1—1—2mt+2( k—aj) -2
B 2mi : 2 2
j=1k=1
ﬁ 1—[ T <w+z(ak aj)>2 r (w+2int+i(ak—aj> T <w—2int+i(ak—aj >
(-~ Y j=1k= ? ?
/ 2n(2n l)w F(’)’I,’U)) dw
1—i0c0

Under the assumptions on {/; , we can assume the above integrand is analytic at the points
w = i(a;j — o) # 0 for 1 < j, k < n. Shifting the line of integration in the w-integral
above to f(w) = —m, we pick up residues from poles at
w=0, 2int+i(a;—ar), —2int+i(a;—ar), ((1<7k<n).
At w = 0 there will be a pole of order 2L — 1 where

L=%#{,k)| aj =oap, 1 <j,k<n}.



56 DORIAN GOLDFELD, XIAOQING LI

The residue at w = 0 is

(12.6)
~ _ 2L . 2 . 2
P(—w)(ps)~ T (§) w + (o — ) w —i(ag — o)
T I
ROS | T mE e T () 11 2 2
1<j<k<n
ak;éaj

.jljlkl]—j[lr(w—i-i@nt;—ak—aj))F<w—i(2nt2—ak+aj)>].

Let z = x + iy. Now, by Stirling’s asymptotic expansion [Whittaker-Watson, §12.33,
1927] we have for |z| — 0o and | arg z| < 7 the asymptotic expansion

o [2\* 1 1 139 1
T(z)=+/22 (2) (1 - o).
() 2 (e> ( 2. T 3882 Bisa0 (|z|4)>

It follows that for —1 <z < 1 and |y| — oo that
1 — 3 2 2 ZT_I — arctan( 12 63:)
(50 (52 <o () T Lt

2
1 1 139 1
-‘1+ - — +O( )

2

12z ' 28822 5184023 EEAR
where 0 it 0
x>0,
sw={" |
m ifx <O.

Such asymptotic expansions can also be derived for derivatives of the Gamma function.
Consequently, for any fixed integer ¢ > 0, if we take the ¢*" derivative in z, we get for
—% <z< % and y — 0o, the asymptotic formula:

(12.7)

(3 o (252)r(559)- [ B e (54) i)
(o)
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It follows from (12.7) that if we choose

n n 9 o )
N§ = ’ Hexp (log(l nt+§k aﬂ)) ~ (nth™ ,

(a%)e [(Nd)_wl—[ ﬁr<w+i(2nt;—ak—aj)>r(w—i(2nt2—ak+aj))]

. (a%)e_m [:Uﬁr<w+i(2nt;ak—aj)>F(w—i(2nt2—ak+aj))]

G=1 k=1 w=0
- i: ( ) (—log(N§))™ - (log(Ne)™™ + O (|t "))
m=0
'ﬁgr(w+i(2nt;ak —aj)) r(w_i@"t;akﬂL@j)) B

2

r (z’(2nt —|—;¢k - aj)>

It now follows from the above computation that for pd = NéA, with 1 < )\, < 2 and
any integer ¢ > (

(12.8)

(a%)g [(pé)_wﬁ ﬁr(w—ki@nt;—ak—aj))F(w—i(2nt2—ak+aj))]

j=1k=1

!

_ (H)é’ og A, [ + O ((log’;t|’t\)e>) | ﬁ ﬁ

(i(Znt —|—(2)4k — aj))

2

2

< <|1og2|f+@(W)> ﬁ ﬁ

- (@(m +oap — aj)>
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To complete the determination of the residue at w = 0 in (12.6), we need to compute
¢ ~ . 2 . 2
0 Y(—w) H r w+i(ar — o ) r w — iy — o)
aw 7T2n(2n2—1)w 2 2

1<j<k<n
apFoj

forall0 < /¢ <2L —1.
Recall that

~ . F(2n(R — 'UJ)) — 411“)04 4
plow) = 24(n2—L)F(2nR)1<J1_k[<n (6 S 1) '
oy Ao,

If we assume that n and a; (j = 1,2...,n) are fixed and R is sufficiently large then by
Stirling’s asymptotic formula we see that

2N Jcw
(50)

as R — oco. Consequently

~ (—2n 10g(2nR))e

w=0

(12.9)

o \* @Z(—w) <w+i(ak—aj)>2 (w—i(ak—aj)>2
—_— _ I I
(8“}) 71_277.(27;71)111 1SJEI[€§TL 2 2

apFoy w=0

~ (—2n log(QnR))2 : H
1<j<k<n
apFo;

as R — oo, forall 0 </ <2L —1.

