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Abstract

These are my live-texed notes for the Spring 2017 offering of MATH GR6657 Algebraic Number
Theory. Let me know when you find errors or typos. I'm sure there are plenty.
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Chapter 1

Motivation

1.1 Primes p = 2% 4 ny?

Which primes p can be written as the sum 22 + 32 of two squares? For p # 2, it turns out p = 22 + 32 iff
p =1 mod 4. Fermat discovered this phenomenon. Similarly,

24 p=a22+2y> < p=1,3mod 8
3#4p=a?+3y* < p=1mod3
2,5#p=212+5y> < p=1,9mod 20.
These results are really phenomena of class field theory. Let’s reinterpret them in terms of number fields.

Write
p=2a>+y’ = (z+iy)(z —iy) € Z[i],

the ring of integers of the number field Q(). So p = 2% + 32 implies the ideal (p) = pip2 decomposes in Z]i].
In general, for the results above, we work with the number field k = Q(\/g) for d = 0,1 mod 4, called the
discriminant of K. These are three possibilities:

pip2  (split), 22 = d mod p has solution
(p)=4p (inert), 22 = d mod p has no solution
p? (ramified), p + d.

In other words, the splitting behavior of p in K = Q(\/ﬁ) is controlled by solving the equation z? = d mod p.
Define the Legendre symbol

J +1 22 = d mod p has solution
<) :=<{ —1 22 =d mod p has no solution
p
0 pld

and recall Gauss’s quadratic reciprocity:

<Q> (p> _ (_1)’%”%1 Vp, q odd primes.

p

Something miraculous is happening here. If we want to solve 22 = ¢ mod p, this is somehow related to
solving 22 = pmod ¢. In a real problem, ¢ is fixed and often very small, so this second equation is much
simpler. For example,

(_3> =41 <— xQEpmod?) <= p=1mod 3,
p



and this is exactly the congruence condition for p = 22 + 3y2. The motivation of class field theory (CFT)
is to generalize this picture. Namely, given a number field K, relate the splitting behavior of p in K to some
congruence condition on p. Some examples:

p splits in Q(v—5) <= p=1,3,7,9 mod 20
p splits in Q(v/'—5,4) <= p=1,9 mod 20
p splits in Q(¢5) <= p=1mod 5.

However, whether there is a congruence condition for whether p splits in Q(+/2) is unknown. One key
difference between this example and the above three examples is whether K/Q is Galois. In addition, the
Galois closure of Q(+/2) is Q(+/2,(3), which has Galois group S3 over Q. This is not abelian, whereas the
other examples are.

Definition 1.1.1. A field extension L/K is abelian if L/ K is Galois and has abelian Galois group Gal(L/K).

Class field theory studies abelian extensions, for which we can always obtain congruence relations de-
scribing the splitting of primes. It gives a vast generalization of quadratic reciprocity called Artin reciprocity.

1.2 A special case of CFT

Recall that the class group Clg of a number field K is
Clk = {fractional ideals of K}/K™.

Eventually we want to understand all abelian extensions of K, but for now let’s look at those which are
unramified, i.e. all the primes of K stay unramified.

Definition 1.2.1. A finite unramified abelian extension L/K is a class field for a subgroup H C Clg if
psplitsin L/K <= [p] € H C Clg.

Theorem 1.2.2. Given a subgroup H C Clg, the class field for H exists and is unique. Moreover, any
finite unramified abelian extension arises as a class field.

Hence there is a bijection
{unramified abelian extensions L/K} +» {subgroups H C Clg}.

This bijection is called the Artin reciprocity map. In particular, Gal(L/K) = Cli /H, and p splits in L/K
iff [p] is trivial in Clg /H.

Example 1.2.3. For K = Q(i), Q(v/—2), Q(v/—3), the class group Cl is trivial, so there is only the trivial
unramified abelian extension. For K = Q(v/—5), the class group is Clx = Z/2. Hence there are the trivial
and the maximal unramified abelian extensions. The maximal one has degree 2.

Definition 1.2.4. The maximal unramified abelian extension of K is called the Hilbert class field of K,
denoted Hg. In particular, Gal(Hg /K) = Clg, i.e. H trivial.

Example 1.2.5. For K = Q(i), the Hilbert class group is the trivial extension, so Hx = K. For K =
Q(v/=5), the Hilbert class group has degree 2, so Hx = Q(v/—5,v/d) for some d. Since Hx must be
unramified over K, we must have d = —1. So Hx = Q(v/—5,1).



1.3 Back to p = 2 + ny?

We know already that
p=2%+ny> = psplits in K = Q(v/—n).
Example 1.3.1. Let n = 5. We stated earlier that
p splits in K = Q(v—5) < p=1,3,7,9 mod 20.

If K had class number one, then every ideal is principal, so this would be precisely the condition for
p = 22 + ny?. But in this case K does not, and 3 and 7 are not valid congruence classes. The failure is that
in the factorization p = p1ps, the ideals p1, po may not be principal.

Theorem 1.3.2. p1,ps are principal iff p1,po split in Hg .

So we see that p = 22+ 5y iff p splits in Hx = Q(+/—5,i). This is again an unramified abelian extension,
from which we get the congruence condition p = 1,9 mod 20.

Example 1.3.3. If we try to do the same for p = 22 + 14y?, we find that Clg = Z/6, and Hg/Q is
non-abelian (even though by definition Hg /K is abelian). There is no simple congruence criterion in this
case.



Chapter 2

Local Fields

Suppose we want to study the number field Q. Then we can take a larger field, e.g. R, such that Q — R. If
we want to study arithmetic problems in QQ, we can study them in R instead. But of course this loses a lot
of information. So we construct local fields Q, for each prime p to recover this information. We call Q a
global field, so that it embeds into each of its local fields. Local fields are much simpler.

2.1 Absolute values and valued fields

Definition 2.1.1. Let K be a field. An absolute value or valuation on K is a function |- |: K — R such
that:

1. [0l =0and |-|: K — Ry is positive;
2. |zy| = |z||y| (so |- |: K* — R is a group homomorphism);
3. (triangle inequality) |z + y| < |z| + |y;

Call (K,|-|) a valued field.

Example 2.1.2. The usual absolute value on R induces an absolute value on Q. In general, given a number
field K, any real or complex embedding of K induces an absolute value on K:

1. for 0: K < R, define |z|, = |oz];
2. for o: K < C, define |z|, = |ox|? (called the normalized absolute value).

Definition 2.1.3. A valuation |- | on K is called non-archimedean if it satisfies the stronger condition
3. (ultrametric inequality) |z + y| < max{|z|, |y|}.

Otherwise, say | - | is archimedean.

Remark. Recall the archimedean property of R: given 0 # x € R, then |nz| > 1 for some n € Z. A
non-archimedean valuation fails to satisfy the archimedean property, since |nz| < |z| by the ultrametric
inequality.

Example 2.1.4. For 0 # a € Q, define ord,(a) to be the power of p in the factorization of a € Z (i.e.
a = prm'd‘ﬂ“). Then ord,(a 4 b) > min{ord,(a),ord,(b)}. So define |a|, = c°¥(*) for some constant
0 <c< 1. Then ||, is an absolute value on Q, called the p-adic valuation. If we choose ¢ = 1/p, it is the
normalized p-adic valuation.



Remark. For a general number field K and a prime p C Ok, we can define a p-adic valuation
laly i= (Np)

where Ny is the norm of p, and ord, a is the order of p in the factorization of the principal ideal (a). These
are all non-archimedean.

Definition 2.1.5. The valuation |-| is discrete if | K*| C R is a discrete subgroup (under the usual topology
on R). All these p-adic valuations are discrete.

Definition 2.1.6. Assume |- | is discrete and non-archimedean. Define
A={re K:|z|] <1} C K asubgroup

U={zeK:|z|=1} C K* asubgroup
m:={z € K :|z|] <1} C A an ideal.

Note that A is a DVR, and therefore a PID with only one non-zero prime ideal m = () for some 7 € A.
The structure of A is therefore very simple.

Remark. An absolute value defines a metric d(z,y) = |z — y| and therefore a topology. A basis of open
neighborhoods of a € K is given by

Bl(a,r) ={z € K : d(z,a) < r}.

Example 2.1.7. Let K =Qand |-| =|-|,. Then z,y € Q are “closer” iff ord,(z —y) is “large,” i.e. z =y
mod a “high” power of p.

Definition 2.1.8. We say two absolute values on K are equivalent if they define the same topology (e.g.
||~ |-]* for every a € R). An equivalence class of absolute values on a number field is called a prime or
a place.

Theorem 2.1.9 (Ostrowski, 1916). There are only the following valuations on Q:
1. | |oo (the usual archimedean valuation);
2. |- |p where p runs over primes.

Remark. We call | - | the infinite prime/place, and | - |, the finite prime/place.

Proof. Let m,n > 1 be integers. Let N = max{1,|n|}. The claim is that [m| < N™°8™/1°8" Then there are
two cases.

1. (Jn| > 1 for all n) In this case, |m| < |n|'°¢™/1°8"  Then |m|''°¢™ < |n|'/1°8" By symmetry, this is
an equality, so let
= Im‘l/logm — |n|1/logn'

Then |m| = c'°8™ = m!°8¢ which is just the usual archimedean valuation raised to some power log c.
Hence |m| ~ |m/losc.

2. (Jn| <1 for some n) In this case, the claim shows |m| < 1 for all m. Then

k
k
b <
= 2|(7)

This implies |z +y| < (k+ 1)"/* max{|z|, |y|}. As k — oo, we get |z + y| < max{|z|,|y|}. Hence |- | is
non-archimedean. Now consider its valuation ring A and maximal ideal m. Then Z C A, somNZ C A
is a prime ideal. So m NZ = (p) for some prime p. Hence |m| = ™ ie. |m|~ |m|,.

o7yl < (k -+ 1) maxc{fal, o]}




To prove the claim, write m = ag + ain + asn® + - - - + a,n” where 0 < a; < n — 1. The triangle inequality
gives

ml < 37 Jagllnf* < n(1+ |n| + -+ [nf") < n(l+7)N".
=0

But the base-n expansion of m has at most log m/logn terms. Hence
Im| <n |1+ logm N'logm/logn,
- logn
To eliminate the constant, replace m by m*. Then taking the k-th root of both sides,

1/k
< (14 128 s,
ogn

As k — oo, the constant term now goes to 1. O
Remark. A similar theorem holds for any number field K. There are three types of places:

1. | - |5 for real embeddings o: K — R;

2. || for complex embeddings o: K < C, which are equivalent for conjugate pairs;

3. |- |p where p runs over all prime ideals of O

Theorem 2.1.10 (Product formula). Let K be a number field, and o € K*. Then using the normalized

valuations,
H lafp = 1.
v place of K

Proof. Suppose K = Q. Note that |«a|, # 1 iff ord,(a) # 0, which happens only at finitely many primes.
Hence the product is a finite product. Because [], |- |,: Q — R* is still a group homomorphism, it suffices
to check the following.

1. (TL, |plo = 1 for primes p) Note that |p|, = 1/p, |p| = p, and |p|; = 1 for other primes I.
2. (I, =1e=1) =1, =1,and | - 1] = 1. -

2.2 Completions

Definition 2.2.1. Say a sequence {a,} of elements in a valued field K is a Cauchy sequence if for every
€ > 0, there exists N such that for all m,n > N,

|am — an| < e.
Say K is complete if any Cauchy sequence has a limit in K.
Example 2.2.2. Consider the sequence
4,34,334,3334,33334, ...
Under the archimedean absolute value, this does not converge. But under | - |,
|am — anls =57 if m > n.

So a,, is Cauchy under | - |5. Since we have |3a,, — 2|5 = 57", we get 3a, —2 — 0, s0 a,, — 2/3 under |- |5.



Theorem 2.2.3. Let K be a valued field. Then there exists a complete valued field K and a homomorphism
K — K such that the absolute value on K extends the absolute value on K and is universal: for every other
complete L which extends the absolute value on K, the morphism K — L factors uniquely through K.

Proof. Define K to be all Cauchy sequences in K mod the equivalence {a,} ~ {b,} if |a, — by | = 0. Then
K has a field structure by term-wise operations, and define |{a,}| := lim |a,|. The map K — K is given by
a— (a,a,a,...). O

Definition 2.2.4. Define @, to be the completion of Q under |- |,. The valuation ring of Q,, is denoted Z,,.
More generally, if K is a number field and p is a prime in O, define K, to be the completion of K under
| - |p, and its valuation ring is denoted Of,,. These are all complete discrete non-archimedean fields.

Definition 2.2.5. Let K be a discrete nonarchimedean field. Some notation:
KoA={zeK:|z]<1}Dm
KoA={zeK:|z|<1} D

Note that A/m 2 A/ is always an isomorphism. We will implicitly make this identification from now on.

Theorem 2.2.6. Let S be a set of representatives of A/m. Let m = (), where 7 is called the uniformizer.
Then every element of K can be uniquely written as

Zami, keZ,a; €8.

i>k

Proof. Let 0 # x € K. We can find y € A% and k € Z such that z = 7%y. So it suffices to write y in such a
form. Since y € A, find a unique ag € S such that

Yy = a mod m.
Then y — ag € mA. Now repeat this process with (y — ap)/m to get a unique a; € S, then as € S, etc. O

Example 2.2.7. Let K = QQ,. Then each element has a p-adic expansion Zizk a;p' with 0 < a; < p—1,
e.g. a_sp ° 4+ a_sp * 4 ---. The elements a; are called p-adic digits.

Example 2.2.8. Suppose p = 2 and consider 1424224234 ... This series converges to lim,, o 2" —1 =
—1€ QQ.

Theorem 2.2.9 (Hensel’s lemma). Let K be a complete discrete non-archimedean field with residue field
k= A/m. Suppose f(x) € Alx], and let f(z) = f(x) mod 7 € k[z]. Assume f = goho in k[z] where go, ho
are monic and coprime. Then there exist g, h € K[x] such that f = gh in K[z] and § = go and h = hg.

Proof. Pick an arbitrary lift of gg, ho to Alz]. Then
f - gOhO € ’]TA[.’EL

i.e. they agree “up to the first digit.” We will inductively increase the precision. Assume there exist gy, h,
such that g, = go and h,, = ho and f — g,h, € 7" Tt A[z]. Write

In+1 = gn + ﬂ_n—i-lu’ hpv1 = hp + "y
where degu < deg gg and degv < deg hg to preserve the property of being monic. Hence we want
7" b, + 7" g, = f — gnhy, mod 772

Rearranging, this is equivalent to wanting
uhy, +vg, =

i.e. we want this equality in k[z]. By Bezout’s theorem, u and v exist. O



Corollary 2.2.10. If f(z) has a simple root o € k, then f(z) has a root 8 € A such that 5 = a.

