COBORDISMS AND THE MONOPOLE SURGERY EXACT
TRIANGLE

ADAM C. KNAPP

ABSTRACT. Given a cobordism Wy between two closed oriented 3-manifolds,
Y and Yp, we give a relation between the maps on Monopole Floer homology,
fI(Wg) : ;I(Y) — I\:I(Yo) and maps from EV(Y) into E[(Yl) and I\L/I(Yg)7 where
Y1 and Y> are 3-manifolds which fit into certain surgery exact triples with
Yp. Further, we show that the maps to H(Y1) and H(Y2) are natural in the
sense that they are chain homotopic to maps induced by cobordisms. Similar
statements hold for the H and H theories.

1. INTRODUCTION

A surgery exact triangle was originally described by Floer in [5] for his instanton
homology for 3-manifolds. Since then, both P. Ozvath and Z. Szabo’s Heegaard
Floer homology and P. Kronheimer and T. Mrowka’s Monopole Floer homology
have been shown to have similar surgery exact triangles. (in [15] and [8], respec-
tively) Among other uses, the exact triangle is used in the proofs that the Euler
characteristics of both the Heegaard and Monopole Floer homologies of zero surgery
of a knot in S3 is the Alexander polynomial of the knot. Here, the surgery exact
triangle plays the role of the Conway skein relation. Corresponding results hold in
the 4-manifold world where in [4], R. Fintushel and R. Stern’s knot surgery tech-
nique used J. Morgan, T. Mrowka and Z. Szabo’s formula [13] to prove that a skein
relation for the Seiberg-Witten invariant holds.

Geometrically, the surgery exact triangle is constructed as follows: Let Y be a
closed, oriented 3-manifold containing K, a smooth knot. Suppose that we have
three simple closed curves 7, 71,72 in @ (Y\N(K)) = T? with

Yo =7 "Y2=7 %=1

Let Y; be obtained by a Dehn filling of Y\N(K) along 7;. We can think of K c YV
as sitting inside each of the Y; as the core of the Dehn fillings.

Cobordisms W, ; are obtained by taking Y, x [0,1] and adding a 2-handle
attached along K x {1} with framing given by the push off ~, 1. The boundary of

W}, . is oriented so that oW} | = =Y, b Y, 1.
Theorem 2.4 of [8] states that the sequence
H(Wisa)  + W) o HWis1) o H(Wit2)
(1) = H.(Y) —> H.(Yiy) —> H(Yies) —>--

is exact with Z/27 coefficients, which we will assume throughout. The same is true
for the H and H theories.

Partially supported by LISTENERS LIKE YOU.
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2 A. C. KNAPP

Since the above sequence is exact, the group H «(Yp) is isomorphic to the di-
rect sum of the kernel and cokernel of H(W;). More precisely, H,(Yp) is quasi-
isomorphic to the mapping cone of H (W7). On the chain level, the mapping cone
has chain groups equal to C(Y;) ® C(Y2) together with differential:’

Such a mapplng cone gives rise to a spectral _sequence, with Fy page equal to
(Y1) @ C(Yg) and with Ey differential 09,, = 61 (—962 Then the F; page is equal
to H (Y1) ® H(Y») and has differential oo = (W2 ). This can be generalized to
surgery on multiple link components and is described in [1].
The goal of this paper is to prove Theorem 1.

Theorem 1. Suppose Wy is a compact cobordism with oriented boundary W =
—Y uY, and that K is a smoothly embedded copy of S* in Yy which bounds a
punctured torus T in Wy. For each orientation on K (equivalently on T) there
is a surgery exact triangle obtained by surgery on K C Yy with 3-manifold terms
{Yotnezysz- Then, under the quasi-isomorphism

(C(Y0),00) = (C(V1) @ C(Y2), Onrc)

given by the surgery exact triangle, there are cobordisms Wy and Wy with 0W; =
=Y uY; and OWy = =Y u'Ys such that the chain level maps

o C(Y) = C(Yo)
and
i1 @ ((Ut)riz) = C(Y) = C(%) @ C(Ya),
where q(Ut) = X5, U;i(HS)/z is an invertable power series in Uy, satisfy

p(Us) (o) = (M1 @ (q(Uy)ma)),

where p(Us) = 450 Us FED/2 s am invertable formal power series in Uy. Similar
statements hold for the H and H theories.

