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1 Introduction

The main purpose of converse theorems is to show that Dirichlet series with nice properties
(analytic continuation, moderate growth, functional equation) are, in fact, Mellin transforms
of automorphic functions. Converse theorems establish a one-to-one correspondence between
“nice” Dirichlet series and automorphic functions.

The first such converse theorem was due to Hecke [10] who showed that if N = 1,2,3 or 4,
and a Dirichlet series D(s) = Y 7, a,n~* converges in some right half-plane, is EBV (entire
and bounded in vertical strips) and satisfies a functional equation of the type

(\/N) ['(s)D(s) = w <\/N> 7 ['(k—s)D(k — s), w = +(—1)"2

27 2T

then the function f(z) = > 7, a,e*™ is in fact a modular form of weight k and level N, i.e.,

f (Zj—;) = (cz+d)ff(z),  (forall (¢) € Ty(N)).

Hecke’s results were later generalized by Maass [12] to the case of non-holomorphic forms.
Hecke’s method fails for N > 5. It was Weil [16] who obtained a converse theorem for all N by
assuming that, in addition, the twisted Dirichlet series D(s,x) = Y -, a,x(n)n~*, for each
primitive Dirichlet character y, also satisfies the EBV condition and an appropriate functional
equation. For some other converse theorems improving on aspects of Weil’s theorem see [14],
[4], [5], [6]. For general converse theorems on GL,, see [1], [2], [3].

Multiple Dirichlet series are Dirichlet series in several complex variables. It is a natural
question to ask if a converse theorem exists for multiple Dirichlet series. In Theorem 3.1, we
examine the case of certain vector valued double Dirichlet series. We show that if such a vector
valued double Dirichlet series (and all its twists by Dirichlet characters) have “nice” properties
and satisfy appropriate functional equations, then the vector valued double Dirichlet series is,
in fact, the Mellin transform of a vector valued metaplectic Eisenstein series.

One may ask if there exist multiple Dirichlet series which are not vector valued and satisfy
meromorphic continuation (with finitely many poles), moderate growth, and a finite group
of functional equations. It would be of great interest to characterize such multiple Dirichlet
series by a converse theorem. In Theorem 4.2 we obtain a converse theorem for what seems
to be historically the first example of a scalar double Dirichlet series studied from the point

1



of view of functional equations in two variables. That study was carried out by Siegel ([15])
and the multiple Dirichlet series is essentially the Mellin transform of a metaplectic Eisenstein
series on I'g(4). For N > 4, we have not been able to discover linear combinations of meta-
plectic Eisenstein series on I'y(NN) whose Mellin transforms satisfy suitable pairs of functional
equations. Therefore, it has not been possible to formulate a scalar converse theorem in that
case. The difficulty to find multiple Dirichet series coming from linear combinations of higher
level metaplectic Eisenstein series may suggest the possible existence of scalar valued double
Dirichlet series that do not correspond to automorphic objects we are currently familiar with.

2 L-functions of metaplectic Eisenstein series

2.1 Metaplectic Eisenstein series

Fix a positive integer N. Let I' = I'y(4N) denote the group of matrices (%) of determinant
1 with a,b,c,d € Z and 4N|c. Define

o) = ()&,

with
1, d = 1(mod 4),
€ =
I i, d = 3(mod 4),
where (fl) is the usual Kronecker symbol. We shall also adopt the notation that we may write
M in the form M = <Z;§ Z;‘é ) . The arguments of complex numbers are chosen to be in (7, 7].

Then, for f: $ — C and v € SLy(R), we recall the slash operator: f|y. It is defined by the

formula ( )1/2
B cyz +d,
(flf)/) (Z) - f(’yZ) |nyZ + d’y|1/2 )

and satisfies the relation

fIvo =7r(v,8) - fl(v9), (7,6 € SLy(R)),

where
(CMNZ + dM)1/2<CNZ -+ dN)1/2

(CMNZ -+ dMN)1/2
To compute (M, N) we will tacitly be using Theorem 16 of [11].

Lemma 2.1. Let M = (5, y), S = (24) €SLy(R) and MS = (), m;, ). Then r(M,S) =

e%w(M’S), with

r(M,N) = : (for M, N € SLy(R)).

(sgn(c) + sgn(my) — sgn(m}) — sgn(myemy)), miemy # 0,

(sgn(c) — 1)(1 — sgn(my)), myc # 0,m) =0,
w(M,S) = < (sen(c) + 1)(1 — sgn(my)), mic#0,m; =0,

(1 —sgn(a))(1 +sgn(my)), mymy # 0,¢ =0,

(1 —sgn(a))(1 —sgn(may)), my; =c=m} =0.




Now, we fix a set {a;,i =1,...,m} of inequivalent cusps of I'y(4N) among which the first
m* are singular with respect to v (i.e. v(y4) = 1, if 74 is the generator of the stabilizer 'y of
a). We choose the a’s so that a; = 0o and a,,» = 0.
For each a we fix a scaling matrix o, such that o4(c0) = a and 0;'Ty0, = T'o. In
particular, we select oo, = I, 0, . = Wiy, where I is the identity matrix and Wyy is the

. . . 0 —1/(2VN)
Fricke involution (2 N 0 ) .

