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Abstract

These are my live-texed notes for the Fall 2018 student enumerative geometry seminar on the GW/DT
correspondence. These notes have known omissions in the earlier talks. Let me know when you find errors
or typos. I'm sure there are plenty.
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1 GW theory
1.1 Sep 11 (Melissa): Hodge/Hurwitz numbers and ELSV

Today we prove the ELSV formula, relating Hodge integrals with Hurwitz numbers.

Definition 1.1. A Hodge integral is an integral over /\7lg7n of the form

/ ¢{1"'¢£”>\]1€1“')\’;g-

(Mg,n]

Remark. Using Mumford’s GRR, Hodge integrals can be expressed in terms of ¢ integrals (called descen-
dant integrals). Then Witten’s conjecture that descendants satisfy the KdV hierarchy (and the string
equation) determines all descendants from the initial value [ Mol =1

Witten’s conjecture was first proved by Kontsevich. Another proof is in Okounkov—Pandharipande’s
GW /Hurwitz papers, in part 2, which derives Witten’s conjecture from the ELSV formula by localization
on Mg,n(}P’l, d). The proof of ELSV is due to Graber—Vakil in “Hodge integrals and Hurwitz numbers via
virtual localization”.

Definition 1.2. Let f: C — P! be a ramified connected cover of genus g and degree d, with branch points
bi,...,b. € C C P! and co. Assume that by, ...,b, are simple branch points, i.e. f~!(b;) contains exactly
d — 1 points. Write

f_l(oo) =Ty o fn®y
as a divisor. (Simple) Hurwitz numbers H, , count the number of such ramified covers for given p. We
know |u| == > p; =d, i.e. p is a partition of d, and we write £(u) :== n for the length.
Remark. By Riemann—Hurwitz,

2—2g:x(0):dx(]P’l)—&-Rz?d—r—(d+n)7

so that there are a total of r =29 — 2+ d+n =29 — 2 + |u| + ¢(n) ramification points.

Remark. The monodromy around a simple branch point gives a transposition of two out of d sheets. Hence
the simple Hurwitz number is

1 o1,...,0ptranspositions, oo € Cy
Hgvltzzi# 01a'~'70r700065d: 01+ 0p060 =1
m (connectedness) (o1,...,0,) acts transitively on {1,...,d}

Here C|, is the conjugacy class of the cycle class of y1, and Z,, := puq - - - pu,| Aut(p)|, where Aut () is non-trivial
if there are identical numbers p; = p;41 = --- in the partition.

Definition 1.3. The disconnected Hurwitz numbers H; , are exactly the same as above, but without
the connectedness requirement. Both can be put into generating functions

2g—2+4 e \2g—2+¢
ZH-’W)‘ g (u)7 ZHSLH)\ g (1)
g g

These can be explicitly evaluated via Burnside’s formula.

Theorem 1.4 (ELSV formula).

L B
" :29—2+|M+€(u)ﬁ/1im/ L=t do =4 (C1)9A
. | Aut ()] o Al i ) Hf(:#f(l — jiti)



Remark. The idea is to set up the moduli of relative stable maps, and then do localization. We will define
the moduli only for (P!, c0).

Definition 1.5. The moduli of relative stable maps to (P!, 00) is given as follows.

1. Define the moduli space M, (P!, 1) of

f:(Cixy,. .. xy) degd, p1
where f=1(c0) = 121 + -+ + ppxy, and C is smooth of genus g.

2. Define the compactification M, (P!, i) of
f:(Cyxy,...,x,) — Pm]

by allowing C' to become nodal, and P![m] denotes attaching m extra P! to the original P!. Let ¢!
denote nodes in the P![m]. Require compatibility conditions:
(a) fi: C; — P! is degree d = |u| where C; is the preimage of the i-th P!;

(b) f7H(am) = mz1 + - + pnn;
(c) (predeformable) f~1(q!) is a union of nodes in C with the same contact order (so that we can
simultaneously smooth nodes in the target and the source);

(d) (stability) Aut(f) is finite.

A homomorphism of two such relative stable maps is a commuting square

(Crz1y. .. xn) % Pl[m]
¢l we«r*)’“l
(a2l —L s Plm]

where 1) can re-parameterize the extra P!. (The number m is bounded by stability once we fix g and
p-)
The compactification is the moduli of relative stable maps. It is a proper DM stack with perfect obstruction
theory.

Definition 1.6. There is a branch morphism extending the usual one for smooth projective varieties
Br: M,(P*, 1) — Sym" P! = P"
[f: (Coan, o ywn) = PUml] = > Br(fi) + Y (20(Bs) — 2)[£(B)] + f.N,
where in the normalization C' — P! of C' — P*:
1. f;: A; — D are maps of uncontracted components;
2. B; C C are contracted components;

3. N is the divisor consisting of the nodes in C.

Hence the Hurwitz number H, , is the degree of Br:

_ 1 . A 1 T
H,, = At () deg(Br: My (P, u) — P")

i)
SN Br* (H")
| At ()] Jixn, et i

since H" = PD(pt).



1.2 Sep 18 (Melissa): ELSV formula

Last time we identified Hurwitz numbers H, , with the degree of a branch morphism. Today we will compute
this via localization. First, a brief review of localization.

Definition 1.7. Let G be a Lie group and EG be a contractible topological space with free G-action. The
classifying space of G is BG := EG/G, defined up to homotopy equivalence. If X is a topological space
with continuous G-action, then we can form the associated X-bundle

XG =FEG Xa )(7

called the homotopy orbit space, with projection 7: X — BG. The G-equivariant cohomology
H{(X,R) = H*(Xg, R) for any coefficient ring R.

Example 1.8. If G acts on X freely, then
H{(X,R) = H*(Xg,R) = H*(X/G,R)
since X¢ is homotopic to X/G by contractibility of EG. If G acts on X trivially, then
H{(X,R) = H*(X x BG,R) = H*(X,R) ®g H*(BG, R).

Remark. In general, because of
7 H*(BG) —» H*(X¢a),

the G-equivariant cohomology of any space is always a H, (pt)-module. There is also an inclusion i: X — X¢
which induces
i*: H(X¢) — H*(X),

the specialization to non-equivariant cohomology; this is well-defined because all fibers are homotopic.

Example 1.9. For G = C*, we see that it acts freely on C* — {0}. Hence
BC* = (C* - {0})/C* = C* := lim CP".
N —o00
The equivariant cohomology is
H*(BC*,Z) = lim H*(CPY,Z) = lim Z[u]/uM ' = Z[u].
N—oo N—o0
Here u = ¢1(Ocpn (—1)).

Definition 1.10. Let V' — X be a G-equivariant complex vector bundle of rank r. Then Viz — X¢ is still
a vector bundle of rank r. The G-equivariant Chern class of V is

(V)= cp(Vg) € H*(Xq,7) = H¥ (X, 7).
Example 1.11. Let C* act on C via the standard weight, i.e.
C* —» GL(1,C), t—t.
This gives a C*-equivariant line bundle C;. On BC*, this is
Ce+ = Ocpos (—1) — CP* = BC*.

We see that ¢§ (C;) = u.



Example 1.12. The standard action of C* on P! induces an action on P” = Sym” P! given by
t-lag: - :ay)i=lag:t tay it 2ag: -t "a,].
The two fixed points qg,q; € P! induce fixed points
P" 3 p; = {a; = 0Vj #i} < igo + (r —i)q € Sym" P,
Remark. If X is a compact complex manifold of dimension n, then there is a pushforward induced by
m: Xqg — BG:

T HA(X) — HE(pt), aw— Q.
(X]

Suppose G = C* for simplicity. Then this pushforward commutes with specialization to non-equivariant

cohomology:
HE(X) —— HET?"(pt)

uHOl uHOJV

H*(X) —— H*7"(pt)
Example 1.13. Let D; = {a, = 0} C P" be a T-invariant divisor, and there are r + 1 of them. We
know PD(D;) = ¢1(Opr(D;)) = H € H?*(P",Z). The cohomology H*(P",Z) = ZH/(H"*1) is saying
Dy ----- D, =0. But equivariantly,
H; := PD¢-(D;) = ¢&§ (Opr(D;)) € HE.(P", Z),
and Holp, = 0 € HZ.(pt) = Zu and
Hilpo = —u.
Hence H; = Hy — iu, and

He. (P, Z) = Z[H,u]/ | [ (Ho — iu).
Back to our situation: we want to compute
At Hypo = [ B,
(Mg (P, p)]vir

We can do this equivariantly, by the equivariant lift of H” coming from the example above:

r—1

/ i Br*(H") = / ) Br* [ (Ho — iw).
[Mg (P )] My (P )]

=0

We need to identify fixed points in order to apply equivariant localization. The branch morphism Br is
C*-equivariant, so that -
Br: My(P', 1) = (P)° = {po.p1,--..,pr}

where as we identified earlier, p; = igo + (1 — i)q1. Define F; :== Br™*(p;). By localization,

i Br* [T;Z '(Ho — i)
Aut(p)|H / j 0 :
| | 9B Z FyJvir eC (NVII’)

But over p;, we have H::_Ol (Ho —iu)|p, = 0 unless j = r. Hence

rlu”

| Aut(w)| H ,L:/ v
o [Fy]vir eC (NFT)

It suffices now to identify the fixed locus £ € F,. C My(P!, i) such that Br(§) = rg;.



1.3 Sep 25 (Melissa): Resolved conifold

Let X be the total space of Opi(—1) @ Op:(—1), called the resolved conifold. It is a non-compact toric
CY3. Let
ig: P —» X

denote the inclusion of the zero section. Let Mg(X ,d) denote the moduli of genus g degree d stable maps
f: C — X. The inclusion iy induces two things.

1. Because X is homotopy equivalent to P!, the induced (ig).: Ha(P!,Z) — Hy(X,Z) is an isomorphism.
Hence f.[C] = d[P!] for d € Z>.

2. There is an induced map ig: M, (P, d) — My (X, d).

(a) When d = 0 we get M, (P*,0) = M, x P!; note that M,(X,0) = M, x X is not compact.

(b) When d > 0, compose f: C' — X with the blow-down map m: X — Xy := {ad — bc = 0} C C*.
Since Xy is affine, the induced f: C' — Xy is constant, and hence the image of f must lie in
771(0) =P' C X. Hence B B

io: My(PH,d) — M, (X,d)
is actually an isomorphism of DM stacks, and since the former is proper, so is the latter. It follows
that
Mg (X, d)]"™ = e(Vg,a) N [Mg(]Pla d)I"™

where Vj 4 is a complex vector bundle of rank 2(d + g — 1), to be defined.

For any g € Z>o and d € Z-, define the genus g degree d GW invariant of the resolved conifold is defined
by

Ny = deg[ M, (X, d)]V" = / e(Vya) €Q.

(M (P1,d)]vir

What is Vj 47 It should measure the difference of the deformations of a map to P! vs a map to X. Given
[f: C = X] € My(X,d), the tangent space Tg and the obstruction space Tg fit into the following exact
sequence of C-vector spaces:

0 — Aut(C) — Def(f) — T} — Def(C)) — Obs(f) — T7 — 0
where:

1. Aut(C) == Ext’(Q¢, Oc¢) is infinitesimal automorphisms of the domain C' (when C' is smooth, this is
just the space H°(C, T¢) of vector fields);

2. Def(C) == Ext'(Q¢, O¢) is infinitesimal deformations of the domain C' (when C' is smooth, this is just
H'(C,T¢), which is first-order deformations of complex structures);

3. Def(f) :== H(C, f*Tx) is infinitesimal deformations of the map f with fixed domain curve C;
4. Obs(f) == H'(C, f*Tx) is infinitesimal obstructions to such deformations.

Imagine now we do the same thing for P'. Then the only difference in the tangent-obstruction theory is the
difference between f*Tx and f*Tp1:

['Tx = ["Tp & f7(O(=1) & O(-1)).
Hence we have a splitting H'(C, f*Tx) = H'(C, f*Tp) & H(C, f*(O(—1) & O(—-1))). Since H" vanishes,

the excess H'(C, f*(O(—1) & O(—1))) over each point & glue to form a vector bundle over M, (P!, d), and
this vector bundle is precisely Vj 4.



Definition 1.14. Define the generating series

F(u,v) = Z Z Ny avu®9=2,

d>0g>0

We will compute F(u,v) by virtual localization. Let C* act on P! by ¢ [z : y] := [tz : y]. Call0=[0: 1]
and oo = [1 : 0]. Then TyP! = C, and T,,P* = C_,. Lift the C*-action to Opi(—1) ® Op1(—1). There are
many possible linearizations; for every a,b € Z we can choose weights

0=1[0:1] oco=[1:0]

O(_l) Cau C(a+l)u
O(-1) Chy, Cor1)u
But it turns out the most convenient one is @ = —1 and b = 0. So we get a full C*-action on M, (P*,d)

and Vj 4 is equivariant with respect to this action. Hence we can apply equivariant localization. We need to
identify fixed components, i.e. components in M, (P!, d)®", and the virtual normal bundle.

Definition 1.15. Given & = [f: C' — P'] € M (P',d)C", we can associate to it a decorated graph as follows:
1. (vertices) for each connected component C, of f~1({0,00}), associate a vertex v € V(I');

2. (edges) for each connected component O, =2 C* of f~(P! — {0, 0}), associate an edge e € E(T'), and
let C, == O, = P*;

3. (Aags) F(T') = {(e,v) e ET) x V(I)}:v € e}

4. (genus) label each vertex with its arithmetic genus §: V(I') — Zx>(, mapping C, to its arithmetic
genus;

5. (degree) label each edge with its degree d: E(I') — Zsg, so that f|c, : P2 — P! is a degree d cover;
6. (marking) label each vertex with its marked points f: V(') — {subset of {1,...,n}}.

Note that the total degree is d = }_ .. () de and the total genus is g = >°, ¢y ) go + b1 (I') where by is the
first Betti number of the graph. Define the following subsets.

1. (stable vertices) V¥(T') :== {v € V(T') : C,, is stable}.
Let G4(PP', d) be the set of such decorated graphs. (For each g, d clearly there are finitely many such graphs.)

These decorated graphs index fixed components. The structure of the fixed component associated to
(I, f.g.d)is
Ff = [( H M‘]v7nv)/A1:“]

veVy(T)

where Az is the stabilizer of the whole fixed component. It fits into a SES

1— H L]deli — Ax — Aut(T) — 1.
ecE(T)

Lemma 1.16. IfI' contains a vertex with valency n, > 1, then the restriction of ec-(Vy,q) to the locus Fg
18 2ero.

Proof sketch. This arises from our convenient choice of linearization as follows. By normalization exact
sequence, check that if there are any nodes of valency greater than 1, we will get zero weights and ec-(V;,q) =
0. O



Hence the only remaining graph with (possibly) non-zero contribution is from T with a single edge of
degree d, from a vertex of genus g1 to a vertex of genus go. Its normal bundle N = Tg’m — Tg’m is the
moving part in the tangent-obstruction sequence

0 — (By = Aut(C)) = (By := Def(f)) — T — (By :=Def(C)) — (Bs := Obs(f)) — T¢ — 0.
It remains to evaluate the weights of each term:

1. By = Aut(Co,y1,92) = H°(Co, TCo(—y1 — y2)) = B{ because the only vector field fixing 0 and oo is
20, with trivial weight;

2. By =T, Cy®T,,C&T,,Co®T,,C2, where note that C; is a d-fold cover of P! so that (7,,C1)%? =
TyIP’l;

3. We will continue next time!

1.4 Oct 02 (Melissa): Resolved conifold II
Theorem 1.17. We have

1
Nyau*9 % = — .
;) g4t d(Zsin(du/2))?

Remark. On the GW side, we expand near u = 0. Hence we have

,Ud

Z, = .
Gw = &P ; d(2sin du/2)?

We use u™X so that the series behaves nicely under degeneration.

Definition 1.18. Recall that fixed components ¢ = [f: C — P'] € M, (P!,d)*" correspond to decorated
graphs (f = (T, f,g’,@ as follows.

1. (Vertices) For each connected component C, € f~1({0,00}), we associate a vertex v € V(I'). Define
two labels on vertices:

(a) f
(b) g
Let V

(v) = f(C,), i.e. the label is either 0 or oo;
(v) is the genus of C, (or 0 if C,, is a point).
("), Voo (T') be all vertices sitting over 0 and oo respectively.

2. (Edges) For each connected component O, = C* of f~1(P! — {0,00}), associate an edge e € E(T).
Define the label on edges d: E(T") o.. Write C, == O, = P!

3. (Flags) Define F(T') := {(e,v) : v € e}. Also, define E, = {e : v € e} C E(T') to be all edges incident
to v, and let n, = |E,| be the valency of v. Hence

2g, — 2+ mn, > 0.
Write V(T') = VI(T) u VII(T) U V#(T') where

(F) { (gvvnv) = (07 1)}
VII(F) { (gva nv) = (Ov 2)}
V() ={v:C, is a curve}.

Similarly, write F'* to mean flags which involve stable vertices.



Do a partial normalization, at the nodes in F*(I') U VI(T'). Given a labeled graph T', write

Mz =( [ Mgom,): Fr=[Mz/Az].

veVs(D)

Lemma 1.19. We have

vir ]' . v
[Fr]™" = |Af|(%f)*[/\/lf], Mel = T[ My,
Remark. By virtual localization, it follows that

*e«;* )|F~
Ng,d: Z II:, Iﬁl |A / v]r finr) .
F'eGy(T,d)

We will do the virtual normal bundle now.

Take a point £ = [f: C — P! € Fr. We get an exact sequence
0 = Ext’(Qc, 0c) — HO(C, f*TP') — T} — Ext'(Qc,0c) — H'(C, f*TP') — T7 — 0.