Computationally, the purpose of the theorem will be to determine the cobordism
map for W in terms of cobordisms of lower “complexity” much in the same manner
as computing the Alexander polynomial by using the skein relation to reduce a
knot to unknotted components. For example, if W; and W5 have positive scalar
curvature, and hence only reducible solutions, we can compute the maps on Floer
homology using only topological information.

During preparation of this paper, two relevant results were announced. The first
is a series of papers by Li, Kutluhan, and Taubes showing the equivalence of the
Heegaard Floer and Monopole Floer theories for 3-manifolds. (Currently [9], [10],
and [11] are available. MORE NOW?Y) The second is [12] which proves similar
results to ours in the world of Heegaard Floer homology.

IWhere convenient, we will adopt the general convention that for maps from cobordisms on the
chain level, superscrlpt labels denote incoming 3-manifolds and subscript labels denote outgoing
3-manifolds. mo = m(Wo), mi = m(W})
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2. OVERVIEW OF MONOPOLE FLOER HOMOLOGY

We will now give a “user’s guide” to some important features of (Z/2Z-coefficient)
Monopole Floer homology. For particulars, we defer readers to the detailed descrip-
tion of the theory in [7].

2.1. Critical points and chain groups for 3-manifolds. Let Y be a closed
oriented 3-manifold with fixed data: a Riemannian metric g and closed 2-form
w. Let B7(Y) be the space consisting of 4-tuples (s, B, s, ¢) where s is a spin®
structure on Y with corresponding spinor bundle S, B is a spin® connection on
S, s is a non-negative real number, and ¢ is a section of S with unit norm. This
configuration space splits into connected components LlsESme(Y) B(Y;s). The
boundary, 0B?(Y;s), is the set of reducible configurations — the set of triples with
s = 0. The homotopy type of each B?(Y;s) is the same as that of 701(Y) x R=0 x
cpP™.

There is a “vector field” on B?(Y) coming from the gradient of the perturbed
Chern-Simons-Dirac functional which is given by the following equations:

d
2) %@Bt - _% # (Fpe — dw) — s2p 1 (¢d*)o
d
(3) %S = —A(B,S,¢)S
d
(4) @(b = —DB¢+A(BaSa¢)¢

where A(B, s, ¢) = (¢, DB¢>L2(Y)~ For each s € spin®(Y) we get three sets:
€°(Y;s),¢%(Y;s), and €“(Y;5)

which are the zeros of the above vector field over B?(Y;s). The intersection with
the zero section is not transverse in general and we will need to perturb the vector
field.

The first set, €°(Y;s), are the irreducible zeros. These points lie in the interior
of B7(Y;s).

The sets €°(Y;5) and €%(Y'; s) comprise the reducible zeros of the vector field and
lie in 0B7(Y;s). The €°(Y;s) and €%(Y;s) are the boundary-stable and boundary-
unstable zeros, respectively.

Assume that w = 0. Then when ¢ (s) is non-torsion, the reducible sets are empty.
In the case that ¢ (s) is torsion then (after a perturbation which depends on a choice
of Morse function f on the torus of flat connections 7°'(Y)) we can assume that
¢ =~ 729 x Crit(f) and € =~ Z<9 x Crit(f). Here, the Z parametrizations of
Z x {B} c Z x Crit(f) is an order-preserving Z parametrizations of the eigenvalues
of the Dirac operator D with 0 € Z corresponding to the least positive eigenvalue.

Let C°(Y;s),C*(Y;s), and C*(Y;s) be the Z/2Z vector spaces generated by
€°(Y;s),@%(Y;s) and €%(Y;s). Define the chain groups

(Yis) = C°(Yis)@C*(YVss),
(YVis) = C°Y;s5)®C*(Y;s), and
C(Yis) = C(Yis)@C(Y;s)

for the to, from, and reducible theories in the spin® structure s. Finally, define
C(Y), C(Y), C(Y) by taking the direct sum over spin* structures on Y.

c
C



4 A. C. KNAPP

2.1.1. Gradings. The monopole Floer chain groups admit a grading by J(Y), the
set of homotopy classes of 2-plane fields over Y. Since a 2-plane field determines
a spin® structure, J(Y) splits into components J(Y;5). The set J(Y) admits a
73(S5?) = Z action which preserves, and is transitive on, each J(Y;s). (We orient
the action of Z by letting the action of +1 correspond to connect summing with
the lift of 7'S? to S® by the Hopf fibration.) For each s € spin®(Y’), the stabilizer
of the Z action is dZ, where d is the divisibility of ¢1(s) in H2(Y';Z)/torsion — an
even number. If ¢q(s) is torsion, we let d = 0.