For each of the cusps a; (i = 1,...,m*) and w € C with £(w) > 1, we define an Eisenstein

series U
Im(oty2)® 1,2+ d,—1 -
Ei(z,w) _ Z (_1% v ) o '

This Eisenstein series has a meromorphic continuation to the w-plane ([13], Section 10) and,

for all 6 € T, it satisfies
Ei(-, w)|6 = v(d) Ei(-, w).
For convenience, for every function f on ) we set
fv = e%f‘WALN.

Thus, f(iy) = f(i/ (4Ny)).
Next, if T denotes transpose, set

E(z,w) = (Ei(z,w),. .., Ep-(z,w))"

and ) ) )
E(z,w) = (Ei(z,w), ..., Ep(z,w))".
Each E; is an eigenfunction of the weight 1/2 Laplacian
0? 0? 1y 0
A=y =— + =—
1/2 Y (axQ + ayQ)

with eigenvalue w(w — 1) ([13], (10.10)). This implies that, if z := z + 4y, then, for all
i,j € {1,...,m*}, there are functions of w, a¥, such that

2 Ox

Ei(-,w)|0aj = 044" + pij(w 1 w_{-za}] Sgn (5), %(47r\n\y)e2””x
n#0

where 0;; is the Kronecker delta and p;j(w) the ij-th entry of the scattering matrix ®(w).
Here, W.. is the classical Whittaker function with integral representation

672/2Za

1/2—a+b

Wan(z) = ) / w2 (1 4 ) Y b gy

(cf. [17], pg. 340).
If w and 1 — w are not poles of any of the E; (i = 1,...,m*), then, by [13], (10.19),

E(z,1 —w) =1 —w)E(z,w). (1)



2.2 Twists

We first introduce in a general form the formalism of twists we will be using.
For every positive integer D (with (D,4N) = 1), let x be a Dirichlet character modulo D.
For every function f on $ we define its twist (denoted f(-;x)) by the formula

=Y xtm)f| (™).

m(mod D)
(m,D)=1

We shall be interested in functions f(z,w) of two variables z = = + iy € §, w € C, which
have Fourier expansions of the form

f(z,w) = a(w)y' ™ + b(w)y™ +Zan Wi (2), w- %(47r]n]y)62’”m.
n#0

Then the twisted function f(-;x), in terms of z, is

f(z,w;x) ITO(X)<CL( )yl Y+ b(w >+27—n an( Sgn( ), - %(47T’n’y)€27rinx

n
4

n#0
where
w0 = Y x(m)ermP
m(mod D)
(m,D)=1
We have

_ 1 m/D 0 —1 2mVN ——1—
- (§D)x<m>r(<o ) (e ™) )1 (2 7). @
77(ﬁLm,D)zl

By repeated use of Lemma 2.1 we deduce that (2) equals
i/ ; N ) (QW\F DV ) —
¢ Z xtm)f ( —-2vN ON 2DVN Do

m(mod D)
e Z x(m )f| ( —4mN 1/D ) .

(m,D)=1
m(mod D)
(m,D)=1

For each pair of positive integers m, D with (m, D) = 1, we choose r, s such that r, s > 0 and
Ds — 4Nmr = 1. Then, as m ranges over a reduced system of residues modD, so does r too,
so by the last equality we deduce that

—1

f( ;x)( (Lo 0% ) =™ 37 x(m)f

(camy )G

m(mod D)
(m,D)=1
=N (AN) D XOU| (i TGP ) (3)
r(mod D)
(r,D)=1



We also consider the Dirichlet character x (mod D) given by
. my —/—-=
w(m) == (% ) x(m).

Note that ¥ is a character since (D,4N) =1, D is odd and (3) is the Jacobi symbol.
In the next sections we will compare (3) with the function

fev - (5) PR (550) 716G ()
(r,D)=1

2.3 L-functions

We now associate an L-function to the metaplectic Eisenstein series E (of section 2.1) to
obtain a “perfect” double Dirichlet series.
Let a!,(w) denote the n-th coefficient of the expansion at oo of E;(z,w). We define
i
+ (W)
Ly (s,w) = Z nn

+n>0 | |S

for Re(s) large enough. More generally, for x a Dirichlet character modulo D ((D,4N) = 1),
we set

Lswiy = 3 200%@)

+n>0 |n|5

We also define the “completed” L-function associated to Li:

Ms.w = [ " (Bliy wi0) = 100 (Fa® + powy' =) )y Y

With this notation we define

Li(s,w;x) = (LE(s,w;x), ..., L. (s,w; X)),

and
AE(Sa w; X) = (A1<87 w; X)a s 7Am* (57 w; X))T

We also set /\i, Ly and Ag for the corresponding functions associated to E.
By [11], (pgs 216, 219 (12)),