Corollary 2.2.11. If K is complete discrete nonarchimedean and k = F,, then ¢ — x has q distinct roots
n K.
Proof. Since 29 — x € Fy[x] has ¢ distinct roots, apply Hensel’s lemma. O

Remark. In particular, 2P — z = x(2P~! — 1) has p distinct solutions in Q,. So Q, contains all (p — 1) roots
of unity. More generally, k contains all (¢ — 1) roots of unity.

2.3 Extensions of complete discrete valuation fields

Let K be a complete discrete valuation field. Recall that given a finite separable extension L/K, we have

NpyxB = H of

o: L—L
where L is the Galois closure of L/K.
Theorem 2.3.1. Let L/K be a finite separable extension of degree n.
1. |- |k extends uniquely to a discrete absolute value |- |r, on L.

2. L is complete under | - |L.

3. 18l = \NL/K6|%" for any B € L.

Proof. Let A C K be the valuation ring. Define B to be the integral closure of A inside L. A general fact:
A is a Dedekind domain, and B, as the integral closure, is also a Dedekind domain. Since A is a DVR, it
has a unique non-zero prime ideal p. By unique factorization of prime ideals in Dedekind domains, write
p =p7---p¥, where p,; are prime ideals of B.

Claim: there is exactly one non-zero prime ideal in B. Assume otherwise and let pq,po be two distinct
non-zero prime ideals of B. Find an element /5 € p; with 8 ¢ pa. Then

AlB] Np1 # A[B] N p2

are distinct prime ideals of A[S] containing p. Let f(z) € Alz] be the minimal polynomial of 3. Consider
the reduction f(z) € A/p[r] = k[z]. By Hensel’s lemma, f(x) can only have one irreducible factor; otherwise
the factorization lifts to f(x) € A[x]. So f(x) = g(z)* for some g(z) € k[r] and integer k. So

A[BI/pAIB] = Ala]/(f(x),p) = Klz]/(f(2)) = k2]/(g(x)").

Hence this ring has only one non-zero prime ideal. So there can only be one prime ideal in A[3] containing
p. But this is a contradiction.

Let p = B¢, where B is the non-zero prime of B. It follows that |- |k extends uniquely to the P-adic
valuation on L. The constant is determined by comparison to | - | k.

To show L is complete, take a basis {e1,...,e,} of L as a K-vector space. Suppose {aj} is a Cauchy
sequence in L. Write ay = ag1€1 + -+ + agnen. Then by the ultrametric inequality, {ax;}r is a Cauchy
sequence in K for each i. If ay; = b; € K, then ar, — bie; + -+ + bpey,.

Finally, let L be the Galois closure of L/K, and take § € L. The Galois closure is a finite separable
extension, so what we have proved so far applies to L as well. So

1Bl =18l = loBly, o:L—L
since Galois conjugation does not change the absolute value. In particular, by the definition of the norm

Np/k,
INeyx(B)lx = INpye@Blp= [ leslz= [ 18l =18I%. O

o: L—L o: L—L



Corollary 2.3.2. Let L/K be a separable algebraic extension (of possibly infinite degree). Then |- |k also
extends uniquely to L.

Proof. Note that L is the composite of all finite sub-extensions of L/K. O
Remark. A separable algebraic extension L/K may not be complete, even if K is complete.

Definition 2.3.3. Let L/K be a finite extension of degree n. Write p = 3°. We say this integer e is the
ramification index of L/K. We also have an extension of residue fields ¢ = Op /B — k = Ok /p. We call
f = [¢: k] the residue degree of L/K.

Lemma 2.3.4. Some facts from Dedekind domains:
1. n=ef;

2. e and [ are multiplicative in field extensions, i.e. for extensions M D L D K, we have e(M/K) =
e(M/L)e(L/K) and similarly for f.

2.4 Unramified extensions

Definition 2.4.1. The finite separable extension L/K is unramified if e = 1 (i.e. f = n), and totally
ramified if e = n (i.e. f=1). Unramified extensions are easier to understand.

Proposition 2.4.2. 1. If L/K is unramified, then { = k(ag). If a € Of is such that & = «p, then
L=K(a).

2. If L = K(a), let f(x) € Ok|x] be the minimal polynomial of . If f(z) € k[x] has no repeated root,
then L/K is unramified.

Proof. Let f(z) be the minimal polynomial of a. Then
deg f > [k(ag) : k] =[0: k] = [L : K]

On the other hand,
deg f = [K(a): K] <[L:K].

Hence all inequalities must be equalities. In particular, K (a) = L.
If f(x) has no repeated roots, then by Hensel’s lemma f(x) is irreducible. Then

[L:K]=[K(a): K]=degf=degf=[k(a): k] <[(:k] <[L:K].
Hence all inequalities must be equalities. In particular, [¢: k] = [L : K], i.e. L/K is unramified. O

Theorem 2.4.3. Assume k is perfect. Then there is a one-to-one correspondence

{L/K finite unramified} <> {{/k finite}
L (=0p/9.
Moreover, L/K is Galois iff £/k is Galois. In this case, Gal(L/K) = Gal(¢/k).

Lemma 2.4.4. 1. Given a tower M D L D K, the extension M /K is unramified iff M/L and L/K are
both unramified.

2. Given L/K unramified and L' /K any finite extension, the composite LL' /L' is unramified.

3. Given L/K, L' /K unramified, then LL' /K is unramified.



Proof. Since e(M/K) = e(M/L)e(L/K), the first statement is obvious. B
If L/K is unramified, then L = K (a) and the minimal polynomial f € Ok|z] of a has f irreducible. But
k is perfect, so f(z) has no repeated root. In particular, LL'/L" = L'(a)/L’, and the minimal polynomial g

of « satisfies g | f so g has no repeated root. Hence LL'/L’ is unramified.
Now if L' /K is unramified, then LL'/K is unramified because both LL'/L’ and L' /K are. O

Proof of theorem. We first prove surjectivity. Write £ = k(ay). Let fo € k[z] be the minimal polynomial of
ag. Pick an arbitrary lift f € O/[z] such that f = fy. By Hensel’s lemma, «y lifts to a root a of f. (We
can do this because «y is a simple root, since k is perfect.) Define L = K (o). Then L/K is unramified and
the residue field of L is £.

Now we show injectivity. Suppose L, L’ are two unramified extensions of K with the same residue field
¢. Then LL'/K is also unramified, with the same residue field ¢. But then

[LL':K|=[t:k]=[L:K]|=[L": K].

This implies LL' = L = L'.

Assume L/K is Galois. Write L = K(«) and £ = k(ag) where o = @, and let f € Og|x] be the minimal
polynomial of a. Since L/K is Galois, f(x) splits in L, and therefore f(x) splits in £. Hence ¢/k is also
Galois. The converse follows by Hensel’s lemma.

Finally, since Gal(L/K) stabilizes Oy, we have p;, C Op, and since it acts trivially on Ok, we have
px C Ok. Then automorphisms in Gal(L/K) descend to Op/py = £, and hence there is an induced map

Gal(L/K) — Gal((/k).

The permutation of roots of f(z) corresponds to that of roots of f(z), since L/K is unramified. So this is a
bijection. 0

Corollary 2.4.5. If L/K is an algebraic extension, then there exists a largest unramified subset Koy C L.
Moreover, L/Ky is totally ramified.

Proof. Let K be the composite of all unramified extensions of K. Then L/Kj has trivial residue field
extension by the theorem. By definition, L/Kj is therefore totally ramified. O

Corollary 2.4.6. Assume k =T, is finite. Then there exists a unique degree n unramified extension K, of
K for each n > 1, and
Gal(K,,/K) = Gal(Fyn /F,) = Z/n.

Proof. Fyn /F, is the unique degree n extension of F,,. O

Definition 2.4.7. Let 0 € Gal(K,,/K) correspond to the automorphism z — 27 in Gal(Fyn /F,). We call o
the Frobenius in Gal(K,,/K). Explicitly,

o(a) =a” mod pg, Va € Ok, .

Corollary 2.4.8. Assume k =F,. Then the mazimal unramified extension of K is

K" = |J K(Gn)
(m7p):1
In particular, Q)" = U, =1 Qo (Cm)-
Proof. F, = U(m,p):1 Fy(Cm). In fact, every element of Fy satisfies zd""1—1=0. O
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2.5 Totally ramified extensions

Definition 2.5.1. A polynomial f(x) = a,2™ + -+ 4+ a1z + ap € K|[z] is Eisenstein if
lan] =1, |a;| <1Vi=1,...,n—1, |ag| =]

In other words, 7 { an, 7 | a;, and 7 || ag (exactly one factor of 7 goes into ayp).

Lemma 2.5.2 (Eisenstein’s criterion). If f(z) is Eisenstein, then f(x) is irreducible.

Remark. Given a Eisenstein polynomial f(z), all of its roots are Galois conjugate and therefore have the
same absolute value. In particular, because their product is |r|, it follows that this absolute value is |7T\1/ ",

Proposition 2.5.3. Suppose L/K is finite. Then L/K is totally ramified iff L = K (&) for a a root of some
Fisenstein polynomial in K|[z].

Proof. If L = K(a) for a a root of f(xr) € K[z] Eisenstein, then ||/ = |r| by the preceding remark.
Hence

L K] > e(L/K) > deg f = [L: K],
and equality must hold and L/K is totally ramified. Conversely, if L/K is totally ramified, Take the
uniformizer o of L, i.e. pr, = (a). Then p} = px and (o) = (7). Hence |a| = |7|*/". Look at 1,a,...,a" L.
They cannot be linearly dependent over K because they have absolute values |x|°, |7/, ... |x|»=D/" so
they are exactly representatives of the cosets |L*|/|K*|. (In other words, if

ao+ara+ -+ an_1a" 1 =0, «a; €K,
then there cannot be two a;a’ with the same absolute value.) So there must be a relation
ag+aja+ -+ an_1a”+a” =0.

The cancellation in the absolute value must occur in ag and o™, so |ag| = |@"| = |7|. Cancellation cannot
happen in the middle terms, so |a;| < 1. Hence « satisfies an Eisenstein polynomial. O

Lemma 2.5.4 (Krasner’s lemma). Let f(z) = Y. a;2%, g(z) = Y. bz’ € K[z]. Assume |a; — b;| sufficiently
small. Then

{k(a) : a a root of f} ={k(B): B a root of g}.

Proposition 2.5.5. Assume k is finite. Then there are only finitely many totally ramified extensions of K
of degree n.

Proof. By the previous proposition, all totally ramified extensions are given by an Eisenstein polynomial of
degree n. By Krasner’s lemma, an Eisenstein polynomial )" a;z" defines a totally ramified extension, and
this extension only depends on a; mod p¥ for sufficiently large N. But O /p¥ is finite. O

Corollary 2.5.6. Assume k is finite. Then there are only finitely many extensions of K of degree n.

Remark. This is obviously not true for other fields, e.g. K = Q.

2.6 Local class field theory

Definition 2.6.1. A local field is a field K with an absolute value such that K is locally compact (under
the induced topology of | - |).

Remark. Recall that a topological space is compact iff any open cover has a finite subcover. It is locally
compact iff every open neighborhood of every point contains a compact neighborhood. For example, R and
C are locally compact. A metric space is compact iff it is complete and totally bounded (i.e. for any r € R,
there exists a finite cover by balls of radius r). Similarly, a metric space is locally compact iff all closed balls
are compact. In particular, local fields are complete.
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Lemma 2.6.2. Let K be a complete discrete valued field. Then K is locally compact iff K has finite residue
field.

Proof. Assume K is locally compact. Then O = {z € K : |z| < 1} is a closed ball, and therefore is
compact. It contains an open ball mx = {z € K : |z < 1}. By compactness, Ox = U,co, /m, (¢ + M)
has a finite subcover, i.e. Ok /mg is finite.
Conversely, suppose K has finite residue field. Then Og/m% is finite, by inductively using the short
exact sequence
0— m?{l/m’}( = Ok /mig — O /my — (’)1;(/111"1,(_1 — 0.

Then the balls B, , = {z € K : |z — a|] < r} cover Ox where a runs over all representatives of Ox /m}
for sufficiently large n. But Ox /m7 is finite, so Ok is totally bounded and therefore compact. Hence K is
locally compact. O

Theorem 2.6.3. FEvery local field is one of the following:
1. R or C;

2. a finite extension of Q, for some prime p;

3. the field Fpn ((T')) of Laurent series over Fpn, for some prime p and some n > 1.

Proof. Suppose the local field K is archimedean. There is an injection Q — K. Since K is complete,
R < K. By local compactness, K/R must be a finite extension. Hence K is either R or C.

Suppose the local field K is non-archimedean. If char K = 0, then Q — K. Since K is complete,
Q, — K. By local compactness, K/Q, must be a finite extension. Otherwise if char K = p, then F, — K.
Write the residue field as [Fp» for some n, since it must be finite. Then

K= {Z anm" 1 k €7, a, € S a representative of Ok /m }.
n>k
Observe that F,» < K by Hensel’s lemma. So actually,
K={) an": k€L, a, € Fp}=F,((T))
n>k

under the isomorphism 7 < T. O

Remark. The goal of local class field theory is to classify all finite abelian extensions of K for K a non-
archimedean local field. (Recall that a field extension L/K is abelian iff L/K is Galois and Gal(L/K) is
abelian.)

Lemma 2.6.4. If L1 /K and La/K are both abelian, then L1Ly/K is also abelian.

Definition 2.6.5. Let K2 be the union of all finite abelian extensions of K. It is the maximal abelian
extension of K. We want to understand Gal(K®/K) in terms of K* itself.

Theorem 2.6.6 (Part I of local CFT, local reciprocity). Assume K is a non-archimedean local field. Then
there exists a unique homomorphism ¢ : K* — Gal(K*"/K) such that:

1. for any uniformizer = of K and any finite unramified extension L/K, the image of ¢x(w) in the
quotient Gal(K**/K) — Gal(L/K) is given by the Frobenius in Gal(L/K);

2. for any finite abelian extension L/K, the map ¢ factors as
K~ 2K, Gal(K™/K)

l |

K%/ Nm(L*) 225 Gal(L/K)

where ¢,/ s an isomorphism. Here Nm: L* — K* is the norm map.
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Remark. This map ¢k is called the local Artin reciprocity map.

2.7 Norm groups

Definition 2.7.1. A subgroup of K* of the form Nm(L*) for some finite abelian L/K is called a norm
group of K*.

