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Chapter 1

Affine schemes and quasi-coherent
sheaves

1.1 Affine schemes and schemes

Definition 1.1.1. A locally ringed space is a pair (X, Ox) consisting of a topological space X and a
sheaf of rings Ox such that for all x € X, the stalk Ox , is a local ring. A morphism of locally ringed
spaces (f, f#): (X,0x) — (Y, Oy) is a morphism of ringed spaces such that for all z € X, the map of stalks
f#: Oy t(z) = Ox is alocal ring homomorphism, i.e. (f#) ! (mxs) = my,¢(s). Let RS (resp. LRS) denote
the category of ringed spaces (resp. locally ringed spaces).

Definition 1.1.2. There is a global sections functor

I": LRS — Rings
(X,Ox) — Ox(X)
((f,17): (X,0x) = (Y, Oy)) = (f7: Oy (Y) = Ox(X)).

Example 1.1.3. Let (M,C*) be a manifold M with the sheaf of smooth functions C>°. This is a lo-
cally ringed space because C2° consists of all the germs vanishing at € M. The global sections functor
I'(—,—): LRS°? — Rings has a left adjoint Spec: Rings — LRS?| i.e.

Morrs (X, Spec(A)) = Morgings(4, I'(X, Ox)).
We will prove this later. Yoneda’s lemma says this determines Spec(A) in LRS up to unique isomorphism.

Definition 1.1.4. Recall that points in the topological space Spec A are prime ideals p in the ring A. Given
f € A, there is a standard open

D(f) = {p € Spec(A) : f & p}.
These form a basis for the topology. The structure sheaf O associated to Spec A obeys these “rules”:
1 O(D() = Ay,
2. Op, = A, for all p € Spec 4,

3. if D(f) C D(g), then the restriction O(D(g)) — O(D(f)) commutes with the localizations O(D(f)) =
Af — Afg and O(D(g)) = Ag — Afg.

To construct O properly, we do one of the following:



1. use the fact that given a topological space X and a basis B and a “sheaf F on B” (i.e. specified on and
satisfying the sheaf condition for open sets in B), there is a unique extension of F to a sheaf on X;

2. (Hartshorne) for an open U, set
O(U) == {(52)zecv : 82 € Ox 5 and * holds}

where % is the condition that U can be covered by opens V' such that there exists a,b € A such that
for every p € V we have b ¢ p and s, = a/bin A,.

Remark. Note that Ay = colimycy pgp Ay =t Op.
Lemma 1.1.5. Let X € Ob(LRS) and f € T'(X,Ox). Then

U={ze€X:f does not vanish at x}

is open in X, and there exists a unique g € Ox(U) such that flyg=1.

Proof. Since f does not vanish at z, it has an inverse in the stalk Ox . But then it has an inverse in a
neighborhood of . Hence U is open. O

Theorem 1.1.6. Let X be a locally ringed space and A be a ring. Then the map

Morrs (X, Spec(A)) — Morgings(A, (X, Ox)), (f.f#)— (f#: A= T(X,0x))
is a bijection of sets.
Proof. We will construct the corresponding (f, f#) given p: A — I'(X, Ox).

1. On points ¢ € X, let f(z) be the prime ideal p given by the inverse image of m, € Ox , in the
composition

AL T(X,0x) = Ox.a.
We must show such an f is continuous. If a € A, then
FHD(a)) = {x € X : p(a) does not vanish at x}.
This set is open by the preceding lemma.

2. We also need to construct a map Ospec a(D(a))Ox (f~1(D(a))). We know Ogpec a(D(a)) = A,. By
the preceding lemma, the universal property of localization is applicable to the diagram

Ay —— Ox(f71(D(a))
A ——  I(X,0x),
giving the desired map.
There is more to check, but we will skip that. O

Corollary 1.1.7. The category Rings of rings is anti-equivalent to the category of affine schemes, i.e. the
full subcategory of LRS consisting of objects isomorphic to Spec A for some ring A.

Definition 1.1.8. A scheme is a locally ringed space (X, Ox) such that every € X has an open neigh-
borhood U such that (U,Ox|y) is an affine scheme. A morphism of schemes is a morphism of locally
ringed spaces. The category of schemes is denoted Sch, and the category of schemes over a fixed scheme S
is denoted Sch/S.



Remark. Given a category C and a U € Ob(C), the comma category C/U is the category whose objects are
arrows V' — U for V € C, and morphisms are morphisms V; — V5 commuting with the arrows V3, — U and
Vo — U. So Sch/S is a comma category. If we write Sch/R for a ring R, we mean “schemes over Spec R.”
The scheme SpecZ is the final object in Sch, so Sch/Z = Sch.

Lemma 1.1.9. If (X,Ox) is a scheme and U C X is open, then (U,Oy) = (U,Ox|vu) is a scheme.

Proof. Every point in X has an open neighborhood which is an affine scheme. Given x € U, let V = Spec A
be its affine open neighborhood. Since V is affine, there exists a principal open D(a) around x in V' that is
contained in U. So it suffices to show (D(a), Ospec A|p(f)) is an affine scheme. Well, D(a) = Spec(A4,), and
it is straightforward to check the structure sheaves are isomorphic using the fact that (Af), = Ayg. O

1.2 Quasi-coherent Ox-modules

Definition 1.2.1. Let (X,Ox) be a ringed space, and F be an Ox-module. We say F is an Ox-module
having:

Name of property every point has open nbhd U s.t.

locally generated by sections 3€D,,.; Ov — Flu for some I

finite type 3(Oy)® "™ — Fl|y for some n
quasi-coherent 3D Ov = Bye; Ov = Flu — 0 exact
finite presentation (Op)®™ = (Oy)®™ — Flu — 0 exact
locally free 3P,c; Ov = Fly for some I

finite locally free 3(Op)®"™ = F|y for some n.

Warning: these notions may behave unexpectedly.

Remark. The direct sum @, F; is the sheafification of the presheaf U — @, ; F;(U). (This sheafification
is only necessary for infinite index sets.) Alternatively, it is the coproduct, so

Homp,, (@fi,g) = HHomox (i, 9).

i€l i€l

Since Homo, (Ox,F) = I'(X,F), we can view, for example, @, .; Oy — Fly as a family of sections

Definition 1.2.2. Let U be an open in X, and j: U < X be the inclusion. Then the extension by zero
map ji: Ab(U) — Ab(X) is given by

(i F)s = {fz relU

0 otherwise.

Example 1.2.3. Let k be a field and n > 1. Let X = A} := Spec(k[z1,...,2,]). Let 0 € X correspond to
(w1,...,7,). Let j: X \ {0} = X be the inclusion. Look at the extension by zero F = jiOx\ (0}, so that

0 0ecU

)= {OX(U) 0¢U.

The claim is that F is not locally generated by sections. The idea is that any section of F is 0 in any
neighborhood of 0, but F is not 0 when restricted to any neighborhood of 0.

Example 1.2.4. Let i: {0} — X be the inclusion. Then there is a short exact sequence

0— jg(@x\{o}) - Ox — Z'*OX’O — 0.



We call the pushforward of a stalk, e.g. i.Ox o, a skyscraper sheaf. (In general,
0—jj '6—G—ii 'Gg—0

is exact, and this often lets us do Noetherian induction.) The claim is that i.Ox ¢ is of finite type, but not
quasi-coherent.

Theorem 1.2.5. Let A be a ring. Let M be an A-module. There exists a unique sheaf of Ogpec A-modules

M on Spec A together with a map M — I'(Spec A,M) of A-modules characterized by each of the following
properties:

1. (construction) M(D(f)) = My (and when f = 1, this should be the given map) and M(D(f)) —
M(D(fg)) is the map My — Myg;

2. (Yoneda) the map HomospecA(M,]-') — Hom 4 (M, T'(Spec A, F)) is bijective for all Ox-modules F;
3. (Qcoh) M is quasi-coherent and M — T'(Spec A, M) is an isomorphism;

4. (Stalks) the map M — T'(Spec A, M) induces isomorphisms M, — (M), for allp € Spec A (the remark
below explains where this map comes from).

Remark. The map I'(X,F) — F, is a map from an A-module to an A,-module. So there is a unique
factorization to I'(X, F), giving a canonically induced map I'(X, F), — Fp.

Corollary 1.2.6. Let X be a scheme, and F be a sheaf of Ox-modules. The following are equivalent:
1. F is quasi-coherent;

2. there exists an affine open covering X = |J,.; U; with U; = Spec A; such that Fly, = M; for some

A;-module M;;

icl

3. for any affine open U = Spec A C X, Fly = M for some A-module M.
Definition 1.2.7. Let Qcoh(Ox) denote the category of quasi-coherent O x-modules.

Lemma 1.2.8. The functor Mod g — Qcoh(Ospec 4) given by M +— M is an equivalence of categories, and
the functor Mod 4 — Mod(Ox) given by M — M is exact.

Remark. Tt is possible to have an abelian category and a full subcategory which is also abelian, but the
inclusion functor is not exact. For example, take the category of finitely generated modules over a DVR, and
the subcategory of torsion-free such modules. This is why it is important in this lemma to carefully specify
the targets of functors.

Proof. Taking stalks and localizing are exact. O

Lemma 1.2.9. On a scheme X, the kernel and cokernel of a map of quasi-coherent sheaves are also quasi-
coherent.

Proof. We know now that quasi-coherence is a local property, so it is enough to show this for when X is affine.
By the equivalence of categories, the map M — N is actually ¢ for some map ¢: M — N of A-modules. By
exactness of ~, we get

—_~—

coker(¢) = coker(¢), ker(¢) = ker(o). O

Remark. We have shown that if X is a scheme, then Qcoh(Ox) is abelian and the inclusion Qcoh(Ox) <
Mod(Ox) is exact.



Lemma 1.2.10. Let X be a scheme. Let
0—=Fr—Fa—=Fz3—=0
be a short exact sequence of Ox-modules. If two of the three are quasi-coherent, so is the third.

Proof. We will assume F; and F3 are quasi-coherent. Again, we may assume X = Spec A is affine. Set
M; =T(X,F;). So we get an exact sequence

0—-M — My — Mg —---

where - - - consists of higher cohomologies (since I' is left-exact only). Apply ~ to get
0 — Ml M2 M3
0 — ]:1 .7:2 -7:3 0

By the snake lemma, it is enough to show that Mg —» Mg. Take m € My and set
I := {f €EA: fm S 11’I1(M2 — Mg)},

which is an ideal of A. We want to show I = A, so it suffices to show for all p € A prime, I ¢ p. Let z € X
correspond to p. Since Fy — F3, there exists z € U C X open such that m|y comes from s € Fo(U). We
can assume U C D(f) for f € A and f ¢ p.

Claim: fV € I for some N > 0. Let z € V(f), and say z corresponds to the prime q C A. Then we can
find g € A\ q and s’ € F2(V(g)) lifting m|p(g). Set

m' = 5|p(rg) — 5'|D(rg) € F1L(D(f9)) = (My)g.

By clearing the denominator, there exists n (which depends on g) such that m} := f"m/ is in (M;),. Look
at f"s on D(f) and f™s" +m} on D(g). These agree on D(f) N D(g) = D(fg) as sections of F3, so by the
sheaf condition they glue to give a section o € Fo(D(f)U D(g)) mapping to f"m € F3(D(f)UD(g)). (Just
check on both opens D(f) and D(g).) Since V(f) is quasi-compact, we can find gi,...,gm € A such that
V(f) C D(g1)U---UD(gm), and there exists o; € F2(D(f) U D(g;)) mapping to f"m|p(sjup(g,) in F3 and
ojlp(p) = f"s (independent of j).

Claim: fNo; satisfy the gluing condition for N >> 0. Read the proof on the Stacks Project. But now we
are done. O

Example 1.2.11. Qcoh(Ogpecz) = Ab.

Example 1.2.12. Let X := Speck[z,y] where k is a field, and let 0 € X be the point corresponding to
(z,y). Let U := X \ {0}, so that U = D(z) U D(y). Using the sheaf condition, we get

0 —— Ox(U) —— Ox(D(z)) x Ox(D(y)) —— Ox(D(z) N D(y))
0 —— klz,y] —— Eklx,y,1/2] X k[z,y,1/y] —— klx,y,1/xy]

where the map Ox (D(x)) x Ox(D(y)) = Ox(D(z) N D(y)) is given by (s,t) — s — t.



1.3 Fiber products of schemes

Theorem 1.3.1. The category of schemes has all fiber products.
Proof. Johan: “do not read the proof of this!” O
Remark. The category of schemes has a final object, so it has products and therefore all limits.

Lemma 1.3.2. If X — S < Y are morphisms of affine schemes corresponding to ring maps A <+ R — B,
then X xg Y is affine too, corresponding to A®pr B (which is the pushout in the category of rings).

Proof. For any locally ringed space T', we have
MOI‘LRS (T, X Xg Y) = MorLRs (T, X) XMorLRs(T,S) MorLRs (T, Y)
= MorRings(Aa OT(T)) XMorR;ngs(R,OT(T)) MorRings(B; OT (T))
= MorRings(A ®R B, OT(T))
= Morrs(T, Spec(A @r B)).

By Yoneda’s lemma, X XsY = Spec(A®p B). (Since the category of schemes Sch is a full subcategory, this
works for schemes too.) O

Lemma 1.3.3. Consider a fiber product diagram
XxgY —1 v
/| g
x s
inSch. IfUCS,V CX, and W CY are open such that f(V) C U D g(W), then
VxyW=p Y (V)ng t(W).
Proof. We have
Morseh(T,p (V) Ng (W) ={e: T = X xsY : (poc)(T) CV, (goc)(T) C W}
—{(TSX,T5Y): foa=gob, a(T)CV,bT)C W}
= Morsch (T, V') Xnorse, (1,0) Morsen (T, W).
Again we are done by Yoneda’s lemma. O
Remark. Choose affine open covers
s=luv, rwy=UVv 'w)=J W
i€l J€J; keK;
Then we construct X Xg Y using affine fiber products:
XxSY:U U =V xy, Wy
i€l (j,k)eJ; x K;

Corollary 1.3.4. If f: X — S is an open immersion and S’ — S is any morphism of schemes, then the
base change f': X' — S’ is an open immersion. (Here X' := X xg 5'.)

Proof. Apply previous lemma. O
Remark. This corollary is usually stated as “open immersions are preserved by arbitrary base change.”

Example 1.3.5. Let X be a scheme over R, i.e. X has a morphism to SpecR. Then X¢ means the “base
change to C” given by X¢ = X Xgpecr Spec C, viewed as a scheme over C.



1.4 Quasi-compact morphisms

Definition 1.4.1. A morphism of schemes f: X — Y is quasi-compact (gc) if the underlying map of
topological spaces is quasi-compact, i.e. f~1(V) is quasi-compact for all V' C Y quasi-compact and open.

Lemma 1.4.2. Let f: X — Y be a morphism of schemes. TFAE:
1. f is qc;
2. f7Y(V) is gc for all V CY affine open;
3. there exists an affine open covering Y =J;c; V; such that f=1(V;) is qc for all i.