We call the terms By, By, B4, Bs for short. Hence the virtual normal bundle is the difference of the mowving
parts, i.e. parts with non-trivial weight:

vir _ 1,m 2,m

Hence
1 ec+ (BT")ec (Bg")

ect (N¥)  ec+(By')ec-(BY")

So we just have to identify the weights of each piece B]". These details are in Melissa’s “ Equivariant
Gromov-Witten Invariants of Algebraic GKM Manifolds” paper, applied to X = P*.

We go into some detail about the vanishing for the obstruction bundle O(—1) & O(—1), by request. The
most general linearization is

0=1[0:1] oco=[1:0]

O(_l) Cau (C(a+1)u
o(-1) Cou Cotiyu
By normalization exact sequence, we get
0= H(C, fO(-1)) = @ H(C,) & @ HO(Ce) — (Cau) T+ @ (Capy) PV
veVS ecE
H'(C, fro(-1)) » @ H' (C.)o P H'(C
veVs eckE

This will give an Euler class

ec- (Vo) = ] A, 5. (bu)((au) (bu))™ "

veVF ()
[T AL (@ +DwAy (0+ Du)(((@+ Du)((b+ 1u))™

veVe (T)

de—1

1 1 _
H H(CL"‘@)(Z)“F dfe)'ugde 1.



This vanishes when a = 0 and b = —1 for any vertex, stable or unstable, whenever there are vertices with
n, > 1. This is why only the graph
d

[} @
g1 g2

contributes, where g; + g2 = ¢g. The contribution of the ¢g; vertex (over 0) is of the form
Ag, (w)Ag (0)A, (=1)
u/d —

and similarly for the g vertex (over oo). Let
1 g=20
bg = A
{fMg,l 1—5111 9> 0

)\92(*”&)292 ((3;11)!)2u2d72(71)d*1
N /M 1 u/d ’(/}1 /M 1 u/d—’(/}l (%)211,2‘1(—1)11 .

1+92 =g

so that

Putting everything into a generating function, we get

_ 1
ZNgwl“Qg 2= w2d3 Zbg(dU)QQ

920 g>0
From the Faber—-Pandharipande evaluation of Hodge integrals, we know

29 __ t/2
2t = Gy

920

Simplifying gives the desired theorem from the beginning of today’s lecture.

1.5 Oct 09 (Melissa): Relative GW theory
Let’s quickly review the tangent-obstruction theory for (absolute) GW theory. This is to prepare for the

tangent-obstruction theory in relative GW theory. Fix X a non-singular projective variety over C and
B € Hy(X,Z) an effective curve class. Let
C I x
|
./\;lg,n(X, 5)

where 7: C — M., is the universal domain and f: C — X is the universal map. We can also consider the
forgetful map -

q: Mgn(X,8) = MG7
to the Artin stack of prestable curves of genus g with n marked points. At the point & = [(C, z1,...,2,)] €
MPre we have

g,n?

Lie(Aut(¢)) = Ext”(Qc (D), Oc), Def(€) = Ext' (Qc(D), Oc)

where D = x1 + -+ + z,. Inside MP'T sits the proper smooth DM stack Mg,n of stable curves, which

inherits this tangent-obstruction theory. Hence to compute the virtual dimension of /\;lgm,(X ,B), we can
first compute vdim Mg , = 3g — 3 4+ n, and then say

vdim M, (X, 8) = 3g — 3 + n + (relative dimension of ).

10



But the relative tangent-obstruction theory for ¢ is Def(f) — Obs(f), i.e. the deformation theory of the map
f, which we know is

Def(f) — Obs(f) = HY(C, f*Txx) — H'(C, f*Tx) = x(C, f*Tx).

Putting this all together, we get
vdim M, (X, 8) = / a(Tx) + (dim X —3)(1 —g) +n.
B

Now we do this in the relative case.

Definition 1.20. Let X be a non-singular projective variety over C, with a smooth divisor D C X. Fix
an effective curve class 3 € Hy(X,Z) such that f- D = [,c1(O(D)) > 0. Let p = pg > -+ > pug > 0 be

a partition of 3+ D. Define the moduli space of relative stable maps M, ,,(X/D, 3, i) to parametrize
objects
f: (C,xla"'axnayla"'ayl) — X[k] = XUDO A1 UD1 UDk Ak == Dk

where A; = P(Np,x ® O) and D; = D for i = 0,1,...,k, such that f~YDy) = Zle 1iy;. Again we have
a universal domain and universal target

c— 1+ 7

My n(X/D, B, ) =% B

|-

pre
g,n+¢

To understand what the universal target B is, look at X := lim[X[k]/G¥ ] mapping to B := lim[A*/GE ],
where X[k] is constructed as follows.

1. Set X[1] :== Blpxo(X x Al). When t =0 € Al, we get X Up, A, and otherwise we just get (X, D).
There is a G,,-action acting on the A!, giving

[X[1)/Gm] — [A/Gyr)]
and we are supposed to view [A!/G,,] as the moduli corresponding to the total space [X[1]/G,].

2. Set X[2] := Blppjxar (X[1] x A'). Now there are two parameters t = (t1,t), and when t; =ty = 0 we
get X[2]. There is now a G2, -action, and we get

[¥[2]/G.] — [A%/GF].

3. Continue in a similar fashion.

The universal target 7 is formed by pullback of X — B to M, i.e.

is Cartesian.

11



Now let’s describe the tangent-obstruction theory for M, ,(X/D, 8, ). Fix € == [f: (C, Dy, D,) — X]
where D, is the marked points on the domain and D, is marked points intersecting with D. Then we get

0 — Ext®(Qc(Dy + Dy),0c) — H(C, f*Qx(log D)) — T}
— Ext'(Qc (D, + Dy),0c) = H'(C, f*Qx (log D)¥) = T¢ — 0.
Here the two terms H*(C, f*Qx (log D)V) are the relative tangent-obstruction theory for the map ¢ at the

point £. If there were no log D, then this would just be f*T’x. But the log D requires the section to vanish
to some degree: if z1,..., 2y are local coordinates on X with D = {zy = 0}, then locally

dzn
Qx(log D) = (dz1,...,dzn_1,— . = dlog(zn)).
It follows that

vdim Mg ,,(X/D, B,p) =39 —3+n+ £+ x(C, f*Qx(log D)V).

But Qx(log D) is a vector bundle over C' of degree fﬁ c1(Tx) — 8- D and rank dim X. Putting this all
together, we get the following.

Proposition 1.21. The virtual dimension of the moduli of relative stable maps is
wdim My (5/D. 1) = ([ 1(T5) + (dim X =8)(1 — ) ) + (¢~ D).

We see that the second term is new, and can also be written as ¢ — Zle ;. View this as the codimension
arising from the relative condition. In the generic case p = (1,..., 1), there is no codimension.
Now in the general case of £ == [f: (C, Dy, D,) — X[k]], we need the more general exact sequence

0 — H°(C, f*Qxy(log Di)¥ @ HS(R,,) — H(D)
m=0
HY(C, f*Qx ) (log Dy)¥ @ HL(R HY(D) — 0.
m=0

What is H} (R,,)? Think: it is supposed to be the deformation theory of ¢ which is “compatible” with the
smoothing of nodes in the domain at D;. Over each D; there are line bundles L; := Np,/a, ® Np,/a,,,-
Define

Hy(R)= € On,
qef~1(Dy)
H(Ry) = HO(D;, L)®™ |, ny = #f"(Dy).

Here A is the diagonal. We can view R; as the ramification divisor at D,.
Now let’s look at gluing formulas. Take a simple degeneration Y — Al, with:

Y=Y, Yy=X;uUpXs.

When we look at M, ,, (Y, ), think of 8 as an element of Hom(Pic()), Z), because now in general we can
have monodromy when we go around 0. This is in general coarser than Hs. There is a cobordism argument
that says that in Chow, . .

[Mg,n(YOv ﬁ)]vw = [Mg,n(Y;fa 5)]wr7 vt # 0.

The rhs is GW invariants on Y = Y;. The lhs can be expressed using the relative moduli {\;lg’n(Xi/D, B, 1)
as follows. To write the formula, it is more convenient to do the disconnected invariants Mg , (.. .), because

12



if we break a curve it may become disconnected. Let 81 + 82 = 8 and pu1 > --- > g > 0 be a partition of
- D. There are evaluation maps which fit into a square

M, X pt M — M_L.]JL(X/D)BQaM) = My
M = M3, (X/D. Br.) —s P!

Let A: DY — D?‘ be the diagonal. Then we have another diagram
Mi xpe My —— D¢
| |
Mix My =25 DEx DY
with [My X pe Ma]V'" = A'([M;]VI" x [M]"'"). Hence we have an equality

MO0 B7 = 30 By, 0 (60D 1) % Mo s (Xa/ DB )™
pB1-D=pB2-D

length(pu)=4¢

for g1 + go = g and B1 + B2 = 5.

1.6 Oct 16 (Henry): The GW local curves TQFT

All manifolds are oriented, and we work over C. Given a manifold Y, denote by —Y the same manifold with
opposite orientation. (We also assume our QFTs are anomaly-free.)

Definition 1.22. A (n + 1)-dimensional TQFT is a symmetric monoidal functor
Z: (n+ 1)Cob — Vectc

from the category of cobordisms to the category of vector spaces. Concretely, this means the following data.

1. Associated to each closed n-dimensional manifold Y is a vector space Hy called the (quantum) state
space satisfying:

e (gluing) Hy = C and Hy,uy, = Hyy, @ Hyy;
o (orientation) H_y = H3} .

e (functoriality) if f: Y — Y" is a diffeomorphism, then there is an induced isomorphism f,: Hy —
Hy.

2. Associated to each compact (d + 1)-dimensional manifold X is an element Zx € Hgx called the
partition function. To work with Zx it helps to imagine Hgx as the collection of functions on
“boundary conditions” on X, and Zx as a function that takes a boundary condition and spits out
the number of states satisfying that boundary condition on 0X. This assignment must satisfy the
following.

e (Functoriality) if f: X — X’ is a diffecomorphism with 9f: 0X — 0X’, then (0f).Zx = Zx.
(This is why we say the theory is “topological”.)

e (Gluing) Suppose X = X; Uy Xs, i.e. X is obtained by gluing (d + 1)-folds X; and X5 along a
common boundary Y.
Ix = tI‘HY(le ® ZXQ).

13



Think: Zx, counts how many states on X; satisfy a given boundary condition @) € Hy on Y, so
if {Q;} is a basis for Hy, then

#(states in X) = Z #(states in X satisfying @Q;) - #(states in X5 satisfying Q;),

which is exactly the formula above.

In (1+1) dimensions, TQFTSs have a structure that we can really get our hands on. The key idea is that
any compact orientable surface S with boundary and genus zero looks like this:

~ ~_ - ~_ - ~_ -

This is because the boundary 05 is a closed 1-manifold, which is always a disjoint union of a finite number
of circles S'. So the only state space we need to consider is H = Hg1, associated to “incoming” circles, and
its dual H* = H_gq1, associated to “outgoing” circles, which have the opposite orientation. A surface S with
m incoming circles and n outgoing circles will correspond to a map

HE™ YO,

Example 1.23. The following is an inner product ( :H®H — C and a multiplication operator

m(—,—): HQH — H:

Example 1.24 (Identity map). Consider the cylinder

\ \

! V=Zc:H—H.

!

Usually we restrict our state space H so that Z¢ is surjective. Then

(; () (=0 (;

Hence Z¢ = Z¢o o Z¢. Idempotents are the identity on their image, so Z¢g =id: H — H.

Proposition 1.25 (2d TQFT = Frobenius algebra). H with (—,—) and m(—,—) has the structure of a
Frobenius algebra:

1. it is a commutative and associative algebra, with unit D? = Q; € H;

2. multiplication is compatible with the non-degenerate inner product, i.e. {ab,c) = (a,bc).

14



Proof. The diagrammatic proof of associativity is as follows:

>

This uses the diffeomorphism invariance of the partition function. The others are left as an exercise. O

Remark. Clearly we don’t have to map to Vecty; we can do Modg for any commutative unital ring R. Later
we will take R = Q(t1,t2)((u)).

Remark. The following are equivalent:
1. H=C®---dC is a semisimple algebra;
2. H has an idempotent basis {e;} (with dual basis {e‘} using (—, —));
3. (—,—) is a non-degenerate inner product.

Semisimplicity is a very important structural result: it means we can piece together partition functions for
whole surfaces using partition functions of pieces, as follows.

Proposition 1.26. For a semisimple 2-TQFT, let A\; == (e;, e;) be its structure constants. Then
Zs, = SN0
i

Proof. Do a pair of pants decomposition of ¥:

)

We need to compute the two pieces we don’t know yet.

1. Compute the value of @ € H® H as follows. It arises from dualizing the second factor in id =
Yoiei@et € H @M where {e' := e;/(e;, e;)} is the dual basis to e;. This means

\
1
1

=Y eo e HOH.
B <6i;ei>

\
1
1
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2. Using this, we compute

\
|
!

To get Zy,, compose all the pieces in the pairs of pants decomposition from left to right. Recalling that
eie; = 0 for i # j, we get

i D€ i i D€ i i @€ i
e)\ie > i ;Hz;e)\; H;;H...H;e)\?e Hzi:)\—?.

Hence the final result is Zy, = ", )\}79, as desired. O

i

Definition 1.27. The local curve case for GW involves the following data:
1. a smooth irreducible projective curve X of genus g;
2. arank-2 bundle N := L1 & Lo over X, of degrees or level (kq, k2);
3. a possibly disconnected source curve C of genus h whose image has degree 3.
Let T2 act on N with equivariant parameters 1, to, so that
MG (N, d[X) T = M5 (X, d)]™
Here (—)® denotes disconnected invariants. By localization we can define:

1. the reduced GW partition function

Zy(N) = 3t / e(~Roma f* (L1 ® L)) € Q(tr, £2)(();

Py A3 (X, d)] v

2. the GW generating function
GWa(g: by, ko) = utC20H M) 7 (N) € Q(t, 82) ((w).-

We pick the exponent of u so that gluing rules (later) are nice. In particular, (2h —2) + d(2 — 2g) is
the dimension of My (X, d), and levels add.

Remark. Every vector bundle on a curve is deformation equivalent to a sum of line bundles; this is why
it suffices to do the split case. This is because every vector bundle £ on a curve has a filtration by line
bundles: twist so that £(n) is globally generated, but a generic global section has zero locus of dimension
dim X —rank & < 0, so

0—-0x—>E&n)—F—=0

and we can induct. In K-theory this means £ is a positive linear combination of line bundles. This is not
true in higher dimension: Tpz = 20(1) — O requires that negative term. Now within each extension of line
bundles, we can “deform the Ext class”, i.e. form a universal family over X x Extl(Lz, L1) to make it trivial,
and we are done.
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Remark. Write down the dependence of GWy(g; k1k2) on its variables, to get rid of the sum over h (by
dimension axiom).

1. To make the dependence on tq,ts clear, define

QW52 (g ky, k) = / oy (=R T f*Ly)cn, (—R*m f* Ly),
M3 (X, d)]vir

so that the total GWy(g; k1, k2) is a sum over by, by of these pieces. The nice thing about these pieces
is t1, to pull out of them as follows.
(a) The degree of t; in ¢, is
rank(—R'ﬂ'*f*Ll) — bl = —X(C, f*Ll) — b1 = —(deg f*Ll +1-— h) — bl =h-—-1- dk’l — bl.

(b) We don’t want a dependence on the genus h of the source curve, because that will vary. Compute
the virtual dimension

b1+by = vdim M3(X, d) = (dimX—S)(l—h)+/ e1(Tx) = 2h—2+d deg Ty = 2h—2+d(2—2g).
d[X]

Hence h — 1 = (1/2)(by + b2) +d(g — 1).
It follows that the exponent of ¢ is (1/2)(by — by) +d(g — 1 — k1).

2. The variable u indexes the quantity

2h—2—|—/ Cl(TN) =2h—2+d(2—29+k1+k2) :b1+b2+d(k1—|—k2).
d[X]
In total, we have
> L (hy—b1) (b —
GWd(g; kl» k2) _ ud(kl—i-kz)ttli(g—l—kl)tg(g—l—kz) Z ub1+b2t1§(b2 bl)t22 (by bz)GW51,b2 (g; kla kg)
b1,b2=0

This will be super helpful later, because it suffices to compute the number GW;l’bz (g; k1, k2), and insert
t1,to manually.

Definition 1.28. Let M;(X,\!,...,\") be the moduli of relative stable maps to a curve X of genus g,
with prescribed ramification profiles ', ..., A" (all partitions of d) at given points x1,...,x, € X. Melissa
showed us that for one ramification, the codimension of M, (X, \) is

Al = £(N) = d = £(N),

so that the codimension for multiple ramifications is
covdim My (X, A, A7) = 6= (d—L(\)).
i=1

As with the absolute case, we can shift Z'(N)yi,y» by ud(2=20+kithke=r)+3 0, ¢\ 5o that

o0
1 _ 1 _
GW(g;k1,k2))\l7m7>\r — ud(kl+k2)t¢11(g—1—k1)tg(g—1—k2) Z ub1+b2t12 (b2 b1+5)t22 (b1 b2+6)GW51,b2 (g; kl,kg).
b1,b2=0
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The idea now is to make a 2-TQFT out of the partition functions GW (g; k1, k2)x1,.. ar, where each
incoming/outgoing state is a ramification condition A*. This means we need some prescription for turning
incomings into outgoings, i.e. for dualizing. The factor we use is whatever makes the gluing formula work.