Remark. We recall some Galois theory before continuing. Suppose €2/ K is a possibly infinite extension. We
say /K is Galois if it is algebraic, separable, and normal. Note that Q/K is Galois iff 2 is the union of
finite Galois extensions. We have

Gal(Q/K)={0: Q= Q:0|x =id} = Jim Gal(L/K).
L/K finite Galois

So Gal(2/K) is an example of a profinite group, i.e. an inverse limit of finite groups. There is a profinite
topology on Gal(€2/K) making it a topological group. A basis of open neighborhoods of 1 in Gal(Q2/K) is
given by Gal(2/L) where L/K is finite.

Theorem 2.7.2 (Galois theory for infinite extensions). Fiz Q/K Galois. Then there is a bijection

{L/K sub-extension} <> {closed subgroups of Gal(Q/K)}
L+ Gal(Q2/L)
o |

Moreover,
{L/K Galois} <+ {normal closed subgroups of Gal(2/L)}.

Remark. Note that if L/K is finite, then Gal(2/L) is open. In a topological group, open subgroups are
always closed, so Gal(2/L) is closed.

Proposition 2.7.3. 1. Nm(L;) N Nm(L2) = Nm(L; Ls).
2. Ly C Lo iff Nm(Ly) D Nm(Ls).
3. Nm(L1)Nm(Lg) = Nm(L; N La).
4. Every subgroup of K* containing a norm group is also a norm group.

Proof. Clearly Nm(L;Ly) C Nm(Lq) by transitivity (take the norm in the extension LjLs/L; first) and
similarly for Nm(Ls), so Nm(L;L2) C Nm(Lq) N Nm(Ls). Now suppose a € Nm(L;) N Nm(Lz). Using the
local Artin map, a € ker(¢r, /x)Nker(ér, k). In other words, ¢ (a)|r, = ¢x(a)|r, =1, s0 ¢x(a)lr,r, = 1.
Then a € Nm(LiLo) = ker(¢r, 1,/x). So Nm(L1Lo) D Nm(Ly) N Nm(Ls).

Clearly if Ly C Lo, then Nm(L;) D Nm(Lz). Conversely, Nm(L;) "Nm(Lz) = Nm(Ls), and by part (1),
this intersection is Nm(Lj Ly). Using the local Artin map, [K* : Nm(L*)] = [L: K|, so [L1Ly : K] = [Ls :
K] Hence [L1L2 : LQ] =1,i.e. L1Ly = Ly, s0 Ly C Ls.

Assume H O Nm(L). Let M be the fixed field L#2/x(H). (Note that ¢, (H) C Gal(L/K).) By Galois
theory, H/Nm(L*) = Gal(L/M). Using the Artin map, Nm(M™) = ker(¢n/x) = ¢/ x(Gal(L/M)) = H.

Finally, Nm(L;) Nm(Lz) is the smallest norm group containing Nm(L;) and Nm(Lsz). On the field
side, we therefore want the largest field contained in Ly and L. This is Ly N Ly. Hence Nm(Lqy N Ly) =

Proposition 2.7.4. Let L/K be any finite extension. If Nm(L*) is finite index in K>, then Nm(L*) is
open in K*.

Remark. In general, a finite index closed subgroup is open. Also, in general, every open subgroup is closed.
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Proof. Tt suffices to show that Nm(L*) contains an open subgroup Nm(O;). We know O is a closed
subspace of Or,. But Oy, is compact, so O is also compact. Now note that Nm(Oj ) = Nm(L*)NOj (since
the norms must have valuation 1). Hence Oy /Nm(Of) — K*/Nm(L*) is an injection. By assumption,
the rhs is finite. So the lhs is also finite, and Nm(O;) is finite index in Q). But Of is compact, so Nm(O})
is also compact and closed. Therefore Nm(O;) is open in Of. O

Theorem 2.7.5 (Part II of local CFT, local existence). Every finite index open subgroup of K is a norm
group.

Corollary 2.7.6. There is a one-to-one correspondence

{L/K finite abelian} < {finite index open subgroup of K™}
L — Nm(L>),

and Gal(L/K) = K*/Nm(L*).

Remark. The corollary also holds for K archimedean, i.e. R or C. This is easily checked, because R/R
corresponds to R* C R*, and C/R corresponds to R<g C R*. Finally, C/C corresponds to C* C C*, and
there are no non-trivial finite index subgroups of C*.

Remark. If char K = 0, i.e. K is a finite extension of QQp, then any finite index subgroup of K* is automat-
ically open. In particular, the bijection becomes

{L/K abelian of degree n} < {index n subgroup of K*/(K*)"}.

The reason for this is as follows. Given H C K finite index, H D (K*)™. So to show H is open, it suffices
to show (K*)™ contains an open subgroup. But (K*)” > 1+ m* for some k, because 2™ —a = 0 has a
solution when a € 1+ m* for sufficiently large k (by Hensel’s lemma when p { n, and by the stronger version
of Hensel’s lemma otherwise).

Remark. If char K = p > 0, then finite index does not necessarily imply open.
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Chapter 3

Galois cohomology

3.1 Group cohomology

Definition 3.1.1. Let G be a group. A G-module is an abelian group M together with a G-action
G x M — M given by (g, m) — gm such that:

1. g(x+y) =gz +gy for g€ G and x,y € M;

2. (gh)(x) = g(hz) for g,h € G and © € M;

3. 1(z) = z for x € M, where 1 € G is the identity.
We say the G-action is trivial if gr = = for all g € G and x € M.
Remark. The G-action defines a homomorphism G — Aut(M).

Example 3.1.2. If L/K is a Galois extension, let G = Gal(L/K). Then M = L* (or L) is a G-module,
via the usual Galois action.

Definition 3.1.3. The group algebra Z[G] is the free abelian group with basis given by the elements in
G and multiplication given by

(ngi) ' <ijhj> =Y nimy(gihy).

Then a G-module is the same as a Z[G]-module. In other words, Mode = Modzg). Write the homomorphisms
in Modg as
Homg (M, N) == {¢: M — N group homomorphism : ¢(gz) = gp(x)}.

Definition 3.1.4. The motivation for group cohomology is to study the G-invariants
MC ={zxecM:gx=aVYgeG}

Example 3.1.5. Let G = Gal(L/K) and M = L*. Then M“ = K>, by the definition of the Galois group
G.

Remark. Note that we can identify M% := Homg(Z, M) where Z is regarded as the trivial G-module. Hence
(—)¢ = Homg(Z, —) as functors. We therefore see that (—)& is left-exact, by the left-exactness of Hom.

Definition 3.1.6. For every i > 0, define the 7-th group cohomology H" (G, M) = Exty(Z, M). (Here
Exty)(Z, —) is the right derived functor of Homg(Z, —).)

Remark. Concretely, the following three properties characterize H" (G, —):
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1. H°(G,M) = M®, by construction;
2. if I is an injective G-module, then Homg(—, I) is exact and therefore H" (G, I) = 0 for all r > 1;

3. to every short exact sequence 0 -+ A — B — C' — 0, there is a long exact sequence in cohomology

0—AY - B - Y - HYG,A) — H'(G,B) - H(G,C) - H*(G,A) — --- .

Remark (Computing using injective resolutions). We can compute H" (G, —) using injective resolutions.
Given a G-module M, take an exact sequence

0—-M—=1"=T1T"—1*— -

where all the I* are injectives. Then apply (—)¢ to get
0= (19¢ Ly (116 Ly (126 5 ..

Then H" (G, M) =kerd"/imd"~*.
Remark (Computing using projective resolutions). Extyg(Z, M) can be computed as the cohomology
H"(Homg ¢ (Z, I*)) where I* is an injective resolution of M. However, we can also use a projective resolution
P, of Z to compute

Extg[a] (Z, M) = H"(Homgg)(Ps, M)).

Definition 3.1.7. Take a particular free resolution of Z:

r+1 copies

——
P, =7Z[G x - xG], g(g0,---,9r) = (990, -, 99r)-

We see that P, is a free Z[G]-module. Define the differential
dr: Pr — Prflv (907"'397‘) — Z(_l)r(g()v"'vg\iv'”,gr)~
=0

Then P, — P,y — --- = P; = Py — Z is a free resolution of Z as Z[G]-modules. Then H" (G, M) =
H"(Homg (P., M)). Explicitly,

Homg (P, M) = {o: G"*" = M : ©((990, - - -, 99r)) = 9¢(go,---,9r)}-

We write C'T(G7 M) := Homg (P, M), and call its elements homogeneous cochains of G valued in M.
The differential is

r+1
d": CT'(G’ M) - OT+1(G7 M), p = dT(SO) = ((907 e 7g’l“+1) = Z(_l)z@(g(h s 7.é\i> cee 79T+1)) .
=0

Definition 3.1.8. Note that a homogeneous cochain ¢: G"™™* — M is determined by its value on elements
(1,91,9192, 919293, - - -, g1 - - gr). Define the inhomogeneous cochains C"(G, M) = {¢: G" — M }. Under
the identification C" (G, M) = C"(G, M), the differential becomes d": C" — C" T, given by

T
d"()(g1s-- -5 gr11) = G192, - -, gr41) + Z(*l)lw(gl, o Gi=1, 9i9i+1, Jit2, - - -, Grt1)
i=1

+ (=) o(g1,- -, gr)-

We call Z"(G, M) := kerd" the cocycles, and B"(G, M) := imd"~! the coboundaries. Then H" (G, M) =
Z"(G,M)/B"(G,M).
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Example 3.1.9. We can explicitly compute some low-degree groups. For example,

ZNG, M) ={p: G — M :d'¢ =0}
={p: G = M : g19(92) — ¢(9192) + ¢(g1) = 0}
={p: G—= M :p(g192) = g10(92) + ¢(g1)}-

Such homomorphisms ¢: G — M are called crossed homomorphisms. Similarly, we can compute
BY(G,M) ={d’¢:¢: G* = M} ={p: G— M : ¢(g) = gm —m for some m € M}.
Such homomorphisms ¢: G — M are called principal crossed homomorphisms. Hence
H*(G, M) = {crossed homomorphisms}/{principal crossed homomorphisms}.

Example 3.1.10. If M is a trivial G-module, then the crossed homomorphisms from G — M are precisely
the usual homomorphisms G — M, since g1o(g2) = ¢(g2). Similarly, since gm = m for every m € M, the
only principal crossed homomorphism is the zero map. Hence H'(G, M) = Hom(G, M).

3.2 Induction and restriction
Definition 3.2.1. Let H < G be a subgroup, and M € Mod(H). The induced G-module is
nd$ M = Homy g (Z[G], M) = {p: G — M : p(hg) = ho(g) Vh € H, g € G}.

Then Ind§ M € Mod(G), where G acts on Ind$y M by (g - ¢)(z) = ¢(zg), i.e. via the right action.

Remark. Note that ¢ € Ind$ (M) is determined by its value on coset representatives S of H\G. So as an
abelian group, Indg M = ngs gM.

Proposition 3.2.2. Consider Ind$: Mod(H) — Mod(G) as a functor-
1. (Frobenius reciprocity) For M € Mod(G) and N € Mod(H),
Home (M, Ind$ N) = Hompy (Res$ M, N),
where Resg M is M regarded as an H-module (i.e. Indg is the right adjoint of Resg).
2. Indfl 15 exact.

3. Indf[ preserves injective modules.

Proof. Given a € Homg(M,Ind$ N), define 3: Res M — N by m — a(m)(1g). We must check 3 is
H-equivariant. But clearly S(hm) = (ha(m))(lg) = a(m)(h) = h(a(m)(lg)) = hB(m), since a is G-
equivariant. Conversely, given 8 € Hompy (Res$ M, N), define a: M — Ind§ N by m — (g — B(gm)).
These two maps a +— 3 and  — « are inverse to each other.

Since Indg is a right adjoint, it is left exact by abstract nonsense. So it suffices to show it preserves
surjections. Suppose M — N is a surjection of H-modules. Take S = H\G to be the coset representatives.
Maps ¢ € Ind% N are defined by the values ¢(s) € N for s € S. Take @(s) € M to be lifts of ¢(s) € N,
using the surjection M — N. Then ¢ € Indg M and ¢ — ¢, so Indg M — Indg N is a surjection.

Take I € Mod(H) injective, so that Hompy(—,I) is exact. By Frobenius reciprocity, Hompg(—, ) =
Homg (—, Ind% I). Hence Ind$ T is also injective. O

Proposition 3.2.3 (Shapiro’s lemma). For any r > 0, we have H"(G,Ind$; N) = H"(H, N).
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Proof. Take an injective resolution N — I°®. Then by the previous proposition, this gives an injective
resolution Ind$ N — Ind$ I*. So

H"(G,Ind§ N) = H" (Homy|(Z, Indf I*)) = H" (Homgyy(Z,1°)) = H"(H,N). O
Definition 3.2.4. A G-module M € Mod(G) is called induced if M = Ind¥ M, for some abelian group
M.
Remark. If G is a finite group, then Indf My = Z[G] ®z My, which as an abelian group is EBQGG gMy.
Concretely, the map is ¢ — > ;g ® w(g™1).
Corollary 3.2.5. If M is an induced module, then H" (G, M) =0 for r > 0.

Proof. By Shapiro’s lemma, HT'(G7Ind? My) = H"(1,My). If r = 0, then H°(1, My) = (My)* = My where
here (—)! denotes invariants under the trivial group. But this functor is exact, because it is the identity
functor. Hence higher cohomologies vanish. O

3.3 Functorial properties

Definition 3.3.1. Let M € Mod(G) and M’ € Mod(G"). Given a: G’ — G and 8: M — M’ such that they
are compatible, i.e. S(a(g')m) = ¢'8(m), we get a homomorphism of cochain complexes

C*(G,M)— C*(G',M'"), o~ Bopoa.

This induces a homomorphism H" (G, M) — H"(G', M'). We will define three specific cases:

res

1. the restriction map H" (G, M) — H"(H, M), given by a: H — G and 3 = id;

2. the co-restriction map H"(H, M) <> H"(G, M), defined when [G : H] < oo, given by a = idg and
B: Ind% (Res$ M) — M where ¢ — D gem\G ge(g™1);

3. the inflation map H"(G/H, M) 1nf, H"(G, M), defined when H is normal in G, given by a: G —
G/H and 3: MH — M.

Proposition 3.3.2. The composition corores: H" (G, M) — H"(G, M) is multiplication by [G : H].

Proof. By construction, corores arises from o = idg and f: M — IndeM — M. We can compute [
explicitly:

mes (p: g gm) s Y gelg™)= Y m=[G:Hm.
geH\G geEH\G

(So in fact this is multiplication by [G : H] at the level of the cochain complexes.) O
Corollary 3.3.3. If G is finite, then H" (G, M) is killed by |G| for r > 0.