Proof. Let Y = J;c; Vi. Let W C Y be qc open; we must show f~1(W) is qc. We can find an affine open
covering W = Wy U ---UW,, such that for each 1 < j < m, there exists « € I with W; C V;. Note that
J7W; = W; xvy, f~V; by the previous lemma. Hence this has a finite affine open covering, i.e. is qc. Then
W ='Wy u-- U fUW, s qe. O

Remark. This lemma shows that being qc is local on Y, i.e. it suffices to pick a point ¥y € Y and find a
quasi-compact open around y such that f~!(V) is quasi-compact.

Lemma 1.4.3. Being qc is a property of morphisms which is preserved by arbitrary base change.

Lemma 1.4.4. Composition of qc morphisms is qc.

1.5 Separation axioms

Definition 1.5.1. Let f: X — S be a morphism of schemes. Let Ax/s: X — X xg X be the diagonal
morphism defined (uniquely) by pr; coAx =idx for i = 1,2.

Definition 1.5.2. We say:
1. f is separated iff Ay, is a closed immersion;
2. [ is quasi-separated (qs) iff Ay/g is qc.
Lemma 1.5.3. TFAE:
1. f is quasi-separated;

2. for allU C S affine open and V,W C X affine open with f(V) C U D f(W), the intersection VN W
s qc;

3. something about open covers (literally what Johan wrote).

Proof. We have X xg X = UUMW V xy W, and
A)‘(}S(V xyW)=VnWw.

So by the lemma characterizing qc morphisms, (1) and (2) are equivalent. O



1.6 Functoriality of quasi-coherent modules

For this section, let ¢: A — B be a ring map and f: X = Spec(A) — Y = Spec(B) be the induced map.
Let Modp — Mody4 given by N — N4, where N4 is N thought of as an A-module using ¢.

Lemma 1.6.1. f,(N) = Na.

Proof. Compute that
fo(N)(D(a)) = N(f~'D(a)) = N(D(¢(a))) = No(a) = (Na)a- 0

Lemma 1.6.2. f*(M) = B/®\A/M.
Proof. Take G an Oy-module. Then
Homo, (f*(M),G) = Homo, (M, f.G) = Homuoq, (M, T(X, £.G))
= Hom4(M,G(Y)a) = Homp(B ®4 M,G(Y))
= Homo, (B ®4 M, G). O

Corollary 1.6.3. For any morphism of schemes f: X — Y, the pullback f* preserves quasi-coherence.

Example 1.6.4. Warning: this is not true for f,. Take X =[], ., A} EN Al =Y. Then F = f.Ox is
not quasi-coherent, because

F(AL) = [T *lal, F(D()) =[] klz,1/4],

nez neZ

and it is not true that [], ., k[r,1/x] is the localization of [], ., k[z] at 2. For example, the element
(1/z,1/2%,1/23,...) is not in the localization.

Proposition 1.6.5. For a qcgs morphism of schemes f: X — Y, the pushforward f. preserves quasi-
coherence.

Proof. Let F € Qcoh(Ox). Tt suffices to show f,F is quasi-coherent on an affine open covering. (We
generally just say “we may assume Y is affine.”) Note that:

1. fis qc implies X = U?Zl U; with U; affine open;
2. f is gs implies U; N U; = U2, Uiji, with Uy, affine open.
Let V C Y be open. Then the sheaf condition for F says

0— (fLF)V)=F(f V) — @f(f*lv nU) - @ EPFUV N Ui).

i<j k

This is true for all V', and maps are compatible with restrictions. Write f;;r == f|v,;,. Then

0= £.F = P fielFlu,) = €D fisne(F

i=1 i<j,k

Uijk)'
Pushforward on affine schemes and direct sum preserve quasi-coherence, so these last two terms are quasi-
coherent. Now f,F is the kernel of a map between quasi-coherent sheaves, and is therefore quasi-coherent. [J

Lemma 1.6.6. Let X be a scheme. Then Qcoh(Ox) has arbitrary direct sums (and arbitrary colimits), and
they are the same as in Mod(Ox).



Lemma 1.6.7. If f: X =Y is qgegs, then f.: Qcoh(Ox) — Qcoh(Oy) commutes with arbitrary direct sums
(and arbitrary colimits).

Definition 1.6.8. A scheme X is quasi-affine iff it is qc and isomorphic to an open subscheme of an affine
scheme.

Lemma 1.6.9. Let X be a scheme. Let f1,..., fn € T(X,Ox). Assume that:
1. U; =Xy, ={x € X : f; does not vanish at x} is affine;
2. X =L, U

Then X is quasi-affine.

Proof. Set A =T(X,Ox). Consider the canonical map ¢: X — Spec A =: S. Then:
1. ¢ is qc because X has a finite open cover such that c|y,: U; — S is qc;

2. cis gs because X has an affine open cover such that U;NU; = U;N Xy, = (Ui)fjlui’ which is a principal
open of the affine Uj;.

Hence ¢,.Ox € Qcoh(Og), i.e.

—_—~—

c:Ox =T(5,¢.0x) and I'(S,¢.0x) =T'(X,0x) = A.
Hence ¢,Ox = Og. Now U; = Spec B; where
B; =T(U;, Oy,) = Ox(c”'(D(f)) = (c.Ox)(D(f:)) = Os(D(f:)) = Ay,
So U; = Spec(Ay,) = S = Spec(A) is an open immersion, Then ¢ is an isomorphism
X = |JD(#) cs. O
i=1

Lemma 1.6.10. Let X be a scheme. Let fi,...,f, € T'(X,0x). If Xy, is affine and fi,..., f, generate
the unit ideal in T'(X,Ox), then X is affine.

Proof. The first (resp. second) condition here implies condition (1) (resp. condition (2)) in the previous
lemma. So X is quasi-affine with X — I, D(f;) C S. But with these stronger hypotheses, |J;_, D(f;) =
Spec A, hence X = Spec A. O

Definition 1.6.11. A morphism f: X — Y of schemes is affine iff f~1(V) is affine for all V C Y affine
open.

Lemma 1.6.12. Let f: X — Y be a morphism of schemes. TFAE:
1. f is affine;
2. there exists an affine open cover Y = Uj V; such that f~'V; is affine for every j.
Proof. Look up the “affine communication lemma” in Vakil’s notes to reduce the statement to:
Given Y = Spec B = ;L D(b;) with f~(D(b;)) affine, show that X is affine.
Now apply the previous lemma with f; == f#(b;). O

Definition 1.6.13. Let f: X — Y be a morphism of schemes. Then we say:



1. f is a closed immersion iff f is affine and for all V C Y affine open, Oy (V) — Ox(f~'V) is
surjective;

2. f is finite iff in addition, Oy (V) — Ox(f~1V) is a finite ring map.

Example 1.6.14. A standard example of a closed immersion is Spec(A/T) — Spec(A). A standard example
of a finite morphism is Spec(B) — Spec(A) where B is finite an A-module.

Lemma 1.6.15. Compositions and base change of affine (resp. finite, or closed immersions) morphisms
are affine (resp. finite, or closed immersions).
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Chapter 2

Sheaf cohomology

2.1 Preliminaries

Definition 2.1.1. An abelian category A is an additive category where there are kernels and cokernels,
and coim = im. An object I € Ob(A) is injective if given a mono N — M, any map N — I extends to a
map M — I. An object is projective if the dual diagram holds. We say .4 has enough injectives (resp.
has enough projectives) if every object M has a mono M < I into an injective object (resp. every object
M has an epi M — I into a projective object).

Example 2.1.2. Let R be a ring and take A = Modg. Then there are enough projectives because every
free module is projective. Similarly, there are enough injectives because for an R-module F', the R-module
Homy,(F,Q/Z) is injective.

Example 2.1.3. Let (X, Ox) be a ringed space and take A = Mod(Ox). Then there are enough injectives.
One example of an injective is Hrex iz« (), where I is an injective Ox z-module, for the immersion
iz: ({z},0x ) = (X,0x). Warning: Mod(Ox) does not have enough projectives in general.

Definition 2.1.4. Given an object M € Ob(.A), an injective resolution is an exact complex
0—=M—=1°=T1T" 1% — -

with I"™ an injective object for all n. We will think of this as a map of complexes M — I®. A projective
resolution is an exact complex

s P2 Pt P S M0
with P™ a projective object for all n. We will think of this as a map of complexes P* — M.

Definition 2.1.5. The n-th cohomology of a complex K* is
ker (K™ d—K> Kntl)

n—1

im(Kn-1 2 feny

H"(K*®) =

Definition 2.1.6. A map of complexes «: K®* — L*® is a collection of maps o™ : K™ — L™ such that each
square in

RN Kn—l Kn Kn+1 G
anfll anl an«#ll
. Kn—l K" Kn+1 ..

We say « is a quasi-isomorphism (qis) if for all n, the induced map H"(«): H"(K®) — H™(L®) is an
isomorphism.
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Remark. If the original abelian category A is abelian, the category of complexes of objects in A is still
abelian. Short exact sequences therefore still give rise to long exact sequences of cohomology.

Definition 2.1.7. Two maps a, 3: K* — L® are homotopic iff there exist A”: K™ — L™~ ! such that
(o = p™) = d’z_l oh™ + h" o dl.

A map of complexes is nil-homotopic if it is homotopic to 0. Homotopic maps define the same map on
cohomology.

Lemma 2.1.8. If A has enough injectives, then injective resolutions exist and are functorial up to homotopy.
In other words, given ¢: M — N and injective resolutions M — I® and N — J°®, then there is an arrow
I* — J*®, unique up to homotopy, making the following diagram commute:

M — I°
| |
N — J°.

The dual statement holds for projective resolutions.

2.2 Derived functors
Definition 2.2.1. Let A, B be abelian categories and let F': A — B be an additive functor between them.
1. If A has enough injectives, define the n-th right derived functor of F' by
R"F(M) = H"(F(I*))
where M — I°® is an injective resolution.
2. If A has enough projectives, define the n-th left derived functor of F' by
L "F(M) = H "(F(P*))
where P®* — M is a projective resolution.
R"F,L"F: A — B are well-defined functors.

Lemma 2.2.2. Given a short exact sequence 0 — My — My — M3 — 0 of A and injective resolutions
My, — I} and M3 — I3, there exists a commutative diagram

0 —— M1 M2 M3 0
L | L
0 — It I3 I3 0

such that My — I3 is also an injective resolution, and 0 — I} — I3 — I} — 0 are short exact sequences (of
injective objects, and therefore split) for all n.

Remark. Note that F(I7) — F(I3) — F(I3) is term-wise split (because we can take F of the splitting).
Hence in particular, this is a short exact sequence of complexes of B.

Corollary 2.2.3. In the situation of the lemma, there exists a long exact cohomology sequence
0 — ROF(M;) — R°F(My) — ROF(M;3) & R*F(M;) — R'F(Ms) — R'F(M3) > R2F(M;) — -
The boundary maps §: R"F(M3) — R"T1F(M;) are well-defined.
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Remark. F = ROF if F is left exact, and F = LOF if F is right exact. This is because left exact functors
will give an exact sequence
0— F(M)— F(I% - F(I') — ---

but ROF(M) = ker(F(I°) — F(I')) = F(M) by exactness.
Example 2.2.4. Some common derived functors:

Functor R/L  Derived functor
Hompg(—, N): Modg — Mody} L Extr(—, N)
M ®pr —: Modr — Modpg L Torf(]\/[,—)
['(X,—): Mod(Ox) — Modp(x,0) R H;(X,-)
F(U, —)Z MOd(Ox) — MOdF(U,Ox) R HZ(U, —)
R
R

f*Z MOd(Ox) — MOd(Oy) le*
Homx(}', —)2 MOd(Ox) — Modp(xvox) EthX(J_", —)
Homx (F,~): Mod(Ox) — Mod(Ox) R Eatle(F,-).

Remark. We need a good way to compare different ways of computing cohomology. For example, is
Tory (M, N) ‘ ‘
(L™ (M ®g —))(N) or (L™*(= ®@r N))(M)?

Example 2.2.5. Let Psh(Ab) (resp. Sh(Ab)) be the category of abelian sheaves (resp. abelian presheaves).
Let i: Sh(Ab) — Psh(Ab) be the forgetful functor. This is left exact but not right exact. We have

_ ker(iI"(U) — il"t1(U))

RUAWU) = im0 S i)

= H"(U,F)

because in Psh(Ab), the sections-over-U functor is exact. Hence R™i(F) is the “n-th cohomology presheaf.”
After sheafification, it will become 0.

2.3 Spectral sequences

Disclaimer: this section is probably typo-ridden. Check all indices yourself before using anything from
here!

Definition 2.3.1. A double complex of an abelian category A is a bigraded object A®**® with differentials
dP9: AP — APTLA and db7: APY — AP-9t1 Then there is an associated total complex

Tot"(A) = @ AP, d= > dp?+ (-1)Pdy.
ptg=n ptg=n
(The sign is so that d*> = 0.) Our goal is to compute H"(Tot®(A)).

Remark. The direct sum totalization is not the same as the product totalization, but from now on we will
always assume A®*® lies in the first quadrant.

Definition 2.3.2. Let £ € H?(Tot(A)) be the class of (z%2, 11, 2%0). This is an example of what we will call
a zig-zag. We can modify a zig-zag by adding elements of the form dy (y?*¢~1)+d; (#P~ 1) (but note that each
element we add affects two elements of the zig-zag). So H"(Tot*(A)) = {zig-zags}/{allowed modifications}.
Define two filtrations

F{H® := {zig-zags represented by (z*" ... 2™ : 2" = 0Vj < ¢}

FP H® = {zig-zags represented by (%", .., 2™0) 2 =0 Vi < p}.
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There are two important cases:

R s A%z dy (2) = da(7) = 0}
B = {a() -y € 07T, dy(y) = 0
)

= H™((V™ = ker(A%™ 25 Abm
FrH" = H*(U™ = ker(A™° 225 A™1) dp)).

We get maps of complexes V°* — Tot*(A) < U®. Trivially, if FPH™ = H" (resp. FjyH™ = H"), then
V* — Tot*(A) (resp. U® — Tot®(A)) is a qis. There are two types of partial zig-zags of length r at
(p,q):
1. (type I) for r = 0, they are elements a9 € AP9; for r = 1, they are elements 2?7 € AP*¢ such that
di(zP7) = 0; for r = 2, they are elements xP~14+1 4, same « zP7 2 0; we continue analogously as

follows: .
gP—rthatr=1 5 gsame

I

— same

PGl —

2. (type II) they are elements
0

|

P4 — same

I

—_— same

|

gptr—lg—r+1

The (p,q)-spot in the r-th page of the first spectral sequence is

D.q
JEP = 12y
T D:q
IBT

where ;ZP9 is the set of heads xP¢ of partial zig-zags of type I of length r. Similarly, define the second
spectral sequence ;;EP'¢. Define the differentials

zdf’qi IEf’q SN IEffrJrl,qur

D,q . D, p+7,q—r+1
rrd? rEPY — pEY

Facts: ;d? = 7d? = 0, and

1E??, = cohomology of rd, at EP.

Furthermore, Grf, (H"(Tot)) = E29 for 7 > n. Analogous facts hold for type IT. Define

\q . N . -1, AN -1,
]Bg’q = 0, ]Bf 7= 1m(d1 : IEf a — ]Ef q) = 1m(1dg q)7
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Example 2.3.3. We do some examples for small r.
1. (T = 0) Here [Eg’q = AP = ]IEg"q.