Definition 1.29. To raise indices, use 3(\)(t1t2)!™), i.e. define

t
GW(gvkhk?) - GW(g7 k17k2) s pl.o.pt Hz(yi)(tth)E(yl)-

i=1
Theorem 1.30. Forg=g¢' +¢" and k; =k, + kI,

GW (g ky k)b = S GW(g's Ky k) s GW (g5 KRS
Ad

and

GW (g; k1, ko) proepe = 3 GW (g = 1k, ko) e
Ad

Proof. We prove a simpler case:

GW (g;kr, ko) = Y GW (s k), ko )AGW (9" k1, k) a3 (V) (t122) .
A-d

The general case requires a little more work (see Theorem 21, Jun Li’s lecture notes on relative GW invari-
ants). Melissa showed us last time that in a degeneration of Y to Yy = X3 Up Xo,

[M;n(ya B)]Vir = [M:],n(y()v B)]Vir
= Z 3(“)[/\;1917%1 (Xl/Dvﬂlhu) X pt Mgmnz(XQ/DaB%p’)]Vir'
pkB1-D=P2-D
length(p)=~¢

Specifically, let’s focus on the component of /\;l;m(Yo, B) which corresponds to degenerations of type u =

A (in the sum). We already see all the factors except (t1t2)“). This factor comes from the integrand
e(—R*m. f*(L1 ® L)) as follows. If we degenerate the target and source

X=X'uXx", c=c'uc”,

the line bundles Ly, Ly must split with degrees k1 = ki + k{ and ko = kb + k%, and for each line bundle L;
there is a normalization sequence

0= f*(Li)le = f*(Li)ler ® f*(Li)lor — f*(Li)lcrner — 0.
But [C' N C"| = £(N\), and this last term is trivial with weight ¢;. Hence
—R*m. f*(Lilcr ® Lalon) + (tita)"™) = —=R*m, f*(L1 @ La)|c

Level and genus add, which is why u behaves fine in gluing too. O

1.7 Oct 23 (Henry): Local curve computations

Definition 1.31. Let 2Cob%"%2 enrich 2Cob by asking morphisms Y7 — Y5 to be equivalence classes of
triples (W, Ly, L) where:

1. W is a cobordism from Y7 to Ys;

2. L1, Lo are line bundles on W trivialized on 0W.
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Topologically, vector bundles are classified by degree and rank, so it suffices to label W with the level (k1, k2)
of (L17 Lg)

Definition 1.32. Let R := Q(¢1,t2)((v)), and define the R-valued 2-TQFT
GW : 2Cob®'L2 —5 Modp

by the data of:
1. the state space GW (S') .= H == @, , Rex;

2. the morphisms
1.t
et @ -+ eps > Z GW (g; k1, kQ)Zlmgs e ® - @ ey
plopt-d

associated to a genus g cobordism from s inputs to ¢ outputs of level (kq, k2).

Theorem 1.33. GW is a well-defined functor, and is uniquely determined by its value on

Proof. Everything follows from gluing laws. The only thing we really have to check is that the tube is sent
to the identity morphism, i.e. that
GW (0;0,0),, = 9d,,.

We will check this later. O

We will show GW is a semisimple 2-TQFT by showing it in level 0, i.e. for GW(g;0,0). This is the part
of the theory which gives classical contributions. Then we lift to the whole TQFT by the following lemma.

Lemma 1.34 (TQFT Nakayama lemma). Let (R,m) be a complete local ring, and let A be a Frobenius
algebra over R. Suppose A is a free R-module and A/mA is a semisimple Frobenius algebra over R/m. Then
A is semisimple (over R).

Proof. Since A/mA is semisimple, pick an idempotent basis represented by elements e, ..., e, € A, i.e.
e? —e; €m, Vi, eiej € Vi # 7,

and by the regular Nakayama lemma, {e;} is a basis for A. We modify it inductively so that it is idempotent
mod m*. Suppose we had the relations for m* instead of m. Then define

bi=e? —e;emf, e =e; +b;(1—2¢;)7 "
Note that 1 — 2e; is invertible only because R is complete. We picked it so that terms cancel out in
(e)? — el =e? —e; 4+ (2e5b; — by) (1 — 2¢;) ™1 4+ b2 (1 — 2¢;) 2
=b2(1 — 2¢;)"2 € m?*,

Also, e;e; € m**! just by checking all the terms are. Hence we can inductively construct an idempotent

basis {egk)} for A/m**1A4 for every k. By completeness again, there exists &; € A with & = egk) mod m*+!

for all k. This is the idempotent basis we want. O
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Proposition 1.35. Let R = Q(t1/2 5/2)((u)) Then the level (0,0) sector of GW in degree d is semisimple
over R.

Proof. Since m = (u), the structure constants of multiplication in the Frobenius algebra are given by the
pair of pants structure constants GW(O;O,O)zﬁ|u:0. Hence we care only about b, = by = 0. Recall that
b1 + by = vdim, so here expected dimension is 0. Hence

GW(0;0,0)7 5lu=0 = 3(7) (t1t2) OV GW (05 0, 0) sy lu=o
= 3(7) (trt2) 3 HO—EDHON FT (@, B, )

where Hg’l is a Hurwitz number. These we know how to compute by Burnside’s formula

d XAXEXS
7@ 8,7) = ;dlmp;,(a)zw)a(v)'

Hence we have an explicit formula for the structure constants. The resulting Frobenius algebra is (up to
t1ts) Yang-Mills with finite gauge group Sy and is well-known to be semisimple. We can actually explicitly
write an idempotent basis

dim p 1/2,1/2\0(a)—
vP = d' Z(tl/ t2/ )l( ) ngea

This requires the extension to R. O

Corollary 1.36. There are universal series A,, 1, € R indexed by partitions p such that

GWal(g; k1, ko) =Y A9, "+
pHd

where bar means swapping t1 and ts.
Proof. Same proof as earlier, except we have series 7, associated to the level adding operator (,'. O

Example 1.37 (Level (0,0) tube). This is given by the series
\ \ I _
F ( ; (0.0) :) = GIW(0;0,0),, = { I a8)™ A=p
0 A#

as follows. For connected domains, the only contribution to GW(0;0,0).3 can be from degree-d covers

pt 4 P!, because of the following,.

1. Since the L; are trivial,
o(—R°m. f*L;) = ¢(R'm.Op, — R, Op, ) = c¢(EY)/1,

and hence the terms in GW(0;0,0),4 are

/ _ - Cby (Ev)cbz (Ev)
My (P, B)]Vix

2. Do a dimension count: vdim My, (P!, a, ) = 2h — 2 + £(a) + £(B), but EV is rank h and hence the
integrand is dimension at most 2h. Hence (o)) = ¢(8) = 1 and by = bs = h. But Mumford’s relation
says

cn(EV)?2 =0 Vh>0.

Hence h = 0 as well, i.e. we have a totally ramified P! 4, p1,
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Disconnected maps which contribute must therefore be a disjoint union of totally ramified covers. Such maps
are isolated in moduli and have automorphism group of order 3(«), i.e.

1/3(c) bi=0by=0, a=4
GW2(0;0,0) 05 = {0 oltherv:ise

which gives the desired expression for the tube.

Example 1.38 (Level (0,0) cap). This is given by the series

F ( (\;> = GW(0;0,0) = {Sl'(tltw i; 82

as follows. Now vdim My, (P!, \) = 2h —2+d+£()\), and we require d = £(\) = 1. Then h = 0 by Mumford’s
relation. Hence we can only have isomorphisms P! =3 P'. Accounting for disconnected covers, we get d
copies of isomorphisms, i.e. A = (1¢), with Sy automorphism group.
Example 1.39 (Level (—1,0) cap). This is given by the series

)

F ( (7‘) = GW(0;-1,0)5 = (ﬂ)'”(—@)*“”ﬁ 1;[1 (2 sin AQU) -

as follows. Again do the connected case. Look at the terms of the integrand:
1. —R*m, f*O(-1) has fibers —H*(C, Oc(—d)), which by Riemann—Roch is rank —(d + 1 — h);
2. —R*m.f*O has fibers —H*(C, O¢), whose Chern class (up to a trivial factor) is just ¢(E).
So by the usual inequalities, we require £(A) =1, i.e. A= (d) and by = h — 1+ d and by = h. Compute

/ e(—R*mev* O(—1))e(—R°*m,ev* O)
(M, (P, (d))]vir

via C7-localization for the usual action of C; on P'. Pick the linearization (—1,0) and (0,0) on O(—1) and
O respectively, so that:

1. there is a unique vertex over oo because of the ramification profile (d), and it has genus 0 because it
carries the class ¢g(,)(EY)?, which vanishes unless g(v) = 0;

2. the vertex over co cannot have valence > 1, using our choice of linearization as in the proof of Aspinwall—
Morrison; (note that we can only run this argument for O(—1) because O has non-trivial H°, in the
LES induced from normalization exact sequence)

3. the vertex at 0 must be of genus h for the total genus to be h;

4. the vertex at oo is rigid, i.e. gives no contributions at all to the integral, because it cannot be deformed
within this moduli space.

d
Hence the only contribution is from a graph of the form e———e . We compute its contribution via C3-
h

localization.

1. The vertex contribution is done in the Faber—Pandharipande linear Hodge integral calculation. From
the genus-h vertex at 0 we get

~D"A(=q)
—1)"A(g)(—=1)"A(0 -(7,
J, VM@ A0 R
where A(¢)A(0) comes from e(—E_;)e(—E). (Here E_; is E with linearization —1, coming from O(—1)
term.)

2. To be continued.
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1.8 Oct 30 (Henry): Cap and pants

We continue the (—1,0) cap computation from last time. The edge contribution from the single graph

is as follows. Both deformations of the map and the integrand contribution involve weights of sections
H*(P!, f50(k)), so we care only about what the linearization is at 0 and co. Note however that we cannot
deform the map at the degenerate vertex oo.

1. (Denominator) From the linearization (1,0) of Tpi(—oc0) (because we can’t deform the degenerate
vertex at 00), we get weights kq/d for k € {0,...,d} — {0}. The product is d!(q/d)?.

2. (Numerator) From the linearization (—1,0) of O(—1), we get weights kq/d for k € {-1,...,—(d—1)}.
The product is (—1)~1(d — 1)!(¢/d)?~*.

Collecting everything together and using Mumford’s relation, the total contribution is a sum over h of the
terms

1/ (—1)h on (D) en(E) (=) (d = D)l(g/d)* !

d Jxa,, T gla—y d!(q/d)?
1 2h—2 -1 d—1
_ E - q2hch(IE) (q’(j}d)gh_l ( ; — (—1)d_1d2h_2 /M} Ch(E)w2h_2'

(Note that all the ¢’s cancel, as they should!) This is a linear Hodge integral, and can be evaluated via
Faber—Pandharipande’s formula

Z(du)zh P22y, = du,/2

= M sin(du/2)

Plugging this into the explicit expression for GW (g; k1, k2), we get the desired result. For example:

1. since  =d—1and by =h —1+d and by = h, we see that (1/2)(bg —b1 +J) =0 and d(g — 1 — k2) +
(1/2)(by — b2 +0) = —1;
2. disconnected invariants are products of £(\) connected invariants, so in total we have t, 0,

This finishes the (—1,0) cap computation.
The pair of pants is hard, because now there are no dimensionality arguments:

vdim My, (PY, N, g, v) = 2h — 2 — d + £(N\) + £(p) + £(v),

so now the contributions even from connected sources is complicated. However for small cases, we still have
dimensionality arguments. We will compute a modified version of GW(—) called GW*(—); it involves a
prefactor which will make the GW/DT correspondence hold on the nose:

GW*(—) _ (_Z-)d(2—2g+k1+k2)—6GW(_)_

This requires us to make a modification to the (inverse of the) metric, which is now 3(v)(—t1t2)"*), i.e. there
is an extra minus sign.

Example 1.40 (GW*(0;0,0)q),(q),(2)). Let (2) denote (2, 1972), In this case, we have vdim = 2h — 1 but
the integrand is cp, (EY)cp, (EY), so the only two possibilities are

(b1,bs) = (h,h — 1), (b1,bs) = (h— 1,h).
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So it suffices to compute f[Mh(lP’l (d),(d),(2)]¥F P (=AnAn—1) where X\ € /\;lh,g and

p: My (P, (d), (d), (2)) = Maz

takes a relative stable map to the domain marked with the two totally ramified points. We use this to reduce
to integrals over My, o by computing

Pl Mi(P', (d), (), (2))]" = 2h[Hy] + B

where Hy C My, 2 is the image of p on the smooth locus and H,;C /\;lh,g is the closure, and B is some cycle
on the boundary which we can neglect, as follows.

1. Note that My (P, (d), (d), (2)) is unobstructed and hence the virtual class is the usual fundamental
class. On the open locus, let Hy C My, 2 be the image of p. Then

p: Mh(Pla (d)> (d)v (2)) - Hd

is a proper degree 2h cover, because by Riemann—Hurwitz there are R’ = 2h other ramification points,
and we can choose which one is the one we call (2). (Here 2h —2 =d(—2) + (d — 1)+ (d — 1).) Hence

polMi(P', (d), (), (2))]" = 2h[Hy] + B
where B is supported on p(OMpy (P, (d), (d), (2))).

2. Let e: /\;lh,g — /\;lhﬁl be the forgetful map. Then actually
p(OM(P', (d), (d),(2))) C € (OMp1).

This is because we know the image lies in M}, o, but the only stratum there (i.e. singular curve with
2 marked points) that does not come from dMy, 1 (i.e. singular curve with 1 marked point) must have
one P! component holding both marked points, which contracts onto the main component of genus h
when we forget one marked point. Such a component is not a valid source curve in the compactification
of relative stable maps. Now to disregard B, use that

)\h)\h_1|6/\;th,n - 0

This is because there are two kinds of components in M, and it suffices to verify A\jA,—1 = 0 on
both.

(a) (Mg—1,2) Here there is a surjection i*E,; — O given by taking residue at one of the marked points.
Hence ¢4(Eg) = 0.

(b) (Mp,1 x My_p1) Here i*E, factors as p{Ej, & p3E,_p, so

i*Ag = pTAhpS/\g—h
" Ag—1 = P1ARPIAg—h—1 + PTA—1P3 A g—h-
Use the vanishing )\,% = >‘121—h =0.

Collecting all this together, we get

X 1+t -
GW (OQOaO)(d),(d),@) =1 ! 2 Zth 1Ch(d), Ch(d) = 2h/ /\h)\h—l-
h>1 [Ha)

tita

The next step is to reduce to the d = 2 case and explicitly compute on the hyperelliptic locus.
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1. Hy is the locus of curves (C,z1,xs) with O(x; — z2) € Pic?(C) being a non-trivial d-torsion point. In
other words, if Pic® = My, 2 is the universal Picard bundle with section s: (C, z1,x2) — Oc(x1 —x2),
then

[Hg] = 7o (84 [Mn2] N Pg) € Au(Mp2)

where Py is the locus of non-zero d-torsion points.

2. A result of Looijenga says given any family of abelian varieties A — S, the class of the locus of d-torsion
points is a multiple of the zero section in Chow. Hence

1 1
d2h—1[Pd]: =

and this descends to cp,(d) = (d*" —1)/(22"1)en(2).

Hence we have reduced to d = 2. This case is easy, because [Hs] relates to the hyperelliptic locus H C My,
almost by definition.

1. The extra data in Hy is which two of the Weierstrass points we choose to call (2). By Riemann—Hurwitz,
2h —2 = —2-2+4r, so there are r = 2h 4+ 2 Weierstrass points, i.e.

(Mpo — Mp)[H] = (2h + 2)(2h + 1)[H].

2. Use Faber-Pandharipande’s evaluation of ch(EE) on the hyperelliptic locus H C Mj, to get

1t +t U
thtta,

= an —.
2 tits 2

GW™(0;0,0)(2),(2),(2)

From this, we get ¢;(2), which gives ¢p,(d), and therefore the general expression

vl +to
2 tito

d
GW*(0;0,0)(q),),2) = deot 2 — cot u) .

2 2

Remark. Tt will be helpful to rewrite this with ¢ := —e®™ as

1t 41 <d(q)d+1 ~ (=9) +1)
2 ity (—9t=1 (-9)-1)"
Theorem 1.41 (Bryan-Faber—Okounkov—Pandharipande reconstruction result). The pair of pants series

GW*(0;0,0)x. can be uniquely reconstructed from GW*(0;0,0)(qy,(a),(2), lower degree series of level (0,0),
and Hurwitz numbers of Pt — P!,

GW™*(0;0,0)(q),(a),(2) =

Proof. We show uniqueness. Idea: write an invertible linear system of equations for GIW*(0; 0, 0),, whose
coefficients are matrix elements of GW*(0;0,0),,(2),.; let

(A[Ma|p) = (=1)AGW™*(0;0,0) (2),101],

be these matrix elements. In Fock space formalism, it is easy to express disconnected invariants in terms of
connected ones:

—My o Z GW™(0;0,0) k), (2), (k) ¢~k Ok + Z (GW*(050,0) (k41),(2), (k1) lu=0 k10— g — Q_ gty -
k>0 k>0

This is because there are two types of contributions. The virtual dimension is 2h—2—d+£(u)+£4(v)+d—1 =
2h — 3+ L(p) + L(v).
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1. (Quantum contribution) If £(u) + £(v) = 2 then £(u) = £(v) = 1 and we are necessarily in the case of
connected invariants GW*(0;0,0)(a),(2),(d)-

(

2. (Classical contribution) Otherwise ¢(u) + ¢(v) = 3 and we need contributions from ¢ (E)?, which as
usual vanishes unless h = 0. This is the classical contribution, i.e. at u = 0, from Hurwitz numbers.
Recall that ) )

GW (050,0)7 gluzo = 3(7) (t1t2) 2= OHON HT (0, 5, 7)

and the Hurwitz number controlls what happens when a transposition hits another partition: it can
either merge two cycles, or split a cycle into two.