Proof. Use corores for the trivial group, to get the composition H" (G, M) == H"(1, M) =% H"(G, M).
We know H"(1,M) = 0 for r > 0, so this composition is the zero map. But by the proposition, this
composition is multiplication by [G : 1] = |G|. O

Corollary 3.3.4. If G is finite and M is finitely generated as an abelian group, then H" (G, M) is a finite
group for r > 0.

Proof. Since M is finitely generated, H"(G, M) is a finitely generated abelian group. (The cochain groups
are finitely generated.) By the previous corollary, H" (G, M) is torsion, i.e. it has no free part. Hence it is
actually a finite group. O
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Theorem 3.3.5 (Inflation-restriction exact sequence). Let H <G be a normal subgroup and M € Mod(G).
Let r > 1 and assume H'(H,M) =0 for 0 < i < r. Then there is an exact sequence

0— H"(G/H, M7y 2 H7(G, M) = H"(H, M).
Proof. Consider r = 1. We check explicitly that the sequence is exact.

1. (Injectivity) Let ¢: G/H — M be a cocycle such that inf(¢) is a coboundary. The inflation is the
composition inf(¢): G — G/H £ M < M, and inf()(g) = gm — m for some m € M because we
assume it is a coboundary. Then inf(¢)(g) depends only on g € G/H. In particular, inf(¢)(h) = 0 for
all h € H. So hm =m for all h € H, i.e. m € M. Hence p(g) = gm — m for some m € MH ie. ¢
itself is a coboundary.

2. (resoinf = 0) Let ¢ be a 1-cocycle representing some element in H'(G/H, M*). Tts image under the
composition is (resoinf)(¢): H < G — G/H %> MM < M, which is clearly 0.

3. (kerres C iminf) Let ¢: G — M be such that res(¢) = 0. Then ¢(h) = hm — m for all h € H. Define
another cocycle ¢’': G — M such that ¢’(g) = ¢(g9) — (gm — m) for the same m € M. Clearly ¢’ is
cohomologous to ¢, since we only added a coboundary, and ¢'(h) = 0 for all h € H. So ¢’ factors
through G/H, i.e. ¢’ € im(inf).

Now induct on r. Recall we have M — Indf M. Write the quotient as M’, so that we have an exact
sequence 0 - M — Indf M — M’ — 0. The long exact sequence of cohomology is

o= HYG, Ind$ M) - HYG,M') — H" (G, M) — H"(G,Ind¥ M) — - - .

If » > 2, then both terms involving IndfM are zero. So H"™Y(G,M') = H"(G,M). By assumption,
Hi(H,M)=0forall 0 <i<r. Then H(H,M') =0 for all 0 < i < r — 1. So by the induction hypothesis,
there is an exact sequence

res

0 —— H™YG/H, (M) 2y gr=2(G,M") —2— H""Y(H,M') —— 0
0 —— H(G/H,MH) 2L, H/(G M) —% H(HM —s 0.
where the isomorphisms arise from dimension shifting. O

Remark. More generally, given an exact sequence of G-modules 0 — M — Al - ... 5 AF 5 N — 0 such
that A’ are induced, there are isomorphisms H" (G, N) = H"**(G, M) for all » > 1.

3.4 Group homology

Recall that H" (G, —) is the right derived functor of ()¢, the invariants functor. View M as the largest G-
submodule with trivial G-action. By analogy, H,(G, —) is the left derived functor of (—)¢, the coinvariants
functor. View Mg as the largest quotient with trivial G-action.

Definition 3.4.1. The coinvariants Mg of M is defined by
Mg = M/{gm—m:g€G,me M).

Let Z[G] 9%, 7 be induced by g — 1, and let I = ker(deg), called the augmentation ideal. This is a

free Z|G]-submodule with basis {g —1: g # 1}. Then
Mg = M/IcM = M ®z6) Z[G] /1

by definition. Hence (—)¢ is right exact.
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Remark. We can compute H,.(G, M) using a projective resolution Py — M. Then H,.(G, M) = H" (P, ®z¢
Z|G]/1g). Concretely, the following properties characterize H,.(G, —):

1. Ho(G, M) = Mg, by construction;
2. if P is a projective G-module, then H,.(G, P) =0 for all r > 1;
3. to every short exact sequence 0 -+ A — B — C' — 0, there is a long exact sequence in homology

-+ = Hy(G,C) = H(G,A) - Hi(G,B) = H,(G,C) = A¢ — Bg — Cg — 0.
Proposition 3.4.2. H,(G,Z) = G*® .= G/[G, G| (with trivial G-action on Z).

Proof. Use the short exact sequence 0 — I — Z|G] 48, 7 — 0. This gives a long exact sequence

0 —— H1(G,Z) —— Hy(G,Ig) —— Hy(G,Z[G]) —— Hy(G,Z) —— 0

H H | H

0 —— H(G,Z) —— Ig/I:, —— Z[G)/I¢ZIG) —— Z  —— 0

where we used that Z[G] is a free G-module, so its H; vanishes. So the map Hy(G,Ig) — Ho(G,Z[G]) is
the zero map. It follows that Hy(G,Z) = I/12. Define the map

G—Ig/IE, grrg—1.
This is a group homomorphism by checking

123 (g —1)(g2— 1) =—(g1 —1) — (92 — 1) + (192 — 1),

sothat g192—1= (g1 —1)+(92—1) in Ig/]é. But Ig/Ié is abelian, so this map necessarily factors through
G* — Ig/I%. Now define the map
Ig—G*™ g—1—yg.

Using the same identity, we can check I2 lies in the kernel, and the induced Ig/I% — G?® is the inverse
map. [

Remark. We can identify H"(G,Z) = H,,(BG,Z), where BG is the classifying space of G (recall that

m(BG) = G), and H,, denotes singular cohomology. Similarly, H,(G,Z) = H"¢(BG,Z). In particular,

the proposition reflects that Hy(G,Z) = H{™8(BG,Z) = 7 (BG)* = G,

Example 3.4.3. If G = Z, then BG = S'. Hence H"(Z, M) = 0 for » > 2. Similarly, if G = Z * - - - * Z,
then BG = SV ---Vv S' and H"(Z, M) = 0 again for r > 2.

3.5 Tate cohomology

Let G be a finite group. In this special case, we can “patch together” group cohomology and homology.

Definition 3.5.1. Let M € Mod(G). Define the norm map

Nmg: M — M, m»—>ng.
geG

Then g Nmg(m) = Nmg(m), so that im(Nmg) € MY. Also, Nmg(gm) = Nmg(m), so that ker(Nmg) D
I M. Hence Nmg induces a map

Nmg: (Ho(G, M) = Mg = M/IgM) — (MY = H°(G, M)).
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Using this, we connect the two long exact sequences H® and H,:
- — H(C) —— Hy(A) —— Ho(B) —— Ho(C) —— 0
ngl Nmal ngl
0 —— H'A) —— H°(B) —— H°(C) —— HY(A) —— ..

We can apply the snake lemma to this diagram to get the Tate cohomology groups

H7(G, M) r>0

A7(G M) = H°(G,M)/im(Nmg) r=0
’ ker(Nmg)/IcM r=-1
H_(11)(G, M) r< -1,

which therefore form a very long exact sequence in both directions.

Remark. If M is an induced G-module, then H "(G,M) =0 for all r € Z. (See homework.) More strongly,
Shapiro’s lemma holds in general for H"(G, M). Hence we can dimension shift for H" in both directions:

1. using 0 — M < Ind$ M — M’ — 0, we get H™t* (M) = H™(M');
2. using 0 — M’ — (Ind§{ M = Z[G] @z M) — M — 0, we get H"M = H™(M").
Remark. There are also functorial maps
ves: H'(G, M) — H"(H,M), cor: H"(H,M) — H"(G, M),

and corores = [G : H].

Remark. Let Py — Z be a free Z[G]-resolution of Z. Taking duals gives another Z[G]-resolution Z — P}.
Then we get a very long exact sequence

— P P —>Py—>P1—P_o—---

where P_; := P*. Then I;V"(G, M) = H"(Homgq(Ps, M)), using P, ®z;q) M = Homg g (P, M).

no

3.6 Tate cohomology of finite cyclic groups
Example 3.6.1. Let G = (o) be a finite cyclic group. Then

H°(G,M) = H°(G, M)/ im(Nm¢) = ker(o — 1)/ im(Nmg)
H (G, M) = ker(Nmg)/IgM = ker(Nmg)/ im(c — 1).

Proposition 3.6.2. Let G = (o) be a finite cyclic group. Then
H"(G,M) =~ H**(G,M) VreL
Proof. Since Nmg =1+ 0 +---+ ¢!, there is a free resolution

- e, 716) <=4 7] 2y zi6) 2L 7(6) <5 7.

Hence this gives a very long exact sequence which is periodic of period 2. So Tate cohomology is also periodic
of period 2, i.e. H"(G,M) = H™2(G, M). O
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Definition 3.6.3. Let G be finite cyclic. Define the Herbrand quotient of M as
h(M) = [H°(G, M)|/|H' (G, M)|
if both H° and H' are finite.

Proposition 3.6.4. If0 - A - B — C — 0 is an exact sequence of G-modules and two of the three
Herbrand quotients h(A), h(B), h(C) are defined, so is the third, and h(B) = h(A)h(C).
Proof. Write the long exact sequence and truncate it:

0 K — H°(A) - H(B) —» H°(C) — H'(A) » H'(B) = H'(C) —» Q — 0.

For long exact sequences, cardinality is multiplicative, so

KL BB A A B) K|
[HO(A)] - [HO(O) - [HY(B)| - Q] h(A)K(C) |Q]
So it suffices to show |K| = |Q|. From the previous proposition,
K = ker(H°(A) — H°(B)) = coker(H *(B) — H~'(C)) = coker(H'(B) — H'(C)) = Q. O

Proposition 3.6.5. If M is a finite-order G-module, then h(M) = 1.

Proof. There is an exact sequence 0 — H~Y(G, M) — Mg Nme, pré H(G,M) — 0. We want to
show |H'| = |H|, so it suffices to show |[Mg| = |MY|. But if G = (o), there is another exact sequence

0— M% = M 2% M — Mg — 0. Hence |MS| = |Mq|. O
Corollary 3.6.6. If a: M — N has finite-order kernel and cokernel, then h(M) = h(N).

Proof. There is an exact sequence 0 — ker(a) — M <> N — coker(a) — 0. By the proposition, h(ker o) =
h(coker &) = 1. Splitting this into two short exact sequences, we get h(M) = h(N). O
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Chapter 4

Local class field theory

4.1 Tate’s theorem

Theorem 4.1.1 (Tate). Let G be a finite group and C € Mod(G). Assume that for any subgroup H C G,
1. HY(H,C) =0, and
2. H*(H,C) is a cyclic group of order |H]|.

Then for any r € Z, there is an isomorphism ﬁ’"(G, 7) = ]?I’""‘Z(G, ).

Example 4.1.2. Take L/K a Galois extension of local fields and G := Gal(L/K). Let C = L*. Take
r=—2. Then H,(G,Z) = H°(G,L*). But H,(G,Z) = G**, and H°(G,L*) = K*/Nm(L*). Hence

G* & KX /Nm(L*),
which is precisely the local Artin map.

Remark. The proof strategy: we will construct an exact sequence of G-modules 0 — C — C(¢) — Z[G] —
7 — 0 such that H"(G,C(y)) = H"(G,Z[G]) = 0. To do so, we need to discuss H2. Recall that:

1. a 2-cocycle is a map ¢: G®> — M such that
0=dp = g19(92,93) — ¢(9192,93) + (91, 9293) + (91, 92);

2. a 2-coboundary is a map ¢: G2 — M such that
©(g1,92) = (d) (91, 92) = 919(g2) — ¥(9192) + ¢(g1)-

Fact (we will show part of it): an interpretation of H*(G, M) is

group extensions of G by M
H*(G,M) = l1-M—-FE—G-—1
s.t. conjugation of G on M is the G-module structure

For example, if M is a trivial G-module, then we are looking at all extensions such that M C Z(FE), the
center of F. Such extensions are called central extensions. Given an extension 1 > M — F — G — 1,
we want to get a 2-cocycle. Choose an arbitrary (set-theoretic) section s: G — E. For any ¢1,¢92 € G,
the images s(g1)s(g2) and s(g1g2) map to the same element in g, and therefore must differ by an element
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©(g1,92) € M, ie. s(g1)s(g2) = ©(91,92)s(g192). By associativity and the requirement that conjugation is
the G-module structure,

©(91,92)9(9192, 93)5(919293) = ©(91, g2)5(9192)5(93) = (5(91)5(92))5(g3)
= 5(g1)((s(g2)s(g3)) = s(g1)¢(92, 93)5(9293)
= 919(92, 93)5(91)5(9293) = 919(92, 93) (91, 9293)5(919293)-

So ¢ is a 2-cocycle. We can check that different choices of the section s gives ¢ up to 2-coboundaries.

Definition 4.1.3. Let ¢ be a 2-cocycle representing v € H?(G, C). Define C(yp) == C @ D1 sgcc Ly as an
abelian group, where z, is just a formal symbol, with G-action given by

g1 Tgy = Tgyg, — Tgy + ©0(g1,92)-

Convention: z; := ¢(1,1) € C. The 2-cocycle condition ensures this is indeed a G-action. We have an exact

sequence of G-modules
@: xgrg—1
'—>

1—-C—C(p) Ic — L

Because ¢(g1,g2) = 1%g, — Tgigo + g, = d(g — z,4), We get a natural map H?(G,C) — H?*(G,C(p)) where
© — 0. Therefore C(y) is called the splitting module of ¢.

Proof of Tate’s theorem. The exact sequence 0 — C — C(p) — I — 0 gives a long exact sequence
HY(H,C) — H'(H,C(y)) — H'(H, 1) — H*(H,C) % H*(H,C(p)) — H*(H,Ig) — -+,

where the middle map is 0 by the construction of C(y) and that H2(H,C) is cyclic. Exercise: if G is finite
and H < G is normal, then

H°(G,2)=17/|G|Z, H'(G,Z)=0, H*(G,Z)="Hom(G,Q/2)
Hl(HajG):Z/‘H|Zv Hz(HaIG):O

By assumption, H*(H,C) = 0 and H?(H,C) = Z/|H|Z is cyclic. It follows that H'(H,Ig) — H?*(H,C)
is an isomorphism, and its kernel and cokernel are zero: H'(H,C(p)) = H?(H,C(¢)) = 0. Now Tate’s
theorem follows from the following more general theorem. It gives H"(G,C(¢)) = 0 for all r € Z. Then
the result follows from the exact sequence 0 — C — C(¢) — Z[G] — Z — 0 (since all Tate cohomologies
vanishes for the induced module Z[G] as well). O

Theorem 4.1.4. Let G be a finite group. If H'(H, M) = H?*(H,M) = 0 for any subgroup H < G, then
H"™(G,M) =0 for every r € Z.

