COMPUTING INVARIANTS VIA SLICING:

GEL’FAND MACPHERSON, GALE AND POSITIVE CHARACTERISTIC KONTSEVICH

JAROD ALPER

ABSTRACT. We offer a groupoid-theoretic approach to computing invariants. We illustrate this
approach by describing the Gel’fand-MacPherson correspondence and the Gale transform. We also
provide Zariski-local descriptions of the moduli space of ordered points in P1. We give an explicit
description of the moduli space Mq(P!,2) over SpecZ. In characteristic 2, the singularity at the
totally ramified cover is isomorphic to the affine cone over the Veronese embedding P! — P4.

1. INTRODUCTION

The central question in classical invariant theory is to describe the graded ring of invariants
©n>0l(X,0(n))¢ where G is an algebraic group acting linearly on a projective space P(V) and
X C P(V) is a G-invariant subvariety. In this paper, we show that one can sometimes “slice” the
groupoid G X X =% X by a subvariety W C X which is suitably transverse to the generic orbit to
produce a groupoid R|w = W (not necessarily arising from a group action) where it is easier to
compute the invariants. Specifically, suppose X is normal and g : W — X is a finite type morphism
such that the composition G x W — G x X % X is flat whose image G- W C X has a complement
of codimension at least 2, then Rl := G x X Xxxx W x W = W is a flat groupoid and there is a
canonical isomorphism T'(X, O(n))¢ = T(W, g*O(n)) W ; see Section In stack-theoretic language,
if X is normal and g : W — X a finite type morphism such that the composition W % X — [X/G]
to the quotient stack is a flat morphism whose image has a complement of codimension at least 2,
then Rlw =W x(x/qg W = W is flat groupoid with the same invariants as G x X = X.

In Section [3] we illustrate the above idea by offering generalizations of the classical Gel’fand-
MacPherson correspondence and Gale transform. Propositions and recover and generalize
results of [GM82], [Hu05] and [Bor03]. In Section [4] we employ the technique of slicing to give
Zariski-local descriptions of the moduli space of n order points in P! as in [HMSV09]. In fact,
unlike the description in [HMSV09], we offer a description of Zariski-neighborhoods around strictly
semistable points which cover the quotient space.

In Section we offer a global description of the Kontsevich moduli space of stable maps My (P!, 2)
as well as its GIT compactification. Here My (P!, 2) is the coarse moduli scheme parameterizing non-
constant, degree 2 morphisms P! — P! modulo automorphisms of the source. If the characteristic
is not 2, then My(P!,2) has a simple description: since giving a degree 2 morphism P! — P! is
equivalent to giving two unordered points in P*, My (P!, 2) is simply the affine scheme (P! xP'\ A)/Zs.
In characteristic 2, it is more subtle to give an explicit description of My (P!, 2) due to the totally
ramified morphism f : P! — P! [z,y] — [22,9%]. In fact, the motivation of this paper was to
understand the singularity in My(PP!,2) at the point corresponding to f. The automorphism group
scheme Aut(f) is the subgroup scheme V(a? — d?,b?,¢?) C PGLy, where a,b,c and d are matrix
entries. The group scheme Aut(f) is a finite, connected, non-reduced and non-linearly reductive
group scheme of dimension 3 at the identity. In particular, Luna’s étale slice theorem does not offer
an étale local description of My(P!,2) at this point.

We will describe My (P!, 2) globally by realizing it as the following geometric quotient: since any
degree 2 morphism can be written as P — P!, [z,y] — [A12?% + Bizy + C1y?, Asz? + Baxy + Cay?],
one sees that My(P!,2) = U/PGLgy, where if V is the free Z-module generated by A;, B;, C;, then



U C P(V) is the invariant open locus consisting of basepoint free sections and PGLy acts linearly
on V by acting on the homogenous coordinates = and y; see Section [5| for details. The line bundle
O(1) on ProjZ[A;, B;, C;] has a unique PGLo-linearization. The GIT quotient

MOGIT(IP’l, 2) = ProjS where S =7Z[A;, B;, C;]FC2

gives a compactification of My(P!,2).
There are some obvious invariants over Z:

A = B% —4A.C1 (discriminant of s;

Ay = B3 — 44,0, (discriminant of sg

Ay = (By + Ba)? — 4(A1 + A2)(Cy + Cy) (discriminant of s1 + so
A = (A1Cy + C1A3)? — (A1Co 4 C1As)(B1B2)+  (vanishing of basepoint locus

A C1 (B2 —2A505) + AyCy(BE — 2A,C1)

I'=B1By —2A:C5 — 2C1 A,

)
)
)
1.1
(L.1) )

with the relations
A=Ay + Ay 42T

1.2
(12 AN =T2 — A|A,

Theorem 1. The projective ring of invariants has the following explicit description:

(i) Ower SpecZ,

S =Z[A1, A9, T A]/(4A — T? + A1 Ay)
(ii) Over SpecZ[3],
1
S = Z[i][Al,AQ,F]
(iii) Over SpecTFy,
S =2 Fy[By, Ba, Al

In particular, over Fo, My (P',2) = P(1,1,4) and Mo(P',2) = Spec k[X*, X3Y, X2Y2, XV3, V]

o)

is the cone over the Veronese embedding P! = P* where the origin corresponds to the totally
ramified morphism P! — P! [z, y] — [22,9?].

While the above theorem is rather modest, it is our belief that the technique of the proof is of
interest and may be applicable in other invariant calculations.

Acknowledgments. Ravi Vakil offered many valuable suggestions for this article.

2. SLICING GROUPOIDS

2.1. Groupoids. Let S be a scheme. An S-groupoid is a pair of morphisms s,t: R = X of schemes
over S together with an identity section e : X — R, an inverse i : R — R and a composition
c: R x4 x,s R — R satisfying the usual identities. We say that an S-groupoid s,¢: R = X is an

fopf S-groupoid if s,t are flat and locally of finite presentation and R (=2) X x g X is quasi-compact

and separated. A line bundle on X with R-action is a line bundle L on X with an isomorphism
a : s*L = t*L satisfying the cocycle condition. We define the I'(S, Os)-module of R-invariant
sections as the equalizer

aos™® t*

(X, L)F —T(X,L) = T(RtL)



2.2. Group actions. If G is a group scheme flat, finitely presented and separated over S acting on a
scheme p : X — X where 0 : G Xxg X — X is the multiplication morphism, then o,ps : G xg X = X
is an fppf S-groupoid where the identity, inverse and composition are defined in the obvious way. A
line bundle on X with G-action (or equivalently a G-linearization) is the same a line bundle on X
with R = G xg X-action (i.e. a line bundle L on X with an isomorphism « : 0*L — p}L satisfying
the cocycle condition).