The grading by J(Y'; s) gives a relative Z/dZ grading. Suppose that a,b € €(Y;s)
and z € mo2(a, b; B°(Y;s)) be a homotopy class of paths joining a to b in B?(Y; s).
Then the relative grading

gr.(a,b)

is the index of the linearized Seiberg-Witten operator over z. See Definition 14.4.4
of [7]. This relative grading is additive in the sense that:

gr.(a,c) = gr,(a,b) +egr, (b,c)

when, under concatenation of paths, z = z; 0zy. For the closed loop z, correspond-
ing to u e HY(Y;Z),
gr, (a,a) = (uwueci(s))[Y]

There is another flavor of the relative grading when both of a and b are reducible:
gr,(a,b) = gr,(a,b) — o(a) + o(b)

where o(a) = 0 if a is boundary stable and o(a) = 1 if a is boundary unstable.

There is also an absolute mod 2 grading gr(®’. The mod 2 grading gr(? (a) comes
from computing the index of an operator over a path connecting a to some reducible
configuration, not necessarily a solution. See Section 22.4 of [7] for details. This
also comes with a reducible version

(2) ifae@s
—@) L | er(a) ifae
g (a) { grP(a)—1 ifaec

Suppose that W is a cobordism with 0 W = —Y_ 1Y, and let «(W) be defined by

X(W)+a(W)+b1(Yy) —bi1(Y)
2

UW) =

The maps resulting from W will have even degree exactly when (W) is even. 2
TALK ABOUT gr@

For each j € J(Y;s), there are homogeneous subgroups

C;(Y,s) c Cu(Y;s)
C;(Y,s) © Cu(Yss)
Ci(Y,s) < Cu(Yss)

2Move to section on cobordisms?
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These give us internal direct sums:

~ ~

@ C(v,s) = Cu(Y,s)

JjeJ(Y;s)
@ Ci(v,s) = Cu(Yys)
JjeJ(Y;s)
@ C(v,s) = Cu(Y,s)
JjeJ(Y;s)

In the case that c;(s) is torsion, it is often necessary to use a completion of these
groups. The completions, C,(Y), C.(Y) and C,.(Y), are taking with respect to a
filtration decreasing in J(Y).

2.1.2. Module structure. The chain groups of monopole Floer homology are modules
over the opposite ring of the configuration space’s ordinary cohomology.

A(Y) = H*(B°(Y;5))PP = A(Hy(Y)/torsion) @ Z[U+]

via a N product. Actions of an element v+ € H1(Y")/torsion and of U; are of degree
—1 and —2 respectively. The action of Z[U] extends to an action of the ring of
formal power series, Z[[U;]], on the e versions.

This action is well understood for the C groups in general and for all three
theories in the case that Y admits a flat or positive scalar curvature metric. See
Section 35 of [7].

2.1.3. Local Coefficients. Omit?
2.1.4. Positive Scalar Curvature. Weitzenbock. Everything reducible.

2.1.5. Cohomology and Duality. Change in orientation for Y gives cohomology,
switches C' and C'. Switches unstable and stable crit pts.

2.2. Moduli spaces, Homology and Cobordisms, Families. Let W be a com-
pact oriented 4-manifold with boundary 0W =Y = | | Y, oriented by the outward
normal. Here we are thinking of W as a cobordism from the empty set to Y. Later
it will be easier to reverse the orientation on some of the boundary components and
view them as incoming.

Suppose W comes equipped with fixed data: a Riemannian metric g which is
cylindrical near W and a closed 2-form w. Omnce this data is fixed, we obtain
M (W), the moduli space of monopoles. These are the solutions to:

(5) Sow(Ff — ) = (66" = 0

(6) Dio = 0

% over the configuration space | i g mecy B7(W;t) consisting of 4-tuples of t €
spin®(W) with corresponding spinor bundles S*, S, A a spin® connection, s a
non-negative real number, and ¢ a section of S* of unit norm. The moduli space
splits over spin®(W) structures as M (W) = Uiespincnry M(Wst).  Taking the
intersection with 0B (W;t), we obtain M™*¢(W;t) the moduli space of reducible
monopoles. Each of these spaces is infinite dimensional, unlike the case of a closed
4-manifold.