Ai(s,wix) = (2m) T(w + 5)0(s — w + 1) (F* (s, w) L (s, w; x) + F~ (s, w) Ly (s, w; X)) ,

where 1/4 13 3. 1
F+(Sw):2 Flw—g3 3-w s+%3)
9 F(S—i—% 9
and 1/4 15 5. 1
27 PP (w+ 5, T —w, s+ 55 5
F (s,w)— ( 4 - 4 2)’
F(S-i-;l)



where F'(a, b, c;d) denotes the Gaussian hypergeometric function.
Before we can establish the analytic continuation and functional equation in s we need to
evaluate the constant term ag(y, w; x) of the expansion of E;(-,w;x)|Wynp2 (at 00). By (3),

—T1 4N n

Ei(-, w; X)[Wanpe = e ™/ *x(=4N) ( D ) o D, X(E;
r(mod D)
(r,D)=1

(7).

Therefore,
~_ AN 4N ~ w 1—w
ao(y, w; ) = X(=4N) { - | €5'70(X) <5im*y + Pim= (W)Y )
We can then apply the standard Riemann trick to get

]O {6? (B4 000V, 1) (39 =70() (B0 (AN D)™+ pro(w) (4N DQy)“’l)} (AND?y)™ %

[e.e]

(Ei(iy, w; x) — 70(x) (Gioy" + pio(w)y'~))y* +

IDVE
(W (%) ept Ei(iy, w; X) — ao(y, w; X)v) (4ND2y)_S] C;_y

+ 001 ( — 70(X)(0i0 - (AN D*y)™" + pio(w) (4N D?y)“ 1)+
2DVN

x(—4N) (4;)\[) €5 0(X) (Gim=y" +pim*(w)yl_w)) (4N D?%y)~* C;—y (5)

By the exponential decay of T, an(), w1 /2(zy) as y — 00, the first integral of the last equality

is clearly convergent giving an entlre function of s. An elementary computation implies that
the last integral of (5) is

(QD\/_) ( ( 4N) ( )ED 7-0005 * + TO(X>51‘O> n

w— 8 w—+ s

w+s—1 w—8—1

2/ D)+ (X< IN) (%) 65 o0 (0 )+TO(X)pio(w)>.

This implies that

(i) Ag(s,w;y) is meromorphic on C2.



(ii)
Ai(57w;X) + (QD\/N)—S—UJ< ( 4N)( )GD 7'0()2)5 n TO(X>(5i0>

w— 8§ w—+ S

w+s—1 + w—8—1

_4zwﬁpyﬂﬂ%1<x<4w>( ) €5 70 (0)Pim () 7Mxmm@o)

is EBV (entire and bounded in vertical strips).

(iii)

(4N D?*)*x(—4N) <%) epAp(s,w;x) = Ap(—s,w;X).

(iv) If w and 1 — w are not poles of ®(w), then
Ap(s,1 —wix) = (1 —w)Ap(s,w;x). (6)

The functional equations (iii) and (iv) are deduced from (5) and (1) respectively.

3 The converse theorem

We maintain the notation of sections 2.2 and 2.3.

Theorem 3.1. Fiz positive integers D, N, with (D,N) =1 and 1 < D < (4N)?. Let (a, ;)0
and (), Ineq (with £,n € Z, £ > 1,1 =1,...,m*) be sequences of complex numbers which are
assumed to have polynomial growth in |n| a,nd ¢ as |n|,{ — oco. For s,w € C (with sufficiently
large real parts) and each Dirichet character x (mod D), define double Dirichlet series:

Tn nTn
= X B g - ¥ 3 e

+n>0 /=1 +n>0 (=1

Next define vector valued double Dirichlet series:
L (s, w; x) = (L7 (8,05 ),y Lo (5,05 )T, T (s, w05 x) = (L (8,5 ), -+, L (5,05 X))

We shall assume that L (s, w; x) and L*(s,w; x) satisfy assumptions (9), (10), (11) (listed
below). We set

[e.9] '3 o0 ~17

. Cme —i . an,m
) = 3 and ai(w) = 30 S

m=1 m=1

and assume that, for each fived i,w (with Re(w) large enough), the functions: |a;, ( ), |al(w)| =
O(|n]®) (C >0), as n — oo. Suppose also that a;(w), b;(w), d;(w), b;(w), (i =1,...,m*) are
meromorphic functions on C which are holomorphic for Re(w) large enough.