A G-linearization of the trivial sheaf Ox is an isomorphism o : Ogx 4 x 5 Oax < x with the cocycle
condition being (o, p2)*a = (id X 0)*a o p23*a. This corresponds to a morphism ¥ : G xg X — Gy,
satisfying (g - h,z) = U(g,h - z) - U(h,z) for all S-schemes T and T-valued points g,h € G(T)
and x € X(T). If ¥ factors as G xg X & G % G,,, then y is a character (i.e. a homomorphism
G — G, of group schemes). Conversely, any character y gives a G-linearization of the trivial sheaf.
In particular, if p.Ox = Og, then G-linearizations correspond precisely to characters G — G,,,.

2.3. Slicing. If g : W — X is a morphism of schemes, define R|y as the fiber product

(s",t)
R‘W — W x W

R—" x x x

Then s',t' : Ry = W is an S-groupoid where the identity, inverse and composition are defined in
the obvious way. There is a cartesian diagram

Rl ———— Rxsxg W —— W

J | ]

R xy x4 W R ° X
W X [X/R]

If the composition R X x ¢ W — R 2 X is flat, then Ry = W is an fppf S-groupoid. If L is a
line bundle on X with R-action, then ¢g*L is naturally a line bundle on W with R|y -action.

If the composition R x; x4 W — R 2 X is flat and surjective, then the groupoids R = X and
Rlw = W are Morita equivalent (i.e. the quotient stacks [X/R] and [W/R|w] are isomorphic) and
the natural pullback ¢* : T'(X, L) — T(W, g*L)®I" is an isomorphism. If X is normal, then by
Hartogs’ theorem we obtain the following useful proposition:

Proposition 2.1. Suppose R = X is an fppf S-groupoid with X normal. Let L be a line bundle on
X with R-action. If g: W — X is a morphism such that the composition R x; x ¢ W — R = X is
flat and whose image has a complement of codimension at least 2, then the natural pullback

9" :T(X,L)" — (W, g*L)"w

is an isomorphism. O

Remark 2.2. If G x X = X is the fppf S-groupoid arising from a group action, then slicing by
g: W — X often produces groupoids R|y = W that do not arise from some group action.

2.4. Flatness. We provide here a method to check when slicing a groupoid R = X by a locally
closed subscheme W < X produces an fppf S-groupoid R|w = W. Recall the following version of
the local criterion for flatness



Proposition 2.3. Let ¢ : A — B be a flat, local homomorphism of local noetherian rings. For
f € B, the following conditions are equivalent::

(i) f is a non-zero divisor and B/(f) is flat over A.
(ii) f® 1 is a non-zero divisor in B®4 A/ma4.

Let s,t: R = X is an fppf S-groupoid with S noetherian. Suppose W = V(f) — X is defined
by the vanishing locus of a section f € I'(X, L) for a line bundle L on X with R-action (where f is
not necessarily R-invariant). To show that the composition t~*(W) — R % X is flat above x € X,
one needs to show that for all p € t~1(W) C R with ¢(p) = z, the local ring homomorphism

OX@ > OR,p — OR,p/t*f

is flat. By the local criterion for flatness, this reduces to showing that ¢* f ® 1 is a non-zero divisor
in Ogr,, ®ox., Ox,z/m,, where m, C Ox , is the maximal ideal. We conclude:

Proposition 2.4. With the notation above, the composition t~1(W) — R 2 X is flat above x € X
if t* f does not vanish at any associated point in s~ (z). |

2.5. Stacky interpretation. If s,t : R = X is an fppf S-group, then by [LMBO00, Cor 10.6] the
quotient stack X = [X/R] is an Artin stack (with separated and quasi-compact diagonal). A line
bundle L on X with R-action is precisely the data of a line bundle £ on X and the R-invariant
sections I'(X, L) = T'(X, £). Conversely, given any Artin stack X and morphism X — X, the fiber
product R = X xx X with two projections p1,ps : R = X forms an groupoid (with the identity,
inverse and composition naturally defined). If X — X is flat and locally of finite presentation, then
R =X xx X = X is an fppf S-groupoid. If in addition X — X is surjective, then X = [X/R)].

If g : W — X is a morphism of schemes, then the S-groupoid R|y = W obtained from slicing
XXXX:R:;XaSinisthesameaSR\WZWXXW:W.

2.6. Computing invariants. To compute the global sections of I'(X, L), one may choose any
flat, finitely presented and surjective morphism p : X — X and compute the R-invariant sections
I'(X,p*L) where R = X xx X. Furthermore, if X' is normal, then one may choose a flat, finitely
presented p : X — X such that image p(U) C X has a complement of codimension at least 2.

Suppose G is a smooth group scheme acting on a normal scheme X and L is a G-linearization. In
many invariant theory problems, one wants to compute the graded ring of invariants @, I'(X, LF)¢
as a subring of @, -, I'(X, L*). If one has guesses for generators X; and relations R;, then one may
check that @,, (X, L*)¢ = Z[X;]/(R;) after slicing by a morphism g : W — X such that the
composition B Xy x,g W — R 2 X is flat with image having complement of codimension at least
2 (or, in other words, p : W — [X/G] is flat such that [X/G] \ p(W) has codimension at least 2).
Therefore, the invariant calculation can be simplified if one chooses the slice W — X cleverly such
that the invariant sections I'(W, Ek)R‘W are easily computable.

3. THE GEL'FAND-MACPHERSON CORRESPONDENCE AND GALE TRANSFORM

We offer a generalization of the classical Gel’fand-MacPherson correspondence ([GMS82]) and Gale
transform ([Gal56]).

3.1. Grassmanians. Let the base ring be the integers Z. Let Gr(k — 1,n — 1) = Gr(k,n) be the
Grassmanian of (k — 1)-dimensional hyperplanes of P"~! (k-dimensional linear subspaces of A™) for
0 < k < n. Since every k-linear subspace can be represented by a basis of k-vectors in A™ and
two basis differ by an element of GLy, we can realize the Grassmanian as the geometric quotient
Uk.n/ GLy, where GLj, acts on the set of (k x n)-matrices A*" by left multiplication and Uy, ,, C AF®
is the open G Lg-invariant subscheme consisting of matrices of full rank. The Grassmanian Gr(k,n)
is a smooth projective scheme of dimension kn — k% = (n — k)k.