Proof. If GG is cyclic, we are done by the 2-periodicity of Tate cohomology for finite cyclic groups. If G is
solvable, induct on |G|. Pick H < G such that G/H is cyclic. By the inductive hypothesis, H"(H, M) =0
for all » > 0. So by the inflation-restriction exact sequence, H"(G/H, M*) = H"(G, M) is an isomorphism
for r > 1. Since H"(G,M) = 0 for r = 1,2, this implies H'(G/H, M") = H?(G/H, M") = 0. Hence
H"(G/H,M™) =0 for all € Z, and so H"(G, M) = 0 for all r > 1. We can manually check H°(G, M) = 0,
because HO(G/M, M) = 0 implies MC = im(Nmg,; M*) and HO(H, M) = 0 implies M¥ = im(Nmp M),
so MY =im(Nmg M).

Now dimension shift: given 0 — M! — Ind{ M — M — 0, we have H"(H, M) = H™'(H,M’) for
all 7 € Z. By the inductive hypothesis, H"(H,M’) = 0 implies H"(G, M’) = 0 for all r > 0. But then
ﬁ’”(G,M) = 0 for all » > —1. Repeating, we get I;V”(G,M) = 0 for all r € Z. Finally, for an arbitrary
finite group G, apply the solvable case to all p-Sylow subgroups G, < G. This implies I;V(Gp, M) =0 for
all r € Z and all p, which implies ]/—j’“(G,M) =0 for all r € Z. O
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4.2 Vanishing of H!
Theorem 4.2.1 (Hilbert’s theorem 90). If L/K is a finite Galois extension of arbitrary fields, then
H'(Gal(L/K),L*) = 0.

Proof. Let ¢ be a 1-cocycle. We want to show ¢(g) = gm/m for some m € L*. To construct m, pick a € L*
and define m := dec ©(g)ga such that m # 0. We can always arrange for m # 0 because g: L* — L* as

characters of L™ are linearly independent. Then > ¢(g)g: L* — L* is a non-zero map, so such an a exists.
Since gp(h) = @(gh)e(g)~",

¢(hg) 1 m
gn=g Z w(h)ha = Z —gha = — Z p(h)ha = —.
heG i ¢l v(9) =, ¢(9)
Hence ¢(g) = m/gm. (Fix this by inverting m.) O

Example 4.2.2. If L/K is a cyclic Galois extension, then 0 = H(G, L*) = H=(G, L) by the 2-periodicity
of Tate cohomology for cyclic groups. Write G = (o), so that

H (@, L*) = ker(Nmg)/ im(c — 1).
In other words, if a € L* with Nmy,/x(a) = 1, then a = ob/b for some b € L*.

Example 4.2.3. Explicitly, take L/K = Q(7)/Q. If a := x + iy and b := m + in are in Q(¢)*, then

N (a) 2,2 ob m—in m2—n2+ 2mn .
m a)=ux — = = 1.
L/K ooy m4+in m2+n?2 m24+n?

Hilbert’s theorem 90 therefore implies that if 2 + 2 = 1, then there exist m,n € Q such that

m2 —n? 2mn

T YT e
Clearing denominators, this is the complete family of solutions to the Pythagorean triples problem.
Remark. Hilbert’s theorem 90 implies H'(Gal(K*P/K), (K*?)*) = 0. In general, if G = Hm G/H is
a profinite group, then we define H"(G, M) = lim H"(G/H,M*™). This is the same as H"(G,M) =

2% (G, M)/BL (G, M) using continuous cochains, i.e. we require that any cochains factors through some

finite quotient G/H. So we interpret Hilbert’s theorem 90 in this case as

0 = H'(Gal(K*P/K), (K*P?)*) = H},(Spec K, G,,) = Pic(Spec K).

4.3 H? of unramified extensions

Theorem 4.3.1. Let L/K be a finite Galois unramified extension of non-archimedean local fields, and write
G = Gal(L/K). Then H*(G,L*) is a cyclic group of order |G|.

Remark. Recall that in the setting of the theorem, G = Gal(L/K) = Gal(¢/k) = (Froby, /i) where £, k are
the residue fields of L and K respectively, and the Frobenius map is x — x¢ where q := #k.

Remark. The strategy of proof is as follows. We have a G-module decomposition L* = O x 7%, where
is a uniformizer. We can choose 7 € K* because L/K is unramified. In particular, G acts trivially on 7Z.

We will put a filtration on Of so that we can compute its cohomology. The cohomology of 7% is easy.
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Definition 4.3.2. Let Uy, := OF, and define Ug) = 1+m?%. Then there is a filtration Uy, D Ug) D U,gz) D
-++. The inclusions give short exact sequences

1 UW &y, azemed px sy

1 U£i+1) R U[(/Z) 14an*+—a mod 01
We will use these short exact sequences to compute the cohomology of the units O .

Proposition 4.3.3. I;V(G,éx) =0 forallr € Z.

Proof. By Hilbert’s theorem 90, H'(G, ¢*) = 0. Recall that the Herbrand quotient h(M) = 1 for M finite
order. So in particular, h(¢*) = 1. Hence H°(G,£*) = 0 as well. By the 2-periodicity of Tate cohomology,
we are done. O

Corollary 4.3.4. The norm map Nm: £* — k> is surjective, since ﬁO(G,Ex) = k*/Nm(¢*).
Proposition 4.3.5. H"(G, () =0 for all r € Z.

Proof. We showed (in the homework) that H"(G,¢) = 0 for all » > 1 because by Galois theory, ¢ is an
induced module. By the 2-periodicity of Tate cohomology, we are done. O

Corollary 4.3.6. Tr: ¢ — k is surjective, since ﬁO(G,E) =k/Tr(¢).
Proposition 4.3.7. Nm: Of — O is surjective.

Proof. There are commutative diagrams

U, — €% U —— v
le le Nl T{
Ug — k~ Ul —— k.

If a € Uk, then there exists ag € Ur such that a/ Nm(ag) € U;(l) by the surjectivity of Nm: £* — k*.
Similarly, there exists a; € Ug) such that (a/ Nm(ag))(1/Nm(a;1)) € UI(?) by the surjectivity of Tr: ¢ — k.
Repeating, we get ag,...,a, such that

=z U(”+1).
Nm(ag - - an) <Yk

Define b := [[;2, a;. Then a/Nm(b) € N2, U = {1}, ie. a = Nm(b). O
Corollary 4.3.8. fIO(G, UpL)=0

Proposition 4.3.9. ﬁT(G, Ur) =0 for all r € Z.

Proof. Tt suffices by the 2-periodicity of Tate cohomology to check H*(G,Ur) = 0. But U x 7% = L* as
G-modules, so by Hilbert’s theorem 90

0=HYG,LX)=H'(G,Up) ® H' (G, %) 0.
Proposition 4.3.10. H?(G, L*) = Hom(G,Q/Z).

Proof. Write L* = Up, x n2. Then H?(G,L*) = H?(G,n%) = H?(G,Z). By a homework exercise, this is
Hom(G, Q/Z). O
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4.4 H? of ramified extensions

Definition 4.4.1. Define the invariant map invy g : H*(Gal(L/K),L*) — Q/Z to be the composition

H2(G, L*) & Hom(G,Q/z) 212, (1/|G)z)/2
where G = (o) (i.e. 0 = Froby,). Patch these together to get

invie: (H*(Gal(K™/K),(K™)*) = lim  H*(Gal(L/K),L*)) = Q/Z.
L/K unramified

(Here K" is the maximal unramified extension of K inside a fixed algebraic closure.)

Remark. Shorthand notation: write H?(L/K) := H?(Gal(L/K), L*). The invariant map gives an isomor-
phism H2(K"™ /K) = Q/Z.

Proposition 4.4.2. Let L/K be a finite extension of degree n. Then there is a commutative diagram

HQ(Kun/K) Res HZ(Lun/L)

invg l invy, l

Q/z - Q/Z.

Proof. Decompose the invariant map so that we can wee what the base change to L does at each step:

H(K™/K) 5 HY (K™K, 7) —— H'(K"™/K,Q/Z) —— Q/Z
Rl ?l r.»l ?J
HX(L™/L) -2y g2(pw/[,7) —— HY(L™/L,Q/Z) — Q/Z.

To understand the first square, note that we have a commutative diagram
(Kun) % ordg 7,
| ewm|
(Lun) X OrdL Z

because the uniformizer in K and the uniformizer in L get sent to 1 in Z, but the ratio of their degrees is
by definition e(L/K), the ramification index. The second square is trivial and does nothing to the vertical
maps. To understand the third square, note that the generator Frobg is x +— x? where ¢ = #¥k, and the
generator Froby, is @ — 27’ where ¢/ = #¢. Hence Frob;, = (Froby)/. Hence the last vertical arrow is
multiplication by ef = n. O

Theorem 4.4.3. There exists a canonical isomorphism
invg: HX(K%/K) = Q/Z.
If L/K is finite Galois of degree n, then we have a commutative diagram

0 —— HXL/K) —2 HYKY/K) -2, H2(KY/L)

l inv g l invy l

0 —— (1/n)2)7 —— Q/Z — 5 Q/Z.
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Lemma 4.4.4. For any finite Galois extension L/K, the group H?(L/K) contains a subgroup isomorphic
to (1/n)Z/7Z.

Proof. Recall that the restriction map for the unramified part is just multiplication by n, so using the
inflation-restriction sequence, there is a commutative diagram

0 —— (1/n)Z)Z —— H*(K™/K) —2= H2(Lw/L)
infl infl
0 —— H(L/K) —2 H*(K*/K) — H2(L*/L).

The two vertical arrows are injections. So there is an injection of the kernel as well, i.e. (1/n)Z/Z —
H?(L/K). O
Lemma 4.4.5. |H?(L/K)| = n.

Proof. First assume L/K is cyclic of order n. By a homework exercise, h(L*) = n. By Hilbert 90,
H'(Gal(L/K),L*) =0, so |H*(L/K)| = n.

In general, Gal(L/K) is always solvable (by another homework exercise). So induct on |Gal(L/K)|.
Choose a cyclic sub-extension L'/K inside L/K. The inflation-restriction sequence is

0— HX(L'/K) 25 g*(L/K) 2% g2(L/1).

By the induction hypothesis, |H?(L/K)| < |H*(L'/K)||H?(L/L")|. Both of these groups have smaller order,
so we are done by the previous lemma. O

Proof of theorem. By the previous two lemmas,

0 —— H2(L/K) —2 H2(K*/K) -2, H2(K*/L)

H infT infT

0 —— (1/n)Z/Z —2 H2(Kw/K) —B< g2(Lw/L).
Hence H2(K™/K) 2 H2(K*/K) = h_n>1H2(L/K) is an injection. This implies the map inf here must
actually be an isomorphism. So the invariant map is defined on H?(K®/K) using this isomorphism. O

Remark. There are actually two commutative diagrams:
H*(K*/K) —=— H*(L*/L)  H*(K*/K) «~— H*(L*/L)
invie | imvie | invie | invie |
Uz s Qz QZ —— QI

This comes from the fact that corores = n.

Remark. H?*(K*/K) = Br(K), the Brauer group of K. Local class field theory is essentially the compu-
tation Br(K) = Q/Z when K is a local field.

Definition 4.4.6. The fundamental class uy, € H*(L/K) = (1/n)Z/Z is the inverse image of 1/n,
the canonical generator of the cyclic group.
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4.5 Proof of local class field theory

Theorem 4.5.1 (Local class field theory). 1. (Local Artin reciprocity) There exists a homomorphism
br: K* — Gal(K/K)*
such that:

(a) for any finite Galois extension LK, the restriction ¢r r: K*/Nm(L*) = Gal(L/K)™ of ¢x
s an isomorphism;

(b) for any L/K finite unramified and any uniformizer m of K, we have ¢k () = Frobp x €
Gal(L/K).

2. (Local existence) The norm subgroups of K* (i.e. of the form Nm(L*)) are exactly the open subgroups
of K* of finite index.

Remark. Recall that if char K = 0, then all finite index subgroups are open.
Proof. Recall that we have a map
invg: H*(K*/K,(K*)*) = Q/zZ

which induces invy, /i : H?(L/K, L*) = (1/n)Z/Z for a finite extension L/K of degree n. By Tate’s theorem,
we have an isomorphism H"(Gal(L/K),Z) = H™+2(Gal(L/K),L*) for every r € Z. Taking r = —2, we get

H2(Gal(L/K),Z) —~— H°(Gal(L/K),L*)
Gal(L/K)™  —>—  K*/Nm(L*),

which is precisely the inverse of the local Artin isomorphism ¢, /x. Moreover, we have compatibility, i.e.
given a tower F D L D K of extensions, the natural quotient map commutes:

dL/K

K> Gal(L/K)™
H I
K% 2 Gal(E/K)™,

Taking an inverse limit, we get the desired local Artin reciprocity map ¢x: K* — Gal(K® /K )P,

Let L/K be a finite unramified extension with G := Gal(L/K). We need to check that Frob; x €
H2(G,Z) = G is mapped to # € HY(G,L*) = K*/Nm(L*) by this construction of the local Artin
isomorphism. Note that the class of 7 is independent of the choice of 7, because L/K is unramified and

therefore Nm: Of — Oj is surjective. Recall that the isomorphism f]’2(G, Z) = HO (G, L*) is constructed
by following the short exact sequence

0— L™ = L (¢) = Z[G] 48 750
where L (¢) is the splitting module of the generator ¢ = uy, € H*(G, Lltimes) = (1/n)Z/Z, defined as
L*(p) = L™ @ @, 44ec Tg With the G-action given by gizg, = 24,4, — g, + ¢(g1,92). Compute explicitly

that
H2(G,Z) = H (G, Ig) = Ig/I% — HY(G,L*), o0 —1?
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where the second map is the connecting homomorphism for the short exact sequence 0 — L* — L*(p) —

I — 0. We compute the connecting homomorphism. First pick the pre-image x, € H O(L*(p)) of o — 1.
Then compute its norm

Nm(z,) =140 +---+0" Ha,

n—1

=z, + Z(.’I,'ak+1 — zok + (o, 0))
k=1

=a1+¢(0,0)+ -+ (" !, 0)

= 90(17 1) + 90(0-7 0) et w(an—l’ U)'

Now we construct an explicit 2-cocycle representing ¢ using the isomorphism
H*(G,L*) = H*(G,Z) = H'(G,Q/Z) = Hom(G,Q/Z) = (1/n)Z/Z.