The estimations (12.8) and (12.9) show that the main contribution to the residue at

w = 0 in (12.6) comes from the (2L — 2)'" derivative of ¥)(w) at w = 0. It now follows from
(12.8) and(12.9) that the residue at w = 0 in (12.6) is asymptotic to

( 2nt+0¢k—0@)r

; (2nlog(2nR )2L ? (i(ak—aj)) R
.2 NEGE=LDRNE y iy 40
(2L - 2)! 1§£1<n 2 j=1k=1

apFoj

for R sufficiently large and [t| — oc.
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The other residues at +2int + i(o; — o) will be bounded by

< ‘@ZU) ( — (% 2int + (o — ak)>‘ e

< |t~

for arbitrary B > 1, because of the rapid decay of QZ and its derivatives.

On the line R(w) = —m we estimate (with Stirling’s asymptotic formula) the
integral

(12.10)
R—i—ioo

1
log log

Pw)(po) P(%)Q)L f:[ Iﬁp(ww(ak —aj>)2

7T2n(2'r;—1)w F(TL’UJ 2

1 .
— e —100
loglog R Oéj?éak

ﬁ Hr(w—l—%nt—;i(ak—aj)F(w—?int—;i(ak—aj> duw

j=1lk=1

2

< (loglog R)*" ' H H 5
j=1k=1

r <2int + (o — aj)

Here we have used the fact that if we shift the line of integration in the above integral
then the growth in |¢| does not change because of (pd)~* =~ (t"°)~* which cancels the
polynomial term (coming from Stirling’s formula) in the product of Gamma functions.

It follows from (12.5), (12.9), (12.10) that
(12.11) If1(p) > (log R)*F72- |, (|t| = ),

where the >-constant depends at most on n and the «; (i = 1,2,... ,n).

Lemma 12.12 Let f be a Hecke Maass cusp form for SL(n,Z) which is tempered at every
rational prime. Then there exist at least ﬁ N_ primes p in the interval [N,2N] such

log N
that
1

| > —,
100
where X(p) is the p-th Hecke eigenvalue of f.

[A(p)

Proof: By [Liu, Wang, Ye, 2005] it is known that

(12.13) > A(m)-|A(m)]> ~ N.

N<m<2N
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Define a prime to be good if [A(p)| > 155, and otherwise define the prime to be bad.
Now, suppose the conclusion of lemma 12.12 is wrong. We will show that this leads to
a contradiction. If lemma 12.12 is false, the left side of (12.13) can be asymptotically
estimated as follows:

S Am)-AmP ~ > AR+ Y Ap) - M)

N<m<2N N<p<2N N<p<2N
p good p bad
1 1
12.14 < p2_— N A
(12.14) T R > Aw) 1002
N<p<2N
SN, N
=70 " 1002

Here we used the Ramanujan bound |A(p)| < n, i.e., the fact that f is tempered at p. Since
(12.14) contradicts (12.13) this proves the lemma. O

Lemma 12.15 Let N > t2 > 1. Then there ezist at least (1 L ) N primes p in the

~ 20n2/) log N
interval [N,2N| such that
1
) > -
[mie )| 2 55502,

Proof: We have
|nm~t (p)‘ = !met + 1‘ > ‘ cos(2nt) (logp) + 1|.

Let
1
20002n4"

Assume for some integer m and a prime N < p < 2N that

A —

(12.16) |2nt(logp) — (2m + 1)w| > 10VA.

Then it follows that
‘ cos(2nt)(logp) + 1| > A.

Define S,,, to be the set of primes p in the interval [V, 2N] which don’t satisfy (12.16). For
p € S,, we have the inequalities:

6(272121Tt1\)ﬂ (1— ﬂ) S P S 6(273:3)7( <1+ —\/Z> .

2nt 2n|t|

Sieve theory tells us [Bombieri-Davenport, 1969] that for

M et 6(27721:,‘,1)” @
nlt]
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we have the following bound for the cardinality of S,,:

S <
#5m < log M

Now

N (2m+1)m
5 S e 2nlt S 3N

This implies that

2njt[(log N) 1 <m < 2n|t|(log N) _1_{_ n|t|(log2).
2m 2 2T 2 7T
Hence
4 (|Jsn) < 2NVA  nft|(log9) - 100NVA _ L N
~ n|t|  log N — log |t| log N 20n? log N
O

Lemma 12.17 Let f be a Hecke Maass cusp form for SL(n,Z) which is tempered at every
rational prime. Then there exist at least ﬁ% primes p in the interval [N,2N] such
that

IAP)nit| >n,r 1.