The action of GL,, on A*” by right multiplication by the transpose induces an action on the
quotient Gr(k,n) = Uy, / GLjg, which corresponds to the action on k-dimensional subspaces of A™
from GL,, acting linearly on A™. This realizes the quotient stack

[Gr(k,n)/GL,] C [AF"/(GLy x GL,,)]

as the open substack of (k x n)-matrices of full rank where GLj is acting on the left and GL,, is
acting on the right. The codimension of the complement is at least 2.

3.2. Picard group. The Picard group of Gr(k,n) & Z with very ample generator L = (A" V)V
where V. C O™ is the universal rank k sub-vector bundle on Gr(k,n). The vector bundle O

on Gr(k,n) inherits a GL,-action for the isomorphism «a : ¢*O" = p5O™ corresponding to the

composition GL,, x Gr(k, n) % GL, L GL,, where T denotes transpose. (This corresponds to the

GL,, x GLg-action on the the trivial bundle A" x A" given by (g,h) - (4,v) = (hAgT,gv) for

(g,h) € GL,, x GLj, and (A4,v) € A¥™ x A™.) The universal subbundle V' C O™ is GL,-invariant and

therefore induced a GL,,-linearization on L = (A" V)V. Denote £ the corresponding line bundle on

the quotient stack [Gr(k,n)/GL,]. The Picard group of [Gr(k,n)/ GL,] = Z(L) ® Z(OW) where

OW corresponds to the GL,-linearization of the structure sheaf OGr(k,n) given by the character
det™?!

GL, — G,,.

Alternatively, Pic([A*/(GLg x GL,,)]) & Z(Mo1) @ Z(M;,) where M, ; is the GLj x GL,-
linearization of the trivial sheaf corresponding to the product of the characters det™ : GLj —
Gy, and det™ : GL, — G,,. The line bundles M, and My restrict under the inclusion
[Gr(k,n)/GL,] C [AF"/(GLy x GL,)] to £ and O™, respectively.

3.3. The correspondence. Let n be a positive integer and 0 < kq,...,k, < n positive integers
such that k = k1 +- - -+k,, > n. We consider the diagonal action of GL,, on Gr(ky,n)x- - -xGr(kp,,n)
and we study the quotient stack [Gr(ky,n)x- - - X Gr(k,,,n)/ GL,]. By using the above representation
of the grassmanian as a quotient, we see that if we consider the subgroup H = GLj, x---x GLj, C
GLj, and H acts via left multiplication on the set of k x n-matrices A*”_ then

[Gr(k1,n) X - x Gr(kpy,n)/ GLy] C [A*/(H x GL,)]

is the open substack consisting of blocks of (k; x n)-full rank matrices (that is, [Gr(ki,n) x --- X
Gr(kpm,n)/ GL,] = [Ukyn X -+ X Ug,, n/(H x GLy)]). The complement of this inclusion is a closed
substack of codimension at least 2.

By taking the quotient of GL,, first on the open locus U,; C A*™ of full rank matrices, we have
inclusions of open substacks

[Gr(k1,n) X - x Gr(km,n)/ GL,] C [Gr(n, k)/H] C [A*/(H x GL,)]

with the complement of each open inclusion of codimension at least 2. Also note that [AF"/(H x
GL,,)] is normal so that the restrictions of line bundles under these inclusions induces isomorphisms
on Picard groups.

The Picard group of [A*"/(H x GL,,)] = Z™*!. For each j = (j1, ** ,jm+1) € Z™T, let M; be
the line bundle on [A*"/(H x GL,)] corresponding to the GLj, x --- x GLj,, x GL,-linearization
of the structure sheaf given by the product of the characters det 7! : GLg, — G, .. . det™m
GLg, — G, and det™m+1: GL,, — G,,,. Let L; denote the ample generator of Pic(Gr(k;,n)) with
its GLj-linearization as in inducing £; on [Gr(k;,n)/ GL,] and OUm+1) be the line bundle on
[Gr(k1,n)Xx- - xGr(km,,n)/ GL,] corresponding to the GL,-linearization of the structure given by the
character det™7"+': GL,, — G,,. Similarly, let £ be the line bundle on [Gr(n, k)/H] corresponding
to the ample generator and @U-7m) the line bundle corresponding to the H-linearization of the



structure sheaf given by the product of det ™1 GL;, — G, - .. , det™Im: GLg,, — Gy,. Then

Pic([Gr(k1,n) % -+ x Gr(kp,n)/ GLy]) +—— Pic(JA*" /(H x GL,)]) — Pic([Gr(n, k)/H])

£<1®j1 X.. KLEn @ OUm+1) oo (J1, ooy ng1) ————— OUdm) @ L®Tm+1

We have established the following general Gel’fand-MacPherson correspondence, which was also
proven by Yi Hu in [Hu05, Theorem 4.2]:

Proposition 3.1. Let n be a positive integer and 0 < ky,...,k, < n positive integers such that
k=ki+ -+ kyn >n. The open immersion [Gr(ky,n) X -+ X Gr(km,n)/ GL,] C [Gr(n,k)/H] of
Artin stacks induces an isomorphism of Picard groups

7"+ = Pic([Gr(n, k) /H]) = Pic([Gr(k1,n) x - - x Gr(km,n)/ GL,])
For a line bundle L on [Gr(n, k)/H], we have an isomorphism of GIT quotients
Gr(ky,n) x -+ x Gr(ky,,n)//c GL, = Gr(n,k)//cH

where
Gr(ky1,n) x -+ x Gr(kp,n)//c GL,, = Proj @F([Gr(kl,n) X -+ x Gr(km,n)/ GL,], LE)
d>0
Gr(n,k)//cH = Proj @F([Gr(n,k)/HLﬁ(X’k)
d>0

O

3.4. The groups SL,, and PGL,,. If one considers the action of SL,, and PGL,, on P*~! instead of
GL,, and the induced actions on product of Grassmanians, the Picard groups on the quotient stacks
are different but of course the GIT quotients are the same.

If L is the very ample generator of the Picard group of Gr(k,n), then the inclusion SL,, C GL,
induces a unique SL,-linearization of L. There is no PGL,,-linearization of L but there is a unique
PGL,,-linearization of L®".