2. (r =1) Here ;EY"? is the cohomology of dy at (p, q), and ;7 EP? is the cohomology of ds at (p,q). Note
that if rows are exact except in degree 0, then V'* — Tot(A®*) is gis. (Similarly, if columns are exact
except in degree 0, then U® — Tot(A**®) is qgis.)

Remark. Assume ;d?%(z,,) = 0 in EP~"TH4t" This implies by definition that dg(zP~"Thetr=1) =
dy (wP=matT =) 4 dy(yPmr LTl where yPm"TLatT L g the tail of a partial zig-zag. This allows us to
check that IEffl is indeed the cohomology of ;EP-? using ;d,, as claimed.

Example 2.3.4. Let R be aring, M, N be R-modules, and P®* — N be a projective resolution, and I* — M
be an inductive resolution. Take the double complex AP? := Homp(P~?, I?), with induced differential. Since
P17 is projective, the rows Hompg (P9, I*) are exact except in degree 0, and

V*® = ker(Homp(P~*,I°) — Homg(P~*,I')) = Homgr(P~*, N).

Similarly, Hom(M, I*) = U®. Hence their cohomologies, which are Exts computed by different resolutions,
are isomorphic by the example above. In fact, this isomorphism is functorial, because the double complex
construction is functorial. Analogously, Torg (M, N) can be computed by resolving either variable.

Example 2.3.5. Let f: X — Y be a continuous map of compact topological manifolds. Then there is a

Leray spectral sequence
EY? = HP(Y,Rf,Q) = H"T9(X,Q).

This may not degenerate, but, for example, taking cohomology does not change the Euler characteristic
(assuming bounded cohomological dimension). Hence this allows us to show x(X) is made up of Euler
characteristics of certain sheaves R7f,Q on Y.

2.4 Cech cohomology

Definition 2.4.1. Let U = {U;};.; be an open covering of X and F be an abelian sheaf on X. Let
U; =UiN---NU,. Then there is a Cech complex with terms

0 ip

CP(U,}') = H -F(Uzozp) So = (aio...ip)

i< - <ip
and boundary map d: CP? — CPT!
p+1
S . § _1)J -
d(a)lo---1p+1 T ( ]-) aio"‘ij'“ip UiO"’igH»l
Jj=0

The p-th Cech cohomology is H? (U, F) := H?(C*(U, F)).

Remark. The natural category for which we define Cech cohomology is presheaves, since the only thing we
need are the restriction maps. Also, F is a sheaf implies F(X) = HO(U,F). (It is not an if and only if
because we only took an open cover of X, instead of an arbitrary open set U.)

Remark. The problem with Cech cohomology is that a short exact sequence of (abelian) sheaves does not
give rise to a short exact sequence of Cech complexes. Also, refinement of open covers does not induce a
canonical map of Cech complexes, because there is a choice involved. So we cannot directly take a colimit
over open covers of Cech cohomology.

Lemma 2.4.2. If T is an injective abelian sheaf or Ox-module, then HP(U,Z) =0 for p > 0.
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Proof. Consider the complex of sheaves
Ky=--— @ Jigiy1 L — EBjiO!Z
ig<i1 )

where jio...i, : Usy-..i, — X is the inclusion. (Recall for j: U — X an inclusion, j is left adjoint to g

i.e. Homy(G,Fly) = Homx (G, F) and (jiG), = G, for 2 € U and is 0 otherwise.) Then C*(U,F) =
Hom(Ky), F) by adjunction. It suffices to show K7, is exact and H°(K};) = Z. Since Hom is exact on
injectives, the Cech complex is exact and we are done.

To check K7 is exact, it suffices to check on stalks. Say x € Un,...,U, but ¢ Uiy1,...,U,. Then

(K)e: = P z2—- P z
1<io<i1 <p i0=1,...,p

is exact, by viewing it as a Koszul complex. O

Theorem 2.4.3 (Cech to sheaf cohomology spectral sequence). For a sheaf F of Ox-modules (or abelian
sheaf), there is a spectral sequence

BYY = HPU, HI(F)) = HPV(X, )
where H1(F) denotes the presheaf U — H(U, F).

Proof. Choose an injective resolution 7 — Z* and look at the double complex AP9 := CP(U,Z7). By the
lemma, the rows C*®(U,Z9) are exact in positive degree, and in degree 0 we get T'(X,Z?), so

[(X,Z°) — Tot(A**)

is a gis. By definition, I'(X,Z*) computes sheaf cohomology of F, and therefore so does Tot(A**). But the
columns are not exact, and so the (vertical) spectral sequence is

Bt = [ H'WUis,, F) = CPWU, HI(F))
i< <ip
EY* = H(U, H(F)). 0
Corollary 2.4.4. If H(Us,...i,, F) = 0 for all ¢ > 0 and iy, then H"(X,F) = H™(U,F).
Corollary 2.4.5. Let B be a collection of opens and Cov be a set of open coverings of opens of X. Assume:
1. ifUd € Cov, thenU: U =, U; and U,U;, ..., Us,...;, € B;
2. for U € B, the coverings of U in Cov are cofinal;
8. HP(U,F) =0 forp>0 and U € Cov.
Then HP(U,F) =0 for allU € B and p > 0.
Lemma 2.4.6. Let X be affine and F be a quasi-coherent Ox-module. Then H™(X, F) =0 for n > 0.

Proof. Let B be the collection of affine opens Spec A of X. Let Cov be the standard coverings Ui, D(f:)
of affine opens Spec A of X. So to apply the previous corollary, it suffices to check H? (U,F) = 0. But
Flspec 4 = M for some A-module M, and therefore it suffices to show the complex

K.ZO_>M_>HMf’iO—> H Mf'iofil — e

i0 i<ty
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of A-modules is exact in positive degree. It is enough to show exactness after localizing at some prime p, i.e.
if fy is a unit for some g. We will show K*® is homotopic to 0. The homotopy is defined by

I 1<
h: Kp+1 - Kp7 h(s)loz = SLio--ip 0 .
g 0 otherwise.

This definition makes sense because My, ..;, = My, ..;, when fi is a unit. Now compute (dh +

hd)(8)iy...i, = Siy..-i,» and we are done. O

Corollary 2.4.7. If X is a scheme which has a finite affine open cover X = |J!_, U; such that Ui...i,, 18
affine for all p, then H(U,F) = H*(X,F) for all F quasi-coherent.

Remark. For a separated scheme, the intersection of affines is affine. However there are interesting non-
separated schemes where the intersection can still be affine.

2.5 Cohomology of projective space

Johan: “this is the most important calculation in algebraic geometry.”
Theorem 2.5.1. Let A be a ring. Then
A[To,...,Tn]d p= 0
HP(P27O]PZ(CZ)) =40 p#oﬂl
Ey p=mn
where E = ATy, ..., To)[1/To - T,)/ S, AlTo, ..., Tu)[1/To - -~ Ty - - T, is a graded module.

Proof. We have P = D, (Tp) U -+~ U Dy(T},), and the intersection of two D.s is another D, so all
intersections are affine. Let U be this covering. So HP (P, O(d)) = HP(C*(U,O(d))). Call the Cech complex
C®. Recall that O(d) = A[Tp, ..., T,](d)~. Unwinding definitions,

(HATO’M w1/ T, > - 11 ( TO,...,T,J[l/TiOTilOd_>...

Now we do a trick from Hartshorne: take the direct sum over all d. Set

=pcs: HATO,..., 11/T;0) = ] AlTo, ..., Td[1/T3, Ty, ] —

deZ 10<t1
where all the maps are the obvious ones and commute with the Z"*!-grading. It is clear that
HY(K®) = A[Ty,...,T,], H"(K®)=E.

It suffices now to show H*(K®) = 0 for 0 < i < n. We do this by induction on n. Consider the short exact
sequence

0— K* I — K* - K*/T,K* — 0.
Note that K*/T,K* is exactly K* for n — 1. By induction we know its cohomology. So we want to show

0— HO(K®) It HO(K®) — HO(K*/T,K*) =0, 0— H" Y (K*/T,K*) — H"(K*) % H"(K*) = 0
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are exact. For example, take 1/Ty---T,_; in H" }(K*/T,K*®). Via the boundary map, it becomes
1/Ty--- T, € H"(K*®), by tracing out the snake lemma:

anl N anl/Tnanl
0|
Kn Tn Km

and noting that the boundary 0 leaves the term unchanged. Conclusion: H*(K*) I H {(K*) is an isomor-
phism for i # 0,n. Think of H*(K*®) as a module over A[Ty, ..., T,]. Hence H'(K*) = H'(K*®)r,. Localiza-
tion is exact, so this is also H*((K*)r,). But (K*®)z, is the Cech complex for O on Spec A[Ty, ..., T,][1/T}]
covered by D(Tp),. .., D(T,), which we have seen is exact because it is a quasi-coherent sheaf over an affine
scheme. O

2.6 Coherent Oy-modules

Definition 2.6.1. Let f: X — Y be a morphism of schemes.

1. If Y is affine, we say X is projective over Y iff there exists n > 0 and a closed immersion X — Py
over Y.

2. We say f is locally projective iff for all V C Y affine open, f~1(V) is projective over V.

Lemma 2.6.2. If a: W — Z is an affine morphism of schemes, then H™(W,F) = H"(Z,a.F) for any
F € Qcoh(Ow).

Proof. Show that RPa.,F = 0 for p > 0. Then conclude immediately by the Leray spectral sequence
EP? = HP(Y,R%,F) = HPTI(X,F). Recall that RPa,F is the sheaf associated to the presheaf V
HP(a'V, Fla1v). But since a is affine, we can pick V such that a=!V is affine, so that stalks of RPa,F are
0. O

Example 2.6.3. If X = Speck, we have Mod(Ox) = Qcoh(Ox) = Vect,. But an interesting subcategory
is the subcategory of finite-dimensional vector spaces, and this corresponds to Coh(Oyx), the category of
coherent O x-modules.

Definition 2.6.4. A scheme X is locally Noetherian iff every affine open is of the form Spec A for A
Noetherian. Equivalently, there exists an affine open cover by spectra of Noetherian rings.

Lemma 2.6.5. Let X be a locally Noetherian scheme. Let F be a Ox-module. TFAE:
1. F is coherent;

2. F is quasi-coherent and for any affine open U = Spec A, we have Fly = M where M is a finite
A-module;

3. F is quasi-coherent and there exists an affine open cover X = Uz U; such that Fly, = Ml with M; a
finite Ox (U;)-module.

Definition 2.6.6. The category of coherent Ox-modules is denoted Coh(Ox), and is a full subcategory of
Qcoh(Ox ), which in turn is a full subcategory of Mod(Ox).

Theorem 2.6.7. Let f: X — Y be a proper morphism (e.g. locally projective) of schemes with Y (and
therefore X, by finite type) locally Noetherian. Then

(F € Coh(Ox)) = (RPf.F € Coh(Oy)).

Example 2.6.8. For example, let Y = Speck for k a field. Let F on P} be coherent. Then dimy H? (P}, F) <
0o, because H” is the pushforward RP f,F for f: P} — Y.
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2.7 Cohomology of coherent sheaves on Proj

Definition 2.7.1. Let (X,Ox) be a locally ringed space. An invertible Ox-module is an Ox-module £
which is locally free of rank 1. Equivalently, the functor — ®o, £: Mod(Ox) — Mod(Ox) is an equivalence
of categories. The set of isomorphism classes of invertible O x-modules is denoted Pic X, called the Picard
group, and is an abelian group under the group law (£,N) — £ ®o, AN. An invertible Ox-module is
trivial if it is isomorphic to Ox.

Let A be a graded ring, and X = Proj A. Let Ox(d) = m Shorthand: write F(d) == F ®o, Ox(d).
Lemma 2.7.2. If A is generated in degree 1 over degree 0, then Ox (d) is invertible and Ox (d)®o, Ox(e) =
Ox(d+e).

Remark. In general, there is a map Ox(d) ®o, Ox(e) = Ox(d + €), but it is not always an isomorphism.

Proof. Write X = (J;c 4, D+(f), so it suffices to restrict to Dy(f). Recall that Ox(d)|p, () = A(d)y =

(Af)a as A(p-modules, and there exists an isomorphism of A y)-modules (Ay)g = (Af)q given by z — fa.
(This is because f € A; and is invertible.) This map is compatible with tensor product. O

Lemma 2.7.3. If A, is finitely generated as an ideal, then the functor M — M from graded A-modules to
Qcoh(Ox) is essentially surjective.

Proof sketch. Key fact: given F € Qcoh(Ox), taking M = P 5, I'(X, F(d)) gives a graded A-module such

that there is a canonical map M — F which is an isomorphism. The A-module structure on M comes from
the composition

Ay x T(X, F(e)) — T(X, 0x(d)) x T(X, F(e)) = T(X, F(e) @0y Ox(d)) — T(X,F(d +e)).

The proof of this fact goes by showing F (D4 (f)) = M), with this choice of M. This in turn is very similar
to the same statement for quasi-coherents on affines. O

Lemma 2.7.4. If A, is a finitely generated ideal and F € Qcoh(X) is of finite type, then there exists r > 0
and integers dy, . ..,d, € Z and a surjection @;:1 Ox(d;) - F.

Proof. Write F = M by the previous lemma. Then F finite type and X quasi-compact implies there exists
N C M a finite graded A-module such that N = F. Now take a surjection 69;:1 A(d;) - N. O

Theorem 2.7.5. Let Ay be a Noetherian ring, A = Ao[Ty,...,T,], and let X = P = ProjA. Take a
coherent sheaf F € Coh(Ox). Then:

1. H(X,F) is a finite Ag-module;
2. HY(X,F(d)) =0 fori> 0 when d > 0;
3. H(X,F(d)) =0 fori>n+1 and all d;

4o Byso HY(X, F(d)) is a finite graded A-module.

Proof. (3) is clear by Cech cohomology. In particular, (3) implies (1) and (2) hold for i > n + 1. We induct
downward on 7. Choose a short exact sequence

O—>g—>@(’)x(dj)—>}'—>0.
j=1
The kernel of a map of coherent sheaves is coherent. Twist the sequence by d:

0—g(d) — éB(’)X(dj +d) = F(d) — 0.

j=1
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By the cohomology computation over P’} previously, statements (1) and (2) are true for the middle term.
The long exact sequence is

— o= H(EP Ox(d; + d)) — H(F(d)) » HT(G(d)) — ---

The induction hypothesis says H'™!(G(d)) is finite, so H*(F(d)) is finite too. Similarly, the first and last
term vanish for d > 0, so does the middle one. Finally, for (4), combine (1) and (2) to show H°(X, F(d)) is
finite for d > 0, and only finitely many modules remain, so the entire sum is a finite graded A-module. [

Theorem 2.7.6. If A is a Noetherian graded ring generated by Ay over Ay, then the theorem above holds
for X = Proj A too.