3Need perturbations. Cylinder functions KM 11.1
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Instead of examining the moduli spaces over W, we will usually use the manifold
W*.
w*=w |J (¥ x[0,0)
Y=Y x{0}
where the infinite ends are given the product metric. In this non-compact case,
M (W*;t) and M7 (W*;t) are the finite energy monopole and reducible monopole
moduli spaces. (see Definition 4.5.4 of [7])

Suppose that we choose b, € €(Y,,) for each boundary component Y. Let b be
the product of the b,.* Then we can consider the moduli spaces M (a, W*, b;t) and
MTed(W* b;t): the subsets of M (W*;t) and of M"¢4(W*;t) which are asymptotic
to b, on each of the infinite ends Y, x [0,00). Each of these moduli spaces further
decompose as

MW* bit) = [] M.(W* by
zemo(b)

M W* bit) = [ MIcW* bt
zemo(b)

where 7o (b) denotes the set of connected components of subset of the configuration
space B? (W* b;t) consisting of elements of B (W*;t) which are asymptotic to b
on the infinite ends of W*.

With generic data, the spaces M, (W*,b;t) and M7 *(W*, b;t) are regular —
they are finite dimensional manifolds possibly with boundary. More specifically, we
paraphrase Proposition 24.4.3 of [7]:

Proposition 2. Suppose that the moduli space M(W* t;b) is non-empty and reg-
ular. Then the moduli space is:

(1) a smooth manifold consisting only of irreducibles, if any by, is irreducible.

(2) a smooth manifold consisting only of reducibles, if any by, is reducible and
boundary unstable.

(3) a smooth manifold with (possibly empty) boundary if all the b,, are reducible
and boundary stable. In this case the boundary consists of the reducible
solutions of the moduli space.

In the case that the moduli spaces are of dimension zero, they are compact. Call
a solution in M (W™, b;t) boundary-obstructed (of corank ¢ > 0) if ¢ + 1 of the b,
are boundary unstable.

The decomposition of M (W*, b;t) into components M, (W*, b;t) is a decompo-
sition by dimension, as seen in Proposition 24.4.6 of [7]:

Proposition 3. If the moduli space M,(W* b;t) is non-empty and reqular, its
dimension is gr,(W;b), except in the boundary obstructed case. In the boundary
obstructed of corank c case, the dimension is gr,(W;b) + ¢

For a moment, consider the case that Yy are two 3-manifolds with fixed orien-
tations and that oW = —Y_ u Y,. ie. That W is a cobordism from Y_ to Y.
Then as we have seen in section 2.1.5, boundary stable and unstable critical points
reverse for Y_ with its original fixed orientation versus its orientation as part of the
boundary of W. For a € €(Y_),b € &€(Y,), let M,(a, W* b;t) = M (W* b x a).
Then Proposition 2 becomes

4pg 461 B (Y,5) = [, B° (Ya,5a). etc.
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Proposition 4. Suppose that Y_ and Y. are connected and that M,(a, W*, b;t)
is reqular, and let d = gr,(a,b). Then the moduli space is:

e o smooth d-manifold consisting entirely of irreducible solutions if either a
or b is irreducible.

e a smooth d-manifold with boundary if a, b are boundary-unstable and boundary-
stable, respectively. The boundary consists of the reducible solutions.

e o smooth d-manifold consisting entirely of reducibles if a,b are either both
boundary-stable or boundary-unstable.

e a smooth (d+ 1)-manifold consisting entirely of reducibles in the boundary-
obstructed case.

The second and fourth cases justify the difference between the regular grading gr,
and the reducible grading gr,: When both a and b are boundary stable or unstable
gr.(a,b) and gr,(a,b) agree. When a is boundary unstable and b is boundary
stable, we are in the second case and the reducible moduli space (the boundary of
the full space) is a manifold of dimension d—1. Here gr,(a,b) = gr,(a,b)—1 = d—1.
In the boundary obstructed case, a is boundary stable and b is boundary unstable,
and we are in the fourth case. Here the moduli space of reducibles is of dimension
d+1andgr,(a,b) =gr.(a,b)+1=d+1.