Define the group S(H x GL,) € H x GL,, € GL,, 4, and S(H) C H C GL, consisting of matrices
of determinant 1. There are non-canonical inclusions H — S(H xGL,,) and GLj, — S(H xGL,,) such
that S(H x GL,,)/H = SL,, and S(H x GL,)/ GL; = S(H). The inclusion S(H x GL,,) C H x GL,
induces a morphism of quotient stacks

[AF"/S(H x GL,)] — [A*"/(H x GL,)]
and a surjection on Picard groups
Pic([A¥" /(H x GL,)]) —— Pic([A*"/S(H x GL,)])
} Jz
Zmtl —————— 72" (G, e J1 e ) 22T

We have inclusions of open substacks

[Gr(k1,n) X - X Gr(ky,,n)/SLy] C [Gr(n, k)/S(H)] C [A*/S(H x GL,)]
which for a line bundle £ € [Gr(n, k)/S(H)] induces an isomorphism of GIT quotients

Gr(ki,n) x -+ x Gr(ky,,n)//c SLn, = Gr(n,k)//cS(H)



Similarly, define the group P(H x GL,) = (H x GL,)/G,, and P(H) = H/G,, where G,, is
embedded diagonally. The surjection H x GL,, — P(H x GL,,) induces a rigidification morphism of
quotient stacks

[AF"/(H x GL,,)] — [AF"/P(H x GL,)]

and an injection on Picard groups

Pic([A*"/P(H x GL,))) Pic([AF /(H x GLy,)])

| |

Z™ = {(J1,- - Jmer | k1 + -+ Jmkm + Jmpin = 0}————— 7m+1

We have inclusions of open substacks
[Gr(k1,n) X - x Gr(km,n)/ PGL,] C [Gr(n, k)/S(H)] C [A*"/P(H x GL,)]
which for a line bundle £ € [Gr(n, k)/S(H)] induces an isomorphism of GIT quotients
Gr(ki,n) X - X Gr(km, )/ PGLy, = Gr(n, k)//c P(H)
The most classical Gel’fand-MacPherson correspondence is in the case that each k; = 1.

Corollary 3.2. Let m > n be positive integers. There is an open immersion of Artin stacks
[(PP—1Ym/GL,] C [Gr(n,m)/G™] which induces an isomorphism of Picard groups

Pic([Gr(n,m)/G™]) = Pic([(P"1)™/ GL,])

m

For a line bundle L on [Gr(n, k)/H], there is an isomorphism of GIT quotients
(B~ //c GLy = Gr(n,k)// Gy,
g

3.5. A generalization to flag varieties. We can generalize the main result of [Bor03] which
offered birational equivalences between certain flag associations.

Let 0 < dy < dg < ---dr, = d < n be integers and d = (dy,...dr). The flag variety F(d,n)
parameterizes flags 0 C V3 C --- C V, C A™ with dim V; = d;.

Let Uy, € A% be the open subscheme consisting of d X n matrices where for each 1 < i < k, the
first d; rows are full rank. The group GLg4 acts on A% by left multiplication. Fix a representation
of a flag in Uy, (for instance, (idd O)) The stabilizer P C GL, is a parabolic subgroup and
F(d,n) is the geometric quotient U/P. If 0 C V; C ---V}, C O™ is the universal flag on F(d,n),
then L = (A%Vi)Y is a very ample line bundle. The group GL, acts on F(d,n) and L has a
GL,,-linearization as above.

Let dz = (di17~~~7dilT) with 0 < dj; < -+ < dili =d<mn. Lete= (617...765) with 0 < e1 <
- < eg < n be integers. Set d =d; + ---+ d,. Let P; C GLg4, be the parabolic subgroup fixing a
d; x n-matrix representing some flag in F'(d;,n) and @ C GL, be the parabolic subgroup fixing a
n X d-matrix representing some flag in F'(e, d).

The diagonal action of P = P; x --- x P, C GLg4 on F(e,d) and the action of @ C GL,, on the
product F(d,,n) x --- F(d,,n) induces

[F(dy,n) x - F(d,)/Q - — == == ===~ — + [F(e,d)/ P]

with U a birational morphism which is an isomorphism over an open substack having complement
of codimension at least 2. We conclude:



Proposition 3.3. With the above notation, there is an isomorphism of Picard groups
Pic([F(e,d)/P]) = Pic([F(dy,n) x -~ F(d,,n)/Q])
For a line bundle L on [F(d,,n) X -+ F(d,,n)/Q), there is an isomorphism of GIT quotients
F(dy,n) x -+~ F(d,,n)//cQ = Fle,d)//w-c P
|

3.6. Duality between subbundles and quotient bundles. There is an obvious isomorphism
Gr(k,n) = Gr(n — k,n) given functorially on a scheme T by

Gr(k,n)(T) — Gr(n — k,n)(T)
(VS o) ((0m) V) com)
Remark 3.4. There is no apparent morphism of groupoids (GLy XUy n =2 Uk.n) — (GLp—g XUg - =
Uk,n—k) induced from morphisms Uy, — U,—_k, and GLy xUk,, — GLy—g XUy n—k. However,
we can consider a bigger presentation of Gr(k,n) = Gr(n — k,n) incorporating both representa-
tion. The group GLg x GL,,_j, acts freely on Y = {(A, B) € Uk, X Uy_g.n| ABT = 0} such that
Gr(k,n) =2 [Y/(GLg x GLp,_x)] = Gr(n — k,n).

3.7. The Gale transform. By combining the Gel’fand-MacPherson correspondence (Proposition
with the duality between subbundles and quotient bundles, one can establish the Gale transform.

Proposition 3.5. Let n be a positive integer and 0 < kyq,...,ky, < n positive integers such that
k=k+- -+ kmn >n. Consider the diagram

[Gr(k1,n) X - -+ X Gr(km,n)/ GL,|“— [Gr(n, k) /H]
|
' ll
4
[Gr(k1,k —n) x -+ X Gr(km, k —n)/ GLg—p]—— [Gr(k — n, k)/H]|
The Gale transform ® is a birational morphism which is an isomorphism in codimension 1 and
induces an isomorphism
Pic([Gr(ki,k —n) x -+ X Gr(kp, k —n)/ GLg_,]) = Pic([Gr(ki,n) x - -+ x Gr(km,n)/ GLy,])

For a line bundle £ on [Gr(k1,k —n) X -+ X Gr(kp, k —n)/ GLg_y], there is an isomorphism of
GIT quotients

Gr(k1,n) x -+« x Gr(km,n)//c GLy, — Gr(k1,k —n) x -+ X Gr(km,k —n)//o+c GLi—n
]

Remark 3.6. Similarly one can write down a Gale transform for correspondences of products of flag
varieties.