Then, for

f(z,w) = (filz,w),..., fm-(z,w))",
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where
) —_ 27rzn:1: - *
filz,w) = a;(w)y' ™ + b;(w)y" —|—§a Wign(z), w-t (4alnly)e (i=1,2,...,m"),

we have

f(z,w) = A(w)E(z, w),

where A(w) is a matriz of functions and E(z,w) is the matriz of Fisenstein series given in
§2.1. If A(w) is meromorphic, then, for each w and 1 — w which are not poles of ®(w) and
A(w), we have

O(1 —w)A(w)P(w) = A(1 — w). (7)

Assumptions: Set
A(s,w;x) = 2m) " T(w+ s)T'(s —w+ 1) <F+(s, w)LT (s, w; x) + F~ (s, w)L™ (s, w; X)),

[X(s, w;x) = 27) " TN(w+ s)I'(s —w+ 1) (F*(s, w)fﬁ(s, w; x) + F (s, w)Ivf(s, w; X)),
and

)
A<S7 w; X) - (Al (87 wy X)? RS Am* (87 wy X))T - _ZA<S7 w; X)+

(ZW)SF(UJ +s+ 1)I(s—w+2) (F+(s + 1L, w)Lt(s,w;x) — F~ (s + 1,w)L_(s,w;X)>,

A(s,wiy) = (A(s,w0:), s Ay (5,03 X))T = —=A(s, w; X)+

m&-

(%)Sr(w +s+ DI(s —w+2) (F*(s + L w)Lt(s,w; x) = F (s + 1, w)L™ (s, w; X))-

Suppose that

Ai(s,w; x) + (2\/ND)_S—W ( X(=4N) (_N) €p TO(X)B (w) N TO(X)bi(w)> B

w— S w+ S

(/W D)+ (X<—4N> (%) pm(aw) To<x>al-<w>) N

w+s—1 w—s—1
and
_— ; X(— 4N)(D)€D r0(0bi(w)  m(bi(w) |
Ai(s,w; x) + 42/ N D)o+ < w— w+ s )
) ep To(X)ai(w)  7o(x)bi(w)
2\/_Dsw+1( w—|—5—1 _w—5—1> <9)



are EBV for every w (with Re(w) large enough) and for every .
Further, assume that, for every Dirichlet character Yy,

VD) (1) en(s, ) = A=, wix).

and that

VD) () enRts,wnng = ~R(-s.wi ),

and

As, 1 —w;x) = (1 — w)A(s, w; x). (10)
Proof of Theorem 3.1.

e We first prove that, for every w (with Re(w) large enough), f;(-,w) is invariant under
the action of T'o(4NV).

For every w with Re(w) large enough, i = 1,...,m*, every character x mod D and every
y > 0 define,
Fi(y, w; x) = Za;(w)Tn(X)ngn(%) w—1 (47[nly),
n#0
n#0

and
Fi(y. w;x) = 2miy 27; naty ()T () Wega(2), wot (47Inly) = $Fily, wi X),
n#0

i(yy wi x) = 2miy 3 ni, (W) T ()W
n#0

Ma

2, ot (47lnly) = $Fi(y, w; x).

Since for every w (with Re(w) large enough), |a},(w)|, |a(w)| = O(|n|), in the Mellin
transforms of F;(y,w;x), F;(y,w;x) we can exchange summation and integration to get, for
Re(s) large enough

o0 d o0 dy
/ Fi(yawSX)yS?y:Ai(svaX) and/ Ey(y,w; )y — " = Ai(s,w; x).
0 0

For each w (with Re(w) large enough), (27)~*T'(w + s)T'(s — w + 1) F*(s,w) = O(e~¢Mm®)) as
[Im(s)| — oo (¢ > 0) ([11], pg. 221), so we can apply Mellin inversion to get

1 op+100 1 op+100 _
Fi(y,w;x) = 5 /Uo_m Ai(s,w;X)yds  and Fy(y,w;x) = - /Uo_m A;(s,w; x)y °ds
(11)

for oy large enough and a line of integration to the right of the poles of A;, A;. By the same
estimate for F'*, the standard Phragmen-Lindelof argument applies. We can, therefore, move



the line of integration from o( to o1 = —o( to get

o1+i00

Fi(y,w;x) = 5 /al_ioo Ai(s,w; x)y*ds + ;1 Ress=so (s, w; x)y~°
so pole

1 o1+1i00

- 5 Al y W3 —*d
5 (s,w; x)y °ds +

1 () et (Btw)av o)
+ di(w)(élNDZy)w’l) — 70(x) (bl-(w)y“’ + ai(w)ylfw). (12)

By the functional equation of A;, the integral equals

o1-+100 ) 4N ik -
| (AND?)~*x(—4N) - )b Ai(=s,w; x)y *ds =
o1—100

() e [ A wan Dty (1

0—100

However, if

4

Fiz,wiX) = 100 (@3(w)y ™ + Bw)y” ) + D0 a0 (w0 Wogy (2,1 (47 |nly)e™,
n#0
we have

and

filiy, w; x) = Fi(y,w; x) + 10(x ( w)y" + a;(w )yHU),

w)y" + a;(w )yl_w>-
Therefore, (12), (13) imply that

i) =X (5 ) ' (e v X). (14

We will show that this transformation law can be extended to the entire upper half-plane. We
will need the following lemma.