Proof. Choose a surjection B := Ag[Tp,...,T,] - A, which gives an embedding Proj A N P%. Then we
have H'(Proj A, F) = H'(P%,4.F), and the previous theorem applies. O

Remark. We showed earlier that M +~ M has a right inverse F + @ 5, ['(X, F(d)). This is also a left
inverse once we take into account torsion modules, which get killed. In other words,

GrMod 4 (Ao [Ty, - - ., T,,]) /torsion modules = COh(O]P’ZU)

where GrModf, means finitely generated graded modules. (For example, Mod(k[z])/tors = Mod(k(z)) =
Vect(k(x)).)

2.8 Higher direct images

Lemma 2.8.1 (Induction principle). Let P be a property of qeqs schemes. Assume

1. P holds for affine schemes, and

2. if X =UUV with X, U,V,UNYV gqcqs and U affine and P holds for U,V,U NV, then P holds for X.
Then P holds for all qcqs schemes.

Proof. In this proof, all schemes are qeqs. Write P(X) to mean “P holds for X.” We first show P holds
for all separated X by induction on #(X), the minimal number of affines needed to cover X. Base case:
if ¢(X) = 0,1, this is obvious. For the induction step, write X = U UV with U affine and ¢(V) < ¢(X).
Suppose V' = V3 U--- U Vyy) is an affine open cover. Then UNV = (UNVy)N---N (U N Vyyy), and since
X is separated, this is an affine open cover. Clearly t(U NV) < ¢(V). By the induction hypothesis, we have
the properties P(U),P(V), P(UNV). Hence we get P(X).

Now we show P holds for all X (not necessarily separated) by induction on ¢(X) again. Write X = UUV
with U affine and ¢(V) < ¢(X). Then U NV C U is open, and hence is separated. Hence we get P(U) by
the affine case, P(V') by induction, and P(U N'V) by the separated case. Again we get P(X). O

Proposition 2.8.2. Let f: X — Y be a gcgs morphism of schemes. Then R'f, sends Qcoh(Ox) into
Qcoh(Oy).

Proof. The question is local on Y and so we may assume Y is affine. We will apply the induction principle
with the property P(X) given by “the proposition holds for f: X — Y with Y affine.” We check the
necessary properties.

1. If X is affine, then f: X — Y is affine and therefore R'f,F = 0 € Qcoh(Oy) for F € Qcoh(Ox) and
1> 0.
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2. f X =UUV, then let a := f|y and b := f|y and ¢ = f|yny. Then Mayer—Vietoris gives a long exact
sequence

0= fu(F) = au(Flv) ® bu(Flv) = cu(Fluav) = R fo(F) = R'a(Flu) @ R'b.(Fly) — -+ .
This long exact sequence gives short exact sequences
0— coker(Ri_la* ® R, - R'c,) = R'f, — ker(R'a, ® R'b, — R'c,) — 0,
but Qcoh is closed under ker and coker and extensions, so R’ f,(F) € Qcoh(Oy). O
Corollary 2.8.3. Suppose f: X — Y is qcgs, Y affine, and F € Qcoh(Ox). Then
1. H(X,F) = H(Y,R'f.F), and

2. Rif,F = H(X,F).
Proof. Statement (2) is a consequence of the proposition and statement (1), so it suffices to prove (1). Use
the Leray spectral sequence E5'? = HP(Y, R1f.F) = HPT4(X,F). By the proposition, R?f,F are quasi-
coherent, and by hypothesis Y is affine. So there is only one non-zero column in E5? and the spectral
sequence degenerates to give (1). O

Corollary 2.8.4. If f: X — Y is locally projective and Y is locally Noetherian and F € Coh(Ox). Then
R f.F € Coh(Oy).
Proof. Being coherent is a local property, so there is an immediate reduction ¥ = Spec(Ag), where Ay is

a Noetherian ring, and X < P’} is a closed immersion. Then R f.F = H{(X,F), so it suffices to show
H'(X,F) is a finite Ag-module. This is true because H'(X,F) = H'(P% ,i.F), which is finite as the
cohomology of a coherent sheaf over Proj. (Pushforwards of coherents along closed immersions are coherent,
and this is easy to prove.) O

Example 2.8.5. Take P;. Let F = D,z 0D, 7, O(=2). Fact: if X is qegs, then H(X,—) commutes
with all direct sums. Then dim H(P},F) = dim H'(P},F) = oo. So the above results do not hold for
quasi-coherent sheaves.

Definition 2.8.6. Let X be proper over a field k. If F € Coh(Ox), then the Euler characteristic of F is

dim X
XX, F) = Y (~1)"dimy H'(X, F).
1=0

Lemma 2.8.7. On P}, the function d — x(P}, F(d)) is a numerical polynomial.

Proof sketch. We induct on dimsupp F. Pick s € T'(P},O(1)) cutting supp F by a hyperplane. Then
F % F(1) has a kernel K and cokernel Q that are both coherent, and have lower dimension. By induction,
we get d — x(P",K(d)) and d — x(P", Q(d)) are numerical polynomials. By the additivity of x(P", —), we
get

0= x(P", K(d)) — x(P", F(d)) + x(P", F(d + 1)) — x(P", Q(d)).

Hence d — x(P", F(d)) is a numerical polynomial. O
Corollary 2.8.8. The function d — dim H° (P}, F(d)) is a numerical polynomial.
Proof. By vanishing, dim H°(P}, F(d)) = x (P, F(d)) for d > 0. O
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2.9 Serre duality

Let A be a Noetherian ring. Let X be a scheme projective over A, i.e. there is a closed immersion X < P"
over Spec A. Let d be the maximum dimension of a fiber of f: X — Spec A. Fact: if F € Qcoh(Ox), then
HY(X,F) =0 for i > d+ 1. (This is not an easy fact; we proved it for X = P4.) We are interested in
top-dimensional cohomology H?(X,—): Coh(Ox) — Coh(A). This is a right exact functor, since given a
short exact sequence 0 — Fy — Fo — F3 — 0, we get HY(X, Fy) — HY(X,Fy) — HYX,F3) — 0 by the
fact. However instead of looking at this functor, we look at the contravariant functor F + H¢(X,F)V. This
functor is “bad”: it forgets stuff, is not exact, and does not even have finite cohomological dimension.

Definition 2.9.1 (Bad definition). In this situation, a relative dualizing module wx/4 is an object of
Coh(Ox) which represents this functor H?(X, —)V, such that there are isomorphisms

Hom x (F,wx/a) =5 H (X, F)"
functorial in F € Coh(Ox). In particular, we can define the trace map
trx/a = Quy s (idWX/A): Hd(Xa WX/A) — A

Remark. By Yoneda’s lemma, if wx,4 exists, it is unique up to unique isomorphism. However wx,4 does
not behave well unless f: X — Spec A is flat with fibers CM and equi-dimensional of dimension d.

Remark. Think of the above as a pairing

(,) 7+ Homx (F,wxya) x HY(X, F) = A, (0,8) —~ azr(p)(©).

Warning: that ar is an isomorphism only guarantees the pairing is perfect on the Homx (F,wx/4) side. It
is not true that the pairing is perfect in general. (However over a field the pairing is always perfect.) Using
the trace map, we can write

(0,€) 7 = trx/a(e(§))-
Theorem 2.9.2. X = P9 has a relative dualizing module w = O(—d — 1).

Proof. Set w = O(—d —1). Pick an isomorphism tr: H¢(P%,w) — A (using the computation of cohomology
of projective space earlier). Now define (-,-) » as above. This in turn gives a#’s functorial in F, for all F
coherent.

Step 1: show that ar is an isomorphism if 7 = Ox(a) for some a. Namely we get

Homx(OX(a),Ox(—d—l)) i) Hd(XzoX(a))v

I(X,0x(—a—d—1))=8_oq g1 — (Ea)¥

where recall S = A[Ty,...,Ty] and E = S[1/Tp--- Tqy]/ Z;‘i:o S[1/Ty---Ti---Ty]. So the map ar arises from
the multiplication
S g1 X Eg— F_g_1 = HY(PY, w) 2 A,

which is a perfect pairing of free A-modules.
Step 2: show that ar is always an isomorphism. Pick an exact sequence

=1

(&1 = @Ox(bj)) — (& = @OX(‘”)) = F =0
j=1
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coming from the coherence of F. Then apply the right-exact functor to get
Hom(&1,w) +—— Hom(&p,w) +—— Hom(F,w) +—— 0
agll %l afl
HYX, &)Y +—— HYX,&)" +—— HYX,F)V +——— 0,

using the functoriality of ar. So each of the squares commute. But from step 1 we know the first two
vertical arrows ag, and ag, are isomorphisms, so by the five lemma ar is also an isomorphism. O

Theorem 2.9.3 (“Correct” duality statement). If X is flat over A, then there exists wl/a € Db, (Ox)
such that
RHomx (F,w%,4) = RHoma(RT(X, F), A).

Remark. We recover the relative dualizing module as wy,4 = H N w$ / 1), where H denotes the cohomology
sheaf.

2.10 JO-functors

Definition 2.10.1. Let A, B be abelian categories. A d-functor from A to B is a family {F"},,>o of
additive functors from A to B and for every short exact sequence 0 — A; — As — A3 — 0, maps
§: F"(As) — F"t1(A;) such that:

1. there is a long exact sequence - - - — F™(Ay) — F™(A3) 5 Frtl(A)) — Fnil(As) — - -

2. the §’s are compatible with morphisms of short exact sequences.

Given two d-functors ({F"}, ) and ({G™},d), a map of j-functors is a family of functors {h": F" — G"}
commuting with the § maps.

Example 2.10.2. The only example we know so far of é-functors is the derived functors of a left or right
exact functor.

Definition 2.10.3. An additive functor F': A — B is called effaceable iff for all A € Ob(.A), there exists
an injective map A - A’ in A such that F(u): F(A) — F(A’) is zero.

Example 2.10.4. Let A = Mod(Ox) and B = Ab. Then F = H'(X,—) is effaceable iff i > 1. This is
because there exists enough injectives in Mod(Ox), and H(X,Z) =0 for all i > 1.

Lemma 2.10.5. Let ({F"},68) and ({G™},6) be §-functors. Lett®: FO — G° be a transformation of functors.
If F? is effaceable for i > 1, then t° extends uniquely to a map of 6-functors.

Proof sketch. Suppose we have already constructed ¢* for 0 < ¢ < n. Pick an object A € Ob(A). We want
to construct ¢t"*1: F"+1(A) — G"T1(A). By assumption, we can find 0 — A % A’ — A” — 0 such that
F"*1(u) = 0. Then

Fr(A) ——s Fr(A") —2y prti(4) —2 o prtlyg))

ol

Gn(A!) —— GMA") —2— GrHL(A) —— GnHL(A).

Since the first square commutes, define t"*1: F"*1(A) — G"T1(A) by lifting elements, since F"*1(A) is a
cokernel. Then show it is independent of choice of lift, O
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2.11 Back to Serre duality

Example 2.11.1. Let X/k be a projective scheme of dimension d over a field. We can consider two §-
functors:

1. {Ext’(—,G): Coh(Ox) — Vecty }i>o for any Ox-module G;

2. {H?%(X, —)V};>0, which is a d-functor by taking the dual of the long exact sequence for H~¢(X, —)
(this is why we work over a field).

Lemma 2.11.2. For any coherent G on X/k projective, the functors ExtiX(—, G) are coeffaceable for i > 1.

Proof. Recall that for any F € Coh(Ox), there exists a surjection @;_, O(a;) - F. Note that we can
do this with a; < 0 (but the  might change), because Hom(O(—a), F) = I'(F(a)), which gets bigger as a
becomes more negative. So it suffices to show Ext’ (Ox(a),G) =0 for a < 0. But

Ext’ (Ox(a),G) = H(X,G ®0, Ox(—a)) = H(X,G(-a)) =0 a < 0. O
Corollary 2.11.3. If k is a field and wx/y, is a relative dualizing module on X /k, we get canonical maps
th: Exth (F,wx/w) = H7HX, F)Y

arising from the map ar: Hom}(]—', wx/K) = HAYX, F)V in the definition of the relative dualizing module.
Moreover, these maps are isomorphisms iff the functors {H?~*(X, )V} are also coeffaceable for all i > 1,
by the uniqueness of the lifted maps.

Lemma 2.11.4. On X =P, the functors {H(X,—)V} are coeffaceable.

Proof. By exactly the same arguments as in the proof of coeffaceability of Ext% (—, ), it suffices to prove
that H*~*(P{, Ops(a))¥ = 0 for i > 1 and @ < 0. This is true by an earlier result. O

Remark. We now have a beautiful duality in P¢ (over a field). We have not shown yet that the relative
dualizing module exists for a projective scheme over a field in general, but later we will use the existence of
wx/k to construct it.

Remark. Warning: taking duals of non-finitely presented objects often has unexpected consequences.
Lemma 2.11.5. Following are some general facts about Ext.

1. The formulation of Extfgx (F,—) as the right derived functor of Homo, (F,—) commutes with restric-
tion to opens.

2. (Local-to-global spectral sequence for Ext) There is a spectral sequence EY? = HP(X, E:Etéx (F,G6)) =
Ext} (F, G).

3. If F is finite locally free, then Eztégx(]:,g) =0 fori > 0 and Ext%x(}",g) = Home, (F,G) =
FV ®oy G where FV = Homo, (F,Ox) is also finite locally free. Then the local-to-global spectral
sequence gives Ext'y (F,G) = H"(X,FY Qoy G).

Corollary 2.11.6 (Serre duality for P{). If F is finite locally free, then
HY(PLLFY(—d—1)) = H(PL FY ® wpayy) = Extpa(F,wpa ) = HH(PE, F)Y.

Letev: FY®@F — O be the evaluation map. Since all cohomologies are finite-dimensional vector spaces over
a field, there is a perfect pairing

H'(Pf, FY (=d — 1)) x HI7(PY, F) = HY PR, FY(—d = 1) oy F) =+ HY(P{, Opa(—d — 1)) = k.
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Lemma 2.11.7. If X is locally Noetherian, F is coherent, and G is quasi-coherent, then:

1. Emtlbx (F,G) is also quasi-coherent, and coherent if G is coherent;

2. on U = Spec A C X affine open, Extsz(}',g)b = Ext’y(M, N) where F = M and G = N.
Lemma 2.11.8. Let k be a field. Let P == klxq,...,x,] - A be a surjection. Assume dim A = d.
(A1) For any A-module M, we have Ext's(M, P) =0 fori < n —d.

(A2) Fori=n —d, there is a canonical isomorphism Ext’s%(M, P) = Homa (M, Ext’s"%(A, P)).

(A3) If A is Cohen—Macaulay and equidimensional of dimension d, then Exth(A,P) = 0 if i # n — d.
(Moreover, Exts (M, P) = Ext’y (M, Ext’s"%(A, P)).)

Lemma 2.11.9. If X is projective over k, then X has a dualizing module wx i, and in fact

. n—dy-
iswx/k = Exte (1:Ox, wpn /1)
where i: X — P} is a closed immersion.