In the special case when each k; = 1, we recover:
Corollary 3.7. Let n < m be a positive integers. Consider the diagram
[("=1)™)/ GLy | [Gr(n,m)/G}]
|
s J
4
[(Pm—n=1)m | GL,,_ ] [Gr(m — n,m) /G

The Gale transform ® is a birational morphism which is an isomorphism in codimension 1 which
induces an isomorphism of GIT quotients

(Pnil)m//ﬁ SLn = (Pminil)m///\/l SLim—n



where £ = O(j1) K- O®m) on (P*~H™ (resp. L = O®j1) K- O®fm) on (P™=""1)™) with the
natural SLy, (resp. SLy,—y) linearization. O

4. ZARISKI-LOCAL DESCRIPTION OF THE MODULI SPACE OF ORDERED POINTS IN P!

The purpose of this subsection is show how slicing can be used to produce two explicit Zariski-
local of descriptions of GIT quotients in the case of ordered point in P'. The first Zariski-local
description for the quotient simply reproduces the result [HMSV09, Lemma 4.3] albeit in a slightly
different language. The second Zariski-local description has the advantage that they cover the GIT
quotient.

4.1. Setup. We consider the symmetric case for the action of SLy on n ordered points in P! (that
is, the unique SLsy-linearization of O(1) X --- X O(1)). The non-symmetric case can be reduced to
the symmetric case (see [HMSV09, Theorem 1.2]). The GIT quotient is the projective scheme

M, =ProjR ,where R= @ L((PH™, O(d) R --- K O(d))5"=
d
The first fundamental theorem of invariant theory says that R is generated by the invariants Xa
where A is a directed graph of vertices labeled 1 through n which each vertex having degree d and

Xa= [I (e —zm) € T(EYH,0@) K- BO(d))S
edges (ij)€EA
Kempe’s theorem states that R is generated by invariants of lowest degree (i.e. invariants of degree
1if n is even and degree 2 if n is odd). Let I be the ideal of relations (that is, I = ker(Z[Xa] — R)
where A varies over degree 1 invariants). The result [HMSV09, Theorem 1.2] established that I is
generated by relations of degree 4. The same authors more recently have shown that in general I
is generated by the sign, Pliicker relations and simple binomial relations when n # 6 over Z[1/12]].
This gives a complete and beautiful description of the projective ring of invariants R.

4.2. Zariski-local descriptions. If n is odd, there are no strictly semistable points and PGLs-acts
freely on (P')™5 as every stable configuration has at least three distinct points.. A Zariski-local

description of the quotient is easy to give. For instance, around the point (0,1, 00,p4,...,pn), the
quotient can be described locally as W N (P1)™% where W = {(0,1,00,q4,...,qn)} C (P})™.
If n = 2m is even, the situation is more subtle as the point (0,...,0,00,...,00) is strictly

semistable. We will give two Zariski-local descriptions of the GIT quotient around this point.

4.3. First description. Consider the SLy-invariant open affine subscheme
U={P,#Pjfor1<i<m<j<n}C(PH"
which is the non-vanishing locus of the section
s= JI (@ —zm) € T(EY",O(m) &--- B O(m))>"
i<m<j<n

By slicing the groupoid SLy XU = U by the closed subscheme W = {P; = 0, P, = oo} — U, we ob-
tain the groupoid R|w = W where R|y C SLy xU is defined by the vanishing of (x1, 0*21, Yn, 0% yn).
Since o*x1 = axy + by; and o*y, = cx, + dy2, R|w is defined by x; = y, = b = ¢ = 0 so that
Rlw = G,, x W. Using Proposition one sees that SLy xW % U is faithfully flat. One sees that
the sliced groupoid R|w = W is the same as the groupoid induced from the action of G,,, C SLs
on W. In other words, if « = [U/SLs], the composition W «— U — U is faithfully flat and an
SLo-torsor; that is, U = [W/G,y,].

We can write W = Spec Z[x;, y;]z,y,—1 Where G,,, = SpecZ[t]; acts via x; — tx;, y; — t~1y;.
The invariants of this action are clear: if we set W;; = x;y;, then

LW, Ow)®™ = Z[Wijlw,,—1/(Wij Wi — Wy W)



This reproves:

Proposition 4.1. [HMSV09, Lemma 4.3] If n = 2m, R = @, '(P")",O(d) K --- K O(d))5L* and
s = Hi§m<j§n($iyj — x;Yi) € Ry, then there is an isomorphism
Rsy) = ZIWijlwy;—1/(WijWi — WaWy;)

In particular, W//G,, C (P1)™// SLy is isomorphic to the space of (m — 1) x (m — 1) matrices
of rank at most 1 where each entry differs from 1 with the point (0,--- ,0,00,--+,00) corresponding
the zero matriz. O

Remark 4.2. While this gives a satisfying Zariski-local description of the singularity, unfortunately
the open sets U C (P*)™" defined by varying the choice of a partition {1,...n} into two equal
length subsets do not cover the semistable locus. For example, if n = 6, the point (0,0,1, 1, 00, 00)
is not in any such open subset.

4.4. Second description. The SLy-invariant open affine subscheme
U={(P,...,P)|PL#Ps,...,P,_1 # P,}
is the non-vanishing locus of the section
5= H Toi—1Y2i — Taiyai—1 € T((PH", 0(1) K-+ K O(1))5"
1<i<m
This is the invariant section corresponding to the graph A =12-34----- (n — 1)n.
Let W < U be the closed subscheme defined by P; = 0, P, = co. The composition W — U —
[U/SLs] is faithfully flat giving the the quotient stack representation [U/SLy] 2 [W/G,,].
Consider the Pliicker embedding
P x P'—P% ([2, il [Tig1, Yis1]) = [@3@is1, Taliv1, Yiiv1 s Yilir1]
and set flz = T;Tiy1, BZ = TiYi+1, C'Z = YiTit1, Jjz = y;Y;+1. By inverting Bi — C’h we have
(]Pl X ]Pl) \ {PZ = PiJrl} = Spec Z[A“ Bi, Ci, Dz]/(AzDz — BZC“ Bz — Cz — ].)
where A; = AZ/(Bl — C’l), oDy = Dl/(BZ — C~’Z) This gives the description
W = SpecZ[A;, B;, C;, D |i = 3,5,---n — 1]/A;D; — B;Cy, B; — C; — 1)
such that G,,, acts via 4; — t2A;, B; — B;,C; — C;, and D; — t72D;.
Proposition 4.3. If n=2m, R=@,;T((PH)",0d) X ---RO(d))*2 and s = [[,<;<,, T2i—1Y2i —
To;Y2i—1 € Ry, then there is an isomorphism o
Ry = Z[B;, Cy, Fyj|i,j = 3,5,--- ,n — 1]/(Fy — BiC;i, B; — C; — 1, Fij Fyy — Fy Fy)

where Fy; is the invariant A;D;. O

4.5. Scheme-theoretic description of (P!)"//SL,. The first main theorem of [HMSV09] in the
case of the symmetric case states that over Z[1/3] for n # 6 the (P*)"//SLy is scheme-theoretically
cut out by the sign, Pliicker, and simple binomial relations. Their proof uses two ingredients: (1) an
induction argument to prove the result away from the strictly semistable points and (2) the explicit
description of Proposition ([HMSV09), Lemma 4.3]) to prove the result in a neighborhood around
a strictly semistable point.