Take the generator f: o — 1/n in G — Q/Z and lift it to f: o — 1/n in G — Q. Then a 2-cocycle
representing ¢ is given by

p(o',07) =o' f(o?) = f(o") + f(o")
o j  (i+7) modn i:{O i+j<n

EELR R IR ht ek PN

So now we can finish the computation of Nm(z,): it is
Nm(zo) = ¢(1,1) + ¢(0,0) + -+ (0" 1,0) =0+0+---+ 0+ 1= 1.

Hence the image of ﬁ_Q(CLZ) — I/{TO(G7 L*)is ol =m.

Finally, we prove the local existence theorem. Assume for simplicity that char K = 0. Note that if L/ K
is a finite extension and F/K is the maximal abelian sub-extension, then Nm(L*) = Nm(E*). For example,
if L/K is Galois, local Artin reciprocity gives a diagram

K*/Nm(E*) 22, Gal(E/K)

I H

KX/ Nm(L*) 2255 Gal(L/K)™.

Recall that any subgroup of K* containing a norm subgroup is also a norm subgroup. Because any finite
index subgroup of K* contains (K*)™ for some n, it suffices to prove that (K*)", for every n, contains a
norm subgroup. Consider the Kummer sequence of Gal(K?!/K)-modules

1= i — (K% 2290 (K% 1
where p,, is the subgroup of n-th roots of unity. It gives a long exact sequence
0 —— Hpn) —— H((K*)*) —— HO(K")*) —— H'(pa) —— H'((K*)")
K< U, g 0,

so we get the Kummer isomorphism K*/(K*)" & H(Gal(K¥/K), ju,). If p, C K, then u, C Z/n as
a Gal(K?'/K)-module, and

HY(Gal(K*/K), pi,) = Hom(Cal(K*/K),Z/n) = Gal(L/K)
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where L is the maximal abelian extension of degree n. By local Artin reciprocity, K*/Nm(L*) = Gal(L/K),
so Nm(L*) = (K*)". If u, ¢ K, then consider K; := K(u,) and apply the preceding case to K; to get
an abelian extension L;/K; such that Nm(L;) = (K{)". Pick L D L; Galois over K, so that by the
transitivity of norm,

Nmyp, g (L) = Nmg, /g (Nmp g, (L)) C Nmg, g (Nmp, /g, (Ly) = Nmge, g ((K7)™) © (KX)™.

Hence in general, (K*)™ contains a norm subgroup. O
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Chapter 5

Global class field theory

Now that we have proved local class field theory, we can focus on more interesting things. Let K be a
number field (i.e. a finite extension of Q). The goal is to study abelian extensions of K and to understand
Gal(K®*/K)?" in terms of the arithmetic of K itself. (Note that even Gal(Q*/Q) is not understood, so we
look only at the abelian part.) To do so, we will construct a group Ck and the global Artin reciprocity map

or: Cx — Gal(K*/K)* = Gal(K*/K)

where K2 is the maximal abelian extension of K. Moreover, there are norm maps Nmj, )k CL — Ck, for
a finite abelian extension L/K, such that the induced map

¢r/x: Cx/Nmpk(Cr) = Gal(L/K)

is an isomorphism. Note that if K is a local field, we know the Artin map exists from local class field theory,
and Cx = K*. However, C'x cannot be K* in the global situation. For example, if K = Q and L = Q(z),
then Nmp,/x (L*) = {a® + b : a,b € Q, (a,b) # (0,0)} is not of index 2 inside K*, and so there cannot be
an isomorphism K*/Nmy, x(L*) = Gal(L/K). Instead, we will construct a locally compact group Ck as
a generalization of the ideal class group Clg of K. (Recall that Clg = Ix/K*, where Ik is the group of
fractional ideals of K, and K* is the group of principal ideals). In particular, Cx = Ix /K>, where [f is
the group of ideles (“ideal element”), and K* is the group of principal ideles. This is called the idele class

group.

5.1 Idele class group

Let K be a number field. Let v denote a (finite or infinite) prime of K. Associated to the prime v, there is
a (normalized) absolute value | - |, such that the product formula [], |z|, = 1 holds for every z € K*. Let
K, denote the completion of K at v, so that K, is a local field. If v is a finite prime, let O, C K, denote
the ring of integers and p, C O, denote the maximal ideal. Let p, C Ok denote the (global) maximal ideal
associated to v.

Definition 5.1.1. We will construct I from K. The naive construction [], K fails because it is “too
big”: not locally compact. To make it locally compact, impose the condition that only finitely many entries
have denominators. The group of idéles is

Ig = {(a,) € H K} :a, € OF for all but finitely many v}.

We say I is the restricted product [[, K of the K with respect to 0.
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Remark. For any finite set of primes S D S, := {infinite primes}, define

ks ={(a) €Ik :a, € OF ifv ¢ S} = [[ KX < [] O
veES vgS

By definition, Ix = (g Ik,s-

Definition 5.1.2. Define a topology on Ik (to make each Ik g open): a basis of neighborhoods of 1 consists
of
U(S,e) ={(av): la—1]y < eVv €S, |ay|y =1Vv & S}.

The I becomes a topological group under this topology.

Remark. We have a natural injection K* < Ik given by a — (...,1,...,a,...,1,...), i.e. put a at the v-th
entry and 1’s everywhere else. This is continuous in the induced topology of I .

Remark. There is a natural surjection Ix — I given by (a,) — [], p;’rdv(““). Note that this is a finite prod-
uct, because at all but finitely many places we have ord,(a,) = 0. The kernel is [[,cq K va 5. 00 =
Ix,s.. . So we can think of Ix as an enlargement of Ix by Ik s__ .

Proposition 5.1.3. The natural injection K* < Ix given by a — (a,a,a,...) has discrete image.

Proof. We show that if S D S and € < 1, then K* NU(S,e) = {1}. By the definition of U(S,¢), if
a€ K*NU(S,e), then |a — 1|, < € for v € S and |a|, =1 for v ¢ S. But then for v ¢ S, the ultrametric
inequality says |a—1|, < max{|a|,,|—1|,} = 1. Hence [], |a—1|, < 1. This contradicts the product formula
unless a = 1. O

Remark. The product formula, as we used it in the proof above, shows that the different places “repel” each
other for a global element. Consider a more elementary example: Z[/2] < R is dense, but

ZIV2] - R xR, a+bv/2— (a+bV2,a—bV2)

is discrete. The phenomenon of the previous proposition is an infinite-dimensional generalization of this
phenomenon.

Definition 5.1.4. The idéle class group is Ck = I /K*, endowed with the quotient topology.
Remark. The surjection [ — Ix we saw earlier induces a surjection Cy — Clg.

Definition 5.1.5. Let L/K be a finite extension. Define the norm map
Nmp g: Ip = I, (aw)— (bo)
where b, =[], Nmpr,, /r, (aw).

Remark. For any a € L™, we have Nmy x(a) = ][, Nmp,/k,(a). This is because of the isomorphism

Lo K, = lev L,,. Hence the norm map induces a map NmL/K: C1, — Ck of idele class groups.

5.2 Global class field theory

Definition 5.2.1. Let L/K be a finite Galois extension and v be a prime of K. Let w | v be a prime of L.
Define the decomposition group

D(w) ={o € Gal(L/K) : ow = w} = Gal(L,/K,).

Moreover, for a different choice w’ | v, there exists 7 € Gal(L/K) such that w’ = Tw. So D(w') = 7D(w)7 1.
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Remark. If Gal(L/K) is abelian, then D(w) and the local Artin map ¢,: K — Gal(L,/K,) = D(w) C
Gal(L/K) are independent of the choice of w | v

Proposition 5.2.2. There exists a unique continuous homomorphism ¢x : Ix — Gal(K*®/K) such that for
every L/ K finite abelian extension and any choice of w | v, the following diagram commutes:

KX —% Gal(Ly/K,)

| |
Ix —25 Gal(K*/K).

Proof. If a € Ik, then define ¢ (a) := [[, ¢v(a,). Note that a, € OF and L,,/K, is unramified for all but
finitely many v. So in this case, by local class field theory, ¢,(a,) = 1. Hence the product is actually finite
and well-defined. This uniquely defines ¢x. It remains to check ¢k is continuous, i.e. check that ker(¢x) is
open. By global class field theory, we have the functorial property

I, 22, Gal(L/L)

] |

Ie 22 Gal(L/K).

Hence ¢ x o Nmy i = 0. So ker(¢r,/x) contains Nmy, /g (Iz), which is open by local CFT. O
Theorem 5.2.3 (Global class field theory). 1. (Global Artin reciprocity) The map
o I — Gal(K**/K)
satisfies ¢ (K*) = 1, and therefore induces the global Artin map
oK : Cx — Gal(K*/K).
Moreover, for any L/K finite abelian, ¢ induces an isomorphism ¢,k : Cx/NmCp, — Gal(L/K).

2. (Global existence) For any open subgroup N C Cg of finite index, there exists a finite abelian L/K
such that N = Nmp, /5 (CL).

Remark. From the statement of global class field theory, we get a bijection

{L/K finite abelian extension} < {finite index open subgroup N C Ck}
L+ Nm(Cy).

Remark. Note that if L1 C L, then Nm(CL,) D Nm(Cp,). Also, Nm(Cr,1,) = Nm(Cr,) " Nm(Cp,), and
Nm(CL1 n CL2) = Nm(C’Ll) Nm(C’LQ).

Definition 5.2.4. A modulus of K is a function m: {primes of K} — Zx> such that:
1. m(p) = 0 for all but finitely many primes p;
2. m(p) € {0,1} if p is a real prime;
3. m(p) =0 if p is a complex prime.

Shorthand notation: m = Hp ™) = momo, where my is a product of real primes.
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Definition 5.2.5. Given a modulus m, define

ko= TLa+em®) TT (0% [T o5 1] K&

plmo plmes pimo pimeo
Define CP =ITRK*/K*, called the congruence subgroup. Define the ray class group Cl,, = Cx/C}.

Definition 5.2.6. By global class field theory, there exists an abelian extension L, corresponding to C%,
and Cly,, = Gal(Ly/K). In particular, when m = 1, then Cl; = Clg, and L; is called the Hilbert class
field. In particular, Gal(L;/K) = Clk. The Hilbert class field is the maximal abelian extension of K which
is unramified at all finite places and stays real at all real places.

Example 5.2.7. If K = Q, then Clg = {1} by unique factorization, and the Hilbert class field is Q itself.

Example 5.2.8. If K = Q and m = (m) for some m € Z, then Cl,, = (Z/m)*/{£1}. Similarly, if
m = (m) - 0o, then Cly = {£1} x (Z/m)* /{£1} = (Z/m)*. Global CFT says Cl,,) = Gal(L)/Q) and
Clim).co Gal(L(1).00/Q). Clearly the cyclotomic extension Q((,) has Galois group (Z/m)*. Hence it is
L(m).0c- The sub-extension L(,,) of index 2 is precisely the sub-extension fixed by complex conjugation. We
have recovered the classical Kronecker—Weber theorem.

Theorem 5.2.9 (Kronecker-Weber). Q* = U1 Q(Gm)-

5.3 Cohomology of ideles
Theorem 5.3.1 (First inequality). [Cx : NmCr] > [L: K].

Remark. The proof of the first inequality will establish global class field theory for cyclic extensions L/K.
In fact, for cyclic extensions, we will show that the Herbrand quotient h(Cp) = [L : K]. This will imply the
first inequality, since h(Cr) = [Cx : Nm C]/|H (G, CL)|.

Recall that if v is a prime of K and L/K is a finite Galois extension, then v decomposes into multiple
primes w; - --wy in L. Moreover, L ® KK, = ][, Lw. The Galois group G := Gal(L/K) acts on the lhs
on the factor L, and induces a G-action on the rhs by permuting the factors in the product. Specifically, if
a = (ay) €],), and 0 € G, then (0a)ow = oy

Proposition 5.3.2. As G-modules, there is an isomorphism lev L, = IndgwU Ly, for any fived wy | v.

Proof. Recall that by definition,
Indgw0 Ly, ={f: G— Ly, : f(r0) =7f(0) VT € Gy, 0 € G}.

For any o € [],,, Lw, define such a function fo: G — Ly, by 0 — oay-1,,. We verify that

wlv
fa(T0) = (TO)(ro) 1wy = T(0QG-14,) = T fal0).

Conversely, given f € Indgwo L., , define oy € Hw‘v Ly by (af)ow, = o f(c™!). We can check that a +— f,
and f — oy are mutually inverse and respect the G-action. O

Corollary 5.3.3. For all v, we have H"(G, [T Lw) = I/{V(Gwo, Luy,)-
Proof. Apply Shapiro’s lemma to the proposition. O
Remark. Since we know I/i\'T(Gwo, L., ) is independent of the choice of wyg | v, we often write it as HT (G, LY).

Corollary 5.3.4. For all v, H'(G,[],, L) = H(Gu,, L,) and H"(G,T],,, Uw) = H"(Guy, Uu,)

wlv
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Proposition 5.3.5. H(G,I) = Ik, and for any r, we have

"G, 1) @HTG” (L¥)%).

Proof. a = (ay,) € I is fixed by G iff (v )|y is fixed by G for every v of K, iff a,, € K and is independent
of w | v. This data is equivalent to an element of I.

Let S be a finite set of primes of K containing all infinite primes and all the primes ramified in L. Let
T be the finite set of primes of L lying over the primes v in S. Let I 7 = [[,er L X [[gr Uy - Then
Iy, = Up I, r, and by Shapiro’s lemma,

H(G,Ip) = lim H"(G, 11 7) QHHT (G, (L)) x [] 2" (G¥,U").
T

veES vgS

By assumption, all v ¢ S are unramified, so fIT(G”, U?) = 0. Hence we are left with

1g H Hr Gv Lv @Hr GU Lv ) |

S ves
Corollary 5.3.6. H'(G,1) =0, and H*(G,1;) = @v(n—le/Z) where n, = [LY : K,].

Proof. We know H!(GV,(L?)*) = 0 by Hilbert 90, and H?(G",(L")*) = (1/ny)Z/Z by local class field
theory. O

Proposition 5.3.7. Let S be a finite set of primes of K, and T == {w | v : v € S}. Assume L/K is finite
cyclic. Then the Herbrand quotient h(Ip ) = [[,cg 1w, where n, = [LV : K,].