Lemma 3.2. Let z = x + iy be in the upper half-plane. Then for every w (with Re(w) large
enough)

O [ 1y —1 . =\ AN 1 -5 —
a ( v o) (5) -XC () ot -0
Proof. Set

5, i . of; . N }
Gi(y,x) =y af (iy, w; x) — 4f¢(2y, w; x) and G;(y, X) = yaj; (iy, w; X) — Zfi(%y,w; X)-
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We first observe that (15) holds if and only if

G(1/AN D, y) = —X(—2N) (ﬂ) 51 Cily, %),

Indeed, the left-hand side of (15) equals

§1/2 % -1 ' 1 T+ 12
AND? 9z \AND2(z +iy)’ X)) (@ +iy)2 \ (22 + 12)?
AN aF; .
x(— 4N)( ) Blaf (z + iy, w; X)

_an@ Ay a@ ) atiy) (aviy TP S
({L‘Q—l—yQ) (x2+y2)1/2 4ND2(JZ—|—Zy)’ ) )

and its value at £ = 0 is

of, [ —1 L
— wi X | 5 o fi | o Wi X ) -
9z \4ND2y " X) anDz2 T 2yl \unD2y N

By (14), this is 0 if and only if

of, [ —1 1 iy
—_— w' S
9z \4ND2y " X) 4ND2, ~ 4 4ND2’ X

_ ( > ag filiy, w; X)y — %ﬁ(iy,w;k)),

as desired.
We also have

’“qz

Gi(yv )

iy, wi ) = 4700 (ai(w)y' = + bi(w)y” ).
(s wi %) = 700 (@i(w)y' = + Bi(w)y®)

ﬁu

Therefore, to prove (15), it suffices to prove

F; (m, w; x) - %TO(X) (ai(w)(élNDQy)w_l + bi(w)(4ND2y)_“’) -

X () 5 (A0 - (0 (@l +B@is)). (1

11



To verify this we move the line of integration in (11) as before to get
B 1 o1+1400 _
E ) Ws =5 Al y Ws —°d

(yswix) = 5— /Ul_m (s, w; x)y~*ds

- 3 (0T (1) gt (a2 + aan o)

T 70 b (w)y + ai<w>y1-w>)- (18)

By the functional equation of A, the first term on the RHS equals

x(AN) (B)

271

/ T R (s, w) (AN D)) sds.

0—100

This implies (17) and thus (15).
It then follows from this lemma, together with (14) and Lemma 13.5.2 of [9], that

~1 /4N ) 1/2
fi (W’ w; X) =i /2y(—4N) (3) ep fi(z, w; X) (é) :

Together with (3) and (4), (19) implies that

. —__[4Nr\ _ .
> A eGP = X 0 () G-
r(mod D) r(mod D)
(r,D)=1 (r,D)=1

Character summation then implies that
D —r ANT\ _4;
(com )= (5) %

s m ANTY\
(4N7~ D) - (T) p fi

However, the matrices on the left-hand side of (22) generate I":

fi

or, with Lemma 2.1,

fi

(21)

(22)

Lemma 3.3. ([14]) Let r € Z.. For D ranging in a set of congruence classes modulo 4Nr
((D,ANr) = 1) choose (45, '5) € I'. Denote the set of all such matrices by S,.. Then T is

generated by

Usu{GOru{(< %))

Therefore, f; is I'-invariant. The reason all matrices described in the lemma are captured
by (22) is that the summands of f(-,x) are independent of the choice of representative of
congruence class mod D. So,ifr € {1,...,4N}and D € {1,...,4Nr} are such that (43, 5 ) €
I', then we can consider a restricted system of residues modulo D containing m. Using this
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specific representative in the definition of f(-,x) and 7,(x) for every x, we deduce (22) for
( 4]?/7“ 7Dn )

e We will now prove that each f; has a moderate growth at the cusps. The moderate
growth at infinity is automatic from the Whittaker expansion, so we can focus on cusps other

than infinity. We first note ([17], pg. 343) that, if Re(w) > sgn (%) + 1 and |z] > 1 and
larg z| < m — « then

(21 (2) =222 () (140 (7))
with the constant depending on « only and tending to infinity as o — 0. Therefore, for a
fixed i, w with Re(w) large enough and y < 1,

i) = (@uw)y™ + bi(w)y™)| < Dk (w)] - [ Wiz, s (rlnly)| =
n#£0
)] Wi (). 47r|n|y>\ S Jal(w)le 2 alnly) () (140 (571))
|n|<47ry ‘n‘>4ﬂy

(23)

If A is the upper bound for

ngn(%)’w_%(z) for |z| < 1, the first sum is

<< A Z In|¢ < (4my)~97

|n|<47];y

Since af,(w) = O, (|n|9), the second sum is <

(1 + 0 (yfl)) maxn(e*%Inly(27T|n‘w0+2+sgn(%)y—C—2> _ Ow(y’cfg’).