It is conceivable that Proposition can give a direct proof of this theorem since such Zariski
opens cover the GIT quotient. In fact, let J be the ideal generated by the sign, Pliicker, and simple
binomial relations and S = Z[Xa]/J so that there is a surjective morphism 7 : S — R = Z[Xa|]/I
where I is the ideal of relations. Let f =[], ,;<,, T2i—1¥2i —*2;y2i—1. One must show that for n # 6,

10



75y : S — R(p). The second description above gives an isomorphism « : Ry — T'([W/G,]) so
that there is a diagram

(ZIXP)) 7)) = S(p) —2 Ripy = (ZIXr)/T) )

< K
S T(W/G)

One can construct explicitly the inverse v~ : I'([W/G,,]) — R(y). It remains only to check that
y~! lifts to a morphism 3 : T([W/G,,]) — S(s) such that § o a = id. Unfortunately, we have not
been able to show this.

We stress though that Howard, Millson, Snowden and Vakil can prove the much stronger result
that the ideal of relations is generated by the sign, Pliicker, and simple binomial relations for n # 6.
However, it is possible that our methods could be applicable to configurations of points in P™ for
m > 1 where very little is currently known.

5. THE KONTSEVICH MODULI SPACE OF STABLE MAPS My (P!, 2)

We recall from [Kon95|, [EFP97] and [AOOI] that the moduli stack of maps from smooth curves
M (P, 2) over SpecZ is the category fibered in groupoids where an object over a scheme T is a pair
(p:C—T,f:C — P) where C — T is a smooth, proper morphism whose geometric fibers are
connected, genus 0 curves and f : C — P! is a morphism such that for any geometric point t € T,
ft : C; — P! is non-constant. A morphism (p:C —T,f:C —PY) — (p' : C' =T, f : C" — P!)
in Mo(P*,2)(T) is a cartesian square

C—=

L, |

T——T

such that f = f’ o . It is well known that My (P!,2) is an Artin stack with finite inertia.

Let V = {(A12% + By + C1y?, Asx?, Boxy+Coy?)}Y be the dual of the free Z-module consisting
of two sections s, so € T'(P!,0(2)). Let X = PV and U be the open subscheme of X consisting of
basepoint free sections. The locus A = X \ U consisting of pairs of sections with basepoints is given
by the vanishing of a degree 4 homogeneous function A (see Equation .

X has a natural action of G = PGLy and O(1) has a unique PG Lo-linearization which on global
sections is given by

I(X,0(1) — (G x X,0 R O(1))

A A.a?2 + B, o2
l'_)ad—bc( ia° + Biac + Cic”)
1
B; — ﬁ@Aiab + B;(ad + bc) + 2Cied) (= B; in characteristic 2)
ad — be
Ci Aib® + Bibd + C;d?
" ad - bc( * + )

where we have given PG L, the projective coordinates a, b, c, d.

Proposition 5.1. There is an isomorphism of Artin stacks Mo(P',2) = [U/PGLs] over SpecZ.
Owver Spec Z[1/2], Mo(P!,2) is a separated Deligne-Mumford stack. In characteristic 2, the stabilizer
of the totally ramified degree 2 cover P* — P, [z,y] — [22,y?] is the group scheme V (a?—d?,b?, c?) C
PGLy which is not reduced and not linearly reductive. In particular, Mo (P!, 2) is a non-tame Artin
stack over Fo with finite inertia.
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Proof. Let A be the prestack over the big étale site of affine schemes whose objects over an affine
scheme Spec A are surjective A-module homomorphisms o : A ®z VYV — A such that for each
prime p C A the k(p)-vectors (a,(A1), ap(B1), ap(Ch)) and (ayp(A2), ap(Bs), ap(Cs)) are linearly
independent where o, = a ® k(p) (i.e. the induced morphism Spec A — PV factors through U).
The group of morphisms Mor(A; ®z V'V B AL, AR, VY B Ag) over f:Spec A1 — Spec A, is the
subgroup of elements g € PGLy(A;) such that there exists a € A} inducing a commutative diagram

A @, VY2 Ay

@a®a, A1

A ®g VvV —— Ay

Let B be the prestack whose objects over Spec A are morphisms f : P4, — P such that f*O(1) =
O(2). The morphisms Mor(f1, f2) over Spec A; — Spec Az is the set of elements g € PGLy(41)
such that there is a commutative diagram

Py, ELEN Py,

g
l 48141

1
Py,

The stackification of A and B is isomorphic to [U/ PGLy] and Mg (P!, 2), respectively. There is an
equivalence of categories A — B sending o : A®z V" — A to the morphism f : P, — P determined
by the sections (A1) X2+ a(B1)XY +a(Ch)Y?, (a(A2) X%+ a(B2) XY +a(C2)Y?) € T(PYL, 0(2))
Stackification therefore induces an isomorphism of stacks [U/ PGLy] — Mg (P!, 2).

For the final statements, it is well-known that Mq(P!,2) is separated. It is easy to see that the
stabilizer G}, of the point p € Mo (P, 2)(F2) is defined by V(a? — d? b2, ¢?) C PGL2(F2) which is
clearly non-reduced. Since the subgroup scheme of G, defined by ¢ = 0,a = d = 1 is isomorphic to
the non-linearly reductive group scheme «s, it follows that G}, is not linearly reductive. (]

Over Spec Z, by the Keel-Mori theorem ([KM97]), there exists a coarse moduli space Mg (P!,2) —
My (P, 2). The scheme Mq(P!,2) has the GIT compactification:

M, (P',2) = PV//o(1) PGLy := Proj S where S = @D T(PV, O(k))"C"2

k>0

Then My(P,2) C MSIT(H“, 2) is open locus where A doesn’t vanish, where A is the invariant defined
in (|1.1)) whose vanishing determines the basepoint locus.