P?"OOf, h(HL,T) = h(HvES(LU)X X Hv@éS Uv) = h(HvGS(Lv)X) = H?)GS Ny O

5.4 Cohomology of units

Let L/K be a finite Galois extension of number fields.

Definition 5.4.1. Let T be a finite set of primes in L. The group of T-units is
UT)={aeL” :ordy(a) =0Yw ¢ T} =L* NI p.
For example, if T is the set of infinite primes of L, then U(T) = Uy.

Lemma 5.4.2. Let G be a finite cyclic group and V be a finite R[G]|-module, i.e. a finite-dimensional real
vector space with a G-action. Let M, N be G-stable lattices in V.. Then h(M) = h(N), if either is defined.

Proof. Since M, N are lattices, M ®z R = N ®z R as G-modules. In the homework, we showed this implies
a: M ®7Q = N ®z Q as G-modules. By scaling by the common denominator of a, we get a(M) C N.
These are two free Z-modules of the same rank, so their quotient N/a(M) is torsion and therefore finite.
Hence h(N/a(M)) =1, and h(a(M)) = h(N). O

Proposition 5.4.3. Assume L/K is cyclic. Then h(U(T)) = L], cgne where n = [L: K].

Proof. Apply the lemma to the R-vector space V := Fun(7,R) consisting of functions from 7" to R. It has
a G-action given by (g - f)(w) = f(¢~'w), where f € V, w € T and g € G. In other words, as a G-module,
V=8, s Indgu R where R is the trivial G-module. By this description, we have two lattices.
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1. Consider the lattice
N =P mdG. zcV.
vES

The Herbrand quotient is A(G, N) = [[,.¢ h(G,nd%. Z). By Shapiro’s lemma, this is [

HUGS Ny-
2. Define a map A: U(T) — V given by a + (log |a|y)wer (cf. proof of Dirichlet’s unit theorem). Then

im(A) has a single non-trivial relation coming from the product formula [], |a|, = 1, so im(X) is a
lattice in V0 :={> ., =0} C V. Note that

vES veES h(Gv’ Z> =

weT
ker(\) ={a € L* : |a|y =1Vw ¢ T, |a|, = 1Vw € T}.

This is precisely the roots of unity in L*, so in particular it is finite. Hence h(U(T)) = h(im(U(T))).
Define M = im(U(T)) @ Z(1,...,1). Then M is a G-stable lattice in V, and h(im(U(T))) =
h(M)/h(Z). Clearly h(Z) = n.

By the lemma, [],.g 70 = h(N) = h(M) = nh(U(T)). O

5.5 The first inequality

Lemma 5.5.1. Let S O S be a finite set of primes containing the generating set of primes of the class
group Clg. Then g = K* -1k s. Then

]IK/KX = HK,S/(HK,S ﬂKX) = H}gs/U(S)

Proof. Recall that we have a surjection

Ix — I = {fractional ideals}, (a,) — pordv(e)

with kernel I g_ . This implies I /(K™ - Ik,s..) = Clk. By enlarging oo to S, we get I /(K™ -Ix g) = 0.
Hence [ = K* - Ik . O

Theorem 5.5.2 (First inequality). [Cx : NmCp] > [L : K].

Proof. Recall that for cyclic extensions, it suffices to show that the Herbrand quotient is h(Cp) = [L : K].
This will imply the first inequality, since h(Cr) = [Cx : Nm C]/|H (G, CL)|. Take S to be the finite set of
primes of K such that:

1. §D Sx;
2. S D {primes ramified in L};
3. SO {prNOk : pr runs over a generating set of Clz}.

Take T :== {w : w | v, v € S}. Then by previous lemmas, Cy, = I v/U(T), and hence h(Cr) =n = [L :
K]. O

Lemma 5.5.3. If L/K is finite Galois with solvable G := Gal(L/K), and there exists a subgroup D C Ik
such that

1. D C Nmypg(Iz), and
2. K* D is dense in Ik,
then L = K.
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Proof. Suppose otherwise. Choose a cyclic sub-extension K'/K (since L/K is solvable). By condition (1),
D C Nmgs /g (Igr). By local CFT, Nmg//k(Ix/) C Ik is open. Hence K* - Nmg//k(Ix/) C Ik is closed.
By condition (2), this is actually an equality. Hence [Cx : Nmg/ x Cx] = 1. By the first inequality,
[K': K] =1. It follows that [L: K] =1,s0 L = K. O

Definition 5.5.4. A prime v of K splits completely in L if the primes wi, ..., wy above a prime v satisfy
g=|[L: K] and e, f,= 1, i.e. no ramification or non-trivial residue field.

Corollary 5.5.5 (Weak version of Chebotarev density theorem). If L/K is solvable and L # K, then there
exists infinitely many primes of K that do not split completely in L.

Proof. Let D == {(ay) : a, = 1Vv € S} C I where S = S U {all primes that don’t split completely in L}.
If there are only finitely many such primes, then S is finite. For any v ¢ S, by definition L,, = K,. Hence
D C Nmyp, x(I1). Moreover, K*-D is dense in I x by the following weak approximation (Milne ANT theorem
7.20): if |- |1,..., ]| |» are inequivalent absolute values on a field K, and ay,...,a, € K, then for every € > 0
there exists a € K such that |a; — a|; < e. Specifically, using weak approximation, given a = (a,) € I, we
can choose b € K close to a, for all v € S, and choose ¢ € D such that ¢, = 1 for all v € S and ¢, = a, for all
v ¢ S, so that bc is close to a. Hence K* - D is dense. But then by the lemma, L = K, a contradiction. [

Example 5.5.6. Take K := Q and L := Q(¢). If p is an odd prime, then p splits in Q(¢) iff p =1 mod 4. In
other words, p doesn’t split in L iff p = 3 mod 4. Hence there are infinitely many primes p = 3 mod 4. (In
fact, the “density” of each of these two classes is 1/2.)

5.6 Density and L-functions
Definition 5.6.1. Let P be a set of primes in Z. Its natural density is

P
p(P) = lim #ip E. p<z}
z—o0 #{p prime : p < z}

if the limit exists.

Remark. This is quite a natural definition, but depends on the existence of an ordering of primes in Z. So
it does not work for general number fields.

Definition 5.6.2. Let P be a set of finite primes of a number field K. Its natural density is

. #{peP:Np<ua}
Hip) = »ngrolo #{p prime : Np < z}

if the limit exists.

Definition 5.6.3. We have an alternative notion of density which is useful in analytic arguments. Let P
be a set of finite primes of a number field K. Its Dirichlet density is

D pep NP™°
)= I S N

if the limit exists.
Proposition 5.6.4. If u(p) exists, then §(p) also exists and u(p) = 5(p).

Remark. We will not prove this fact. It shows that in some sense, the natural density is the “strongest”
notion of density.
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Definition 5.6.5. Recall the Riemann zeta function
1

SDNEE| s

n>1 p prime

Dedekind then introduced the Dedekind zeta function for arbitrary number fields
1

)= 3 o~ = [ =

aCOxk pCOKk

where a ranges over all (integral) ideals, and p over (integral) prime ideals. Now fix a character x: (Z/m)*
C*, and define the Dirichlet L-function

L 1
B n%:l x(n)n ) an 1—x(p)p—*

where x is extended by 0 to all integers. Finally, note that (Z/m)* is a ray class group, so fix a character
x: Cly — C* and define the Weber L-function

1

Lis, )= Y, xeWo) = [ +—svs
aeOgk pCOKk 1= X(p)NP
ged(a,m)=1 ged(p,m)=1

where to evaluate x(a) we implicitly embed a into Cly,.

Example 5.6.6. If K = Q and m := (m) - oo, then Cly,, = (Z/m)*. So we recover the Dirichlet L-function
from the Weber L-function.

Remark. In general, an L-function of the form ) -, a,n™* with an Euler product [[,1/(1 — app™).

Theorem 5.6.7. If x is not trivial, then L(s,x) has an analytic continuation to s € C, and L(1,x) # 0.
Otherwise if x is trivial, then L(s,x) = Ck(s) has an analytic continuation to s € C— {1}, and has a simple
pole at s = 1 (with residue given by the class number formula).

Remark. There is a relationship between  , Np~* and (k(s) as follows. Compute

s e(s) = ox ] L (. RO R Pl P Zszz“
— Np m
p

p m>1 p m>2

The second term is analytic when R(s) > 1/2. In particular, it is analytic at s = 1. Hence we write

log Ck (s Z Np~*,

where f ~ g means f — g is analytic at s = 1. On the other hand, using that (x(s) has only a simple pole
at s =1,

1
1og Cic(5) ~ g Crc(5) — log((s = 1)Gie(s)) = log ~—.
Hence Dirichlet density is also equal to
§(P) = lim ZPL
s—1+logl/(s —1)

Proposition 5.6.8. It follows that the Dirichlet density has the properties:
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1 0<d(p)<1;

if P is finite, then 0(P) = 0;

if P= Py U Py, then 6(P) = 6(Py) + 6(P2) (if two of the three densities exist, so does the third);
if Py C Py both have densities, then §(Py) < §(Ps);

if P has density and §(P") =1, then 6(P) = §(P N P’);

S

if P and P’ are complementary sets and P has density, then 6(P)+ §(P') = 1.

Theorem 5.6.9. Let L/K be finite Galois. Let P be the set of finite primes of K that split completely in
L. Then 6(P)=1/[L: K].

Proof. We can directly compute 0(P):

1 1 1 1 1
Np~° ~ Nq °~ Nq° = I ~ —log ——
Z p K| Z q K] Z q K 0g(r(s) T K ]
pepP fq(ll)lL qin L
q)=1

because all the other primes q in L with f(¢) > 1 contribute an analytic term. Dividing, we get 6(P) =
1/[L : K]. O

5.7 The second inequality

We now want to show [Cx : Nmp,x Cr] < [L : K]. By the previous section, we can interpret the right
hand side as a density. Now we want to re-interpret Cix/Nmp, x Cp in terms of the density of another set
of primes.

Definition 5.7.1. Let m be a modulus. Define the subgroup of m-ideéles
Tre(m) = {(an) € I : ap € 1+ p™®) ¥p | m finite, ap, € K, o Vp | m infinite}.
Define K*(m) == Ix(m) N K*.

Proposition 5.7.2. Ix(m)/K*(m) = Ix/K*, and the ray class group is Cly, = I™/K*(m), where I™ is
the group of fractional ideals of K coprime to m.

Proof. Write I (m) — I — Ix/K*. Note that the kernel is contained in K *(m). Hence I (m)/K*(m) —
Ix/K* is injective. Surjectivity follows by weak approximation: we can modify any element in Ix by an
element of K* to get an element in Ix(m). So Ix(m)/K*(m) =Ix/K*. Now use the natural map

Tre(m) =T, (ap) = [ oo ().
ptm

By the definition of Iy (m), the kernel of this map is K *(m). Hence we have an induced isomorphism
Cly =Ig/(K*-IR) = I™/K*(m). O

So for any L/K Galois, there exists a modulus m such that the global Artin map should induce an
isomorphism
12 /(K (m) - Ny IT) 2 Gal(L/K)

if L/K is abelian.

Theorem 5.7.3. Let A € I™/H be an ideal class, where K*(m) C H C I™. Then the Dirichlet density is
dpeAd)=1/[I": H].
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Proof. Let x be a character of the finite group I"™/H. Then

log L(s, ) ~ N(EZZ > x(B)ZNlps-

plm BeI™/H pEB

Recall that if G is a finite abelian group with group of characters é, we have
_ )Gl g=0
S - {7 020
XEG

So multiply both sides by x(A)~! and sum up over all x, to get

S0z Lis XA~ 3 AT Y e = X gl )

X BeI™/H peEB

But recall that L(s, x) is holomorphic unless x = 1, so

S log L (s, x)x(4) ™" ~ log Cre(s) = log ——.
X

Hence we get that

Dopea NpF 1

A) = 1li Pe = .

ped) = i G=1) ™ ] =

Theorem 5.7.4 (Second inequality). [Cx : Nmy x Cr] < [L: K].

Proof. Take H = K*(m) - Nmy x IT', and A = [0] € I™/H. The theorem implies 6(p € K*(m) - NmI}') =
1/[I™ : K*(m)NmIP]. Clearly

{p : p splits completely in L} C {p:p € K*(m)-Nm I}

because if a prime splits completely, each of its local extensions is trivial, so the norm map is the identity.
(Also, we use that m is a finite set, so it does not make a difference in terms of density.) However, we know
d({p : p splits completely in L}) = 1/[L : K]. Hence 1/[L : K] < 1/[I™ : K*(m) - Nm I}*], which is the
desired inequality. O

Corollary 5.7.5 (Global version of Hilbert 90). If L/K is finite Galois, then H'(G,Cr) = 0.

Proof. Assume G is abelian and cyclic. The first inequality gives
[L:K]=h(Cr)=[Ck : Nmy,r CL]/|H'(G,CL)|.
By the second inequality,
[Ck : Nmp /g CL]/|[H'(G,Cp)| < [L: K]/1=[L: K].

Hence equality holds, and [Ck : Nmy,x Cp] = [L : K] and |H'(G,CL)| = 1. Now assume G is a p-group.
Take H C G of index p and use the inflation-restriction sequence

0— HY(G/H,Cpn) — H'(G,Cp) = H*(H,CL).
By the cyclic case, H(G/H,Cpu) = 0. By induction on |G|, we know H'(H,C) = 0. Hence H'(G,CL) = 0.

Finally, for G an arbitrary group, use that H'(G,Cr) — Hp H'(G,,Cp) is an injection, and each of the
terms in the product are 0. O
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Corollary 5.7.6. Let L/K be finite Galois. Then the natural map

H*(L/K) = @ H(L"/K,)

is an injection. (Recall H*(L/K) := H*(Gal(L/K),L*).)
Proof. Consider the exact sequence of G-modules 0 — L* — I, — Cr, — 0. The long exact sequence gives
.= HYG,CL) - H*(L/K) — H*(G,IL) = --- .

By global Hilbert 90, H'(G,C) = 0. We already computed H*(G,1;) = @, H*(L"/K,). Hence we get
the desired injection. O

Corollary 5.7.7. For all 3 € H?*(K) := H?(K°? /K, (K5°P)*), there exists a cyclic cyclotomic extension
L/K such that the image of B under H*(K) == H?(L) is zero.

Remark. This corollary will be used to reduce the proof of global CF'T to cyclic cyclotomic extensions, which
are much more explicit.