Therefore, for y < 1, f;(z,w) << y“*, uniformly in z for some C; depending on w. Since for
every v € SLy(R), Im(yz) = O(1/Im(z)) uniformly on |Re(z)| < 1/2, this implies that for
every w (with Re(w) large enough) and for every scaling matrix o,

filoz,w) << y©
as y — oo, uniformly in z, for some C depending only on w, as desired.

e By ([13]), Satz 10.1 (3), the I'-invariance, and the moderate growth at the cusps just
proved, it follows that, for Re(w) large enough f;(-,w) is the sum of a weight 1/2 Maass cusp
form g¢;(-,w) and a linear combination of the Eisenstein series E;(-,w) (j = 1,...,m*). The
cusp form g; must in fact vanish for Re(w) large enough. Otherwise, it is an eigenfunction
of the Laplacian with eigen-value w(w — 1) because it is a linear combination of f; and
E; (j = 1,...,m*). This is a contradiction because the discrete spectrum of A/, lies in
(—o0, —3/16] ([13], Satz 5.5), but, for Re(w) large enough, w(w — 1) cannot be a real number
< —3/16. Therefore, for Re(w) large enough there are functions I} : C — C such that,

w) = Zl;(w)Ej(z,w) or

f(z,w) = A(w)E(z,w), (24)
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where A(w) = (I(w))"_;.
Now, if A is meromorphic, (24) gives the meromorphic continuation of f(z, w) to the whole
complex w-plane. Therefore, with (10) and (6), (24) implies that for w such that w and 1 —w

are not poles of A(w) and ®(w)(and thus E(z,w)), we have

A(l —w)Ap(z,1 —w) = A(z,1 —w) = ®(1 —w)A(z,w) =
O(1 —w)A(w)Ag(z,w) = P(1 — w)A(w)P(w)Ag(z,1 —w). (25)

After taking an inverse Mellin transform on both sides it follows that
Al —w)E' (2,1 —w) = &(1 —w)A(w)P(w)E (2,1 — w),

where the primes indicate that the constant terms have been subtracted. The functions of
z, Ei(z,1 —w) are linearly independent and this implies that the entries of E'(z,1 — w) are
linearly independent too (otherwise ay® + by'~* would have to be modular of weight 1/2 for
some a,b.) From this we deduce (7).

4 Scalar multiple Dirichlet series

The converse Theorem 3.1 assumes that a vector valued double Dirichlet series satisfies certain
assumptions, the most important of which are the existence of infinitely many twisted func-
tional equations. It is then shown that the vector valued double Dirichlet series is, in fact, the
standard vector of metaplectic Eisenstein series. A natural question to ask is whether there
should be a scalar version of the converse theorem involving scalar double Dirichlet series.
This will happen if each f;(i = 1,2,...,m*) of Theorem 3.1 turns out to be a multiple of
E;. A priori, there seems to be no reason for this because for all A(w) for which (7) holds,
A(w)E(z,w) satisfies the conditions of the theorem.

However, in this section we will show that for levels N = 1,2, and slightly more restrictive
conditions, our converse theorem can yield information about the components of f.

Theorem 4.1. Let N = 1,2. Let (a}, )nei and (@} )neq, with &n € Z, £ > 1,0 =1,...,m*
be sequences of complex numbers which are assumed to have polynomial growth in |n| and ¢
as |n|, ¢ — oo. Here, as before, m* stands for the number of cusps of T'o(N) with respect to
which v is singular. Let a;(w), b;(w), d;(w), b;(w), (i = 1,...,m*) be meromorphic functions of
w € C which are holomorphic for Re(w) large enough and satisfy the assumptions of Theorem
3.1. In addition, suppose that b(w), (resp. b(w)) are holomorphic functions satisfying

bi(w) = db(w) (resp. bi(w) = Gime-b(w)) (26)

and
b(w) = b(1 —w) (resp. b(w) = b(1 —w)).

Then the functions

filz,w) = ai(w)yl—w + b;(w)y” + Z a;(w)ngn(%>7w_%(4W‘n‘y)€2mnx’



(i=1,...,m*) which were previously defined in Theorem 3.1 satisfy
filz,w) = b(w)E;(z,w),

for all w such that w and 1 — w are not poles of a;(w) and ®(w). Here E;(z,w) is the
metaplectic Eisenstein series of To(4N) as defined in §2.1.

Proof of Theorem 4.1. For N = 1, we observe that I'g(4) has only two singular cusps.
Therefore, a comparison of the coefficients of y* in (24) combined with (26), implies that
I (w) = b(w) and ?(w) = I3(w) = 0 which gives the result.

When N = 2, we have m* = 3. Because of (26), a comparison of the coefficients of y* in
(24) implies that I} (w) = d;b(w) and 1% . (w) = Gjp-b(w).