5.1. Proof of Theorem|[IJover SpecZ. We prove that over Z, the ring of invariants S 2 Z[Ay, Ay, T', A]/(4A+
AlAQ — F2)Z

Proof. Let W — X = PV be the locally closed subscheme defined by
W ={A=C,=0}\ ({B1=C1=0}U{Ay = B, =0})

We claim that W — [PV/PGLy] is flat such that its image [W/R|w] C [P(V)/PGL3] has comple-
ment consisting of pairs of sections (s1,s2) where either s = 0 or so = 0. In particular, its image
has complement of codimension at least 2. To prove this, we will slice first by A; = 0 and then by

C5 = 0 using the local criterion for flatness to verify that both slices produce fppf groupoids.
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First, let Wy = {4; =0} \ {B; = C; = 0} and consider the diagram

R|W14)GXW14>W1

L]

oTtW) ——GEx X —— X

]

Wy X [X/R]

By Proposition to check that o1 (Wy) 23 PV is flat, we need to check that o* A; = L (A1a®+
Bjac+ C1c?) does not vanish at any associated point in pz_l(w) = PGLs xzk(w) for w € Wy C PV.
This statement is true as w ¢ V(By,C1). It follows that R|y, — Wi is an fppf groupoid such that
[W1/R|w,] is an open substack of [PV/PGLs].

Consider the groupoid Ry = W. We need to check that 0*Cs does not vanish at any as-
sociated point in V(Ay,0*A;1) C PGLy xzk(w) for w € W. Since w ¢ V(B;1,C1), we see that
V(A1,0%A1) = V(A1, c(Bia+Cic)) has associated points (¢) and (Bra+Cic). Since w ¢ V(Ag, Bs),
c*Cy = ﬁ(AQb2 + Bobd + C3d?) does not vanish at either associated point. It follows that
W — [PV/PGLy] is flat.

The orbit PGLg -W consists of pairs of sections (s1, $2) where both s; and s are non-zero. Clearly

[PV/ PGL]\ [W/R|w] has codimension 3. Therefore, we may compute the invariants as the equalizer
of:

DBz I(W, O(k)) 3 Do T (Rlw, O(k))

pz

k[B1,C1, Az, By) ——=I'(PGL2, Opg,)[B1, C1, Az, Ba]/(c(Bra + Cic), b(Azb + Bad))

B = —A+(Bi(ad + bc) + 2C;cd)
C1 & A (Bibd + Cid?)
Ay & —L(Aza? + Bac)
B, & —1—(2Asab+ By(ad + be)),

This computation still seems unmanageable but we will restrict the computation to each of the
four components of Rly: Ry = V(b,¢), Ra = V (¢, Asb + Bad), R3 = V (b, Bia + Cic¢), and Ry =
V(Bia+ Cic, Asb+ Bad). Recall that if D is a ring with ¢,d € D and d a non-zero divisor in D/(c)
then (¢) N (d) = (ed) and D/(cd) — D/(c) x D/(d) is injective. Therefore, we have inclusions

Pr(Rlw,0(k) — @ T(R1,0(k)) x T (Re, O(k)) x T (Rs, O(k)) x P T(Rs, O(k

13



o,p
If S; is the equalizer of @,I'(W, O(k)) = ®rI'(R;, O(k)), then S = NS; is the ring of invariants.

We can now compute:

7,p2
Z[B1,C1,A2,B2] = (Z]a,d]ad)o ® Z[B1,Ch, Az, B2]
i=1 B % B,
(b=c=0) Ch = ~Ch
Ay = %Ag
By % By
= [S1 = Z[B1, B:, (143
7,P2
Z[B1,C1,A2,Ba] = (Z[a,b,c,dlad—be)o ® Z[B1,C1, Az, Ba]/
(AQb + Bad =0, Bia + Cic= 0)
4 Bi % -Bi
1 = o 1 2
(Asb+ Bad =0, G vl mm(Bibd+ Gid)
Bia+ Cic=0) Az 7 ad=be (A2a” + Bzac)
B2 — _B2
ChL1A> 7 W(Bu‘b(]?bcd =+ 01A2a2d2 + B1Bsabed + ClBQCLCdQ)
= C1A2
= |S1NSs=2Z[B}, B3, B1B2,C1A2]/((B3)(B3) — (B1B2)?)
o,p2
Z[B1,Cl,A2,BQ] = (Z[CL, b, d]ad)o®Z[B1,01,A2,BQ]/(A25+BQd)
B % B
Ci & §B1 + %Cl
=2 Ay & GA2
(¢ = A2b+ Bad = 0) By % 2434+ By=-B»
BlBQ 'i> _BlB2
Chdy & %B1A2 + C1A; = C1A2 — B1Bs
Ci1As — BiB: % Ci1As — B1Bs
— ‘ S1NSaNSs=7Z < B%,B%,QC&AQ — BlBQ,ClAQ(C1A2 — BlBg) > ‘
o,P2
Z[Bl,Cl,AQ,B2] = (Z[(L C,d]ad)o@Z[B1,017A2,BQ]/(B1Q+Clc)
Bi % Bi+ 2201 =—-B
AT}
i=3 Ay % %A+ EB;
(b= Bia+ Cic=0) Bs & By
B1B2 'i> _BIBQ
C1As s 58201 + C1As = C1As — B1 B>
ClAQ — BlBQ 'i> ClAQ - BlBQ

= ’ S =17Z< B? B2,20,45 — B1B;,C1A2(C1As — B1B3) > ‘

The calculation above of the invariants for S; and S; N .Ss is obvious. It is also easy to see that
S1NS2NS, is generated by B?, B2, 2C1 Ay — By By and Cy A3 (Cy Ay — By Bs). For instance, S1NS2NSy
is the Zg-invariants of the ring Z[A, B, C, D]/((C — D)? — AB) where the action is trivial on A and
B but swaps C and D where A = B, B = B3, C = A;Cy and D = A;Cy — By Bs. Tt follows that
$1NS>NSy = Z[A, B,C+D,CD]/((C—D)?—AB). Since (C—D)?—AB = (C+D)?—4CD—AB, we
see that the ideal of relations is generated by (2C) Ay — By By)? —4(Cy Ao (C1 As— By By))—(B1)?(B2)?.