Proof. Let 3, denote the image of 8 in H?(L"/K,). By the previous corollary, 3 is completely determined
by {B,}. By local CFT, H?(L"/K,) = (1/[L? : K,])Z C Q/Z, given by the invariant map inv,. Moreover,
given 3, € H?(K), we can look at inv,,(3,|1) for w | v a place of L. We know

invy, (Bulz) = [LY : Ky]inv,(B,)

by the functoriality of restriction/corestriction. Let n, = [L? : K,]. By the previous theorem, if 3 € H?(K)
then inv,(8,) = 0 for all but finitely many v. So there exists some integer m > 1 such that m - inv,(3,) =
for all v. So it remains to prove the following lemma.

0o

Lemma 5.7.8. Let S be a finite set of finite primes of K. Let m > 1 be an integer. Then there exists a
cyclic cyclotomic extension L/K such that m | n, for allv € S.

Proof. We can reduce to the case K = Q, by replacing m by m[K : Q]. (If we have such a construction over
Q, we can take the compositum to get the desired construction over K.) We can also reduce to the case
m = ¢° where s is a prime power. (We can repeat the construction for each prime in m, and the product
of cyclic groups of coprime order is still cyclic.) Hence it suffices to construct a cyclic cyclotomic extension
L/Q such that ¢% | [L, : Q] for all p € S. Recall that

Z)(-1)® L2 {odd

Qal(Q(Ger)/Q) = (Z/7)* = {Z ez (-2

Hence take the cyclic cyclotomic extension

I Q(¢er )™/ =1 £ odd
QG2 (=2,

which is of degree "2 or £"~3. Now compute [L, : Q,].

1. If p=¢, then L,/Q, is totally ramified. Then [L, : Q] = ¢(¢") and we can choose r > 0 such that

0] [Lp : Q-
2. If p # ¢, then L, /Q, is unramified. Then [L, : Q,] = ¢, the smallest integer such that ¢" | (p* — 1) and
we can choose r > 0 such that £ | ¢. O

42



5.8 Chebotarev density theorem

Theorem 5.8.1 (Chebotarev density theorem). Let L/K be a finite Galois extension (not necessarily
abelian) of number fields. Let 0 € G := Gal(L/K). Let C, be the conjugacy class of o in G. Then

Cl
@]

5({p C K : Frob, € C,}) =

Example 5.8.2. For example, if o is trivial, then the lhs is §({p : p splits completely inL}), and the rhs is
1/|G| =1/[L : K]. So the calculation of the density of the split primes we saw earlier is a special case of the
Chebotarev density theorem.

Example 5.8.3. If L/K = Q({n)/Q, then G = (Z/N)*. Choose ¢ = a € (Z/N)*. Then the lhs is
d({p : p = amod N}), and the rhs is 1/@(N). In particular, this implies Dirichlet’s theorem: there are
infinitely many primes in any arithmetic progression.

Example 5.8.4. Let f(z) = 2° —2 and K = Q. Let L = Q(+3/2,(3) be the Galois closure of f(z). Then
G = Gal(L/K) = S3. This group has 3 conjugacy classes:

1. o = (1), with |C,| = 1, and Frob, € C, iff 23 — 2 splits into 3 linear factors mod p;

2. o = (12), with |C,| = 3 because there are 3 transpositions (1 2), (1 3), (2 3), and Frob,, € C, iff 2® —2
splits into a linear and a quadratic factor mod p;

3. 0 =(123), with |Cy| = 2 because there are 2 cyclic permutations (1 2 3) and (1 3 2), and Frob, € C,
iff 23 — 2 is irreducible mod p.

Note that for each of these cases, there is no congruence condition on p, because Ss is not abelian. (In the
abelian case we will get congruence conditions.)

Proof. If G is abelian, then global CFT implies there exists a modulus m and a subgroup H C I™ such that

™/H LTl Gal(L/K) is an isomorphism. Let A € I™/H be an ideal class such that ¢, /x(A) = 0. Then

5({p : Frob, = o}) = 0({p : p € A}) = 1/[I"™ : H] = 1/|G]|.

If G is non-abelian, take the group (o) C G generated by o. Take M = L{°) so that L/M is a cyclic, and
therefore abelian, extension. Consider

S1 = {q prime of M : Frobq = ¢ € Gal(L/M)}.
Then the abelian case gives 6(S1) = 1/|{(c)|. Consider
Sy := {q prime of M : Froby =0 € Gal(L/M), My = K,, p=qN Ok} C Si.

(In other words, f(q/p) = 1.) Then §(S2) = 6(S1), since the infinitely many primes we threw away have
density 0. Consider
Sz := {p prime of K : Frob, € C, C Gal(L/K)}.

Then there is a surjection So — S5 given by q — p := q N Ok. The fiber of this map is isomorphic to
{reG:ro0=07}/{0) = Zg(o)/{0).
Hence we have the following chain of equalities:

@) _ 1 el 1 |Gl
Zalo)l ~ o)l 1Zalo)l ~ Zalo)l  IG

where the last equality is the orbit-stabilizer theorem. O

6(S3) = 0(S2)
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5.9 Proof of global CFT

Lemma 5.9.1. ¢1/k: [x — Gal(L/K) is surjective.

Proof. Consider the subgroup H generated by {Frob, : p is unramified in L}. We want H = G = Gal(L/K).
Let M = L. By Galois theory it suffices to show M = K. Then Frob, is trivial in Gal(M/K) for all but
finitely many primes p. So there are only finitely many primes that do not split completely in M. By the
first inequality (or Chebotarev density), it follows that M = K. O

Theorem 5.9.2 (Theorem A). ¢/ (K*) =1.
Theorem 5.9.3 (Theorem B). For any class « € H*(L/K), we have Y inv,(a) = 0.

Proof of global CFT. By theorem A and local class field theory, K* - Nmp g I; C ker(¢r/x). By the
lemma, there the resulting map Ix /(K™ - Nmy g 1) - Gal(L/K) is surjective. By the second inequality,
[Ck : Nmp, i O] < [L: K]. Hence this surjection is actually an isomorphism. O

Remark. Hence to finish the proof of global CFT, it suffices to prove theorem A. Here is an outline of the
proof:

0. Prove theorem A for cyclotomic extensions L/K = Q((,,)/Q.
1. Prove theorem A for L/K cyclic cyclotomic.

2. Prove theorem B for L/K cyclic cyclotomic.

3. Prove theorem B for L/K finite Galois.

4. Prove theorem A for L/K finite Galois.

Proof of step 0. To show: for all a € Q*, we have ¢(a) =1 € Gal(Q({,)/Q). It suffices to show ¢(a) =1 €
Gal(Q(¢r)/Q) where €7 | m is a prime power. So wlog assume m = £".

1. fv=p 7& £ is a prime and a = u - p°® where u is coprime to p, then since p is unramified, ¢,(a) =
(Cer — ¢} ) € Gal(Q(¢rr)/Q). (Equivalently, it is the element p* € (Z/07)*.)

2. fv=p=2/, then pis ramiﬁ?d. Again write a = u - p° where again v is coprime to p. By a homework
exercise, ¢, (a) = ((r — (& ) € Gal(Q(¢er)/Q). (Equivalently, it is the element u=! € (Z/€")*.)

3. Finally, if v = co and a = sgn(a)|a|, then ¢,(a) = sgn(a) € Gal(C/R) = {£1}.

To show ¢(a) = 1, it suffices to show ¢(g) = 1, ¢(£) = 1, and ¢(—1) = 1. Compute
#(q) = [ [ bo(a) = dg(@)e(q) =qq™' =1
50 = T[6s(0) = 6e(0) = 171 =1
P(-1) = ﬁd)v(—l) = ¢e(~1)doo(=1) = (-1)7'(=1) = L. O

Lemma 5.9.4. If theorem A holds for L/ K, then it also holds for L' /K’ where K'/K is a finite extension,
and L' = L - K’ is the compositum. It also holds for sub-extensions M C L.
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Proof. We use functoriality in local CFT, which says that the diagram

¢L'/K’

HKI Gal(L’/K’)

] !

I 2%, Qal(L/K)

commutes. Then for all a € (K’)*, we have

br ki (a) = ¢rk(Nmgr g (a)) € or g (K*) = 1.

Similarly, we can factor ¢ar/x as ¢ar/x: I Drric, Gal(L/K) — Gal(M/K). Hence for all a € K*, if

¢r/x(a) =1 then ¢y i (a) = 1. 0
Proof of (0) = (1). Apply the lemma to K = Q and L = Q((;,), and K’ to be any number field. Hence
L'/K' and any sub-extension M /K’ satisfies theorem A. O

Proof of (2) = (3). Recall that for all « € H?(K), there exists L/K cyclic cyclotomic such that o €
ker(H*(K) — H?*(L)) = H*(L/K) (by inflation-restriction). Step 2 therefore says Y inv,(a) = 0. Hence
>, invy () =0 for all L/K finite Galois. O

Proof of (1) = (2) and (3) = (4). If M, N are G-modules, there is a cup product

H"(G,M) x H'(G,N) — H™*(G,M @ N)
(0, 0) = (g1, s Grrs) = 091, -+, 97) @ (91~ G )W (Grs1s - -5 Gras))-

We will apply this to HY(G, M) x H*(G,Z) — H?*(G,M). Recall that H*(G,Z) = H(G,Q/Z) =
Hom(G,Q/Z). Take x € Hom(G,Q/Z) and let 6, € H?*(G,Z) be the corresponding element under these
identifications. Let M = L* or I;,. Then we get a diagram

HG,L¥) = K* — H(G,IL) = Ix LKL Gal(L/K)

uéxl U6XJ( | Xl
HQ(G,LX) = HQ(L/K) SN HZ(G,HL) _ @v HQ(LU/KU) >, invy Q/Z

which relates theorem A and theorem B. Hence we can actually compute ¢y, /i using ), inv, after cupping.

If theorem A holds for L/K cyclic cyclotomic, then the top row of this diagram (for L/K) is zero. By
commutativity, we conclude that the bottom row is also zero. But this is precisely the statement of theorem
B. Similarly, if theorem B holds for L/K finite Galois, then theorem A also holds for L/K finite Galois. [

5.10 Primes p = 2% + ny?

We can apply class field theory to the problem of determining which primes can be written in the form
22 +ny?. Recall that an odd prime p is of the form 22 +y? iff p = 1 mod 4. More generally, in K = Q(v/dg),
either p splits, is inert, or is ramified. For K = Q(7), set dx = —4. Then p odd implies p does not ramify in
K. Then

p splits <— <> =1 << (71)(7’*1)/2 =1 <= p=1mod4.
p
Since Ok = Z[i] has class number 1, the primes p1,po lying over p are principal, and generated by conju-

gates x +iy. The two ingredients making this work are quadratic reciprocity (which generalizes to Artin
reciprocity), and that p; is principal (which generalizes to using the Hilbert class field).
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Recall that the idele class group of Q is Cp = Ry x Hp Zy. The Kronecker-Weber theorem says
Q2P = Un21 Q(¢n), so Gal(Q*P/Q) = l‘&n(}al(@(gn)/@) = Hp Z, . Then the Artin map

¢q: Co — Gal(Q™/Q)

is given by projection onto the second factor. Take the modulus m = (N)oo. Then Cl(nyo = (Z/N)*, and
Artin reciprocity gives an isomorphism

Cliwyoe 2 (Z/N)* L9908 Gal@Q(Cn)/Q), s Gy > C3).

In particular, p = 1 mod N iff Frob, is trivial, iff p splits completely in Q({n)/Q. For example, if N = 4,
then Q({4) = Q(4) and we get p = 1 mod 4 iff p splits, which is precisely quadratic reciprocity.

Theorem 5.10.1. p = 22 + 5y for p # 5 iff p = 1,9 mod 20.

To prove this theorem, we want to look at splitting in K = Q(y/—5). Recall that the existence theorem
says open subgroups of finite index in Cgp are in 1-to-1 correspondence with finite abelian extensions of
Q. Out of these extensions, we look at the sub-extensions of Q({x). They correspond to subgroups H of
(Z/N)*. For example, when N = 5, clearly (Z/5)* has subgroups {1}, {1,4}, and {1, 2, 3,4}, corresponding
to extensions Q((s), Q(vV/5), Q.

But we want Q(v/—5). It has discriminant 20, so let’s look at N = 20. Then (Z/20)* = (Z/4)* x (Z/5)*.
The subgroup {1, 19} corresponds to invariants under complex conjugation, i.e. Q((ag + C20). We also know
Q(¢s) corresponds to {1 mod 5} = {1,11}. There should be a third degree-4 extension corresponding to
{1,9}, but we don’t know what the extension is. We also have the obvious extensions Q(), corresponding
to {1 mod 4}, and Q(+/5), corresponding to {1,4 mod 5}. By the existence theorem, {1,9} contains both
Q(v/5) and Q(i), and therefore must be Q(v/5,7). Since Q(v/—5) is a sub-extension of Q(v/5,4), it must
correspond to the last order-4 subgroup containing {1,9}, i.e. {1,3,7,9}. Hence p = 1,3,7,9 mod 20 iff p
splits in Q(v/—5). Warning: Q(v/—5) has non-trivial class number. So we need to see when p = pip» has p;
principal. For example, we have (3) = (3,1 + v/=5)(3,1 — v/=5), and both are non-principal, so at least we
should exclude 3. To do this in general, use the Hilbert class field Hy .

Theorem 5.10.2. Let K be a number field and Hy /K be its Hilbert class field. Then p is principal iff p
splits completely in Hg .

Proof. We know Clg = Gal(Hk /K). Then p is principal iff [p] = [0] in Clg, iff Frob,, is trivial, iff p splits
completely in Hg. O

So p = p1p2 with py and po principal iff p splits completely in H@(\/:r,). But we know H@(\/:r)) = Q(V/5,1).
This extension corresponds to {1,9}, i.e. p=1,9 mod 20.

Remark. If K/Q is non-abelian, then we can never find a congruence condition for p splitting in K. For
example, take K = Q[z]/(z® — 2% + 1), which has the smallest discriminant dx = —23 out of all cubic
extensions. Then Gal(K/Q) = S5. We computed the splitting behavior of primes for this extension earlier,
for the Chebotarev density theorem, and noted that the primes do not satisfy any congruence conditions.
However, we can look at the modular form

g [TA=a1 =3¢ =" ang™
n>1 n>1
We can compute a, for p prime to get the table:

p 2 3 5 7 11 13 17 19 23 29 31
a, -1 -1.0 0 0 -1 0 O 1 -1 -1

Note that the primes p when a, = —1 are precisely the primes splitting completely. This is a hint at the
Langlands program.
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