We will now show that 3(w) = 0. Set b(w) = (by(w), by(w), bs(w))” and likewise for b, a
and a. Then, by (8) and (10) we deduce that

[WND)SM (XH]? G enlyy ), 00y, - w)> _

<<

—w 4+ s —w — 8

(2\/ND)75—1U <X(_4N) (%) 61_717_0( )é<1 . w) 4 TO(X) a(l _ w)) ] _

o1 — w) [(2\/ND)—S—w (XHN )@E%) 65170(5‘)5@) ey b(w)>

— (2V/ND)=s tHu (X(_4N> (%) p'm() a(w) + %a(wg ] (27)

must be entire. This implies that for all w # $ for which ®(1 — w) a(1 — w) are defined,
a(l —w) =9(1 —w)b(w) = ¢(1 —w)b(1l —w)

otherwise (27) would have a pole at s = —w. (The possible pole at s = —w would not
be cancelled by other poles in (27) unless w = 1/2). With (26), this implies that a;(w) =
b(w)pir (w) for all w # § for which p;1 (w) is defined (and, by continuity, for w = 1/2 too).

Likewise, we infer that a(w) = ®(w)b(w) and then (26) again, shows that a;(w) =
b<w)pim* (w)

Now a comparison of the coeffients of '~ in (24) immediately implies that [3(w) = b(w)
and thus, fo(z,w) = b(w)Esy(z,w). Next, together with the already proved Ii(w) = b(w
and [3(w) = 0, a comparison of the coefficients of y'~* gives [ = 0 and thus, fi(z,w) =
b(w)Ey(z,w). Likewise, f3(z,w) = b(w)FEs(z,w).

In the case of I'g(4), we can prove a genuine scalar converse theorem. Since this theorem
is, in a sense, a converse theorem for Siegel’s multiple Dirichlet series ([15]), we slightly modify
our notation to conform to the formalism of ([15]). We set

J1(7,2) = v(y)(cz + d)'/2.

1
2
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For every v,0 € I' and z € $ we have

The group I'y(4) now acts on functions f on $ by

(Flim(=) = f(y2)js (v, 2) 7, 7 € To(4).

1
2

Further, we will expand eigenfunctions of A, in terms of the functions y° K, (s, y)e*™* where

o) 6727m'nx
K, (s,1) = "
(5 y) /_OO (x2+y2)s<x+2y)1/2 T

This is equivalent to the expansions in terms of Wy, n o, 1 (47|n|y)e*™ " used in earlier sections
because of (69) of [7] (where though it should be taken into account that W, ; is denoted by

Wa,s41/2) Finally we set

F((s+1t)/2,(s—t+1)/2,(s+1)/2;1/2)

G ) = = N DG - D)

and F((s +)/2. (s =t +1)/2, (s +2)/21/2)

L(t/2)T((s +2)/2)

With this notation, we obtain the following theorem.

G~ (s,t) =

Theorem 4.2. Let (apm)nezm>1 be a sequence of complex numbers of polynomial growth in
In|,m as |n|,m — co. For w with Re(w) large enough, set

> a
o) = 3 2
m=1

and assume that, for each fized w, a,(w) = O(|n|®) (C > 0), as n — oo. For each w with
Re(w) large enough, consider the pair of functions L} (s) L, (s) represented by

=Y, =y

n>0 1 n<0 (—n)

for Re(s) large enough and set

e /AT ((s — w s+ w
Ayfs) = W L DA L) (G (5 ) L 5) + G (,0) L (5))

2s—1/27(s—w—1)/2

and

5 771'1‘/4:[1 s—w+43 r stw+2
(&
Ruls) = LT

T s-w-1
25Ta

) (G+(s +2,w)LE(s) — G (s + 2, w)L;(s)) ~ L A(s).
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Let a : C — C be a meromorphic function which is holomorphic for Re(w) large enough and
let b: C — C be a holomorphic function satisfying b(s) = b(1 — s). Assume that all the above
functions satisfy the assumptions (29), (30), (31), (32) listed below. Then, for

f(Z;w)Ia(w)y(l w/2+b w/2—|—2a w/2K U)/2 y> 27rznz
n#0

we have
1 w

F(z,w0) = —(2e~™/2) 1 2p(w) V2 <‘E 5) 4 b(w)E (Z %) :

for each w € C for which w, 1 — w are not poles of a(w). Here

s

E(z,w) = Z Ipq(yz) :

) Jj1(7,2)

Assumptions: We shall assume that the functions

Aw<s>—a<w>2<l—s+w>/2( S )—b(w)2(2‘5‘w)/2( Lo 1)