The desired linear system arises as follows. Let (2)" denote r copies of (2). Then for partitions u, v - d, we
can get ramification (u, (2)",v) in two ways:

1. glue r copies of (a, (2), 5);
2. glue the unknown (u,y,v) to (v, (2)"), where we know

GW*(0:0,0) 2, = GW*(0;0,0)3)_GW*(0;0,0) 14,

because of the explicit expression for the (0,0) cap.

The equality we get is

(pIM3v) oc >~ GW*(050,0),m, (7| M5|(17)).
yHd

This ranges over all r, and we need to show the resulting system (for fixed u,v) is non-singular, over the
field Q(t1,t2,q) where the coefficients live (by our explicit formula).

1. Note that M5 as an operator has distinct eigenvalues, because in the limit ¢1t2 = 0 it is upper triangular
with linearly independent entries on the diagonal. If F; C F is spanned by vectors of degree d, then
it follows that the idempotents of the Frobenius algebra are eigenvectors of Ma|z,. This is by picking
eigenvectors {v;} and looking at quantum multiplication *, which gives

Vi XV = Zajvj — U; X V; = Q;V;
by applying M5 to both sides as follows:
Z )\iajvj = )\ivi XV = Mgvi *V; = Zangvj = Z )\jajvj,

but the v; are linearly independent so A\; = A;. But eigenvalues are also distinct, so there can be only
one j on the rhs.

2. Check that |(19)) is the unit in the Frobenius algebra. This is because (up to checking prefactors) of
the (0,0) cap being non-zero only for A = ((1¢)), so

|12) |12

(1) C(

But the unit is the sum of all idempotents, and M, has distinct eigenvalues. Hence {M3 |(1¢))},>0
spans Fg. So the linear system of equations we got must be non-singular. Explicitly, the system is of
the form v, - z = (u|M5|v) ranging over all r, where v, = M35 |(1%)); because they span, solutions are
unique. O]
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1.9 Nov 13 (Melissa): 1-leg GW vertex

We will talk about multiple covers of the sphere and the disk, and then the (Gopakumar—)Marino—Vafa
formula.

Example 1.42 (Multiple covers of the sphere). Let X := Tot(Op1(—1) ® Op1(—1)), with inclusion ig: P! —
X of the zero section. When d > 0, recall that

Myo(PY,d) 2 My o(X,d)

is an isomorphism. Let
Ny = / | = / Vi), Vii= R ev'(O(—1) ® O(—1)).
[Mg,0(X,d)]vix [Mg,o(Pt,d)]vix

For d > 0, we computed via localization that

2

1
A) =3 Ny A2 = 2 > by(du)®

920 g>0
where by = 1 and by = f/\?l )\gwng for g > 0. By Faber—Pandharipande, we got
g,1

1
d(2sin(du/2))?"

Example 1.43 (Multiple covers of the disk). Let X := Tot(Opi(—1) ® Op:1(—1)). Let A be the antiholo-
morphic involution

Fa(\) =

(z,u,v) — (1/%, z0, z4).
Let L= X4 — S!' = (P")4. By writing in charts,
L={(?ue"):e?ecS ueCly,
and (PH)4 = {z = 1/z} = {|2|> = 1}. So in this setup we are going to count multiple covers of the upper

hemisphere. This is not completely well-defined, but let us do a heuristic computation. Let g > 0 and
= (1 > pg > -+ g > 0) be a partition of d. We can consider maps

holomorphic

u: (3,0%) (X, L)
where 0¥ = Hle R; is a product of disks, with conditions:

1. (multiple cover) u.[X] = dB € Ha(X, L,Z);

2. (boundary conditions) u.[R;] = w;y € H1(L,Z).

There is a boundary map Ha(X, L, Z) 9, Hy(L,Z), and of course the compatibility condition is that > u; =
d. This defines a moduli space M, ,, (at least set-theoretically).

There is a (C*)3-action on the total space, but L is not fixed by the whole torus. We restrict to the
Calabi-Yau torus T = U(1)%. Then we should define

Ny, / / e(Vy)-
9t ‘ Aut ‘ My, ]vu | AU.t | Mg, . (P,D D)]vir 9t

By localization (Katz—Liu), this is equal to

(r(r + 1) TS (g + ai) g (WA (A (=7 - 1)
\Aut(u)| 1:[1 :U/Z - 1 /Mg ¢ H 1(1 - Mz¢z) .
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This answer depends on 7, because the original integral is over a non-compact thing. We call 7 the framing,
from physics, related to the framing of the knot. So define the generating function

T) = ZNQ#(T)U?Q*?JFZ(H)'
920
The localization expression looks complicated, but we can set 7 = 0 to get a lot of vanishing:

0 L) >1
FH(U,O) = { 1 du/2 .

dZu (sin(du/2)) = 2dsinédu/2) H= (d)

Question: is there a formula when 7 # 07 Introduce a new invariant

/A e T e +a) [ Ay (DAY (DAY (-~ 1)
Conlr) = At () ) ] Am L0~ pat)

1=

and write the generating series

= ZGQ“ JA29~ 2+e(w)

g>0

and look at the disconnected series
eXP(Z Gu()‘a T)pu) =1+ Z G;()\, T)pu
p#D nu#0
Theorem 1.44 (Gopakumar-Marino—Vafa formula).

G (A7) = R\ 7) Xe(C) - vmaies i /el dimg By

sl z(u) Iul'

where dimy R, is the quantum dimension.

Remark (Framing dependence). From this formula, we get a simple relation between arbitrary framing and

zero framing:
R (A7) = Rp(A\0)3(1)®0,(V—1A7)

where the change of basis matrix is a generating series for disconnected double Hurwitz numbers

H
P* — g,V b 2g—2+l(,u)+£(u).
N =2 g et i T e

We can get a formula for this via Burnside’s formula.

Definition 1.45. In the GMV formula, the lhs is called the framed 1-leg GW vertex, and the rhs is an
explicit formula for it. Define the connected version

exp(z R,(\,T)py) =1+ Z R;()\, T)Pu

n# 0 n#0

Proof strategy. Our goal is to prove the GMV formula
G\, 1) =R,(\, 7).

It is easy to check at zero framing that

0 Op)>1
G(/\,O):R(/\,O):{_ — a1 .
8 g 2d;i/n(7¢11>\/2) p=(d)
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So to prove G, = R,,, it suffices to show they satisfy the same framing dependence, i.e. that
Gr(A )= > G\ 0);(1)2, (V=TA7).
[v|=lpl

We will define a generating function Kj(A) of certain relative GW invariants of (P!, 00). We will compute
it via localization to get an explicit formula

> G T)()®S, (—V=TA7).
Iv|=1ul

This implies G,(\,0) = K(A) and also the desired framing dependence. The disconnected and connected
generating series are

— ||+ (1)
K3 =rr | “(V3,)
[ Aut(p)| (A8 (B )] vir

\/jl\ld-‘ré(ﬂ)

K7L::7/ e(Vg.u)-
o [Aut()] S, e

To define V, ,, form the diagram
R —— C L7 5 pt
M!J(Pla /’L)

where R is the universal ramification divisor, 7 is the universal target, and the map 7: 7 — P! is the
(universal) contraction to the original P!. Then

Vo = R'm((7f)*O(~1) ® Oc(~R)),
ie. the fiber over & = [f: (C,xy,..., ) ER Pim] — P is HY(C, f*O(=1) ® O(~xy — - — x4)). It has
rank 29 — 2 + £ + d = vdim M, (P*, u) We will compute Kj , by virtual localization.

1. (Linearizations) Take the linearization (u, —u) on Tp1 and ((—7 — 1)u, —7u) on O(—1) and (7u, Tu) on

0.

2. (Fixed points) The torus fixed points in M3 (P, 11) are as follows. Over the original P!, we can have a
possibly-disconnected degree-d rigid cover, and on the bubbles we can have anything. Hence

I B -

90,91,V qo £(v)
9=go+g1-+£(v)+

On the connected version of the moduli space, there is a contraction map My (P!, u) — My(P!,d)
which contracts both the target and domain with stabilization.

3. (Tangent-obstruction theory) Recall that (771,77?) is given by Ext*(Qc(D),O¢) and H®*(D*®). The
only new piece is the rubber contribution for a vertex v:

—u — !
A= [ —=2
egv _u/de - w(eﬂ))

arising from smoothing nodes. Since we are just a degree-d cover, this simplifies into the factor
HeGE de'
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Putting everything together, for a fixed locus F,

I 5 11 =

veV(T)  ecE()

AY (Tu) Ay (=7u) (Tu(—T — u)) =t v e V)
B, = Av(-ru)Av( Tu)
~Detru
HZ';EI(deT + a)
ddcfl
(s

otherwise

B, = (—u)de=t,

So the disconnected rubber contributions will just be disconnected double Hurwitz numbers, of the form

291 +2+L0(v)+L(p)
/ (Tu) . 0
Mo~ (PL,u,p)]vie —Uu — 1/10

1.10 Nov 20 (Melissa): 2-leg GW vertex
The basic geometry is C? with three legs. Let L; be the given by

Ly = {(/Ju| + 1¥ u,e ")} = S x R?,

and define Ly, L3 by cyclic permutation. The Gromov—Witten vertex can be viewed as a generating
function of open GW invariants for holomorphic maps

(2,0%) — (C3 Ly U Ly U Ly).

Since we have three Lagrangians, we can specify the topological type of the map by the data of Ho(C?, Ly LI
Lo U L3) along with Hy(Ly U Lo U L3) = @1 1 Hi(L;). Note that there is a boundary map

0: HQ((CS,Ll L Lo L Lg) — Hl(Ll L Lo L Lg)

Let ' be the winding number around L;, and let Mg 1 2.8 be the corresponding moduli of such maps.
Compactify to get My 1 2 5. Let T == {(e'1, ™ 6193)} act on C? and therefore on M, s . Fixed
loci involve a contracted genus-g component in the source with some legs forming degree-p; covers. Then
by localization we will get something like

£; l]

3
/, 1 =Gy e s (w1, w2, w3) = HH
[MgvulaHZvl»"B]v}r =

 (wi + /“J - aw2)

—1jo1 ‘u. — l)lwi
A (100 A (1) Y () sy g 2+
B 3 Z; i
Mg ey 45405 Hi:l Hj:l(wi(wi - /j‘jwj))

This is how we should define the lhs.

Definition 1.46. The 3-leg GW vertex is the generating function

29—2+4L01+Lo+0 -
Gt gz (A 0) =) A et e s (W)
g>0

G97H17H27H3 (117) = (*i)é1+£2+53 é97ul7ﬂ27lt3 (117)

Let G712 ,3(A W) be the disconnected version.
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GW invariants of any toric CY3 (defined using the CY torus) can be obtained by gluing GW vertices
G; 2 s DY localization. We saw from MNOP1 that DT invariants of toric CY3s can be obtained by gluing

vertices Cy1 2 5. So GW/DT for toric CY3s is equivalent to some formula

Gt s (AN D) = R o s (A, D)

matching these two vertices
Remark (1-leg vertex). This case is the GMV formula

Grop(\ W) = Ry gy (A, W),

which we showed last time. The geometry is (C3,L;), which we can embed it into the resolved coni-
fold (X,L;). By large N duality, open GW invariants of (C3, L;) corresponds to open GW invariants of
(T*S3, N ) where K is the unknot.

Remark (2-leg vertex). In general, open GW invariants of (X, L) should be extracted from colored HOMFLY
polynomials of a knot K C S2. For (C3, Ly, Ls), its open GW invariants can be extracted from the colored
HOMFLY of the Hopf link.

Remark (3-leg vertex). For the general case, Aganagic-Klem-Marifio-Vafa say something like this. By
certain non-trivial transformations, we can move Lo and L3 to the same leg. Hence the knot K is a 3-
component link. Then they compute the colored HOMFLY of K to get he formula for the 3-leg vertex. This
formula will follow from MOOP. For now, let’s just write the expression for R:Ll s in terms of the familiar
object Cul’,[z’“s:

NTENT

Xvi(Ci) w
R piz o Z H /ul; gh Bt dependence,, w23(q)
vi|=|pt] i=1

where ¢ == e**.

Today we will prove the 2-leg case. This will give the GW /DT correspondence for local toric surfaces
Kg — S. Let
G 2N T) =G e g(N 1,7, =7 = 1)
1 Mz(/\,T) =R e (N 17 =7 = 1).

Theorem 1.47 (LLZ). G%, (A7) = (A, 7).

1u?

Proof. The proof of the 1-leg case we saw last time is a specialization of the proof for the 2-leg case we will
see now. (It is not actually the proof in the 1-leg paper.) We first verify this formula in the case 7 = —1. In
general,

Gt () = (T(7 + 1))atti(..)
so that Gy 1 ,2(—1) = 0 unless (p', p?) is ((d),

0
/ Ag(MA;(=1)AJ(0)
s :

g
This verifies the initial condition (due to Zhou)

) or (,(d)). In this case, we get an explicit expression

1—qy

g,1

()
Gl 2

(A, =1) = Ry 2 (N, —1).
Now we look at the dependence on framing conditions. By orthogonality of characters, from the (unproved,
so far) general formula for the 3-leg case, we want the framing dependence
. . o ) o L, 11
Rp.l,yz(AvT) = Z Rul,uz(AvTO)é(Vl)q)yl,,ul (7’)\(7- - TO))s(VZ)(pu?,;LQ(Z)\(; - 7))

; . T0
[vi|=Ip?|
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It suffices to show that G*°, 2 (A, 7) satisfies this framing dependence. The idea is the same as last time:
define a generating function

Ko 2(0) =Y (V=T) a%e2thtt / e(Ve,)

g [M(S/D1UD2,B=|p1|D1+|p2|D2,ut,u2)]vir

for relative GW invariants of (S = Bls pts P2, Dy, Dy) where the D; are exceptional divisors. This we compute
by virtual localization, but we have to be careful because these divisors are not T-fixed. We get
. —iA
;J,Z Z Gyl 1/2 )\ T) ( ) vl pl ( ZAT) ( )q)y27u2( T )

[vi=]pf|

This identity implies the desired result, as before. This calculation is analogous to the one last time. The
bundle is

Vi 2= R (f*O(=Dy — D3) @ Oc(—R))

with rank vdlm./\/lg gtz =9—1+ |t + |2+ 01 + 2. A lemma tells us er(V, 1 ,2)|lF = 0 on a fixed locus
unless the image of the map is precisely the 2 and y axes in P2. This is by some clever choice of weights.

1. The contribution from the vertex contracted to (0,0) gives an integral over M;7Z1+[2, i.e. the term
[ )
goptp2

2. The contribution from the rubbers give double Hurwitz integrals @3, i O

1.11 Nov 27 (Melissa): Topological vertex

Given a toric CY3 X, its GW invariants can be obtained by gluing together local pieces at each vertex.
According to the physmlsts the local pieces are F'* 28 s(A\,n1,m9,n3), where n; are the framings at each
open leg, coming from framings of 3-component hnks Recall from last time that we had a generating
function Gu 2 s(A\, w1, we,w3) of open GW invariants, where w; are the weights of a CY torus. The
physicists prediction for general framing is:

G2 (N wi, we, w3) = Fiy o5 (A we /wr, ws /ws, wi /ws).

We denote 7 := wy/w; and hence (—7 — 1)/7 = ws/wq and 1/(—7 — 1) = w1 /ws.

Definition 1.48. Let X' C X denote the 1-skeleton of X, i.e. the union of 0-dimensional and 1-dimensional
orbits of the T-action. Let 77 C T be the CY subtorus. The configuration of X! and the T-equivariant
structure gives a planar trivalent graph I'x associated to X, labeled by tangent weights on its edges. It will
have compact edges and non-compact edges.

Conversely, given I"x, we can recover X. Here X is the formal completion of X along X*'. By localization,
we can define T-equivariant GW invariants of X purely using X. Hence we have a procedure

Tx ~» X~ N,
Example 1.49. The resolved conifold O(—1) & O(—1) — P! gives the graph
w2 wy + w2

w1y —wq
—wW1 — W3 (%)
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Definition 1.50 (FTCY graphs). We generalize the procedure by introducing the notion of formal toric
CY (FTCY) graphs. The idea is to add f; € Z? to the end of each non-compact edge which specifies the
equivariant structure on the normal bundle to the edge at the compactification divisor:

—wW1 — W2

These specify framings at the compactification divisor D. For example, fq = —wy, —An4(w1 + ws) where the
normal bundle to that compactified edge is O(n4) ® O(—n4 — 1). Note that in (Y, D), the CY condition is
Ky + D = 0. Hence we get a procedure

FTCY graph ~ (Y, D) ~ F 5.

producing T-equivariant formal relative GW invariants.

To introduce degenerations, we need to know how the normal bundle degenerates, equivariantly. So if we
want to degenerate a FTCY graph, we must choose a framing for the node corresponding to the degeneration
point, e.g.

—Ww1 — w2

If we resolve the singularity, the result will be two graphs I'y, I's.

—

w2

w1 + w2
—wi — Wo w1 "
—w1

w

The degeneration formula tells us that the original graph arises from gluing the invariants associated to I'y
and I's:

T o’ oI
Fy = F°rt V)F° 2,
dypt 2,3t u%fﬂva( ) w3,ut

Definition 1.51. The topological vertex is the T-equivariant formal relative GW series F 1;(/\; W, M) cor-
responding to the graph

—fa

2 = W3 — N2Wy
f w2 fi =w2 —nquy

ws w1

—fs —f1
fz = w1 — n3ws
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Let C; denote the compactified leg of weight w;. Then N 5 = O(n;) ® O(—n; — 1).
We can explicitly identify contributions to the topological vertex using our past computations.