When a is boundary stable and b is irreducible, M (a, W*,b) is empty. (As it
must both entirely consist of reducibles and of irreducibles.) Similarly, M (a, W*, b)
is empty when a is irreducible and b is boundary unstable.

2.2.1. Moduli space on cylinders. Consider the product cobordism Y x R with the
product metric. (As the set of spin® structures for Y x R is the same of as that
of Y, we will omit them in the notation.) Each nontrivial (either a # b or z is
non-trivial) moduli space M, (a,Y x R, b) or M7*¢(a,Y x R, b) comes with a fixed
point free R action by reparametrization in the R coordinate. Let

M.(a,b) = M.(a,Y x R,b)/R and M (a,b) = M"*%(a,Y x R,b)/R
be the unparametrized moduli spaces on the cylinder.

An unparametrized broken trajectory with n > 0 components joining a to b
consists of the following:

e atuple (ag,ay,...,a,) of n+1 rest points: elements of €(Y), where ag = a
and a,, = b.
e a tuple (¥1,...,%n) of unparametrized trajectories in M, (ag,a1) X --- X

M. (a,_1,a,), where z = z, 0---0 zg.
or the constant path if n = 0. Write M. *(a, b) for the space of unparametrized bro-
ken trajectories with homotopy class z. Each M (a,b) is compact and (assuming
regularity) there are only finitely many z for which M (a,b) is non-empty.

The spaces M (a,b) are our natural compactification of M,(a,b) and are d-
dimensional spaces stratified by manifolds, in the sense that there is a sequence of
closed subsets:

Mf(a,b)=Nio N 15...oN SN =

where the i-dimensional stratum, N*\N?"! is a (possibly empty) i-dimensional
manifold. Like a 1-dimensional manifold, a 1-dimensional space stratified by man-
ifolds has an even number of boundary components, counted appropriately. °

Selaborate on §-structure?
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There is a similar construction for the reducible moduli spaces; involving a com-
pactification by reducible broken trajectories.

0

() PRI

ovuYSQO
/ \\
Q“ )

FI1GURE 1. Trajectories connecting critical points

The reader may find the following description of the space of broken trajectories
useful. Consider the oriented graph in the left part of Figure 1. Broken trajectories
passing through irreducible, boundary stable and boundary unstable rest points
correspond to paths in the graph passing through o, s, and u respectively. Each
such path gets a weight w from summing the labels on edges traversed. A broken
trajectory with [+ 1 components and path of weight w is then in the codimension-k
strata if | —w = k.

For example, a 1-dimensional unparametrized moduli space on a cylinder con-
necting a u to an s has boundary of either of two types:

U ——0—>S

U—>8— —>U—>3§

A similar pattern holds for the reducible solutions and moduli space using the
oriented graph in the left part of Figure 1.

2.2.2. Perturbations.

2.2.3. Differential and Homology. Let n,(a,b) be the mod 2 number of points of
M, (a,b) when M,(a,b) is zero dimensional and zero otherwise. Similarly define
fi,(a,b) for the reducible unparametrized moduli space. Then define:

oo(a) = Z Z n.(a,b)b aed’

becle zemy(a,b)

02(a) = Z Z n,(a,b)b ae¢’

bees zemo(a,b)

oya) = > > n.(abb ace"

bee zemy(a,b)

di(a) = Z Z n,(a,b)b aec"

bels zem(a,b)
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Similarly,

d.a) = >, > n(abb aecr

be€s zemg(a,b)

o.(a) = Z Z n.(a,b)b aec

be€¥ zemy(a,b)

d(a) = > > n.(abb ace

bec" zem(a,b)

> ) n(abb  aec”

be€s zemp(a,b)

L
&
I

Note that maps " and d, are not equal and do not count points in the same
spaces.® The case of 32 is special, in that it drops gr, by 1 but preserves gr,. While
these sums may not involve a finite number of terms, the zero dimensional spaces
M, (a,b) are compact, so the sums are well defined as formal power series. With
CY)=CoY)®C:(Y), C(Y) = Co(Y)®C*(Y), and C(Y) = C5(Y) @ Cu(Y)

we form differentials as follows:

3 [ 07 —ay0,
o= % 2t
5 [0 0,
o= [ Zan D s
P
- % %]
Each of 5, /(57 and 0 are square zero. These give our homology groups
Hi(Y:s) = Hy(C(Y39),0)
Hy(Yis) = H(C(V39),0)
H.(Y;s) = H«(C(Y;s),0)

These groups are independent of the metric g on Y and independent of w up to
exact perturbations. (In the non-exact perturbation case, we have a wall-crossing
phenomena. See Chapter VIII of [7] for details.) In the case that ¢i(s) is torsion
we naturally obtain the e versions of the above groups. The * versions are obtained
by the J(Y;s) filtration.