2—s—w w-—s-—1 w—s+1 w+s

(28)
and
~ 1 1 1 1
A ~2(w7373)/2 . ~2(72757w)/2 .
w(s) +a(w)i w—s—1 2—w-—s + blw)i s—w—1 w+s
(29)
are EBV for every w.
Further, assume that
Ay(s) = —275F27 (1 — ) and A, (s) = 2757120, (1 — 5) (30)
and
G(w)Ay(s) = G(1 —w)A1_y(s) (31)

for G(w) = (2% — 1)é(2w) and &(s) 1= ((s)[(s/2)7%/2.
Proof of Theorem 4.2. For every w with Re(w) large enough and every y > 0 define,
Zan YK, (w/2,y),
n#0

and

y) = 2mi Y man(w)y" 2 K (w/2,y) = TFu(y).
n#0

As in the proof of Th. 3.1, we see that, for s with Re(s) large enough, we have

/0 y*2F, (y )C;y A (s) amd/0 v Fy(y )dy Au(s),

Y
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and that in the inverse Mellin transform of A, (2s) we can move the line of integration from
oo to 01 = 1/2 — 0¢ to get

1 o1+i00 ., . 1 o1-+100 .,
Fu(y) = %/ ' Ay (28)y~°ds + Z Ress—s, Ay (2s)y ™% = 5 ' Ay (28)y~°ds
01—100 s pole 01 —100

. a(w)y(w—2)/22w—3/2 . b<w)y—(w+1)/22—w—1/2 o a(w>y—(w—1)/2 . b(w)yw/Q (32)
This, together with the functional equation of A,, and
fliy, w) = Fy(y) + b(w)y"”? + a(w)y" ="
implies that
Fliy,w) = =22(4y) "2 £ (i) (4y) ). (33)
We show that this holds on the entire upper half-plane and not just on the positive imaginary

axis. We require the following lemma

Lemma 4.3. For every w € C with Re(w) large enough, we have

0

o ([(=1/4z,0) + (22/0) P f(z,w)) | =0, (34)

=0

Proof. Set of ,
. T,
Gly) =y (iy, w) — 2 f(iy, w).
As in Lemma (15), we observe that (34) holds if and only if

G(1/4y) = (2y)*G(y).

We also have )
- )
Gy) = Fuly) = 7 (a(w)y" ™" + b(w)y"?) .

Therefore, to prove (34), it suffices to prove

Ful) = (aw) ()% + ) () %) = 1)

/L. —w+1

(Al - (et~

N

: b)),

. (35)
To verify this we move the line of integration in the inverse Mellin transform of A, (2s) as
before to get

_ 1 o1+i00 5

Fult) = / - Ru(2s)yds
01 —100

+ a(w)i2 2y=W/2 — q(w)i2@ T 2y 2 p(w)i2 T 2y~ (D2 L p()i2 =2y 2. (36)

As before, by an application of the functional equation of A,, we deduce (35) and thus (34). O
This lemma, together with (33) and Lemma 13.5.2 of [9], implies that

F(=1/(42),w) = —(20)72(42) 2 f (2, w). (37)
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However,
(3G (5% =G
An easy computation and (37), with the aid of Lemma 2.1 then imply that, for all w with
Re(w) large enough, f(—,w) is invariant under (1 9) in terms of the weight 1/2 action. Since
I'o(4) is generated by (}9) and the translations, this proves that, for all w with Re(w) large
enough, f(z,w) satisfies the weight 1/2 transformation law for I'y(4).

To check the growth of f(z,w) at the cusps in terms of z, we first note that, by construction,
it has a moderate growth at infinity. For the other cusps, because of (69) of [7], the argument
we used to prove moderate growth in Theorem 3.1 applies here too to deduce moderate growth
for Re(w) large enough.

By (28) and (31) we deduce that

Pi-stu)2 < ! ! ) (a(w)Gw) b1~ w)E (1~ w))

2—s—w_1+s—w
1 1

4+ 9(2=s—w)/2 _
w—s+1 sHw

> <b(w)G(w) —a(l —w)G(1 - w)) (38)

must be entire. This implies that for all w with Re(w) large enough, and such that 1 — w is
not a pole of a(w)

a(w)G(w) =b(1 —w)G(1 —w) = b(w)G(1 — w),

otherwise (38) would have a pole at s = 2 —w. Thus, the constant term of f(z,w) at infinity

is
w 1— 1—w

b (v + Sl (39)

Now, by ([13]), Satz 10.1 (3), the I-invariance and the moderate growth at the cusps we

proved, f(-,w) is the sum of a weight 1/2 Maass cusp form g and a linear combination of the

Eisenstein series of weight 1/2 at the cusps of I'g(4) that are singular in terms of v. One easily

sees that the singular cusps are 0 and co. Also, using the same argument we used in the proof
of (24), we see that g must vanish and thus

flz,w) = oz(w)z_l/2E(—1/(4z), w/2) + f(w)E(z,w/2) (40)

for some functions a and (3. However, the constant terms at infinity of E(z,w/2) and
2 V2E(—L w/2) are

—2w —7i/4 1-2w
20 Guo1) Ly -2 R0,
1—2720 ¢(2w) Qw-1/2(] — 2-20)  £(2w)

yw/2 +

respectively (cf. [8]). Therefore, upon comparison of the coefficients of y*/2 on both sides
of (40) we deduce that f(w) = b(w). An elementary computation then implies that a(w) =
—(2e7™/2)=1/2p(w), which implies the result.
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