Proof sketch (see Hartshorne for more details). By duality on P}, we have an isomorphism of functors (in
F)
HY(X,F)" = HY P}, i.F)" = Extpy (i F, wpp /1)

Use the local-to-global spectral sequence of Ext:
b b . * .
Eg = Ha( 27 g(lﬁtopz (Z*f, W]p:/k)) = EXtPZ (Z*.F, sz'/k)'
Result (A1) of the lemma above implies Sxtl(’gpn (iF, wpz/k) =0 for b < n —d, so the first n — d rows of the
k
spectral sequence are zero. Hence

EXtIgz_d(Z*f, WH:)LL/;C) = HO( Z, 5It%;;(l*]:, wPZ/k))
Result (A2) of the lemma above implies Ext%;;(i*f, wpz/k) =i, Homoy (F,wx/i). Finally,

HO (P} i, Hom(F, Wwx/k)) = HO(X,Hom(]:,wX/k)) = Hom(F,wx/k)- O

Lemma 2.11.10. If X is projective over k and is Cohen—Macaulay and equidimensional of dimension d,
then all the maps _ _ _
th: Ext (F,wxyw) = H7HX, F)Y

are isomorphisms.

Proof. We have seen it is enough to show H4~¢(X,Ox(a))¥ =0 for i > 0 and a < 0. To do this, we use

H'(X,0x(a))" = H"'(P},i.0x(a))" = Extir T (i.0x (a), wip /1)

This is computed by the spectral sequence ES° = H*(Py, 5xtl(’gwn (Ox(a),wpr/k)). Result (A3) of the lemma
k

above says there is only a single non-zero row, at b = n —d. But the terms of the single non-zero row vanish:

Hi( Z,E:ztd(g;;(OX,wPZ /) (—a)) =0. O
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2.12 Dualizing modules for smooth projective schemes

Our goal now is to show that if X/k is smooth projective and irreducible of dimension d, then

d
= O = N\ O
Definition 2.12.1. We define the sheaf of differentials () in several cases, of increasing generality.
L Quey,ani/k = Dieq k21, . .., xn]da;, with universal differential d(f) == >, (0f /0x;)dx;.
2. If A/k is finite type, write A = k[x1,...,2,]/J. Then
Qi = coker(J/J* — @Admi).
i=1

Explicitly, Q2x/; is the free A-module on dzy,...,dr, mod the sub-module generated by the d(f;)
if J = (f1,...,fm). There is a universal differential d: A — €4/, such that the following diagram
commutes:

Kla] — Quan

l l
A —1s Q.

3. Fact: Qa, /1 = (a/k)y, s0 Qayy sheafifies correctly. So if X — Speck is locally of finite type, we can
define QX/k-

Definition 2.12.2 (Alternate definition using universal property). A map D: A — M is a k-derivation
if it is a k-linear map satisfying the Leibniz rule. Then (4, d) is the initial object among derivations
A— M, ie.

Dery (A, M) = Hom4(Q4 5, M).

Definition 2.12.3. We say A/k of finite type is smooth any of the following equivalent conditions hold:
1. Q44 is finite locally free of rank dim A4;

2. when writing A = k[z]/.J, we have J/J? is finite locally free and J/J? — @, Adz; has maximal
rank at every point;

3. Q4 is finite locally free and ker(J/J? — @;_; Adz;) = 0. (Johan likes this definition.)

Example 2.12.4. If A = k[z1,22]/(z122), then 129 — (22 dx1, 1 dze). But then at the point 21 = x5 = 0,
this map J/J? — Adx; ® Adzs is not maximal rank (as a map from a free rank 1 module into a free rank
2 module). In general, we see that a hypersurface A = k[z1,...,z,]/(f) is smooth iff

of o\ _
V(‘f’aajl"..’a‘,];,n/) —@.

Remark. Warning: the definition of smoothness will be different in other texts, but will all mean the same
thing. The equivalence(s) will in general be hard to prove (e.g. formal smoothness).

Proposition 2.12.5. If A — B is smooth, then we have some good properties:
1. A— B is flat (i.e. B is a flat A-module);

2. B is a local complete intersection over A;
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3. for any A — A’, the base change A’ — A’ ® o B is smooth;

4. if A=k is a field, then B smooth over k implies B is reqular. (If B is a regqular finite-type k-algebra
and chark = 0, then k — B is smooth; this is false when chark # 0.)

Example 2.12.6. Let k& = F,(t). The standard example of a regular variety which is not smooth is
B = klz,y]/(x? + y? — t) (which works for p > 2; for p = 2, take k[z,y]/(z® + y? — t)). Compute that
J/J? = B(2® + 4P — t) — Bdx ® B dy has image generated by 2x dx + 0. This does not have a kernel, since
2z is not a zero-divisor in B dx @ B dy. The cokernel is B/(2z)B @ B and therefore not projective (because
B/(2z)B is torsion). Alternatively, the rank jumps at x = 0. Hence B is not smooth at 2z = 0. However,
the local ring there is still regular, because m, = (x,y? —t), and y? — ¢ is generated by x.

Example 2.12.7. Why do we not define “smooth” to mean “Qp /4 is free”? Take B = k[z]|/(xP) where
chark = p. Then J/J? = Ba? — Bdx is the zero map, so Qp/r = Bdr and the kernel is non-zero. So
having a free Q2,4 is not good enough for smoothness.

Example 2.12.8. For what values of A € k is the curve 3 + 23 + 23 — Azoz122 = 0 in PZ not smooth?
1. Method 1: compute V(F, 0y F, 1 F, 02 F).
2. Method 2: affine locally, get 1 + 23 + y3 + Azy, and look at 32?2 — Ay = 0 and 3y? — Az = 0.

2.13 Koszul complex
Definition 2.13.1. Let R be a ring and fi,..., f, € R. Then K¢(R, f1,..., f.) is the complex

0— ATR®T — ... 5 AZROT _y gOr Juor

with maps d(vi A+ Avg) = E;l(—l)jgp(vj)vl A-++AU; A+ Avg. Then (A*R®",d) is a differential graded
algebra.

Definition 2.13.2. We say f1,..., fr is a Koszul-regular sequence iff H.(K,(R, f1,...,fr)) = 0 for
i > 0. (The homology in degree-0 is always R/(f1,..., fr).)

Theorem 2.13.3. If R is Noetherian, then the following are equivalent:
1. f1,..., fr is a Koszul-regular sequence;
2. for allp € V(f1,..., fr), the sequence f1,..., fr is a regular sequence in the local ring R,.

Definition 2.13.4. An ideal I C R is Koszul-regular iff locally, I can be generated by Koszul-regular
sequence. Explicitly, for all p € V(I), there exists f € R\ p such that Iy C Ry can be generated by a
Koszul-regular sequence.

Remark. If I is Koszul-regular, then it is quasi-regular, i.e. I/I? is a finite locally free R/I-module.

Definition 2.13.5. A ring map A — B is a local complete intersection homomorphism iff A — B is
of finite presentation and for any presentation B = Alx1,...,x,]/J, the ideal J is Koszul-regular.
2.14 Closed immersions and (co)normal sheaves

Definition 2.14.1. Let i: Z <— X be a closed immersion of schemes. Then
T :=ker(Ox — i.0z)
is a quasi-coherent sheaf of ideals. The conormal sheaf of Z in X is

CZ/X ="T.
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Remark. There is an equivalence of categories between Mod(Qz) and the subcategory of Mod(Ox) annihi-
lated by Z. So the following lemma uniquely specifies Cz, x, and is the reason why some people define Cz, x
as a sheaf on X by Z/Z2.

Lemma 2.14.2. i,.Cz/x =1/1°.

Proof. Affine locally, we have I C A an ideal where Z = I. Then i*Z = I @4 A/I. Lookat 0 =1 — A —
AJI — 0 and apply I ®4 —, which is right exact, to get I ®4 T 2T — I ®4 A/T — 0. Hence I ®4 A/I is
just I/12. O

Definition 2.14.3. The normal sheaf is CE/X = Homo,(Cx/z,0z).

Definition 2.14.4. We say i: Z — X is a (Koszul-)regular closed immersion iff 7 C Ox is a Koszul-
regular ideal, i.e. affine locally, it corresponds to Koszul-regular ideals.

Lemma 2.14.5. Ifi: Z < X is a regular closed immersion, then the conormal sheaf Cz,x is finite locally
free, and

) 0 i F#c
gxtbx(i*OZ,Ox) = c .
A C\Z//X i=c

where c¢ is the rank of the normal sheaf C}/(/Z (in an affine open where the rank is constant).

Proof. Affine locally, we have seen that Cz,x is finite locally free. Compute affine locally with Z =
Spec(A/I) — X =SpecA and I = (f1,..., fc) with fi1,..., f. a Koszul-regular sequence. Then

Ko(A, f1,..., fr) > AJI

is a finite free resolution. Hence Ext’ (A/I, A) = H*(Homa (K., A)). Note that the Koszul complex K, is
self-dual (up to sign), i.e. there is a pairing

(o )e AFAPE X ATAPC S ACAPC 2 AL () wAD

and (da, B) + (a,df) = 0. So Homa (K., A) = Ke[—c|, where the shifting happens because of the Hom 4.
This gives the vanishing we want, and gives Ext$(A/I, A) & A/I = A°I/I%. Each of these isomorphisms is
not canonical, but the composition is canonical. O

Corollary 2.14.6 (Adjunction formula). Suppose X C P} is a local complete intersection of pure codimen-
sion c. Then

wx/k = Exto,, (1:0x, wpn /i) = Exto,, (1:Ox, Opn) @ wen

C

(i* /\(CX/]P“)V) ® wpn /k
=9, ((/\Nx/pn) ®(’)X i*w]P’Z/k) .

In this situation, wx y, is invertible.

2.15 Dualizing sheaf in the smooth case
Lemma 2.15.1. Ifi: X — P} is a closed immersion and X is smooth over k, then there exists a canonical

short exact sequence
0— CX/]pm — i*Qpn/k — QX/k — 0.
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Proof. Over D (Ty) (set x; == T;/Ty), we get a presentation
0—J—=k[z1,...,2n) = Ox (X N D4 (Tp)) — 0

The definition of X being smooth gives a short exact sequence 0 — J/J?> — @ Bdx; — Qp/r — 0 where
B = 0x(X N D4(Tp)). The same holds over D (T;) and everything glues. O

Lemma 2.15.2. wpn /i = Opnjp(—n —1) = A" Qpn .

Proof 1. On D (T;), the sheaf A" Qpn )y, is free with basis w; = d(To/T;) A -+ A d(f/\TZ) A ANd(TL/T).
Note that if £ = O(1) on P", then on D, (T;) this is free with basis T;, and T3|p, (r,7,) = (T:/T;)T}|p, (1,15
It suffices to check the transition functions of w; are (T;/7;)~ " O

Proof 2. Show that there is a canonical short exact sequence of finite locally free modules (called the Euler
sequence)
0— Q]PZ/k — O(_1)®(n+l) — Opn — 0

where we think of O(—1)®(™*1) as having a basis of “dT;” (although they are not global sections). The first
map sends on Dy (T;)

1 T;
d('l;)T; —dT; — —dT;
( / .7) = Tj TJQ J
and the second map is multiplication by (Tp,...,T,). Then use the general fact that if 0 + A - B —- C — 0
is a short exact sequence of finite locally free O-modules, then A'*® B =2 \"® A @ A" C. O

Corollary 2.15.3. Ifi: X — P} is a closed immersion with X smooth over k, then wx ), = Q%?}CX =
/\dlmX QX/k

Proof. We already know wy ;, = /\C(CX/,C)v ® i*wpn /i, Where ¢ == codimpr X. (This uses that 4 is a regular
embedding, because X is smooth over k.) But this is just A“(Cx/x)¥ ® A" (i*Qpn ) by the previous lemma
and that ¢* commutes with A. By another previous lemma,

is a short exact sequence, so A" i*Qpn /i = A\ Cx/k ®0x N Qx/k- O

Remark. If X — Y is a closed immersion of projective schemes smooth over k, then the previous arguments
show that \"P Qx/x = AP (Nyx/y) ®oy i*Qgﬁ’/pK. This is also called the adjunction formula.

Example 2.15.4. If X C P? is a curve of degree d, then wx/k = Nxp2 @ Ox(—3). But we have

0 — Op2(—d) £, Op2 = i,O0x — 0

where F' € k[Xo, X1, Xo]q is the defining polynomial. So the ideal sheaf of X is Z = Op2(—d), and by
definition Cy/p2g = *Z = Ox(—d). The normal bundle is therefore Nx/p2 = Ox(d). Hence wx/, =
Ox(d — 3). By Serre duality,

dim H' (X, Ox) = dim H(X,wx ;) = dim H*(X, Ox (d — 3)).
Twist the short exact sequence above by Opz(d — 3) to get
0 — Op2(—3) 5 Ope(d — 3) = i, Ox (d — 3) — 0.
The cohomology sequence gives
HY(i,0x(d —3)) = H*(Op2(d — 3)) = k[To, Ty, To]a—3, H"'(i.Ox(d—3)) = H*(Op=(—3)) = k.
Hence dim H'(X,Ox) = dimk[Ty, T1, To]a—3 = (d_g’+2) = (dgl). (Note that we also get HY(X,Ox) =
H'(i,Ox(d — 3)) = k by Serre duality.)
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Definition 2.15.5. Let X be a projective scheme of dimension 1 over k with H°(X,Ox) = k. The genus

of X is
g = dimy H'(X,Ox).

The example above shows plane curves of degree d have genus (dgl). If X is smooth, then we have
g = dimy H(X, Qx/i) and 1 = dimy, HY(X, Qx/k)-
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Chapter 3

Curves

3.1 Degree on curves

Definition 3.1.1. Let X be projective over k a field, and F € Coh(Ox). The Euler characteristic of F
9 dim X
X(F) = x(X,F) = Y (~1)"dim; H'(X, F).
i=0
Remark. Given a short exact sequence 0 — F; — Fo — F3 — 0 of coherent sheaves on X, we have additivity,
ie. x(F2) = x(F1) + x(F3). Hence we can interpret x as a homomorphism y: Ky(Coh(Ox)) — Z. More
generally, if f: X — Spec A is projective and A is a Noetherian ring, then we get a similar map

Ko(Coh(Ox)) = Ko(Coh(Ospec(a))) = KH(A ] Z Y[R f. F

Example 3.1.2. Let X =P}. Then x(Ox(n)) =n+1.

Definition 3.1.3. Let X be a projective scheme of dimension < 1 over k. Let £ be an invertible O x-module.
Then the degree of L is
deg(£) = x(£) = x(Ox).

Remark. Riemann—Roch is built into this definition, because for H°(X,Ox) = k (i.e. the case where we
define the genus g := h'(Ox)),

h?(L) — h' (L) = deg(L) + h°(Ox) — ' (Ox) = deg(L) +1—g
Corollary 3.1.4. If deg(L) > 29 — 2, then h°(L) = deg(L) + 1 — g and h*(L) = 0.

Definition 3.1.5. Let k be a field. A variety is a scheme over k of finite type (locally of finite type and
quasi-compact), separated (diagonal is a closed immersion), reduced (no non-zero nilpotents in local rings),
and irreducible. A curve is a variety of dimension 1.

Remark. Warning: the definition of variety is not the same in every text. For example, some people want
geometrically reduced and irreducible, i.e. stable under base changes. For example, Spec(Q(4)) is a variety
over Spec(Q), but the base change to C gives Spec(C) Xgpec(q) Spec(Q(i)) = Spec(C) U Spec(C) which is
reducible.