1. The vertex will give a triple Hodge integral Gy, ,1 .2 .3 (w1, w2, w3). Put these into a generating function
Go(\, ).

2. The legs will give double Hurwitz numbers

H = ;deg(Br: M

P! P"
gs sV \Aut,u||| Autl/| g,,u,,u( /{0700}) — )a

which we can compute the same way we computed the ELSV formula. Put these into a generating
function @7 (M)
Proposition 1.52.

3

° — = o — 7 ° Wi;—1
Fa(\ i, 1) = Z Goi e s (W) Hg(z/ )q)vi,w' (x/—l/\(ni T )) i

v =i i=1 ’

Lemma 1.53 (Framing dependence, winding basis).
3
Frnw,i) = > Fy\a,0) [[5() @0 s (V=1Any).
[V |=|pf| i=1
Hence we can diagonalize the framing dependence if we define
) 3
Calhd, @)= > Fy(\a,7) [ [ xu ().
[V =]pf| i=1
Lemma 1.54 (Framing dependence, representation basis).
Ca(A 0, 7) = qF 2= "2\, 3, 0).
Theorem 1.55 (Weight independence). The series
Fr(\@3,0) € Q(wz/wi)[[A A7)
does not depend on w. Hence F3 (A, 0, 0) = F2(A,0)
Corollary 1.56. The generating series for triple Hodge integrals satisfies
Li(pt) 15 wit1 L =
Gl.tl;l/",ﬁ (w17w2,w3) = Z Mq2 iz R Ty Cyl’u2,l,3 ()\,n = O).
[vi|=|uf|
Lemma 1.57.
—equty3(pt U p®)
Gy 2 pe(1,1,=2) = (=)W IO B =B 2q e a(1,1,-2)
Gl = 3(#1)5(,“2) 9,0, Up=,
1)m71

+5970 Z 5H17(m)5uz7@5u37(2m)7(_ .

m
m>1

Theorem 1.58. C‘Vl,lyl,Z’VB()\) =Wy ,2,5(q) where ¢ = eV—Ix,
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2 DT theory
2.1 Sep 12 (Clara): GW/DT for local CY toric surfaces

Let X be a nonsingular projective CY3.
Definition 2.1 (GW side). Let N, = f[M (X, 8] 1 be GW invariants, and put them into a generating
g 5

Flw(X,u,v) = ZZNﬁuzg 2P,
9>0 370

Note that we exclude constant maps. The reduced GW partition function is

function

Ziw (X, u,v) = exp Faw(X, u,v).

Definition 2.2 (DT side). Given a 1-dimensional subscheme Z, let Z’ be the purely 1-dimensional part
[Z'] = 8 € Hyo(X,Z). Let

I,(X,B) = {Z at most 1-dim : x(Oz) = n, [Z'] = 8}

and define DT invariants D,, g = f[l (X.9)]
Define the generating function

Zpr(X,q,v) =Y > Dy pq"’.

B n€EZ

«r 1. For example, if 8 = 0, we recover I,,(X,0) = Hilb"(X).

We exclude constant maps by quotienting. The reduced DT partition function is

ZDT(X q ’U)
Zhr(X,q,v) = —— 222
pr ) Zpr(X, Bo
where ZpT(X, 8)o = > _,cz Dn,oq"-
Conjecture 2.3. The change of variables e = —q equates reduced partition functions, i.e.

/ W(Xvuav) = Z/DT(X7 _6iuvv)'

We want to understand virtual localization over I,(X, ). Let’s first do I,,(X,0) = Hilb"(X). Given
I €1,(X,0), we have dim C[z,y, z]/I = n as a C-vector space. For example, for

[: (m37y2722’xy’xz7yz)7 ['r y? }/17 <]"x7y72’1;2>

we have I € Hilb® (X). We visually represent these ideals by boxes, i.e. 3D partitions. For 8 = 0 we have
only a finite number of boxes, for 0-dimensionality of the quotient C[z,y, z]/I.

For 8 # 0, we need an infinite number of boxes so that we have a curve, i.e. Clx,y,z2]/I is no longer a
finite-dimensional vector space. For example, C[z,y, z]/(y, 2) is a line, and corresponds to an infinite row of
boxes along the z-axis. Locally around a fixed point x, the ideal sheaf gives a 3D partition

T = {(kl,k’g,k‘?,) : HI? ¢ Ia}.
For each leg, asymptotically the 2d partition stays the same, and we define
Nap = {(ka, ks) : Yy, [[ 21" ¢ 1}

So instead of specifying ideals as fixed points of our moduli space, we specify configurations of boxes around
vertices and edges. Specifically, we specify:

1. a 2-dimensional partition A, for each edge;
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2. a 3-dimensional partition 7, for each vertex, so that its three asymptotics agree with the specified 2d
partitions for the three edges.

Definition 2.4. Let m, be a vertex partition. Define its size by

Tl = #{ma N [0,... NP} = (N +1)> [Aap, N>0.
i
We will now apply virtual localization to do the integral:

/ 1= / e(Bf")
(L (X,8)]Vir ) e(E2)™

Here e is the equivariant Euler class, i.e. product of weights, and m stands for “moving part” i.e. non-trivial
weights. For us, the perfect obstruction theory is E; := Ext'(I,I). We will compute weights of

el (X,8)T

Ext!(I,1) — Ext*(I,1).
For X toric, H (X,0x) = 0 for i > 0. We also have
Ext®(I,1) =0, Ext®(0,0)—Ext’(I,I)=0,

so that we can write
Ext!'(I,1) — Ext*(I,I) = x(0,0) — x(I,I).

This is better: we can use the Cech cover coming from fixed points to compute these Euler characteristics.
By local-to-global Ext and then passing to the Cech complex,

3 3 3
X(ILT) =Y Ext{(I,I) = Y (=)™ H (Eat/(1,1)) = Y _ (1) C (Ext! (I,1)).
i=0 i,j=0 i,j=0

For us, C2(Ext! (I1,1)) = 0.
Hence we can now explicitly identify the weights of the virtual tangent space, as

T= (EB L(Us) = Y (—1)'T(Ua, Eat'(I, I)))
~ | BT Uap) = D (~1)'T(Uap, Ext'(1,1))
o,

Here U, = SpecClx1, z2,z3] and Uy = Spec (C[.Z‘lil,l'g,l'?,]. The first line is the vertex contribution, and
the second line is the edge contribution. '
Let R := C[x1, 22, 23]. We need to compute R—Y_(—1)" Ext'(I,, I,). This requires taking a T-equivariant
free resolution of I,
0—)Fj—>Fj,1—>"‘—)F0—)Ia—)O, FJZ@R(CZ”)

Here d;; € Z3 and R(d;;) == 2% 25?25 R, so that its contribution to the Euler class is

1
(1—1t1)(1—t2)(1 —t3)°

¢

The total contribution of I, is therefore

Pu(t1,t2,13) i dos
tr; = Po(t1,to,t3) ==y (—1)itds.
e S Ty )= 2
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We also have the contribution from the actual vertex

Qa = trryr, (t1,t2,t3) = Z th e 5
(k1,k2,k3)€Ema

which by the SES 0 — I, -+ R — R/I, — 0 satisfies

1+ Py(t1,t2,t3)
1-— tl)(l — tg)(l — t3).

(Note that P, begins at the —1 term of the resolution, and contains the extra minus sign.) So now we know
what P, is. We can compute

> (1) Exti(I, 1)

Qo =trg —try, = (

> (D) R(=di; + di) = D (1) R(—dij) Y _(~1)*R(d)

1,5kl
_ Pa(ti,ta, ) Pa(ty 5 t5)
(1—t)(1—t2)(1 —t3)

Collecting all this and rewriting in terms of ), we get

Qa A (1—t)(1—t2)(1 —15)
B tltgtg + QaQa t1t2t3 .

TRy (1a,1.) = Qa

Here ) means we plug in t;l instead of ¢;.

2.2 Sep 19 (Clara): DT for local CY toric surfaces

First, a quick recap of what we were doing. We were computing DT invariants for smooth toric CY3s:
Ext?(I, T
Dn7ﬂ:/ 1226(){1(?))
Loy e(Bxt (L, D))

So we needed the virtual character of Ext*(I, I) — Ext*(I,I). We wanted to compute this on a Cech cover
given by vertices and edges:

P Ua) = (-1)'T(Ua, E2t'(1,1))) = BT (Uap) = Y _(~1)'T(Uap, Ext*(1,1))).
[e% a,B

Last time we computed the first term and rewrote it purely in terms of the partition sitting at the vertex a:

r(T(Ua) = Y (1) T (U, Et'(1,1))) = Fo = Qo — tff;g _ Dalell = t;)gt; f2)(1 —fs)

Today we will do the edge computation. Here Uyg = Uy N Up, so the ring is R :=T'(Uyp) = C[l’it17$2,$3].
Hence

o(t1) ;
trR=— 0 5(ty) =) t.
R g W 21
iE€EZ
If we play the same game as for the edge, we can write
Qap= > thth
(k2,k3)EXap
and then the virtual character is
Qa = (I—t2)(1—t3
(B (T 1) = 00 Fope o= Qs — 22 4 QupQupt N1,
213 213
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We want to split the vertex and edge contributions in such a way so that we get Laurent polynomials in the
end.

The first step is to write a new vertex. The vertex z, receives contributions from F,g, for i = 1,2, 3.
Pull apart

F.B  t7'F,
(R = x(Tap Tog)) = 12 + {21
1

Hence define the new vertex term

3 F,B
Vi ::Fa+;1_ti.

Lemma 2.5. V,, is a Laurent polynomial.

Proof. The character coming from the vertex is

Qaﬂ Qaﬁz Q(x[ﬁg .

= 1 1 1-

Qo= T g, T 1oy, Trolynomia

Plugging this into V,,, we get the cancellations we need. O

What’s left to account for:
1. (negative terms) 7' Fop5/(1 —t7');
2. (overcounting) each edge has been plugged into two different vertices.
Take Chp = P!, which has normal bundle
Ne,y/x = O(mag) ® O(my,z).
Hence the transition functions look like
(t1, 2, 3) o (1, oty ™" 1ty "),

and the double contributions per edge are given exactly by this change of variables. Hence define

t ' Fag  Fapltaty " tst, " *°)
-t 1—tt '

Ea,@ =

This E,p has no poles in ¢; because it is regular at ¢; = 1. Hence it is a Laurent polynomial.
Let’s apply this to local CY3 surfaces. Start with a non-singular projective toric surface S, and take the
total space of the canonical Kg. Do a toric compactification P(Kg @ 1). The DT invariants we define are

- ZDT(X7 Q)B

Z]/DT(S7q)5 = ZDT(X q)07

8 e H2(87 Z)

Let D := X \ Kg be the divisor at infinity. Then if I € I,,(X,3)7, there can be only a bunch of closed points
on D, and there is a purely 1-dimensional Z’ C S. Split I = £ @ «, and we split off the zero-dimensional

contributions from D: .
o Zn q ZIGITL(Ks,ﬁ)I 6<EXt )
Zn q" ZIEIn,(as,O) 6(EXt.) .

Pass to a 2d subtorus {t1ta2t3 = 1} preserving the CY form. Upshot: equivariant Serre duality

Z1yr(S,q)s

Ext! (I, 1)o = Ext?*(I, 1)y (t1tats)*
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becomes simpler. So instead of computing Ext* — Ext!, we can just count the number of minus signs. We
do this by writing
Ext? —Ext' = VT 4+ V™

such that Vi 0,=1 = —V . We will write

vE=Y"Vi+> EL.

In general, there are many ways to do this splitting. But there are nice splittings that enable us to count
minus signs easily.
Suppose that I, at z, is actually a finite 3d partition, i.e. in

Fog,
Va:Fa+Zl_ﬁtia

the second term is zero. So it suffices to split
Fo=Qa — Qut 1515 = QuQu(1— 7)1 =15 )(1 = 15).
Pick

Fi = Qa—QuQa(l+t7 5+t 15 +515)
F; =— Qa — QuQa((titats) Pttt +171).
t1tots

We are left with determining the parity of V;F(1,1,1) and EOJLFB(l7 1,1). A computation with the splittings
shows

ViF(1,1,1) = |m,| mod 2
a,@(ly L,1) = f(a, B) + mag|Aap| mod 2.

In total,

_ (_1)X(OY)+EQ,3 mag|Aas|

2.3 Sep 26 (Ivan): MNOP2

MNOP2 modifies the GW/DT correspondence from MNOP1 in two ways: with insertions and with the
relative theory.

Definition 2.6 (GW side insertions). So far we have considered Hodge integrals

I O
(Mg r (X3 527
possibly with \;. Let ev;: /\;lg,r(X, B) — X be evaluation at the i-th marked point. Denote by
(i) = 7 evi(v),  wi € HY(X,Q),
which we stick into correlators (7, (1) - - - Tk, (7,)). Call:
1. 79(=) a primary field;

2. 750(—) a descendant field.
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Let /\;l;”(X , B) be the moduli of maps from possibly disconnected stable curves with no collapsed connected
components. Note that g for us means g := 1 — x(O¢), even when C' is disconnected. We use this to define
the reduced generating function

Zaw (X;ul HTki (7)) = Z<H Th, (%»’gﬁuwﬂ.

i=1 g€z i=1

Remark. The sum in g € Z is bounded from below, i.e. for ¢ < 0 there are no contributions, because we
fixed 8 and no connected components are collapsed.

Definition 2.7 (DT side insertions). Let X be a non-singular projective 3-fold and I an ideal sheaf on X.
Then [ fits into
0=-+1—-0x—=>0y —0

where Y C X is the subscheme associated to I. Let I,,(X, ) denote the moduli of ideal sheaves with [Y] = 3
and x(Oy) = n. Let Z denote the universal ideal sheaf on I,,(X, 8) x X. Note that Z has a finite resolution
by locally free sheaves, so ch, Z is well-defined. Define homology operations for v € H*(X,Z) as

Chk+2(7) : H* (In(X7 6)7 Q) — H*—2k+2—f(l’n(Xa ﬁ)7 Q)
&= Tru(chrsa(Z) - m3(y) N @i (€))-
(Here we compute the dimension shift as +dim X —¢—2k—4 = —2k+2 —¢.) For example, if we take k = 0,
we get only integration over supp I. The invariants are

T

oo (1) -+ T, (1)) o= / TT(- 15+ e a()

[T (X8I 55
= (£1) chg,2(y1)o---0 Chk,,,+2(%)[ln(Xa5)]Vir~

Define the generating function

i=1 nez i=1
The reduced partition function is

— Zor(Xidl-)s

Z/DT(X7Q"")ﬁ = ZDT(X'q"")O.

Remark. Note that

vdim I,, (X, B) = /

[, vaim Wy, (x.9) = / e1(Tx) + 7.

B

So later if we want to compare descendants, the insertions we make have to satisfy certain degree requirements
on both sides. This is partially why we take chyo instead of chy.

There are a few conjectures in MNOP2.

1. (Degree 0) For 8 =0,
Zpr(X;q)o = M(—q)fx cs(Tx®Kx)

where M(q) = [[,>o(1 — ¢")~™ is the MacMahon function. This is known in the toric case by the
computation from MNOP1, and the case for general 3-folds follows from the cobordism argument of
Levine-Pandharipande.

2. (Rationality) Z5(X;q|I]---) is a rational function. This is known in the toric CY3 case.
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3. (Primary fields) After the change of variables e'* = —q,

(—iw)* Zow (X ul [ [ r0(v:)s = (=) Zpr (X5 al [ [ 7o () 8-

i=1 i=1
4. (Descendant fields) The two sets

Zow = {(—iw)" =5 Zou (X ul T v, ()}
Zors = (=) Zpp(Xsq| [ [ 7. (i)}

have the same linear span, and there is a transition matrix expressing the functions in one in terms of
the other such that:
(a) it is upper triangular with 1’s along the diagonal;

(b) it has universal coeflicients depending only on classical multiplication in X.
This has been checked in the toric case.

Definition 2.8 (Relative GW). Let X be a non-singular projective 3-fold with S C X a non-singular
divisor. Let 5 € Hy(X,Z) be such that fB [S] > 0 and let p be a partition of it. Define the moduli of
stable relative maps

M, (X/S, B, 1)

of stable relative maps C' — X[k] with possibly disconnected domain and relative multiplicities p. Think:
whenever we get non-transverse intersection with S, blow up to get copies of A = P(Os @& Ng/x), whose
divisors at infinity form a sequence S = Sy, Sy, ..., Sk.

A cohomologically weighted partition is an unordered set

n={(m,01),...,(ns,0)}

where 7; € Zso and §; € H*(S,Q). Let 77 denote the underlying partition. Using them, define relative GW
invariants as

T S

G REE T o 1 p—— [T vk evitn) [T 65

—lAut)] S xss s s i=1

where €v; is evaluation at pre-images of S.

2.4 Oct 03 (Ivan): MNOP2 II

Let X be non-singular projective threefold. Fix a non-singular divisor S C X. We first define relative DT
theory.

Definition 2.9. We say [ is an ideal sheaf on X relative to S if
I ®oyx O = Ox ®oy Og

is injective. (This disallows whole components of I from lying in S.) From such an I we construct an element

of Hilb(S, [, [S]).

Remark. Being relative is an open condition on ideal sheaves, but we want a proper moduli space. To make
our space proper, consider degenerations of the target space

X[k] =XUpAUp---UpA
where A :=P(Np,x @ Op).
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Definition 2.10. An ideal sheaf I on X|[k] is predeformable if for every singular divisor S; C X[k] (i.e.
the divisor connecting A;_; and 4;), the induced map

I'®0xu Os; = Ox(r] ®oxyy Os;
is injective. In other words, if Y;_; and Y] are the subschemes associated to I on A;_; and 4;, then
Y_inNS =YnNS
are equal scheme-theoretically.