We can also define three chain maps: i: Cy(Y) = Cy(Y), j: Co(Y) — 6’*(Y)
and p: a*(Y) — C4(Y) by:

Lo oo
B R S
o[ 103
S A
N A
Po= 0 1|

SNote to self: Can an example be found where @, is not zero?
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L?\J L,
g\:C

FIGURE 2. Dehn surgery diagram of 7% with chosen generators of Hy(T?)

The maps are of degree 0,0, and —1 respectively, also exist on the e groups, and
induce a long exact sequence

L ﬁf\//fk(Y) _Iw @k(y) P HM 1 (Y) e 1?11/4;@_1(3/) I

analogous to the B, (B, dB), 0B sequence in singular homology.
2.2.4. Ezample: S® and #,S' x S2.

2.2.5. Ezample: T®. As this case has been worked out in full in Section 37 of [7],
we will simply summarize the results here.

The 3-torus can be described by zero surgery on the components of the Boromean
rings. Choose 1-cycles a, b, ¢ with some orientation representing a basis for H (T%; 7Z)
as shown in Figure 2. Suppose that T2 is given a flat metric. Then the Weitzenbock
formula guarantees that there are no irreducible solutions to the unperturbed
Seiberg-Witten equations. Thus, only the trivial spin® structure so may have non-
zero Floer homology.

Let By be the unique flat connection in sy with trivial holonomy. Let f be a
perfect Morse function on the torus of flat spin® connections (another 7°) with
minimum occurring at By. We can arrange that all eight of the critical points of
f correspond to the spin connections. This is a copy of the real points (Z/2Z)3 in
(S1)3 = T3. Note that this set is invariant under the conjugation automorphism of
5o and the affine diffeomorphisms of T°3.

To setup notation, write
e z for the trivial connection By,
ey, yb y¢ for the spin connections with holonomy —1 about a,b, and c re-
spectively.
o 2% z9¢ zb¢ for the spin connections with holonomy —1 about a and b, a
and ¢, and b and c respectively.
o w = w® for the spin connection with holonomy —1 about a, b, and c.

By choosing perturbation consisting of —SQT‘SHqﬁH and the above perfect Morse
function f, all solutions remain reducible and correspond to the eight towers

W;
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with ¢ € Z. There is a small sphere surrounding By in the torus of flat connections
over which Dp has kernel — these are the only flat connections with kernel. Then
fori >0

Q 2 fori >0
gr(w;) {2¢+1 for i <0
o - {201 s
o - {307 e
al(z]) = {gﬁ_l gﬁg

SUMMARIZE TRAJECTORIES.
All flows on the cylinder T3 x R are reducible and cover Morse flows on the torus
of flat connections. Only non-trivial contribution is w; — x;.

2.2.6. Cobordism maps. Suppose that W is a cobordism from Y_ to Y, (0W =
—Y_ uY,) and that we are given a € €(Y_) and b € €(Y, ). The moduli space over
W* admits a natural compactification, M (a, W*, b), which is formed by adding
broken trajectories. A broken trajectory consists of:

o 7_€ M/ (a,ag)

* Y0 € M, (ag, W* by)

® Y+ € M;:, (bo,b)
where z = z_ 0 zp02,. Each M} (a, W* b) is a compact space stratified by mani-
folds. If the dimension of M} (a, W* b) is zero, then M,(a, W* b) = M (a, W*, b)
is compact.

Let

|M.(a, W*,b)| if dim M,(a,W* b)=0

m=(a, W, b) = { 0 otherwise

and define T, (a, W, b) similarly, using the moduli space of reducibles. We then
get eight maps: m9, m?, my, my, and m3, my, m;,my defined, analogous to the
differential, by
mo(a) = Z 2 m,(a, W,b)b a€C’
beCe zemp(a,b)
etc.
mia) = > > m.(aW,b)b aeC’
beCs zemp(a,b)
etc.