It follows that

S =Z[B}, B3,2C1 Ay — B1 By, C1A5(C1 Ay — B1By)]/
((2C1 Ay — B1By)? — 4(C1A5(CLAy — B1By)) — (B1)?(B3)?)
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The invariants A1, Ao, T and A restrict to W as: Ayl = B, As|lw = B3, '|lw = B1 By —2C1 Aa,
and Alyw = C1A3(C1 A2 — B1Bs) and we have the relation

AN lw =Ty — ArlwAo|w

O

5.2. Proof of Theorem (1| over SpecZ[1/2]. Since good GIT quotients are stable under flat base
change, it follows that over SpecZ[1/2], the ring of invariants is

213)[81, 8o,

5.3. Proof of Theorem (1] over SpecFsy. Since PGLy — SpecZ is not linearly reductive, the ring
of invariants over Fy is not necessarily
Z[Ah Ay, T, A]/(4A —1? + AlAg) QR Fy = FQ[Ah Ao, A]

and indeed there are invariants (eg. B; and Bs) over Fy that do not lift to invariants over Z. In
characteristic 2, we immediately see that Bj, B are invariants. The locus V(B;) consists of sections
(s1,82) where s; has a double root. We see that A; = B, Ay = B2, Ajo = B? + B and I' = B, By
are clearly generated by By and By. We have

A = (A1Co + C1As)* + (A1C2 + C1 A2)(B1Ba) + A1C1 B3 + AyCoBY

and the relation 4A = I'> — A; A, which turns into the obvious relation I'? = A;A,. We repeat the
above slicing argument in characteristic 2:

Proof. Let W — PV be the locally closed subscheme defined by
W ={A=Cy=0}\ ({B1=C1=0}U{A; = B, =0})

By the same argument as above, W — [PV/PGLs] is flat and [W/R|w] C [PV/G] has complement
of codimension 3. As before, we need to compute the equalizer of

D= T(W, O(k)) 8 D= T(Rlw, O(k))

p2

FQ[Bl, Cl, AQ, BQ] :; ].—‘(CTY7 OG)[Bl, Clv AQ, Bg]/(c(Bla + Clc), b(AQb + BQd))

We restrict the computation to each of the four components of R|w: R; = V(b,c), Ry =
V(C, Agb + Bgd), R3 = V(b, Bia + 010), and Ry = V(Bla + Cie, Asb + BQd)Z

S
=3
)

Fo[B1,C1,A2, Bl = (Fzla,d]ad)o @ F2[B1, Ch, A2, Ba)
i=1 Bi > B
(b=c=0) G f’ 3G
A S 24,
B, & B

— ’Sl = F3[By, B2, C1 A3] ‘
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Q
ol
M

Fa[Bi,C1, A2, Bo) = (Fa[a,b,d]aq)o @ Fa[Bi, C1, Az, Bo]/(A2b + Bad)
B 2 B
1 =2 B, % B
(c= A2b+ Bad =0) CiAs 5 %BlAz—i—ClAg = C1A2 + B1B>
CiAd2+BiB: % CiA;
C1A2(C1Az + B1Bs) % C1A3(C1Az + BiBa)

= ‘51 NSy = F3[B1, B2, C1A2(C1A2 + B1B3)) ‘

F2[B1,Ch, A2, Bs] U;iz (F2la, ¢, d]ad)o ® Fo[B1,C1, A2, B2]/(Bia + Cic)
i=3 Bi = B
(b= Bia+ Cic =0) By > B
C142 +— £B:C1+Ci1A2=Ci1A2 + B1B2
C1A42(C1As + B1Bs) % (C1A2(C1As + B1Bs)

= | S1NS>2NS3 = ]FQ[B%,BQ,2CIA2 — BlBQ]

F2[Bi,C1, Az, Ba] §2 (F2a, b, ¢, d)ad—be)o ® F2[Bi1,C1, Az, Ba]/

(Agb —+ Bgd = O, Bla + Clc = 0)
i=4 B % B
(Asb+ Bad = 0, Ci @#g&%+cm%
Bia+ Cic=0) Ay = g (A2a” + Baac)

B, % B
Cids % tpr (BiAza®bed + CrA2a®d® + By Baabed + Oy Baacd?)
=C1As

. ’ S = F3[Bi1, B2, C1 As]

It follows that
P rw,0(k) 1" =Fa[By, By, B1By(Ci Az + By By)]

k
Since the restriction of A to W is Alw = C1A2(C1As + B1Bs), we have established that S =
Fy[By, Ba, A]. i
Since B; and B, are degree 1 and A is degree four, it follows that M, (P!,2) = P(1,1,4). The
1 . - 1 o BY B{B, B?B? B?B, B:
open locus My (P*, 2) is defined by the non-vanishing of A so that My(P",2) = Spec Fa[7L, =472, =2, 5, #)
which is the cone over the Veronese embedding P* — P4 O

Remark 5.2. In characteristic 2, M - (P*,2) is Q-factorial. Indeed, there is a resolution of singular-

ities X — MOGIT(]P“, 2) with a rational exceptional divisor. From [Art66, Theorem 3], it follows that

—G . . .
M, IT(IP’I,Z) is rational. Furthermore, [Lip69, Proposition 17.1] states that every two dimensional

. . . . . . o g —GI

isolated rational singularity has a finite class group. In particular, every Weil divisor on M, T(IP’l, 2)
. L . . —GIT . . . .

has a multiple which is Cartier. It is unclear whether M, (P!,2) has finite quotient singularities.

Remark 5.3. The morphism
P(V ®F2)//PGLy — (PV//PGLy) x Fy

is a finite universal homeomorphism induced from the inclusion of rings Fo[A1, A, T'] < F3[B1, Ba, A]
which is not surjective but the square of every element in F3[By, Ba, A] is in the image.

5.4. Semistable and stable locus. Recall from [Ses77, Definition 2| that if G — SpecZ is a
reductive group scheme acting on projective space P(V) where V is a free Z-module with a dual
G-action, a geometric point x : Speck — P(V') is semistable if there exists a non-zero homogeneous
invariant polynomial f € Sym*(VV ® k) such that f(z) # 0. A geometric point z : Speck — P(V)
is properly stable if it is semistable and the G ® k-orbit is closed and the dimension of the stabilizer,
dim G, is zero.
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It follows from the explicit computation of invariants in Theorem [1| that:

Corollary 5.4. A geometric point x : Speck — PV corresponding to (s1,s2) : P! — P! is not
semistable if and only if s1 = s3 = (ax + By)? for some a, 3 € k. The geometric point = is properly
stable if and only if (s1,$2) is basepoint free. a

For an algebraically closed field k, there is a unique closed point in the strictly semistable locus

P(V ® k)™ \ P(V ® k)® corresponding to (xy,zy). The stabilizer is 0 U (0 b). Any other

a
0 d c 0
point in the strictly semistable locus is equivalent to (zy,z(z + y)) which has a Zy-stabilizer.

Remark 5.5. One can also prove the corollary as an easy application of the Hilbert-Mumford criterion
(IMum65), Theorem 2.1]).
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