Definition 2.11. An isomorphism of ideal sheaves Iy, Is on X[k1], X [ko] is an isomorphism is an isomor-
phism o: X[k;] = X[ks] fixing the original copy of X such that:

1. 0" Oxi,)) = Ox|k,] is the identity map;
2. o*I; = I, is an isomorphism.
In particular, note that k1 = ko necessarily. We say I is stable if Aut [ is finite.

Definition 2.12 (Relative DT theory). Let I,(X/S,3) be the moduli space of stable predeformable
relative ideal sheaves on all possible degenerations X [k] relative to Sk, such that

x(Oy)=n, m[Y]=p¢eHy(X,Z)
where 7m: X [k] — X is the collapsing map.

Theorem 2.13. This space I,,(X/S, ) is complete DM stack with canonical perfect obstruction theory, and
universal ideal sheaf ).

Definition 2.14. Let e: I,,(X/S, 8) — Hilb(S, f/ﬁ [S]) be the natural map. Then €* gives relative conditions
on I,(X/S, 5). Hence relative DT invariants are of the form

(s (1) o (1) = / TT b2 ()€

n(X/S,B)]Vir 24
where 7 € H*(Hilb(S, [4[S])).
Remark. Recall that H*(Hilb(S), Q) has basis
ey = Py (61) -+ Py, (6r) - 1

where 7 is a partition, and P, (;) are correspondences which insert #; points with class §; € H*(S,Q). Last
time we called an unordered set {(7;,d;)} a cohomology-weighted partition.

Goal: for toric X, compute the degree-0 parts Zpr (X, q)o, i.e. 8 = 0. In particular, we have no relative

insertions from Hilb(S,0) = pt. Recall that (C*)3 acts on C? by standard component-wise multiplication,
and the origin has tangent weights tfl, ty L 173 !, For every 3d partition 7, we introduced the equivariant

vertex _
Qnr + 0.0, (1 —t)(1 —t2)(1 —t3)

Ve=0Qr —
= Qn titats titats

where

Qnr(t1,t2,t3) = Z thgheihs
(k1,ko2,k3)em

is the character of the partition m, and

Qn(ty,ta,t3) = Q(t7 " 15, t5).
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Definition 2.15. Introduce the equivariant measure with three parameters sq, so, s3
U)(’/T) = H (klsl + kQSQ + kgSg)ivE(ﬂ—)
kez3
where v () is the coefficient of thrghz¢ks in V(7). This is useful because then the partition function is
W(/\l,)\g,)\g,) = Z w(ﬁ)q‘ﬂl.
7 with legs X
Remark. We observe a few properties.

1. The g-coefficients of W (), 0, #) are rational functions in s, s2, s3. This is because we sum finitely many
rational functions.

2. Vx(1,1,1) = 0, so actually Y zvg(m) = 0 for any m. Hence g-coefficients of W (0,0,0) are degree 0
rational functions.

3. W(0,0,0) is symmetric in s1, S2, $3.

4. log W (0,0,0)|s,15,+5s5=0 = M(—q), because Clara computed last time that Vy|s,1s,+s5=0 = (—1)I7
and we know M (q) is the generating function for finite 3d partitions.

To compute W (0, ), (), consider a special geometry where it is a part. Specifically, look at X := P! x C?
with weights s1, sa, 3, and fix the smooth divisor S := oo x C2. We want to compute Z5,(X/S,q)o-

Lemma 2.16. The q-coefficients of ZgT(X/S, q)o are rational functions in s1,Sa, 83 with poles in so, S3
only.

Proof. Construct a proper morphism
§: I,(X/S,0) = Sym™(X) — Sym"(C?) — @CQ
i=1

where the last map is given by
{(zi,y:)} = ((pi(@), pi(9)))ier

where p; are power sums. So we can compute

/ 1= / LI (XS, 0)]".
Lcsors Jap e

But the k-th copy of C? has a unique fixed point of weights —kss, —ks3. Hence localization shows there are
poles only in ss, s3. O

Localization gives two types of contributions: points over 0 € P! and points over oo € PL. Hence write
Zhr(X/S,q)0 = Wo - Wee.

We know Wy = W (0,0, 0), but W, has contributions from the relative part.
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2.5 Oct 10 (Ivan): MNOP2 III

Today we will do the computation of zero-degree contributions in relative DT for toric varieties. The way
to do it is to consider a geometry with two fixed points: one on the divisor, one not. Specifically, take
T := (C*)? acting on X := P! x A% with weight —s; on TyP! and —sq, —s3 on ToAZ.

Recall that W is the partition function for all zero-dimensional sheaves supported at (0,0) € P* xA2. This
is what we previously called W ((),(, (). The new thing involves the torus-fixed divisor D := {oo} x A% C X
we want to compute ZL(X/D, q)o. This, by localization, has contributions from T-fixed schemes supported
at (0,0) and D (in its bubblings). So

Zh1(X/D,q)o = Wy - We.

Recall that Wy = W (0, 0, 0) is a power series in ¢ with rational coefficients of degree 0, symmetric in s1, $2, 3,
and we showed Wyls,+s,+s5=0 = M (—¢q). We had a lemma last time that says Z2.(X/D, q)o has monomial
poles in so, S3.

To compute W, we need rubber theory. What is rubber theory? Recall that the moduli in relative DT
involves bubbles RUp RUp ---Up R. In our case, R = P! x A2. The contribution to Wy is only from the
moduli space I of all sheaves which are only supported on the bubbles. The space I has a description similar
to that of relative DT. The difference is that on each A, there is a G,,-action. Hence

[:=1I":=1,(R/(SoUSs),0)™

where Sy and S, are the two divisors at 0,00 € P!, and the ~ means we identify by G, on every P!. There
is still an action by C7, x C;, on the A? factor.

Question: what is the relation between IY and W7 Note that I — I,, with codimension 1 (where
here by I,, we mean the part contributing to W,). The normal direction is given by deforming the node
attaching the rubber to the original P!, i.e. it has Euler class s; — 1o where ¢y = ¢1(ILg). (Here the 0 is at

the start of the rubber pieces, i.e. the oo of the original P.) Hence

Woo:1+Zq"/ !

n>1 [I:]vir S1 — wo

If it weren’t for this insertion, W, would be a series in only s2, s3. We want to relate W, with the simpler
Foo=> q" / 1.
7>0 (I ]vir
We know F, is a power series in ¢ with rational coefficients in so, s3 only.

Lemma 2.17. We have

1
Wy = exp(— Fo).
S1

Proof. First expand W, in powers of v, to get

1
Woo =143 iy Focc
>0 °1

where Fog g = > <1 q" ‘f[lw]vir 6. There is a topological recursion relation between the F ¢ as follows. On
I we have the universal target and universal family/subscheme

Vp ——— R

N4
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We have 7, [V,|V'" = n[I]V'" because ), — I is finite flat of degree n by definition of the universal family.
Rewriting in terms of Fi g,
=S [ v

n>1 yﬂ]\'l!‘

Using the topological recursion (see lemma below)

d d

QIqu,E = Foo,fflqd*qFoo,Oa
we check that the unique solution is
Ff-‘rl
Fou= —.
T 1)

Hence plugging back in we get W, = exp(iFoo). O

Lemma 2.18 (Topological recursion). We have

d
7Foo,07

d
tioo,E = Foo,lfflqd
q

dq

1.
o= 2 o

ni+n2=n

which in terms of integrals is

Proof sketch. A generic point of R looks like a whole bunch of points on one component P! x A2, along with
one more point . We can rigidify with respect to the G,, action by setting r = 1. Explicitly, the point r
lets us write a section of g, by picking a coordinate z such that z(0) = 0, z(c0) = o0, and 2(r) = 1, and
then the section of Lo we get is dz|g. As r — 0o, we see that dz — 0. Hence zeros of the section are given
by bubbled components with 0,7, co, i.e. the divisor in the moduli space

r
Dy iy = {w + degenerations} .
Then ¢o = c1(lo) = >, 4 ny—n Dniny- Note that
Dy ny 217, X Ry,
because the point 7 is on the second component. Hence (77)

[yn]vir|D — [I;Jvir % D}le]Vir'

ni,ng

Putting this all together and integrating,

/ Y / Yo -
A NN

> / -

Jvir
ni+nz=n n] IDnl no

Z /Nww“ 1L

ni+ngz=n y"2]vw

The last equality comes from the (7?) equality of virtual classes. O
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Let’s return to ZL(X/D,q) = WoWs. Then
1
logWy =logZ —logWoo =logZ — —F,
S1

where F,, depends only on s, s3. Hence all g-coefficient of log W is of the form

1 pi(s1,52,53)

, degp; =degps + 1.
S1 p2(82,83)

By symmetry of Wy in s1, so, s3, it follows that all g-coefficients of log W}, are of the form

p(sla 52, 83)
S$182S83

, degp=3.

Lemma 2.19 (Combinatorial lemma). (s1 4 s2) divides p(s1, $2,83).

Then by symmetry, (s1 + s3) and (s2 + s3) also divide p. It follows that the g-coefficients of log W are

of the form
constant - (81 + 82)(81 + 33)(52 + 33).
§15283

So for some power series Fy(q),

(s1 4 s2)(s1 + s3)(52 + 83)
518283

log Wy = Fo(g).

But recall that log Zpt has poles in ss, s3 only. Hence log W, must be the s;-pole part of log Wy, which we

can just compute to be

log Wy = 52 4 53

a1 Fo(q)

It remains to compute Fy(g). We know log Wols, 4+s,+s5—0 = log M (—q), and we can plug our expression for
log Wy into here to get

Fo(q) = —log M(—q).

Hence we get explicit expressions for Wy and W,.
Corollary 2.20. Zpp(X,q)o = M(—q)/x s(Tx@Kx),
Proof. Taking logs,

(s1 + 59)(s7 + 55)(55 + 5)

log ZpT (X, q)o = — log M (—q).
a_ﬁged (—s7)(—s5)(—s5)
This prefactor is exactly the localization contribution from [ c3(Tx ® Kx). O
Corollary 2.21. Zpp(X/D,q)o = M(—q)Jx e3(Tx(~log D)@Kx(~log D))
Proof. The prefactors are a little different for points in W. O

2.6 Oct 17 (Anton): DT local curves

Let C' be a non-singular projective curve. Let N — C be a rank 2 bundle; let IV also denote the total space,
which is a 3-fold. To do relative theory, we need to pick a divisor. Pick points p1,...,p, € C, and let our
divisor S = |J N,, be the union of fibers over these points.

Theorem 2.22 (Main result). GW/DT correspondence holds for local curves.
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Consider I (N,d). If N is indecomposable, then there is only a 1-dimensional torus acting on N. But
every indecomposable bundle is deformation equivalent to a split bundle, and there is a 2-dimensional torus
acting on N = Ly ® Ly. The relative space I,(N/S, d) has maps

€ I (N/S,d) — Hilb(N,,, d).
The cohomology of Hilb(N,,, d) has the Nakajima basis, labeled by partitions.

Definition 2.23. Define the partition functions

er(Chi
Z(N/S>d’7]1w~s7lr = an/ 6(5\["7;3.
nez

Let Z’ denote reduced invariants. The notation will be
Z(ga kla k2)n1,...,n"
for genus g curve C' and line bundles of degree k; and ko. To abbreviate gluing terms, introduce new functions
DT (g; k1, ko). r = q_d(l_g)Z(g;k17k2)n1,‘..,nr~
To raise indices, use
vl v® i g
DT(ga kla k?)nlz___:nr = DT(ga kla kz)l/l,...ﬂ/s,nl,..‘,rﬂ H AGl(l/ yV )

where A is the inverse of the intersection form

—1)4-tw)

C,UC, = (t;t e ( 5.
/ " (ht2) sp)

Remark. The gluing matrix is diagonal in cohomology, but is more complicated in K-theory.

Proposition 2.24 (Degeneration formulas). For g =g¢' +¢"” and k; =k, + k,

DT(g;kn ka)w " = S DT(g's Ky k)Y DT(g"s Ky kG,
v
DT (g; k1, ko), s = DT (g — 15k, kQ)Zl
Using the degeneration formula, it suffices to compute
DT(0;0,0)5, DT(0;0,0)5,, DT(0;0,0)5,,, DT(0;0,—1)s.
Lemma 2.25 ((0,0) tube). DT(0;0,0); = 4.

Proof. First step: show this is true modulo q. These ¢g-constant terms just come from the intersection form.
Second step: apply the degeneration formula to the tube itself to get

DT(0;0,0) = DT(0;0,0)2.
Since the g-constant terms are invertible, DT'(0;0, 0) is invertible, and it follows that DT(0,0,0) =id. O

Lemma 2.26 ((0,0) cap).

1 _ (1d
DT(0:0,0), = 4 @7 A= 19
0 otherwise.
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Proof. Idea: look at the compactified P! x P? geometry, and do a dimension count. Then use localization,
in which one of the pieces will be the cap. O

Corollary 2.27. We can always add or remove (1?) insertions.

Proof. DT, =} . DT}, DT,. But the cap is non-zero only for v = (14). Hence

DT\ x DT,,.

nz

O

Now we have to compute DTy,,. A standard reconstruction theorem (which we will see for GW) shows
DT}, can be reconstructed from DT} (2),. To compute this, we need descendant insertions o (7).

Definition 2.28. Introduce bracket notation
Chki Yi
(o0 o () o= [ L2200
e(...)
We write things like

s\ IV N
ok () o, (V) v g (plow, (1) - n, (0) ) 4

for relative conditions. If we omit the N, it means we take level (0,0) theory, i.e. P! x A% If we omit the
n, we sum over all n with ) ¢".

Define an operator M,, by (u|M,|v) = q¢~4(u| — o1(F)|v) where F = [N,] is the fiber over z € P1. The
thing we want to compute is closely related to M. This is because of the degeneration formula

(ul = or(F)lv) =Y DT(0;0,0);,4~ 4| — o1(F))
B!
= DT(0;0,0)(4,)q~((1%)| = 01(F)) + DT(0;0,0)2q~((2)| = 01(F)).
Here we use that (y| — o1 (F)) = 0 unless v = (1¢) or (2).
1. (First term) We can just remove (19) to get the tube and use ((1¢)| — o1 (F)) = ((1%)| — o1 (F)|(1%)) to
relate it back to the operator M, .

2. (Second term) This involves the term DT'(0;0, 0)&2,,) which we want to compute, and ((2)| — o1 (F)) =

()] = o1 (F)](1)).

It follows that once we figure out M,, we know DT'(0;0, O)Eﬁ,) . It turns out that if we write
k(—q)*+1 1
M = (t1 + t2) Z 5(_(])71@_10‘*’“0"“ + 3 Z (trteappia_pa_; — a_gp_jopay)

k>0 k,1>0

then we have

. d
Mo =M — (t1 +12)p(q)id,  ¢(q) = a5, 108 M(-q).
The proof that this is the correct expression for M, is quite involved.

Definition 2.29. Fock space is generated by a vacuum vector vy by the free action of creation and
annihilation operators a_; and aj for £ > 0. A natural basis is given by

The defining relations for the creation/annihilation operators are
[k, ] = kdpq

and annihilation operators kill the vacuum, i.e. agvy =0 for k > 0.
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In this basis for Fock space, the first term of M is diagonal, and is the only place where we have a g-
dependence. The second term is off-diagonal, coming from either killing two rows and adding one or adding
two rows and killing one.

Lemma 2.30 ((0,—1) cap).
1 1
3(0) ()" 11 L— (=g’
Proof. See lemma 27. O

DT(0; —1,0),

2.7 Oct 24 (Shuai): Local curve computations

The setup is as usual: a curve C' with rank-2 split vector bundle on it. We have:
1. the absolute theory DT(g; k1, k2), but we will write the geometry explicitly, like DT(P! x C?);
2. the relative theory DT(g;k1,k2)s, e.g. DT(P* x C*)gg9.....

We already know that in the associated TQFT, we only need to compute the genus-0 tube, caps, and pair
of pants, because of pair of pants decompositions like

\
1
1

We need the DT degeneration formulas for this:

DT(g;ky, ka) =Y DT(gu; kY, k3)ADT (go; kY, k)

A
DT(g; k1, k2) = Z DT (g1 k1, k3)ua DT (g2; kY, k).
A

Here, to raise indices, we have
DT (g; k1, k2)* = DT (g5 k1, k2)rAa(X, N)

where Ag(p, v) = 6, (t1t2) /W (=1)2=¢0) /3(1) is the inverse of the intersection product on Hilb(C?).

First, how do we compute the Euler characteristic of the sheaf associated to a configuration of boxes, e.g.
two 3d partitions 7,7’ at 0,00 and a 2d partition A along the infinite leg? Recall that in Clara’s talks, we
saw the normalized volume | - | of a (possibly-infinite) 3d partition. Euler characteristic is motivic, so for the
P! x C? geometry,

X = XA x B+ x(|m| + |7']) = [A] + || + =],

In general, for a genus g curve, we will get |A|(1 — g) instead of |A|. This explains all the appearances of
d(1 — g) in the paper.

The key takeaway is that the smallest Euler characteristic we can get is d(1 — ¢). In the definition of DT
partition function, we shifted by ¢~*1=9) to make the minimal case the g-constant term.

Remark (Classical contribution). We have an isomorphism
I(P' x C?,d) = Hilb%(C?).

Because of this isomorphism, we know the inner product on the DT TQFT corresponds to exactly the
intersection pairing A on Hilbd((Cz). This is why we use A to raise/lower indices. Consequently, this makes
the tube into the identity, as desired.
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Proposition 2.31. The level (0,0) cap is computed by

g * (o)
(tlfz)w) (10)

0
t1t2 )i dl ( |<M; )

(tltg)w) d'q

DT(0;0,0) =

where the second (and following) equality is non-zero only for A = (1%).