Each of these maps is not, in general, a finite sum. However, they are well defined
as formal power series. This then gives us chain maps

C - Cu(Y})
(W) : Cu(Y2) — C.(Y5)
c - Cu(Y4)
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defined by:

L T s s “
A [ mg Mo
(8) m(W) = | m00(Y o + 0, (Y )ym? ml —mdt(Y )o — az(Y+)mg
[y

2.3. Families. The chain maps m depend on a choice of metric and perturbation
on W. Let P be a smooth oriented manifold, possibly with 0P = @, parametrizing
a family of metrics and perturbations on W. Each member of the family is required
to give equal data on some neighborhood of 0W. Form

M(a,W*,b)p = | J{p} x M(a,W*,b),

peP

where M (a, W*, b), is the monopole moduli space for the metric and perturbation
given by p € P. We can similarly define M(a, W*,b)g; the definition of regu-
larity for M(a, W*,b)p assumes regularity for M(a, W*,b)g as well. When P is
compact, we can define

|M,(a,W* b)p| mod2 if dimM,(a, W* b)p =0
0

m=(a, W, b)p :{ otherwise

and m,(a, W, b) similarly, using the moduli space of reducibles. From these, we
construct components:

mo(W)p,m(W)p,mg(W)p,mi(W)p, and mi(W)p, my(W)p,my(W)p, mi(W)p

o u

as before. Finally, m(W)p, m(W)p, m(W)p are defined using (7), (8), and (9) as
in the case of a single metric and perturbation.

When 0P = Q # &, the maps m(W)p are not, in general, chain maps. Instead
we have:

(10) om(W)p + (W) pd = m(W)g

which is found by counting the boundary points of the compactifications of 1-
dimensional moduli spaces M, (a, W* ,b)p.

Taking P = [0,1] to be a path connecting two sets of metric and perturbation
on W, (10) tells us that:

(W) p + (W) p0 = (W )g — (W)
verifying that, up to chain homotopy, cobordism maps are well defined independent

of metric and perturbation.®

"Define ¢ in formula or omit.
SWhen considering a family using non-exact perturbations by 2-forms w, the statement must
qualified to hold only when we do not cross a wall. i.e. 4[w] # ¢1(t) in each spinC structure.
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2.3.1. Stretching the neck in families. Now, suppose that Y is a 3-manifold interior
to W which separates W as W\Y = Wy u W; so that oWy = —Y_ u'Y and
0W1 = =Y uY,. Further suppose that we are given a metric and perturbation on
W which are cylindrical near Y. We may form the Riemannian manifold W (T) by
stretching W along Y by T > 0 which consists of replacing an isometric copy of
(—€,6) XY by (—e —T,e +T) x Y inside of W. This gives us a family of data on
W parametrized by P = [0, o).

We compactify P to P = [0, oc] by adding a fiber W (c0) = (W\Y)* = W& LW}
over p = 00. Then let M,(a, W (00)*, b) be

U U M@ Ws,c)x M., (c, Wi, b)
ce€(Y) z10z0=2
which compactifies to M (a, W(00)*,b). An element of M (a, W(0)*,b) consists
of a tuple:
('YY_ s YWo s VY 5 YW1 7Y+)
where vy_, vy, vy, are broken trajectories on the corresponding 3-manifolds and

Yw,, Yw, are elements of the moduli spaces of the cobordisms. With the addition
of the extra fiber, we obtain the compactification:

Mf(a,W*b)p= | {T}x M} (a,W(T)*,b)
Te[0,90]

We quote a structure result:

Lemma 5 (4.15 of [8]). If M.(a,W*,b)p is zero-dimensional, then it is compact.
If M.(a, W*,b)p is one-dimensional and contains irreducible trajectories, then the
compactification M} (a, W* ,b)p is a 1-dimensional space with a codimension-1 §-
structure® at all boundary points.'° The boundary points are of the following types:

(1) the fiber over T = 0: the space M, (a,W(0)*,b).

(2) the fiber over T = c0: the space M,(a, W (w0)*, b).