Lemma 3.1.6. Let X be a projective curve. Let L be an invertible Ox-module, and let s € T'(X, L) be
non-zero. Then:

1. the zeros scheme Z = Z(s) is nice closed subscheme of X (an effective Cartier divisor of X );
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2. Z — Spec(k) is finite, i.e. Z = Spec(A) and dim(A) < oo;
3. dimg(A) = > oy ord(s)[k(x) : k] where ord.(s) is the order of vanishing of s at x.

Definition 3.1.7. In the setting of the lemma, we define the degree deg(Z) := deg(Z — Spec(A)) =
dimy(A). The degree of L is defined to be deg(L) = deg(Z).

Proof. For any € X, find an affine open U = Spec(B) C X containing z, and get an isomorphism
v: Lly = Op. Set f = ¢(s|y) € Oy(U) = B. Since s # 0, we know f # 0. So f is a non-zerodivisor. An
effective Cartier divisor is a regular immersion of codimension 1, so we have obtained an effective Cartier
divisor. We know Z N U := Spec(B/fB), and these pieces glue because £ 2y Ox gives a quasi-coherent
ideal sheaf. This ideal sheaf does not contain the generic point, so dimZ =0 and Z = {z1,...,2,} is a set
of closed points. If = x;, then by shrinking U we may assume U N Z = {x;}. Suppose x corresponds to
m C B the maximal ideal. If we set

ord,(s) := lengthy (Bm/fBm)

then dimy B/ fB = dimyg, By /fBm = ord,(s)[k(z) : k], because B is supported only at . Now as schemes,
Z =ZyU---UZ,, where on the algebra side we have A = B;/f1B1 X -+ X By / fnBp, and dimy, A is the sum
of the individual dimensions. Finally, take

0= 0x 3L LRy Oz =0

(where really £ ®p, Oz means i,i*L). Since Pic(Z) = {Oz}, this last term really is just Oz. So x(£) =
X(Ox) + x(Oz) and it follows that deg(L) = deg(Z). O

Lemma 3.1.8. Let X be projective over k with dim X < 1. Let £, and Lo be invertible sheaves on X. Then
deg(L1 ®oy L2) = deg(L1) + deg(L2).

Proof. We prove this in the case of X a projective curve. Suppose £; has a non-zero section s; € I'(X, £1).
Then we get 0 — Ox L — Oz, — 0 where Z; := Z(s1). Tensoring with L5, an invertible sheaf, is an
exact functor, so we get

0= Ly L1 R0y Lo — Oy, =0

where the last term remains Oz, because Pic(Z7) is trivial, by the discussion in the proof of the previous
lemma. Hence
X(£1 ®ox L2) = x(L2) + deg(Z1) = x(L2) + deg(L1)

so by the definition of deg(£1 ®p, L2) we are done.

Now suppose £; has no non-zero sections. Choose a closed immersion i: X — PZ. Then Ox(d) =
i*Opn (d). Since Ox(d) for d > 0 has a non-zero section, by the preceding case, deg(L1(d)) = deg(L1) +
deg(Ox(d)) and similarly for (£; ® L2)(d). But now for d > 0, we see £1(d) is globally generated and
therefore has a non-zero section. Hence

deg(L£1®Ls)+deg(Ox (d)) = deg(L1(d)®Lz) = deg(L1(d))+deg(L) = deg(Ly)+deg(Ox (d))+deg(L2). O

Corollary 3.1.9. The degree of an invertible sheaf L on a projective curve is the leading coefficient of the
linear polynomial n — x (X, LZ™).

Proof. By the lemma, this polynomial is just ndeg(L) + x(Ox). O
Remark. This is a pretty good alternative for defining the degree of an invertible sheaf. Also, on a curve, if
the degree is positive, then we can also look at the growth rate of h%(L£L&™). If h°(L) > 0, then deg(L) > 0.

If in addition deg(L£) = 0 (equivalently, h°(L£~!) > 0), then £ = Ox. If deg(£) > 0, then h°(LZ™) > 0 for
some 1 > 0.
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3.2 Linear series

Definition 3.2.1. Let X be a projective curve. Let d > 0 and r > 0. A linear series of degree d and
dimension 7 is a pair (£, V) where £ € Pic(X) is an invertible O x-module of degree d, and V C H°(X, L)
is a vector subspace of dimension r + 1. We abbreviate this as “(£,V) is a ¢5.” If V = H°(X, L), then we
say (£,V) is a complete linear system.

Definition 3.2.2. Given (£,V), we get an Ox-module map V ®; Ox — L given by > s, ® fi — > fis;. If
this map is surjective, we get a morphism

ocvy: X = P =P(V) = Proj(Sym* V)

such that ¢*O(1) = L. The general construction is as follows. Given a scheme X over a base S and a
pair (L, (sg, .., 8n)) where £ € Pic(X) is an invertible Ox-module and s; € I'(X, £) generate £, there is a
canonical map

e =pryv): X = Pg

with ¢*O(1) = L such that T; € T'(O(1)) pulls back to s;. Namely, X = J; X, where X, = {z € X :
s; does not vanish at x}. Then use s; to get an isomorphism

1

Llx, == Ox,, sj+ fij=s;s € Ox, (Xy,).
These glue. (Conversely, a morphism X — PY% gives (so,...,sy) by pulling back Ty, ..., T,.)

Remark. This construction shows that

MOI‘S(X, ]P)g) - {(‘Cv (807 ceey Sn))}/ =

where (L, (S0,...,8n)) = (L', (s),-..,s,)) if there is an isomorphism £ — £’ sending s; to s;. By Yoneda’s

lemma, this means we know P% if we know all line bundles and their global sections. In particular,
Morg(X, Ag) = F(X, Ox)®n.

Lemma 3.2.3. Given (L£,V), then V generates L iff for any closed point x € X, we have V. — H°(X, L) —
HO(X, L|,) is non-zero, i.e. there exists a section in V not vanishing at x. If it is a complete linear system,
then this is equivalent to dimy H°(X,ZL) < dimy H(X, L) where T C Ox is the ideal sheaf of the point x.

3.3 Normalization and normal varieties

Definition 3.3.1. A variety is called normal iff the following equivalent conditions hold:
1. for any non-empty U C X affine open, Ox (U) is a normal domain;
2. for any = € X, the local ring Ox , is a normal domain.

Remark. If X is a curve, then for € X closed, Ox , is normal iff Ox , is regular iff Ox , is a DVR.
Hence X is normal iff X is regular. In characteristic 0, regular is equivalent to smooth, so X is normal iff
X — Speck is smooth. (In any characteristic and any dimension, smooth implies normal.)

Proposition 3.3.2. Given a variety X, there exists a finite birational morphism v: XV — X such that X"
is a normal variety and such that for U = Spec(A) C X affine open, we have v=(U) is the Spec of the
integral closure of A in its fraction field.

Remark. The universal property of the normalization v: X¥ — X is not for all schemes; it is for all dominant
morphisms of normal varieties into X.
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Example 3.3.3. Let X = Speck[z,y]/(z? — y3) = Spec k[t?,t3]. The integral closure is k[t], so the normal-
ization is X := Spec k[t].

Remark. There is an often-used trick: if X is a normal curve, then any non-zero coherent sub-sheaf £ C L
is invertible. This is because the classification of modules over DVRs tells us the stalks are free. Therefore
given (£, V') a g; with r > 1 on a projective normal curve, then £ := im(V®,Ox — L) is invertible of degree
d' <dand V C H(X, L") C H°(X, L) generates L. So we get p(z/,vy: X — P(V) with ¢*O(1) = L'

3.4 (Genus zero projective curves

Situation: k is a field, X is a projective curve over k, and H°(X,Ox) = k. Under these conditions, we are
allowed to talk about genus. Suppose g = 0 = dimy, H'(X,Ox). (Then x(Ox) = 1.) Examples include P},
and any plane curve of degree 1 or 2.

Example 3.4.1. In P2, the curve t3 + 3 + t3 = 0 has no real points. The curve % + ¢} is an irreducible
non-smooth degree-2 curve. (It is singular at [0: 0 : 1]. In fact it is also not geometrically irreducible.) The
curve aX§ +bX§ + X3 = 0 is geometrically non-reduced in P§_, ;.

Remark. Warning: the unique R-rational closed point on T¢ + 77 = 0 on P% does not give us a Cartier
divisor.

Definition 3.4.2. A variety X over k is geometrically P if X/k := X Xgpeck Spec k has property P.
Lemma 3.4.3. If L on X has degree 0, then L= Ox.

Proof. Using Riemann-Roch, x(£) = deg(£) + x(Ox) = 0+ 1 > 0. So £ has a non-zero section. This
section must be non-vanishing, so £ = Ox. O

Corollary 3.4.4. Pic(X) C Z, and it is non-empty.
Lemma 3.4.5. If £ has degree d > 0, then dimy H(X,£) =d+1 and H'(X, L) = 0.

Proof. By Riemann—Roch, x(£) = d+1 > 0. So there exists a non-zero section, giving a short exact sequence
0— Ox = L — Oz — 0 where Z = Z(s). Then H°(Z,0z) = k. Since Oz is a sum of skyscrapers,
HY(X,0z) = 0. Since H'(X,0x) =0, we get H'(X,£) =0 and dim H°(X,£) =d + 1. O

Make the assumption that wx is invertible. For this, it suffices for X to be Gorenstein. Then we get
—1 = x(wx) = deg(wx) + x(Ox). This shows deg(wx) = —2. Taking the dual £ = wY, we get deg(L) = 2,
i.e. 27 C Pic(X). Hence dimy H°(X, L) = 3. (So we have a g3.) Consider 0 - Ox = L — Oz — 0. By
applying global sections, we get 0 — I'(Ox) — I'(£) — I'(Oz) — 0. For every x € X closed, there exists
t € I'(X, £) such that ¢ does not vanish at x.

1. Case 1: if z ¢ Z, then s does not vanish at z.

2. Case 2: if x € Z, then there exists f € I'(Oz) that does not vanish at . Because I'(X, L) — I'(X, Oz),
let t € T(X, L) be a lift of f.

Apply the construction of maps to get ¢: X — P? with ¢*O(1) = £ = W@t and ©* Ty, p* Ty, ©*Ty form a
basis for H°(X, £). Since X is projective, X — P? is proper, and therefore closed. So ¢(X) C P% is closed.
We know dim ¢(X) < 1 and ¢(X) is irreducible. However dim ¢(X) = 0 is impossible, otherwise ¢*O(1) is
trivial instead of £. Hence ¢(X) = Vi (F) for some homogeneous polynomial F' € k[T, Ty, Ts] irreducible.
Let d = deg(F) > 1. Set Y =V (F) as a scheme. Thus we obtain a factorization X Yy 4 P2

Remark. Given ¢: X — P2, how do we determine what F is? View F(Tp,T1,T») € I'(P?,0O(d)). Then
F(s0,51,82) = @*F(Ty,T1, Tz) € T(X, p(O(d))) = T'(X, £2?), and we want to know if this F is zero or not.
We know dimy, I'(X, £2) = deg(L£%?) + 1 = 4 + 1 = 5. But we have monomials s3, s0s1, 57, 5152, 53, S0S2.
Hence there is a linear relation.
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Summary: assume k is a field and X is a projective curve over k with H%(X,0x) = kand H*(X,0x) =0,
i.e. it has genus 0. Assume wy/; is an invertible Ox-module (Gorenstein condition). Then £ = w;eé?kl is a
degree 2 invertible O x-module, h°(L) = 3, and choosing a basis sg, s1,s2 of H’(X, L), we get a morphism
O, (s0,51,55) ° X — PZ which factors through Y = V| (F) where F € k[Ty, Ty, T5] is homogeneous of degree 2
and irreducible.

Theorem 3.4.6. Actually, X =Y. In other words, any Gorenstein genus 0 curve is a conic.

Proof. Let ¢: X — Y be the morphism of schemes. We know £ = ¢*Oy(1). Then LZ" = ©*Oy(n).
Compute
P«(LE") = p.p" Oy (n) = (9.0x) ®oy Oy (n)

by the projection formula (see below). Fact: if f: X — Y is either a morphism of projective varieties or a
locally projective morphism of schemes and all fibers have dimension 0, then f is affine and even finite. (This
comes from Zariski’s main theorem.) Another fact: if f: X — Y is an affine morphism of schemes, then f
is an isomorphism iff Oy — f,Ox is an isomorphism. Last fact: if i: ¥ < P} and Oy (1) = i*Opn (1) and
a: F — G is a map of quasi-coherent Oy-modules, then « is an isomorphism iff T'(Y, F(d)) = T'(Y,G(d))

for d > 0. Applying all of the above to Oy f—#—> v«Ox, it suffices to show
I'(Y,0y(d)) = T(Y,0.0x ®o, Oy(d)) =(X,£%).
Our choice of F' was exactly such that this map is injective for all d > 0. By definition,
dim (Y, 0y (d)) =2d + 1, dimT(X, L) = deg(L®)) +1=2d+ 1
where for the last equality we used crucially that X is genus 0. Hence we have our isomorphism. O

Lemma 3.4.7 (Projection formula). Let f: X — Y be a morphism of ringed spaces. Let G be a finite locally
free Oy -module and F be an Ox-module. Then

f«(F®ox f7G) = (f.F) ®oy G

and in fact,

R f(F ®oy *G) = (R'f.F) @y G.

Proof. This is clear if G = Oi‘?". In general, localize. (To make this cleaner, by adjunction, construct a
global map

[ 1 F @ox [7G = [ (f+F ®@oy G) = F ®ox f7G.

This saves us from having to show the proof is independent of choice of basis.) O
Remark. Picture of all curves:
smooth C non-singular = regular = normal C Gorenstein C all curves.

Note that all curves are necessarily CM, so for curves there is always a dualizing module and a perfect
duality, but the module is not always invertible.

Theorem 3.4.8. If X/k is a singular projective curve with h®(Ox) =1 and h'(Ox) = 0, then
1. X has a k-rational point x which is the unique singular point,

2. the normalization X, of X is isomorphic to IP’,lﬁ,, with k' /k a non-trivial finite extension, and
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3. there is a k'-rational point x' € Pk, mapping to x such that

Speck’ =2’ —— P},

l l

Speck=2 —— X
is a pushout diagram.

Example 3.4.9. If k = k is algebraically closed, ]P’}€ is the only genus zero curve. If k = R, then P} and
T3+ TE +TF =0 and T3 + T7 = 0 are the only genus zero curves.

Example 3.4.10. Over k = Fy or k = Fy, consider Z < P2 x P2 given by X2Y, + X2Y; + X2V = 0, where
the homogeneous coordinates are [Xo : X1 : Xa] and [Yy : Y7 : Ya]. (View Z as defined by a global section of
0(2,1).) Claim: Z is a smooth projective 3-fold over k. We give two proofs of this.

1. Look in the affine piece (Xo # 0) x (Yy # 0). The equation for Z becomes 1+ x2y; + 23y, = 0. This is
smooth by the Jacobian criterion. By symmetry, we only have to check on one more affine open. Let’s
check on (X # 0) x (Y7 # 0). The equation for Z becomes yo + - -- = 0, and again it is smooth by the
Jacobian criterion.