Proof. The first equality comes from shifting the whole Nakajima basis to the one supported at the point
[0] = t1t2 € H7. Then by linearity,
1
o 0D = (-

The rest of the expression is the definition of DT partition function.
To show that only A = (1¢) contributes, we do a dimension count. Recall that

vdim I, (P* x C?/CZ% ,d) = 2d.

The dimension of the cycle defined by A is |A| + £(}), i.e. we need |A| + £(\) = 2d for non-zero contribution.
Hence £(\) = d and X\ = (1%).

For this special partition, we have a factorization as follows. Compactify P! x C? to get P! x P2. Idea:
the absolute theory on P! x P? can be computed in two different ways, to give the factorization identity in
the third equality. Put a torus action t;,¢» on fibers P? and s on P! at 0. How do we specify the relative
condition A = (1¢) on the additional fixed points A, B over the fiber at co € P1? We get

(1200, -, 1O)) = (IO 1 12 —12 D), —y s,
d copies

where we put the () relative condition at the extra points A, B at oo because we don’t want our original curve
to hit the infinity divisor in the fibers. O

2.8 Oct 31 (Shuai): Pair of pants

First goal: reduce everything to the quantum multiplication by the divisor ¢;(O/I) = —(2,1972). Define
three operators.

1. Let M be the explicit operator

k(—q)*+1 1
M = (t1 +t2) ];J 5(_(1)T1@—k0¢k +t3 klz>0(tlt204k+la—ka—l — Qg jop0y)

and then define M, = M — (t1 +t2)®(q) where ®(q) := (d/dq) log Q where @ is the generating function
for 3d partitions.

2. Define the operator M, by
(ulMo|v) = (u| = o1 (F)[v).

3. Define the operator Mp by
(u|Mplv) == DT(0]0,0)x.p,-

We want to compare these three operators. The strategy is to argue we can focus on only a few special
matrix elements.
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1. (Only need terms close to the diagonal) Prove a vanishing theorem
() = L) > 1 = (p| = or(F)|v) = 0.
2. (Off-diagonal terms are rational numbers) Prove another vanishing theorem
0) — L) =1 = (ul = (), 0 =0, ¥n>d,
i.e. the invariants are really just rational numbers.

3. (Only need certain on-diagonal terms) Prove the additivity property

N\M 1) Z I (il My |/~Lz>'
() (il i)

The next step is to compute these special matrix elements of M, .

5. To compute M, we can use any basis we want, but for the computation of M, we would like to work
in the fized point basis J* instead of the Nakajima basis |u). In this basis, we have relations

_ _ ~ Hilb(C?
<J(d)|M0|J(d 1,1)>n _ (n o d)(J(d),J(d 1,1)>n _ (n )<J(d)J (d—1, 1)>n d( )'

6. Compute the low-degree term

(| Mo |p1),, = (t1 + t2) v/t mod (t1 + t2)*.

The computation (J@|M,|J¢=11)) contains a contribution (d|M,|d). By matching the low-degree
terms, it therefore suffices to show (J(9|M,|J@=11) matches with (J(@|M, |J@=1LD),

Proposition 2.32. M, = M,.

Proof sketch. Check that the ¢ = 0, (0| M,|0) and (1|M,|1) terms match. We can explicitly compute the M,
matrix elements and show they match the following computations.

1. (¢ = 0 term) This means n = d, i.e. our moduli space is I;(P! x C% d) = Hilb(C?,d). Then by a
computation via an explicit resolution of I,

t1 + 12

M, (q = 0) = . (chs ()7} (V)% ([No])) = D — did.

This is the classical part.

2. ((D|M,|0)) Degenerate to get something like

(01(F))o
@] — o1 (F)[0) =
{@D)10)
We know how to compute the top by moving the fiber class to 0 or co, and then using the equivariant
vertex measure W (0,0, 0) at some specialization of weights, from MNOP2. The denominator are the
usual degree-0 terms.

3. ((1|M,|1)) Degenerate again to get a similar formula. In the numerator we therefore need to compute
a special case of the 1-legged vertex W (1,0, 0) at some specialization of weights. Then we get

t1+t2
7—75 to) P
e ()l

as expected.
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Once we show the following computation, we will be done, because we have checked the equality for ¢ = 0. O
Proposition 2.33. (J¢M, — M,(q = 0)|J@4=1V) = (J4M, — M,(q = 0)|Jd=1D),
Proof. First show using some representation theory that

PGV LEY!

Al+4
T 2ot () mod t + .
I

In the two cases (d) and (d — 1, 1), this becomes very simple.
1. x® is the trivial representation.
2. x4~1 is the fundamental representation {z € C* : z; + --- + x, = 0}.

Since the intersection pairing on Hilb(C?, d) is diagonal, we get

B th d' 2 _
(JD|M, = M, (0)[JH 1) = (=1)" (1 + tz)%@(d MYF) o, mod th + t
where oo
I3 v
q 2 (=)™
F o= =l = 3 (i)
| |17q ;( )1*(*61)“1
To be continued... O

2.9 Nov 14 (Yakov): DT theory of A,

The A, surface is a minimal resolution of singularities for C2/Z,, 1 with action (z1, 20) + (€21, 122) where
¢ is a primitive (n 4 1)-th root of unity.

Example 2.34. A; = T*P!, because we have
C?/Zy = Spec C[z?, 2y, y?] = Spec Clz, y, 2]/ (zy — 22),
which is a quadric cone. Blowing up, we get T*P!: the exceptional fiber is a P!, with normal bundle O(—2).
Let X := A, x P'. Pick 8 € Hy(A,,Z) and form the moduli I, (X, (8,m)) of ideal sheaves with
c2(0z) = (B,m) € Hy(X,Z) = Ha(A,,Z) ® L.

Choose points z1, ..., 2; € P!, and consider the relative theory I, (X/S, (3,m)) with respect to S == [J, A,, x
z;. Relative conditions are given by cohomology weighted partitions

=) (WO}, v € Hi (A, C).
The fibers give maps €;: I, (X/S, (8,m)) — Hilb(A,). Define the DT partition function

Zor(X) = Y0 [ i (7)
8 ZX: [1X<X/s,<6,m>>1virH

by residues, because the moduli is non-compact. If we omit (5, m), we take a generating series

Zpr(X)z € Ct1, t2)((@))[s1, - - -, snl]
over 3 as well, with variable s®. The degree m can be reconstructed from fi. The reduced partition function
is
Zpr(X)z
Zho(X)g = ot
T Zor(X) 00,5

From MNOP2 we know Zp1(X) = M(—q), the MacMahon function.

(0,0),8
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Example 2.35 (Geometry of A, ). The toric diagram for As is

Note that at any fixed point, A>T, = t; + to. This is important for us. Also, each exceptional divisor F; is
a (—2)-curve, and the collection {FE1, ..., E,} span Hy(A,,C). Their duals also span cohomology, because
dim¢ H*(A,,, C) is the number of fixed points. The intersection pairing is

(B, Eivq) =1, (E;, E;)=—-2.

Hence Hs(A,,Z) is the A,, root system, where E; — «; 41, with effective classes o =B+ -+ Ej_y.
Let w; be the dual basis, i.e. (w;, E;) = ;.

Consider the rubber geometry I, (X, (8,m))~. These are ideal sheaves on A,, x P! relative to A,, x 0 and
A, x 00, up to a C* scaling on P'. It has a T-equivariant perfect obstruction theory of dimension 2n — 1.
Define rubber invariants

*

5 es(p)es, (v)
(plv) ::/ O | = ).
B,x [T (X,(B,m))T>~]vir G(NVII‘)
Put these into generating series <M|V>; = ZX qX<N|V>E,X. If B = 0, these follow from the local curves case.

For 8 # 0, define

() =" a*s"(uly)5, € Cltr,t2)((@))[[s1,- -, 8]l
B#0

Let Fyu, =@p,,>c H7(Hilb,,(A), C). We know from Nakajima that this is an irreducible representation of
the Heisenberg algebra, generated by px(vy) where v € H3(A,,, C), with commutation relation

[pr(71), pe(72)] = —kbkte(r1,72) - €
where c is a central element. There are two bases for cohomology:
1. Nakajima basis, given by cohomology weighted multi-partitions;

2. T-fixed points Jz € Hilb(A,,), indexed using that the isolated fixed points are in charts isomorphic to
A?, and hence
I, = (zP yal2, .y el = 0(7).

We have an intersection pairing (ji|#7). Let § := g(n + 1), with elements x(k) := zt* and commutators
[z(k), y(D] = [z, y](k +1) + kdjp1,0 tr(zy) - ¢,

where ¢ is central and [d, z(k)] = kxz(k). Let h := b @ Ce @ Cd be the Cartan subalgebra. Embed H —
g ® C(t1,t2), called the basic representation, given by

poa(1) = ik, (1) - ¢ —HE) () e enlh) — eissin (K).

n+ 1)ty

The roots of gl(n + 1) are
AZ{k5+aij€Z}U{k5/€7éO}

Given a weight A, there exists a highest weight representation V) such that p(gl(n + 1) ® C[t1,t2])v = 0
and p(c)v = v for the highest weight vector v € V). Then we can consider the weight subspace W :=
D,,>0 VA[A — mé]. Since W ® C(t1,t2) = Fa,, we can construct operators on Fy, using U(g)". For
example, take e;;(k)e;i(—k).

52



Definition 2.36. Define the operator formula

~ , —m DT~
(lOPT|7) = ¢~ (7)),

and let

Q= Z Z reji(k)ei;(—k): log(1 — (—q)¥si--s5_1).

i<j k€L

Here the normal ordering means
eji(k)eij(=k) k<Oork=0,i<j

:eji(k)eij(—k): = J 7 .

eij(—k)eji(k) otherwise.

Proposition 2.37.

O (g, 51, 8m) = (t1 +t2) (A (g, 51, 50) + Y Fg,86,..., 55 — 1)id)
i<j
where F(q,s:) = Y50k + 1) log(1 — (—q)F*1s).

To prove this, we do some geometry. Let J — I, (X, (5, m)) x X be the universal sheaf. Let v € H}.(X,C)
and define the insertions

chi2(7)(§) = mua (chrp2(T)m3 (v) N 71 (E))
as homology operations H (I,,,C) — H! .., ,(I.,C).

Proposition 2.38. For 8 # 0, the descendants (o¢, (Ve,) -~ 00, (Ve )|[V1, - .-, 1) 5 have positive valuation
with respect to (t1 + ta). For 8 =0, they vanish mod t, + ty for x > m.

Now let’s talk about rigidification. Let &y = ix(w1 + -+ + wy) € Hi(A, x P!, C) where icolonA, — X
is the inclusion.

Lemma 2.39. Forw € H%(A,,C) a divisor,

(Hloo(ixw)[7) = (B,w)(fi]7)5 -
In particular, for w =y, we get
(filoo(00)[7) =Y sk0s, (7)™

Proof. Let m: R — I, (X/S, (8, m))™ be the universal target, and take the universal sheaf J — R. Then R
is the set of pairs of an ideal sheaf and a point r on the target X disjoint from relative divisors and singular
points. By projection, we get a point on P'. We can rigidify the C*-action by insisting that » — 1. Then
we can exhibit R as a substack of the universal target for the rigidified theory I, (X/S, (3,m)). The virtual
class are equal: ' ' '

[R]Vlr — ﬂ_* [IXN]VII' — (ZS* [IX]VIF.

By projection formula, we therefore get
(w, B){E7) 5 = (il cha(T) f*wlP) 5~ = (filoo(isw)[7) - O

Now introduce a new C* acting on P!. Let p be a box configuration for X. Given \, define

1
rank(\) = 3 Z(cr()\) —crp1(N)
rel
where ¢,.(\) is the number of boxes of content r. Let

rank, (p) == Z rank(p® /pF+1).
k
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Lemma 2.40. The multiplicity of t1 + to in w(w) is Y ranky, (m;) over all fized points ;.

Proof. In general, we have terms like

F(z1,22) n F(21/25,22/25)

1— 23 1-— z;l
In the A,, geometry, we have @ = —2 and b = 0. Plug in 23 = 1/z; so that the terms (21 23)¥ become constant
terms. Then it suffices to write some combinatorial expression for the constant terms. O

Corollary 2.41. When 3 # 0, the descendants (o, (Ve,) -~ 0k, (Ve,)) g = 0 mod t1 + to.

2.10 Nov 28 (Andrei): Toric GW /DT correspondence

Let X be a toric variety. We would like to prove that GW counts are really equal to DT counts in X.
The first thing to use is localization: to X corresponds some polyhedron (its toric diagram) consisting of
1-dimensional T-orbits and fixed points. T-fixed curves can have some features along compact edges, and at
vertices.

1. (Edges) In DT theory, edges carry (constant) 2d partitions A(e). In GW theory, edges carry multiple
covers z — z" . The size of the partitions is the degree. Note that

[C1= ) IA(e)lledge] € Ha(X, Z).

edges

2. (Vertices) In DT theory, vertices carry 3d partitions with asymptotics A, u, v. In GW theory, vertices
involve source curves whose genus-g component is collapsed to a point, and multiple covers of open
edges.

To do localization, we need the deformation theory (Def — Obs)™°Ving gver the T-fixed locus. In general, we
split this as

(Def — Obs)™eY = Z (Def(C.) — Obs(C.)) + Z (contributions of v),

edges e vertices v

in the sense that we define the contributions of a vertex to be the difference. To compute this vertex
contribution, we can put it into a (P!)® geometry; alternatively, in DT theory, we can even just use C3,
where both terms of the difference are infinite-dimensional but their difference is finite. Then

curve counts on X = Z Q“lweights of(C.) HVertices(q).

partitions A(e)

The function Vertices(q) will be a sum in DT theory and an integral in GW theory (and a smaller integral in
PT theory. In general it is some transcendental function of g. The first step is to break this transcendental
function into rational functions, and match those between GW and DT.

Definition 2.42. Take the C2 x P! geometry, and look at the curve counts for a relative condition at 0
and a non-singular condition at co. Then the evaluation map goes to Hilb(C?, d) x Hilb(C?, d), which is an
operator. This operator ¥ is the fundamental solution to the quantum differential equation (QDE)

d

qd—q\I/ = M(q)V — UM(0).

The hard part is the matrix M(q). The essential point is that this matrix is the same for both GW and DT.
If we take this fundamental solution and insert it into the localization picture, the contributions break
up into new pieces, where each bare leg is composed with the operator W. This gives the capped vertex

V(A7 M, V, t17t27t37 q) and the Capped edge S(mlam27t1>t27t3>Q)'
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Theorem 2.43. Both capped vertices and capped edges
1. are rational functions of q, and
2. satisfy GW/DT.

Remark. This is good because now we have distributed the complexity across vertices and edges: both now
depend on ¢ and are rational, but originally we had one depending on ¢ transcendentally and the other
independent of q. Rationality is good especially because eventually we want to do the substitution ¢ = e™"*.

Let’s do the edge first. Its toric diagram is

By abstract nonsense, it is a shift operator for the QDE, and satisfies

d
VS(tl,tg) = S(tl + mltg,tg + m2t3)V V= tqufq — M(q)

Hence S is uniquely determined from its initial condition at ¢ = 0. Since the matrix M (q) matches in GW
and DT, the operators S are the same as well. So it is enough to prove rationality on either side. There are
some very general statements that can be made about rationality in the Kahler variable.

Now let’s do vertices. Take X = Ay x P!. Its toric diagram contains a trivalent vertex, so if we put a
relative condition at 0 € P! and decompose its contributions, we will get the desired vertex. In general, we
want to do curve counts in S x P! relative to D := S x {0}, but for us we only need S = C, Ay, A3. In
particular, in all these cases, ¢1(S) = 0. Fix a curve class (8, d), so that evaluation map goes to Hilb(S, d).
Then we have the following non-trivial result.

Theorem 2.44. .
ev.(D> Q%qX[-]"") = ¢"[Hilb(S, d)].
B,x

Proof. We stated this result in DT, but we will prove it in GW. This is all for simplicity.

Since ¢1(S) = 0, the virtual dimension is 2d = dim Hilb. Once we fix how the curve hits the divisor,
ev is proper. Hence we can compute it equivariantly or non-equivariantly, i.e. the lowest-degree term in
the pushforward of the lhs is some multiple of [Hilb(S, d)] and the whole expression does not depend on the
equivariant weight e on the P'. To prove that all other terms are zero, it suffices to prove they are zero in
the € — oo limit, since they do not depend on e. Look at the localization formula. The only contributions
that depend on € are:

1. from the original P! component (which has weight €);

2. the smoothing term 1/(—e + tangent line) from the bubble(s);

3. the smoothing []1/(€/u; — ;) of the nodes in M, ,,(S), from the other divisor;
4. the obstruction H(C, O¢ ® €) to deforming the contracted component.

In total, these contributions give

/ Agy(e) —69*1*”/ 1—Aje+---x£ XN /e
Kty (5.8 € [T(€/ 1 — i) Wy ns e TI( e —bife)
The virtual dimension is (¢ — 1) + n, so we need a class that is at least this dimension to get a non-zero

contribution. Hence in the integrand, we will pick up a factor of at least e~9+1=", So the total exponent of
€ is always negative. O
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Hence the evaluation pushforward is trivial, and it trivially satisfies GW/DT. But now we need to take
this trivial thing and break it up. Again, we do everything capped. So we get a capped rubber near the
relative divisor.