Proof: This follows immediately from lemmas 12.12 and 12.15 since the densities

mlng logLN and (1 — ﬁ) % imply an overlap of positive density. [J

Now, it follows from (12.5), (12.11), lemma 12.17, and the previous choice we made, by
2
setting N§ ~ (n[t|)" , that

Bndfl

12.18 L(1 + 2nit Iy ! 0
( ) ‘ ( + 2nat, fo)| Z 1(p) > 6 logN| l > log\t\

N<p<2N

where the >-constant depends at most on R, n, f and is independent of |t| — co. From

oW On we assuime 1

Otherwise, we already proved our main theorem.
Consider the contribution of the (1,1,...,1,p) coefficient of E(z, f;1 4 it) which we
denote as

i Cn )\ )Nz 4nit\P 1
CL(p7 1+ Zt) = ( )Zf_—il_ t( ) W2n,z/ (My) ' . =
P2 L(n+ 1+ 2nit, f x f)
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Let s = 1 + it. The Langlands parameters of Wo,, ,» are

( n+, n+_ +n+_ +n+, )
ns 5 1o, , NS 5 10y, —NS 5 1o, ,—ns 5 10, | .
Define
o0 o0 o0 2
. , A\ dA Det z
I;(p) =// /a(p,lﬂt)g(B) o dJ( 5 ) d*y
0 0 o
D g s )] ol )
|L(n+1+42nit, fx f)]?
where for ¢ > n and ay ; := o — «, we set
1 ct+100
Ba)= o [ 309 / / Wan @) (Det)” d*y s

c+1i00 3 2 r (2n—1)2n(2n+1)
» " +2n°—n(2n—1)s B —

1 / —s' 11
=g / ¢(—s)(p5) ['(ns’) HI;[

c—100

k
r (s'+n(s+§)fn+iak’j> T <8/+n(sf§)+iak,j> r (s +n(5— s)+zak J) (s fn(ers)Jrnerzk 3>
2

2
‘F <1—|—i§k,j ) F (1+2n5—2n+zak7j ) ‘2
< e (po)

It follows that

: =12 . o-tmn prot
[L(L+2nit, fx F) Y L) < (loglth? < (log )2’
N<p<eN

upon recalling that 8 = 5~ 1.
Similarly one shows that the contribution from
A(2ns —2n, f x f)
A1 +2ns —2n, fx f)

E(z,f;2—s)

is at most 8”61 /(log |t])?
For ¢ > 0, let

c+i00 A—ﬂ
5w
E = — _—
1) =90 | wwr

c—100

E(z,f; 3+%> dw.

ds’



A STANDARD ZERO FREE REGION FOR RANKIN SELBERG L-FUNCTIONS 63

Define a*(p, 1+ it) to be the (1,1,...,1,p) coefficient of F4(z,s), which is given by

c+100

/ —Zw Cn )\(p) NMnst 2w —2 (p) WQn,V”(My) dw
w(w + 1) p% L<1+2n(3+%)—n,fxf>

a (pal—i_Zt):%

c—100

and the associated Langlands parameters are

(—i—w) n+' (+w> n+' <+w>+n—|—'
—) - = - )—= e — — +iaq,
nis+ g 5 T, (st 3 5 T nist g 5 1
w n .
,—n<s+§>—l—§+zan).
For ¢ > 1, let

o= | oo (3) 4] (252
0 0 |0

[ee) [e'e) c+1i00 "
Bmezw AP) Mn(s+2)—= (p) Won.» (My) dw
< e —19(_w) 2n—1 P
S| ) wlw ) p L(1+2n(s+%)—n, fx])
Det z
d><
( ( 5 ) Yy
oo 00 c+100 2
ne /\(p) Mn(s+2 —ﬂ(p) Det 2z
< / . / / ﬂ— 2 g(_w) (2:_21) 2 Wan”(My> dw - ¢ ( 5 ) dxy
p 2
0 0 c—ioco

ct100

< / B [G(—w) > A(p)]?

c—100

f
3
@
+
wlg
|
VI3
<
=
el
—
s
=
QL
kS
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where, for ¢ > n+ nc and oy ; = oy, — @, we have

Det z
I ‘W,W 4
i1(p / / 2 ( pd ) Y

¢’ +ioco 0o 00
1 " —SI 2 S/
c’'—ioco 0 0
1 c/+iOO~ 7Tn —|—2n +n c— n(2n 1)5/ w
= — _ / 5 75/
i | P -

ﬁﬁF<S +n(s+2 +s+——1)+wzka>F<S/+”(S+%—S—%)+mkd>
5 2
k=17=1

—
/N
—
_l’_
~
Q
Eal
<
N——
=
/N
—
+
)
3
@
+
3
_l’_
~
Q
I
<
N——
]

< ’t‘ —n?—n3c+n?c’'—n? (p(S)_C

It follows that

. ~12 . §—nmnegne gt gro~!
LU+ 2nit, fx F)]T Y Lip) < Goglt)z < (loglt)?’
N<p<2N

upon recalling that 8 = §~!. Similarly one shows that the contribution from

14200

A(2ns—2n,f><f) CATEY L w
A(1—|—2n8—2n,f><f) /w(w_i_l)E(Z’faQ s+ )dw

1—i0c0

is at most 8”61 /(log |t])?

Combining all of the above, we finish the proof of theorem 12.1, where we see that the
main contribution to the lower bound comes from (12.18).

g
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