2. Consider pry: P? x P2 — P? and let w: pry|z: Z — P2. The fibers of 7 are smooth because they are
lines. This “implies” 7 is smooth after we show 7 is flat. Now note that Z — P? — Speck is smooth
as the composition of smooth morphisms.

Let v: pry|z: Z — P2, Let n € P? be the generic point. Then the residue field x(n) = k(s, t) is the function
field, where s = Y1 /Yy and t = Y5/Y;. Observe that the generic fiber of v, i.e. the scheme X = Z x., n over
n, is given by X2 + sX? +tX3 = 0. We know X is regular, because Z is. However it is not geometrically
reduced, by base changing to any extension where s and ¢ are both squares. Upshot: in positive characteristic,
generic fibers of morphisms between smooth projective varieties (geometrically good) can be geometrically
non-reduced even though they are always regular. In characteristic 0, such a generic fiber is actually always
smooth, but is not necessarily geometrically irreducible.

3.5 Varieties and rational maps

We first state some facts about properties of curves. These facts will be important later on.
Proposition 3.5.1. Quer an algebraically closed field, every regular variety is smooth.

Corollary 3.5.2. Normal curves are smooth. More generally, given a curve X, the normalization XV is
smooth.

Proposition 3.5.3. If f: X — Y is a finite morphism and Y is projective over k, then X is projective over
k.

Corollary 3.5.4. Given a projective curve X, the normalization X" is a projective curve.
Proposition 3.5.5. Every curve is either affine or projective.

Proposition 3.5.6. If the curve X is affine, then there exists an open immersion X — X with X a
projective curve. If X smooth, then we may pick X smooth.

Definition 3.5.7. Let X and Y be varieties. A rational map from X to Y is an equivalence class of
pairs (U, f) where U C X is non-empty open and f: U — Y is a morphism of varieties, and (U, f) ~ (U, f’)
iff f and f’ agree on some non-empty open U” C U NU’. Notation: f: X -+ Y.
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Definition 3.5.8. A rational map f: X -> Y is dominant iff f(U) is dense for any f = (U, f). This is iff f
sends the generic point of X to the generic point of Y. (This equivalence follows from Chevalley’s theorem.)

Remark. Note that the composition of rational maps does not make sense: the image of the first map may
completely miss the domain of definition of the second map. Luckily, we can compose dominant rational
maps f: U =Y and g: V — Z, by taking go f: f~1(V) — Z.

Definition 3.5.9. Two varieties X and Y are birational iff they are isomorphic in the category of varieties
and dominant rational maps. If f: X -+ Y is a dominant rational map, then we get a map

#
k(X) == x(generic point of X) A k(generic point of V) = k(Y)

where k(X) is the function field of X, and is equal to the fraction field of Ox(U) for any U C X non-
empty affine open, or Ox, = k(n) where n € X is the generic point. (From last semester, we know
dim X = trdeg;, k(X).)

Theorem 3.5.10. The functor

varieties with finitely generated field extensions K/k
. . —
dominant rational maps and maps of fields over k

is an equivalence

Proof. Step 1: check the functor is essentially surjective. Pick K/k in the rhs. Pick generators 61,...,0, € K,
and let A be the k-algebra generated by 61, ...,6, inside K. Then A is a finitely generated k-algebra, and
K = Frac A by construction. So X = Spec A.

Step 2: check the functor is full. Let X and Y be varieties, and k(X) <& k(Y") be a morphism in the rhs.
Pick U C X and V C Y non-empty affine open. Then we have the situation

(X)) «Z— k)

I I

Ox(U) Oy (V).
Pick generators 64, ...,0, for Oy (V) as a k-algebra. Suppose ¢(6;) = a;/b; where a;,b; € Ox(U), with
b; # 0. Then let U’ be the principal open obtained from U by localizing at by, ..., b,, so that
Ox (U)[1/by -+ b,] = Ox (U").
Then Ox (U") <& Oy (V) induces Spec(y): U’ — V, and we are done. O

Corollary 3.5.11. A variety X is rational iff X is birational to P}}. Equivalently, its function field is a
purely transcendental extension of the base field.

Theorem 3.5.12. The construction of the theorem above defines an equivalence of categories

smooth projective curves finitely generated field extensions K/k
and non-constant (so finite) morphisms with trdeg, (K) =1 and maps of fields over k) *

Proof. The functor is essentially surjective: use the facts stated above for curves. The only thing left to show

is that given smooth projective curves X, Y, any morphism X D U Ly ¥ extends to all of X. Put Y < P
Then it is enough to show that X D> U — P™ lifts to X — P". Since dimX =1, X —U = {xy,...,2,} is a
finite set of points. So we can extend the morphism one point at a time. Main point: Ox 5, is a DVR. It is

enough to show that given a diagram
Spec K —— P"

! !

Spec R ——— Speck,
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where R is a DVR over k and K = Frac(R), the arrow Spec(R) — P™ exists. Then apply this to R = Ox 4,
and K = Frac(Ox ;) = k(X).

The morphism Spec K — P" is given by (ag : - : a,) where ag,...,a, € K are not all zero. Pick a
uniformizer 7 € R and write a; = u; 7% where u; € R are units and e; € Z. Wlog, e is the smallest. Then

e1—eq . 6n—60)

(ag:-+:an) = (up:urm el U,T ,

so that we get the desired map Spec R — P". O

Lemma 3.5.13. Given X, Y warieties, points x € X and y € Y, and a local k-algebra map Oy,y — Ox 4,
there exists an open neighborhood U > = and f: U — Y such thaty = f(x) and ¢ = f7: Oy,y — Ox .

Proof. Exactly as in the proof of fullness for the functor from varieties above. O

3.6 Welil divisors

Definition 3.6.1. A Weil divisor D on a smooth curve X is D = vazl n;x; with n; € Z, i.e. a formal
linear combination of closed points x;. The support of D, denoted supp D, is the union of all z; with
non-zero n;. We say D is effective if n; > 0 for every i, and write D > 0. If X is projective, the degree is

deg(D) == > n,.

Definition 3.6.2. Given f € k(X)* (the units in k£(X)), define the divisor associated to f as divx(f) =
div(f) = > ,cx closed OTdz(f)T, where ord, (f) is the order of vanishing of f at z. (This sum is finite because
f € k(X) invertible means f is invertible in a Zariski open, and the complement of a Zariski open in a curve
is dimension 0.) It is determined by the valuation on the DVR Ox ,.

Example 3.6.3. Let X = Al and f = (t —7)/(t —€)'°. Then divx(f)=1-7—10-e.
Definition 3.6.4. Given a Weil divisor D, define Ox (D) to be the sheaf of Ox-modules defined by
U {0} U{f € k(X)*: divy(f) + D|y > 0}.

(If f = 0, the order of vanishing ord,(f) = oo for any z € X.) Note that Ox (D) is an Ox-submodule of
the constant sheaf with value k(X).

Example 3.6.5. In the preceding example of divx (f), we have f € Ox (10 - e)(X).

Example 3.6.6. Ox(—=x) is the ideal sheaf of z: it consists of regular functions which vanish to at least
order 1 on z. On the other hand, Ox () is the sheaf of functions regular everywhere except z, where we are
allowed a simple pole.

Lemma 3.6.7. Ox (D) is an invertible Ox -module.

Proof idea. Pick x € X. Let n be the coefficient of x in D. Pick f € k(X)* with ord,(f) = —n. Then there
exists U 2 x open such that:

1. for all w € U with u # z, we have ord, (f) = 0;
2. Unsupp(D) = {z}.

Then we see immediately that Oy - f = Oy (D). O
Lemma 3.6.8. Given D and f € k(X)*, multiplication by f induces an isomorphism Ox (D) = Ox (D —
divx (f)).

Proof. Immediate. O
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Remark. We are consistently using the fact that if U C X is affine, then Oy (U) = Ox(U) = N,ep Ov,u,
where the intersection happens in k(X). This is true for varieties in general, and just says that a function
is regular in U iff it is regular at each point v € U.

Lemma 3.6.9. There is a canonical isomorphism Ox(D1) ®o, Ox(D2) =2 Ox (D1 + Dsy) given by multi-
plication on sections.

Lemma 3.6.10. If X is projective and smooth, then deg(Ox (D)) = deg(D).

Proof. We know the degree of line bundles is additive, and degree of Weil divisors is additive. So it is enough
to show this in the case D = —x. Then 0 - Ox — Ox(D) — F — 0 where F is a skyscraper sheaf at z
with value k. Hence the degree is 1. (Alternatively, write 0 = Ox(—z) = Ox — i.Ox 4 — 0.) O

Corollary 3.6.11. If X is projective and smooth, then degdivx(f) = 0.
Proof. degdivx(f) = deg Ox(f) = deg Ox = 0, by the isomorphism Ox (f) = Ox(divx(f)—divx(f)). O

Corollary 3.6.12. (X need not be projective, but must still be smooth.) The Picard group Pic(X) is
isomorphic to the group of Weil divisors mod the subgroup {divx(f): f € k(X)*} of principal divisors:

Proof. By a previous lemma, there exists a well-defined map taking a Weil divisor to Pic(X) that descends
to Weil/principal, and by another previous lemma it is additive. If Ox — Ox (D) is an isomorphism, then
the image of 1is f € k(X)* with divx(f) = —D, so we have injectivity. For surjectivity, if £ € Pic(X) has
a non-zero global section, then we get

O%Oxi>£—>£|Z:OZ*>0

where Z := Z(s) is the zero locus of the section s. Set-theoretically, Z = {z1,...,z,}, say with multiplicities
n;. This means

where 7; is the uniformizer for Ox ;,. So in terms of locally trivializing sections of £, the section s vanishes
to order n; in £, i.e. Ox (Y. niz;) = L. By a previous argument, any £ is of the form £ 22 £; ® £5* where
both L1, L2 have non-vanishing global sections. O

3.7 Separating points and tangent vectors

Let X be a smooth projective curve.
Lemma 3.7.1. L is globally generated iff h°(L(—x)) = h°(L) — 1 for all z € X closed.

Lemma 3.7.2. If for all z,y € X (not necessarily distinct) we have h®(L(—xz —y)) = h°(L) — 2, then with
V = HY(X, L), we get a closed immersion oz v: X — P(V).

Proof. By a previous lemma, £ is globally generated, so we get p: X — P(V). We know ¢ is injective
because if 2 # y, then ¢(x) # ¢(y); otherwise the set of hyperplanes passing through ¢(z) and ¢(y) is the
same as the set of hyperplanes passing only through one of them, and therefore has codimension 1. But we
assumed it has codimension 2. So ¢: X — ¢(X) C P(V) is a homeomorphism. To finish, we need to show
Opvy — v+Ox is surjective. Pick z € X. It suffices to check at stalks

Op(v),0(x) = (0:0x)p(z) = Ox

where the equality holds because ¢ is a homeomorphism onto its image. (In general this holds if ¢ is a
closed map with a unique point in the fiber.) Since ¢ is finite, we have (0.Ox ), (s is a finite module over
Op(v),p(z)- S0 Nakayama applies. It is enough to show Ox ,/m,(;)Ox . = k, the residue field at any closed
point of P(V). Take z = y € X. Then there exists an s € V such that s vanishes to order exactly 1 at z. So
M, Ox . contains a uniformizer; if s € V' does not vanish at z, then f = s/s" € Opyy(Dy(s)) maps to
the uniformizer at x. O
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Definition 3.7.3. We call V the complete linear system associated to L.
Corollary 3.7.4. Ifdeg L > 2g+ 1 with V :== H*(X, L), then o v: X — P(V) is a closed immersion.
Corollary 3.7.5. If D is effective and deg D > 2g + 1, then X — supp(D) is affine.

Proof. L = Ox(D) gives p: X — P(V). The section s :== 1 € V vanishes exactly at supp(D). So X —
supp(D) = ¢~ (D (s)). O

Corollary 3.7.6. Any genus 1 (smooth projective) curve is a plane cubic.

Definition 3.7.7. Suppose £1 and Lo are invertible on X. Then we get a multiplication map
HO(X,El) R HO(X,EQ)_>HO(X,£1®£2), 81 X Sg > 8182.
If 51,82 # 0, then s185 # 0. This map does not kill pure tensors.

Lemma 3.7.8. Let pu: Vi ®; Vo — V be a linear map which does not kill pure tensors. Then dimV >
dim V; +dim V5 — 1.

Proof. Let n; == dimV;. Let A" be the affine space whose points are Vi ®j, V2, and C C A;'"™* be the
cone of pure tensors. Then dim C' = ny + ny — 1. By dimension theory, C' intersected with n hyperplanes in
A™™2 passing through 0 has dimension at least n1 + no — 1 — n. Note that the intersection is never empty,
because 0 € C. It will have another non-zero vector if n < ny +no — 1. Hence apply this to the hyperplanes
Ai=0fori=1,...,n where €1,...,¢€, is a basis for V* and \; :=¢; o u. O

Corollary 3.7.9 (Clifford’s theorem). If h%(L) > d+1—g and d > 0, then 2h°(L) < d + 2.

Proof. In this case, h’(wx ® £7!) > 0. By the lemma applied to H*(L) @ H(wx ® L71) = H%(wx), we
get
g> L)+ (h°(L)—d—1+g)—1=2"%L) —d—1+g— 1. O

Remark. If equality holds in Clifford’s theorem, then X is hyperelliptic.

3.8 Degree of morphisms and ramification

Definition 3.8.1. Let f: X — Y be a dominant morphism of varieties of the same dimension. Then the
degree of f is the deg f = [k(X) : k(Y)]. (This is a finite extension because the transcendence degree of
both function fields is the same.)

Lemma 3.8.2. If f: X — Y is a non-constant (and therefore dominant) morphism of projective curves,
then

deg(f*L) = deg(f) - deg(L).

Proof for smooth curves. Let y € Y be a closed point. We will show deg(f*Oy (—y)) = — deg(f), which
is enough by additivity. Choose V' C Y affine open containing y. Then f: U := f~1(V) — V is a finite
(because its fibers are finite) morphism of affine schemes which are spectra of Dedekind domains (because
X, Y are smooth). Then f*Oy(—y) is the ideal sheaf of the scheme-theoretic fiber X, C X. So there is a
short exact sequence

0— f"Oy(-y) - Ox = Ox, =0

Then deg(f*Oy(—y)) = —deg(Ox,). So it suffices to show deg(X,) = deg(f). This follows from the next

lemma. O

Lemma 3.8.3. Let A C B be a finite extension of Dedekind domains. Then for m C A mazimal, we have
dimy(,) B/mB = [Frac(B) : Frac(4)].
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Remark. In fact, if mq, ..., m, C B are the maximal ideals of B lying over m C A, and if e; is the ramification
index of Ay, — Bn,, then

n = [Frac(B) : Frac(4)] = Zez‘fi

where f; == [k(m;) : k(m)]. This comes from B/mB being an Artinian ring and the structure theorem of
Artinian rings.

Definition 3.8.4. Let f: X — Y be a non-constant morphism of smooth curves. Then the ramification
index of f at a closed point x € X is the ramification index of Oy, y;) = Ox s

Remark. If g is a local function on Y defined in a neighborhood of f(z), then
(vanishing order of g o f at «) = (ramification index of f at x) - (vanishing order of g o f at f(x)).