Definition 2.45. Take S x P!. A capped rubber is a curve count of the form

In other words, we can have rubbers on both sides, but on the capped legs we only allow features of degree
0 in S, i.e. degree (0,d) in total. This picture says that the capped rubber is

U= 0(q,Q,...)%(q,0,...)7"
where ¥ is the fundamental solution we had earlier.
Corollary 2.46. The capped rubber satisfies GW/DT and lies in Q(q)[[Q]]-

Proof. GW/DT follows from ¥ satisfying GW/DT. The second claim comes from ¥ actually satisfying a
system of QDEs in ¢(d/dq) and Q;(d/dQ;), with ¥(0,0) = 1. So the capped rubber is still a fundamental
solution in Q;(d/dQ;), and ¥(q,0) = 1. The coefficients of the QDE are rational functions of ¢, and the
desired claim follows. O

The conclusion is that the whole Az x P! diagram is rational in ¢ and satisfies GW/DT. The corresponding

diagram for A; x P! is

" anl

p-

and can be uniquely solved for the 2-leg vertices with conditions 7 and pu, as follows. Fix a term Q! i.e.
fix n. Wlog assume |n| < |u|, by symmetry. So we are free to pick |A\| < |n|. Hence

rank(V (X, 1,0))|x|<k, jnj=k = #(partitions of 7).

If this matrix has maximal rank then we are done. But to compute the rank of a matrix we can pick any
specialization of its variables, so we just pick a stupid specialization t; +to +t3 = 0. It follows that the 2-leg
vertex satisfies GW/DT. Then we go back to the Ay x P! geometry and undo the 2-leg vertices to get the
3-leg vertices.

It is a conjecture that Visa polynomial in ¢, not just a rational function.

2.11 Dec 04 (Henry): Capping and QDE

Let X be a toric 3-fold. The main idea is that capped localization is much better than regular localization
for DT theory. We illustrate the derivation of both to compare and contrast.
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Definition 2.47 (Regular localization, MNOP1). We can directly localize Z(X,q) (non-reduced partition
function):
Z(X,q)=Y_q" >, ey
n I€l,(X,B)

1. (Compute) For a given T-fixed [I], split Ti;jI,(X,3) via Cech cohomology into contributions from
vertices and edges:

Ty = T(Us) — xUv,, Ilv,))
— (PUap) = XxUns, 1Us)) -

2. (Rearrange to cancel poles) Realize that these expressions are horrible because they are infinite power
series in t1,tq,t3. So we formally rearranged into nicer data

Tip =Y Va+ Y Eap
@ af

where both V,, and E,g are Laurent polynomials in Q[t,t5,t5].

Then after taking equivariant Euler class, we get a product of contributions from vertices and edges. In
particular, the contribution from the vertex is the equivariant vertex

W= Y aum, wm = T[ (as bt a0
TEII(\,p,v) O=(a,b,c)em

Here v(0) is the coefficient of t{t5t5 in V. Note that this whole process does not involve relative GW /DT
theory. Also, remember we have to normalize by degree-0 invariants to get reduced partition functions Z’,
so we often consider

WA, p,v)/W(D,0,0).

Remark. Remember that the TQFT DT(—) is built from a ¢-shift of the reduced partition functions Z’. So
if we want to use degeneration, we must work with Z’.

Definition 2.48 (Capped localization, MOOP). Use degeneration to split the toric graph of X into vertices
and edges with relative conditions.

1. Take the X, == O(a) ® O(b) — P! geometry. The capped edge is
(a7 b) = E()‘vﬂatlatQ»tSat/l,t/qu) = Z/(Xe/FO U Foo;q))\,;u

i.e. an edge with two relative conditions A and p. Here t] = t; — at3 and t§ =ty — bts.

2. Take U = (P')3 —U2_, L; where L; are the three T-invariant lines at (0o, o0, 00). Let D; be the divisor
with i-th coordinate co. The capped vertex is

= C(\ v, t1,ta,t3,q) = Z'(U/ Ui Diq)x -

There are also contributions G(A, u,t1,t2,t3,¢) from gluing two relative conditions (i.e. raising/lowering
indices).

57



Remark. In contrast to capped versions of objects, the regular versions will be called bare. (For example, we
will refer to the equivariant vertex as the bare vertex.) Capped versions of objects are generally more nicely
behaved as functions of g, because they arise as proper pushforwards from a compact moduli.

The point of MOOP is to match capped vertices and edges in GW and DT, and therefore prove that up
to ¢ = —e™ the two theories are equivalent.

Why do we care about the bare vertex W (A, u,v)? Following the logic in MNOPI, if we take the
Calabi-Yau torus f1t2t3 = 1, Serre duality says 1]y is an odd function under

(t1ta,ts) = (t7, 1 5.
Explicitly, if t{t5t$ appears, so does —tf“t;btgc. Then terms in w(w) appear in pairs, of the form

aa—b.— —Ss1a — S9b — s3¢
19048 — 470 s =1
1taly 1 tal3 510+ 52b + ss¢

We computed the total parity to be w(w) = (—1)I" in MNOP1. Hence

W(Avﬂvlj)|51+82+s3:1 = Z (_Q)Iﬂ-l
mEI(A,p,v)
is just an enumeration of 3d partitions.
Example 2.49. Recall from MNOP1 that we had the formula

_ (s1+s2)(s1+s3)(s2+s3)

w(0,0,0) = M(—q) EE = W(0,0,0) |51 4-55455=1 = M(=0q),

agreeing with M(—q) = Zwen(@,@,@)(—qyﬂ-
Theorem 2.50 (Okounkov—Reshetikhin—Vafa).

Z (*Q)w = (prefactor)s,:(q~ ") Z SAt/n(q*V*p)Su/n(q—utp)

weIl(A,p,v) n
where sy, are skew Schur functions and p = (—1/2,-3/2,-5/2,...).

Definition 2.51. The reduced vertex in the CY limit

W/(Aa Hs V)|81+82+33=1
is called the topological vertex (up to some prefactors).

Because an explicit formula exists, a common argument in DT problems is to show that an object is

independent of weights t1,t, ¢35, and to evaluate the desired object in the CY limit ¢; + t2 + ¢t3 = 0. (For
example, this is exactly the strategy for matching the capped vertex.)
Remark. Historically, the AKMYV paper first proposed the topological vertex from physical arguments involv-
ing large N duality. Melissa’s lectures on her and her collaborators’ work showed that, up to a conjectural
identity Wﬁ(q) = W3z(q), the GW topological vertex computes GW theory. To complete the argument for
the validity of the topological vertex, note that:

1. MNOP1 + the formula for the DT topological vertex matches the GW topological vertex with the DT
topological vertex;

2. MOOP proves the full equivariant GW /DT correspondence.
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To see the relationship between the capped vertex and the bare vertex, we focus on the simple case of
one relative leg instead of three relative legs. These are the 1-leg vertices. For simplicity, and also to match
with notation in Andrei’s K-theory notes, write

.H:>H -

This is the setting of local curves: we called the capped 1-leg vertex the (0,0) cap in that context, corre-
sponding to the reduced series
/ (1)

< |>‘>(0,0) = < w)) .

We can view the bare 1-leg vertex as a pushforward from the non-singular part of the relative moduli
I,(X/D, B) where there is nothing in the bubbles. In this way, we think of the lack of relative conditions on
the bare leg as a non-singularity condition, denoted by an empty circle. Hence the localization contributions
to the capped vertex ( |A)" split into three pieces:

1. a bare vertex term W'(u,®,0)l; ,, ;, coming from contributions outside the bubble(s);
2. a node smoothing term 1/(—s — 1)) from where the bubble(s) connect to the rigid P';
3. arubber integral with relative conditions [J,] and A.

We write this pictorially as

< |>‘>/ = Z W/(;va ®7 ®)|S,t1,t2 ! (gIUing term) : <[J#]|
[]=]Al

1

T |\

Remark. When we write rubber integral series, in general we mean
(| Flv)™ = qMulv) g + > a™ (@l Flv)y 4
n>d

Definition 2.52. Define the capping operator ¥ on Fock space F by its matrix elements

(V) £ = q~ul )™ = q M (—q) ")y V)™

1 1
1- ’(/)oo 1- '(/)oo
In degree 0, this is essentially what we called W, in MNOP2, where we computed W, = M (—q)t1Ht2)/s,

Theorem 2.53 (QDE).

d
L2y = MU — UM(0).
9 (0)

Here M = M(q) is an explicit operator on Fock space given by
k(—q)*+1 1

M(q) = (t1 + tz) Z - _pa +

5 (o -1 5 Z (titopi0_ o — a_p_jop0y).
k>0 q

k>0

Corollary 2.54. VU is invertible.
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Proof. If the inverse exists, it is uniquely determined by

0= qdiq(\I/\I/_l) = (MV — YM(0))¥ ! + \I:qdiq\lrl,

ie. q(d/dq)¥—1 = M(0)¥~! —¥~IM. As long as the g-constant term in ¥ is invertible, this has a solution.
This term is proportional to M(—q)~(11%2) s it is invertible as long as g is not a root of unity. O

Hence if we know the capped 1-leg vertex and the capping operator, we get a square system of linear
equations for the unknown W'(u, 0, (), and therefore we can solve for the bare 1-leg vertex.

The QDE for the capping operator essentially arises from rubber calculus. This refers to (a slightly more
general version with vy of) the following. Let N := O @ O — P! be the level (0,0) geometry.

Lemma 2.55. Define the DT insertion on fibers
o1 = Ty (ch3(Jx)) € A (Hilb(Dwo, d), Q).

Then N
(d = n)(plp )y 4 = (o (F)$ ), g — (s oy - v)7 4

Proof. The rubber moduli has a universal target
m: R —= I,(R/RyU Ru,d)”,
where we define [R]"" := 7*[I>"]""*. The rubber calculus comes from computing
(ul ehs ()7 (5)1)
in two different ways.

1. Apply push-pull with 7 to get
*(1a R a ~
(ul chs (T) 7" ()W) = (d = n) (g |v), a-
This is because we have 7, (chz(J) N [R]V") = (d — n)[,]""* by a fiberwise calculation via GRR:

chy(Iz) = — ch3(i.0z) = (d — n)[pt] € Ao(X), VI € I(X,d).

2. Use the rigidification map
¢: R = I,(N/NyU Noo, d)

given by rigidifying the P! component carrying the extra target point. By comparing deformation
theories, _ .
(;S* [In}wr — [R] vIr .

On R, we also have a comparison relation
ﬂ*woo = QS*woo - ¢*Doo

where D, C I, is the virtual boundary divisor where the rubber over 0 carries Euler characteristic n.
Hence again by push-pull,

(] chs ()T (V)W) R 4 = (] cha (TSN 4 — (e or - )7 4.

Now note that chs(7) in (—)" is what we called the primary insertion o1 (F). O

60



When we put this into a generating series, we get the identity

d

e 0y~ = g4 =2 E) |y g

1 1
1_woo 1_'(/}00 1_'(/Joo

We will see that M(0) is essentially multiplication by —o, so the second term, up to normalization, is WM (0).
To relate the first term to ¥, we apply topological recursion.

(o) - ).

Lemma 2.56 (Topological recursion). For the relative theory of N/NoU No,
N a—1| \~
Wlegma =D > e, aBalnm)mles v)y, 4
nkd ni+ne=n+d

Proof. The class 1y is dual to the boundary stratum dy consisting of non-trivial bubbles at 0:

60:1 2 3 ... S

P
Hence we can exchange one 1, for pulling back the integral to dg. But dg factors via degeneration into the
rhs. O

2.12 Dec 05 (Henry): Capping and QDE II
We are in the middle of proving the capping operator ¥ satisfies the QDE
d
— U =MV - UM(q =
93 (¢=0)

using rubber calculus and topological recursion. From rubber calculus, we got

d 1 g (B 1
ol <u|1_¢OOIV> =q </~le\w q <u‘1_woo|( o)-v).

From topological recursion, the first term becomes

—o1(F)
T ) = - Fl) st ol

V)™

This is some operator —oy(F') composed with ¥, up to some factors. This operator has a name, from local
curves, and is related to M(q).

Proposition 2.57. Define the operator M, by

(WM |v) 5 = g~ N u| —o1(F)[v).
Then

J%=M@—m+m%®ﬂqéw:%%%MPw

It remains to put everything together and arrive at the QDE for . This is purely an algebra exercise.
We see that M, is the operator which plays a crucial role in deriving the QDE. So we should try to match
it with its analogue on the GW side.

To avoid confusion, write MP7T for what we have been discussing so far. On the GW side, the equivalent
of M, is the following.

Definition 2.58. Define the operator MSW by
(MW [v) £ = GW* (=71 (F)[0;0,0),0, = (i) W Z (=71 (1)0; 0, 0) 0,

The key to computing MSEW is to recall that from GW local curves, we know a different operator Mp.
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Definition 2.59. Define the operator Mp in both GW and DT as
(ulMP*|v) 7 = DT(0;0,0),0.0 = = DT(0;0,0),,(2),
(MY ) 7 = (=1 GW™(0;0,0)u,p.0-

Recall that D = —(2) = —(2,1972).

Remark. On the DT side, we know MPT but not MET. On the GW side, we know MSW but not MSW.
On both sides, the following formula holds.

Proposition 2.60.

M, MD_(t1+t2)<C2iE_Z§+1 = ())

Remark. This is essentially Proposition 26 in DT local curves, but structurally that argument is GW/DT-
agnostic. Its only DT input is two particular invariants. So we give the GW details instead. Since we always
work in the (0,0) geometry, omit writing this information.

Proof sketch. First apply the degeneration formula to MSW:

(Here Ag4(—, —) refers to the non-standard pairing on Fock space, because we use GW™ instead of GW.) By
a dimension argument, GW*(—7;(F)), = 0 unless v = (1¢) or v = (2,1972). (The analogous vanishing on
DT side is much harder; see section 4.6.) So this sum only has two terms.

1. (v = (2) term) Here we have terms
GW?(0;0,0)p, (20,0 = (= 1) {u] = MG |v)
and GW*(—71(F)|0;0,0)2).
2. (v = (1%) term) Here we have terms
GW*(0;0,0),,14),, = GW*(0;0,0),., = Ag(p,v)
and GW*(—71(F)[0;0,0) 4.

In terms of connected invariants, this means we must compute

/_ )\gAg—lTl(p), /_ )\g/\ng(p)'
(Mg 2 (B, D]ViT Mg, (PT,(2))]¥F"

These we can easily compute by localization and known series for Hodge integrals. O

Remark. The same proof works on the DT side, but with the input

¢ = (F)|m) = (1) Mo|p),  p= (1, (2).

Fortunately, what we know so far is:

ti+t2(—q)+1
2 (-¢)—1

Here | - | is the energy operator, which returns d at degree d. So on DT side we can just use our formula for
M, to compute the two required inputs.

MPT =M(q) — (t1 +t2)®(q) -id, M"Y =M(q) — -]
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Since we have a formula for MSW from GW local curves, we now have a formula for M$W. One can
easily check the GW vs DT formulas are the same, so

GW _ DT
MEW = AP

This also matches up MSW = MBT. Since Mp fully determines the level (0,0) pair of pants in both theories,
we have matched the final piece of the level (0,0) local curves theories. (We have not matched the (—1,0)

cap.)

Andrei told us in his talk that to match capped edges, we write them as solutions to the same QDE on
the GW and DT sides. Note that we only need to match capped edges of level (0,0) and (0, —1) by the usual
degeneration argument. We know the capped edge of level (0,0) is the tube, which is the identity map. So
it suffices to match (0, —1) edges. View them as operators by

(AOGw ) 1= (—iu) T~ Z06,(0;0, — 1),
AOpr|p) = (=¢) "> Z{y1(0;0,—1;9)r 0
The GW/DT correspondence requires Ogw = Opt with ¢ = —e®®.
Proposition 2.61. The following DE holds for both Ogw and Opr:

—t3qd%0 = —M(t1,t2)O + OM(t], t5).

Proof sketch. This follows by fairly general arguments. The key idea is to compute a o1(1) or 71 (1) insertion
in two different ways.

1. (GW side) The dilaton equation says for connected invariants, we can pull out 71(1) insertions and
multiply by 2g — 2 + n instead. Hence

d
t30gw(71(1)) =t3 (udu + d> Oaw.

2. (DT side) Because chz(I) = d — n is constant for all I, we have
d
Zpr(o1(1);0, =1)x . = (*qdfq + d)Zpr(0, —1) -

From MNOP2, we know degree-0 series Zp(0;0,—1;¢)p p. So normalize to give

d
t30pr(01(1)) = (_t3qdq + (t1 +ty — 1] — té)@(q)) Opr.

The rest of the argument works for both GW and DT in general. By localization, t301(1) = 01(Fp) —01(Fo)
and similarly for 7. But by degeneration,

O(01(Fp)), = Y (0" (01(F))™)} - O,
O(01(Fa))p = D O3 - (01" (a1 (F)) ).
The rubber integrals can be rigidified: O(o1(F))™~ = O(o1(F')). Hence
t30(01(1)) = [O(01(F)), O],
plugging in (¢1,t2) or (t,t5) as appropriate. But we have shown
Opr(01(F)) = My = Ocw(1(F)).

Putting everything together gives the DE. O
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Now we repeat the exact same argument for the capped rubber. Recall that the only differences between
capped rubbers and capped edges is that:

1. capped rubbers are only allowed to have degree-0 features on the fiber Fj;
2. capped rubbers are in the A, x P! geometry instead of O(a) ® O(b) — P1L.
Hence the degeneration and rigidification argument still works, up to some details.

Proposition 2.62. The capped rubber O(CR) satisfies the DE

d
—t3qdfq0(CR) = —My, (¢ = 0;t1,t2)O(CR) + O(CR)M 4, (¢; 1, t5).

Proof sketch. There are two modifications.
1. On Fp, where we used to have M(¢1,t2), we now have M(q = 0;t1,t2) for only degree-0 features.

2. These matrices M 4, are the analogues of M (for (0,0) geometry) for the A,, geometry. Matching
them on the GW and DT sides is the crucial input from the A,, papers. (See corollary 8.5 in Maulik—
Oblomkov’s DT theory of A,, x PL.) O
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