Definition 3.8.5 (Pullback of divisors). Let f: X — Y be a non-constant morphism of smooth curves.
Then define the pullback

f*: Div(Y) —» Div(X), y+— Z (ramification index of f at x) - .
zef~1(y)

Then there is a commutative (by the remark above) diagram

BV~ Div(Y) —— Pic(Y) — 0
f#l f*l
E(X) —22 Div(X) — Pic(X) — 0.

Definition 3.8.6 (Pushforward of divisors). Assume f is finite and X,Y smooth. Then define the push-
forward

f«: Div(X) — Div(Y), Znixi — anf(xl)
Proposition 3.8.7. f, divx(g) = divy(Nmg) where g € k(X)*.
Remark. It follows that there is an induced map Nm: Pic(X) — Pic(Y) given by the diagram

kE(X)* —— Div(X) —— Pic(X) —— 0

| |

kE(Y)* —— Div(Y) —— Pic(Y) —— 0.
There is actually a direct way to construct Nm: Pic(X) — Pic(Y): define

Nm(L) = A"(f.L) ®oy A" (feOx)®7!

where n := deg(f). (View the second term as an “adjustment,” so that if we plug in £ = Ox, we get Oy.)

Lemma 3.8.8. Let A C B be a finite extension of Dedekind domains. Let m C A and my,...,m,. C B lying
over m. Then for b € B we have

orda, (Nmb) = > ordg, (b) - fi.

(See tag 02MJ for a more general statement.)

41



Proof. The lhs is precisely length 4 ((B/bB)n) because

Nm(b) = det(Bp 2 B).

m

Now use that (B/bB)m = @,(B/bB)m, by the structure theorem for Artinian local rings. O

Remark. If f: X — Y is non-constant and X and Y are smooth projective curves, then the composition
Pic(Y) 5 Pic(X) X2 Pic(Y)

is just multiplication by deg(f).

3.9 Hyperelliptic curves

Definition 3.9.1. A curve is hyperelliptic if it has a degree-2 morphism to P'. The gonality of a smooth
projective curve X is the smallest degree d of a non-constant morphism X — P*.

Example 3.9.2. Gonality 1 curves are P!, and gonality 2 curves are hyperelliptic. Gonality 3 curves are
called trigonal curves.

Example 3.9.3. Any genus 1 curve is hyperelliptic: pick any two points 2 and y, and then £ = Ox(z +y)
has h°(L£) = 2+ 1 — 1 and must be globally generated, because otherwise we drop a degree and end up
isomorphic to P!.

Example 3.9.4. Any genus 2 curve is hyperelliptic: the canonical bundle K x has two sections, and every
other line bundle has only one section (cf. Clifford’s theorem).

Lemma 3.9.5. The function field k(X) of a hyperelliptic curve X is a degree 2 extension of k(P') = k(t).
So if char k # 2, then

k(X) =k®y]/(y* — t —a1) - (t —a))
for pairwise distinct a1, ...,a, € k. For chark = 2,
k(X) = kOy]/ (> —y + F(1), f() €k(t) or k@®))/(y* —1) = k(y).

Remark. From this description, we see that whenever t # a;, there will be two points, each with ramification
index 1. When t = a; or 0o, then there will be one point with ramification index 2. We see that

) (r—=2)/2 reven
g_{(r—l)/Q r odd.

3.10 Riemann—Hurwitz

Note that in characteristic p > 0, it can happen that all ramification indices are > 1. For example, take
k = k with characteristic p > 0. Then the map ¢ + ¥ from P} — ]P’,lc is such a map. Keep this in mind while
we prove Riemann-Hurwitz.

Lemma 3.10.1. Let f: X = Y be a non-constant morphism of projective curves. The following are equiv-
alent:

1. k(X)/k(Y) is separable;
2. for all but finitely many (closed) points x € X, the ramification index e, is 1;

3. the module of relative differentials Q1x/y is supported in finitely many points;
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4. [*Qy /e — Qxy1 is non-zero.
Proof. Pick affine opens Spec(A) C Y, and let Spec(B) C X be the inverse image of f. This gives

B —— k(X)

I I

A —— k().

In this situation, commutative algebra gives an exact sequence Q4 ®4 B — Qg — Qp/a — 0. Scheme-
theoretically, the sequence is f*Qy/, — Qx /1, — Qx/y — 0. Taking stalks at the generic point (i.e. localizing
at (0) C B) gives

Qrvy e Dnyy B(X) = Qexy ke = Qux)y/myy — 0.

Because A and B are finite-type k-algebras, and moreover these Qs are finite, in fact of rank 1, the map
J*Qy k. — Qx/ is non-zero iff Qy/y is supported at finitely many points. Field theory fact: k(X)/k(Y) is
separable iff Q;(x)/k(yy = 0 (if you have a double root, you have a non-zero differential). Pick 2 € X closed

and set y = f(x) and consider Oy, ﬁ: Ox ., and take uniformizers 7, and 7.

Schemes fact: (Qx/x)e = Qoy , k- Algebra fact: if A/k is a DVR, essentially of finite type, with residue
field k and uniformizer 7 (i.e. local ring of a curve at a smooth point), then Q4 /, = Adn. This is because
Qa/p is a finite A-module, and for a € A we can write a = A + 7a’ where A € k and o’ € A. Then
da = d\+m(da')4-a’ dr. By Nakayama’s lemma, we conclude dr is a generator of Q4 /;,. We finish by noting
41 cannot be torsion, because the localization at the generic point is {(x)/x, Which has transcendence
degree 1. Then by the classification of modules over a DVR, €4, is free.

By taking stalks at z, we get Qo,. /k ®0y, Ox.e = Qo /k = (2x/v)z — 0. The generator of the first
term is dm,, and the generator of the second term is dm,. We know 7, — uni* where u € Ox , is a unit. So

dmy = d(unts) = 78 du + e,me* tudn, = (78 dmy) (epu + 7y du/dry).

This whole thing iff e, = 1, and eyu # 0. But v # 0, and e,u =0 iff p | ;. Set d, = 1engthoxww((ﬂx/y)x).
We have actually shown
d, = ordp, , ((exu + Tpdu/dm, )wé="). O

Definition 3.10.2. If any of the equivalent conditions of the lemma hold, then we say f is separable. In
characteristic 0, everything is separable. In general (when f is not necessarily separable), there exists n > 0
and a factorization
Fy n
fox X xSy,

such that g is separable. The morphism F¥ Ik arises as follows. Take the Cartesian diagram

xen s X

| l

Fepec i
Spec(k) ——— Spec(k)
where Fg ., is the (p™)-th power map, and note that the resulting map X (") — X is not a morphism over
Speck. The absolute Frobenius Fx: (X,0x) — (X,0x) is idx on topological spaces, and is a — a?
on Ox. It gives a map X — X, so because the diagram above is Cartesian, there is a factorization via
FRp: X — X®") which is the relative Frobenius.

Example 3.10.3. Suppose X C P} is cut out by >._, a; T! =0, with a; ; € k. Then X@®") is cut out by

S a7 =0 and Fitp: X = X0 is given by T; - (T;)"".
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Corollary 3.10.4 (Riemann-Hurwitz). In the situation of the lemma, assume f is separable.
1. There is a short exact sequence 0 — f*Qy ), — Qx/ — Qx/y — 0.

2. Let dy = lengthy  ((Qx/v)z) be the multiplicity of Qxy at x. Then 2g(X) — 2 = deg(f)(29(Y) —
2) + > d, by taking degrees.

3. The relationship between d, and the ramification index e, is that d, > e, — 1, with equality iff p1 e,.

Definition 3.10.5. We say f is tamely ramified if p { e, for all 2 € X (and the residue field extensions
are separable).

Corollary 3.10.6. Let Kx denote the canonical divisor on X, i.e. Qx/, = Ox(Kx), and similarly for
Ky. Then Kx ~ f*Ky + R, where R =) d, - x is the ramification divisor.

Example 3.10.7. Some applications of Riemann-Hurwitz:

1. g(X) > g(Y) (actually this is also true in the inseparable case, by the factorization via the relative
Frobenius);

2. ifg(X)=g(Y)and g(Y) > 2, then deg f = 1,ie. X =Y

3. suppose Y = P! and f(supp R) = {oo}, so that if we assume only tame ramification,

29(X) —2=—2deg(f) + de = —2deg(f) + Z (ex — 1) = —deg(f) — #(points above o),

T 00
which is impossible when deg f > 2;

Example 3.10.8. Consider a hyperelliptic curve y? = (t—ay) - - - (t —a,.). Clearly we have ramification with
e; =2 at ay,...,a,.. So Riemann-Hurwitz gives

29(X) — 2 = 2029(Y) = 2) + 3 (es — 1).

Since the first two terms are even, we see that there is ramification iff r is odd.

44



Chapter 4

Extra stuff

4.1 Picard scheme and Jacobian variety

Let X be a smooth projective curve over k = k. Let z € X (k) be a point.

Definition 4.1.1. The Picard functor Picy/; . is the functor (Sch/k)°P — Set given by

isomorphism classes of pairs (£, «)
S/k — where £ is an invertible Ox s module
and «: Og lmcgﬁ where rg :=x xidg: S — X x S.

The way to think about his is “invertible modules on X x S trivialized along the section z.” Given h: S’ — S
a morphism of Sch/k, define

Pi RO
Picx k. (S) Texse ), Picx/k..(5")
(L,a) — ((X x §" — X x S)*L, suitable pullback of «).
Theorem 4.1.2. The functor Picx ., is representable by a scheme Picy i and there is a universal pair
(Luniv, Quniv) (Where Loy 18 on X X Ex/k; and o ypiv: O&X/k =5 2% Lomivn) such that
Mory,(S, Ex/}c) = PiCX/k;,a:(S)
h PiCX/k,x (h) (ﬂuniw auni'u)-
Remark. The k-points of Picy , are Picx /i, .(Speck) = Pic(X).
Lemma 4.1.3. Picy , is an abelian group object in Sch/k.

Proof. By the Yoneda lemma, the group law on Picy /, comes from the fact that Picx , is really a functor
(Sch/k)°P — Ab via the rule (£,a) - (L',¢/) = (L L, a® ). O

Lemma 4.1.4. There is a morphism of schemes

deg: Picy /), — H Spec(k)
deZ

such that @g@/k = @71(@ parametrizes degree d invertible modules on X.
Remark. If Lo on X/k has degree d, then there is an isomorphism Eg(/k — mg@/k given by £ — L ® Ly.

So these components are all isomorphic k-schemes.
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Definition 4.1.5. The symmetric powers of X are given by Sym?(X) := (X x --- x X)/Sy, where the
symmetric group acts by permutations.

Theorem 4.1.6. Symd(X) is a smooth projective variety over k.

Theorem 4.1.7. There is a universal effective Cartier divisor Dyu;, C X X Symd(X) whose fiber over the
closed point “ry+ -+ xq” (a multi-set of closed points of X ) is the divisor y  x; on X.

Definition 4.1.8. Now we have Ly = Oy ,gyma(x) (D) @ prs(something) where the “something” is to make
it trivialized along x. By the universal property, we get a map Symd(X ) — &C)l(/k such that the point
“1+ -+ x4” maps to Ox(x1 + -+ + x4).

Theorem 4.1.9. For d = g, this morphism is an isomorphism over a non-empty open of @‘g(/k.

Corollary 4.1.10. @;l(/k s a smooth projective variety for all d.
Theorem 4.1.11. If n € Z is coprime to chark, then Pic(X)[n] = (Z/nZ)®%9.

Definition 4.1.12. An abelian variety is a group object in the category of varieties over k which is
projective over k. (Automatically, it is commutative.)

Example 4.1.13. on/k is an abelian variety of dimension g.

Theorem 4.1.14. If A is an abelian variety over k (= k), then A(k)[n] = (Z/nZ)®?dim A,

Proof sketch. Look at the “multiplication by n” map [n]: A — A. The group law is a morphism, so this is
also a morphism. First look at the induced map d[n]: ToA — Tp A, which really is multiplication by n. Since
n is coprime to char k, this is an isomorphism of tangent spaces. Hence [n] is a dominant morphism, and
deg([n]) is well-defined. Because of the group structure, d[n] has maximal rank everywhere, so [n] is étale.
Then A(k)[n] = [n]~1({0}) has deg([n]) points. So it suffices to show deg([n]) = n24™4, To do this, we can
try to prove
)L = L&

for some £ ample on A, because if so, then [n]*c;(£) = nc;(£) and taking powers gives [n]*c; (£)4m4 =
n2dimAc (£)dimA iy the Chow ring. But ¢1(£)%™4 are the same zero cycle, with positive degree because
L is ample. Hence deg([n]) deg(ci(L£)4m4) = n2dimA deg(c; (£)3™4). Finally, to get an ample £ with this
property, use the theorem of the cube. O

4.2 Some open problems

Conjecture 4.2.1 (Hartshorne). Let k be a field. Any codimension 2 closed sub-variety of P} is a complete
intersection for n > 37.

Remark. This is known for codimension 1. It is probably better to assume that it is a local complete
intersection. (This holds in P}* for high n.) There is an analogous conjecture for higher codimension. Also,
37 is way too big; usually it is 6 or 7.

Theorem 4.2.2 (Quillen—Suslin). Any vector bundle on affine space A} is trivial.

Conjecture 4.2.3 (Hartshorne). Any finite locally free Opn-module (vector bundle) of rank 2 splits, i.e. is
isomorphic to Opn(a) @ Opn (b) for n > 37.

Conjecture 4.2.4 (Hartshorne). Let (R, m) be a regular local ring. Let U = Spec(R)\ {m} be the punctured
spectrum of R. Every rank 2 vector bundle on U is trivial, i.e. isomorphic to (’)32, when dim R < 38.

Remark. This conjecture implies the previous one: take R = k[Xo,..., X,](x,,.., x,) 50 that there are
morphisms U — AZ“ — {0} — P}. Then we can pullback vector bundles from P} to U.
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Definition 4.2.5. Given a Noetherian scheme X, we say X has the resolution property iff every coherent
O x-module is the quotient of a vector bundle.

Example 4.2.6. The resolution property holds for X quasi-projective over a field, because then there is an
ample line bundle we can twist by to get more global sections.

Problem 4.2.7. Find a separated finite-type scheme (or algebraic space) X over a field which does not have
the resolution property.

Example 4.2.8. Every smooth variety has the resolution property. (This comes from every divisor on a
smooth variety being an effective Cartier divisor.) However we don’t know this for algebraic spaces.

Remark. The real problem underneath these conjectures seems to be: find X which have “few” vector
bundles.

Theorem 4.2.9 (Totaro). If X is separated of finite type over a field and has the resolution property, then
X 2 (affine finite type k-scheme)/(linear algebraic group).

Problem 4.2.10 (“Jason’s Mathoverflow question”). Does there exist a smooth projective variety X over
C and a smooth morphism f: X — P& which does not have a section?

Remark. The general question here is: can fibers have “interesting” moduli?

Problem 4.2.11. Does there exist an F' € Z[x, . . ., x| homogeneous of degree 3 such that X == Vi (F) C P}
is smooth over 7.2

Remark. In degree 2, we can just take ZoT1 + T3+ + TonTant1- We also have objects which are smooth
proper over SpecZ, e.g. flag varieties, M.
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