(3) broken trajectories escaping off of one of the two ends of W*:

le (ay al) X Mzg(alaW*ab)P

o

le (a7W*;b1)P X MZZ(b17b)
(4) three factor products with the middle term boundary obstructed:

M., (a,a;) x M., (aj,as) x M., (az, W*,b)p
le(a7 al) X MZQ(a17W*7b1)P X MZg(b17b)

v v

MZ1 (aa W*abl)P x MZ2(b1ﬂb2) X Mzs(b27b)
(5) the part of M} (a, W(00)*,b) of the form:

M., (a,a;) x M, (a;, W& c) x M., (c, Wi, b)

o

M., (a,W§,c1) x M,(c1,c) x M, (c, W, b)
M., (a,W§,¢) x M,(c,Wi# b1) x M,(bi,b)
with each the middle term boundary obstructed.
Ydefine

10The signed count of boundary points for a one dimensional space with codimension-1 §-structure
is zero. See 19.5.3 and 21.3.2 of [7].
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6) the reducibles M7e? a, W* b)p when a is boundary unstable and b is boundary-
4
stable.

Using the zero dimensional family moduli spaces, component maps K¢, K?, etc.
are defined by counting solutions as is usual. The maps K , K ,K on C , C , C have
slightly different formulas than the usual cobordism maps due to the inclusion of
solutions on the broken cobordism. See the discussion surrounding Figure 1.

i oo [ K Ky o, +myWoymi (W) + 05K,
| K2 K_+ K!0, +mY%“(Wy)m; (W1) + 0% K,
o~ |5 K
T KMy (Wa)me (W) + K, 07 K, + 0, KY +my(Wo)mi(Wh) + K, 0%
x - | & K
L u u

Considering the structure of the boundary of 1-dimensional moduli spaces found in
Lemma 5 gives us that

(11) 0K+ Ko = m(Wy)m(Wy) + m(W)
(12) 0K + K0 = m(W)m(Wy) + m(W)
(13) 0K + Ko = m(W,)m(Wy) +m(W

which verifies the composition law H(W;)o H (W) = H(W) on the level of homol-
ogy.

Given several non-intersecting hypersurfaces {Y;,}N_; of W, we can continue this
construction; parametrizing a family of metrics and perturbations by [0,0)" or its
compactification [0, 0]V . In fact, if we allow the {Y,,})__; to intersect, it is possible
to build a convex polytope parametrizing the various ways of stretching along non-
intersecting subsets. In this paper we will use two combinatorially identical families
shown in Figure 7, based on [8], and in Figure 10. A more general discussion of the
combinatorics is in [1].

In fact, in these higher dimensional families compactified by adding in (fam-
ily) solutions on broken 4-manifolds, we may generalize 10 in a similar spirit to
equations (11)—(13). This generalization requires the concept of a “good break”.
Consider, for example, the maps on H which involve critical points in €° u €°
and look at critical points with gr(a, W* b) = 1 — dim(P) so that the expected
dimension of the moduli spaces is —1. We say that a solution has a good break if
it

(1) is a solution over W broken along a single Y,
(2) if Y, bounds in W the solution breaks along €° u €%
(3) if Y}, does not bound in W the solution breaks along €° u €*

Similar statements hold for the H, H theories. As argued on page 511 of [8] and
more explicitly in Appendices I and IT of [1], the multiplicity of solutions which do
not have good breaks is even. Therefore, at least mod 2, our formulas will only
require us to keep track of good breaks.!!

LAt the moment it seems reasonable to believe that the mod 2 requirement is unnecessary.

|
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2.4. Negative Indefinite Cobordisms. On a connected 4-manifold W with bound-
ary there is a non-degenerate pairing

H*(W,0W;R)® H*(W;R) — H*(W,0W;R) = R.

Using the restriction map j* : H2(W,0W;R) — H?(W;R), we get a pairing on
H?(W,0W;R) which is degenerate on the kernel of j*. (By exactness, the kernel
of j* is the image of H'(0W) — H?(W,0W;R).) Then on I*(W) = Image(j*),
the above pairing is non-degenerate. Note, on a 4-manifold with cylindrical ends,
I?(W*) is isomorphic to the space of L2-integrable harmonic 2-forms.*?

Recall that a closed, oriented 4-manifold W is negative definite if the square of
any non-zero second cohomology class is negative. i.e. bao(W) = by (W). Similarly,
if W has boundary or cylindrical ends, we say that W is negative indefinite if the
square of any element of I?(W) is negative.

Let Ag be a reference connection for the spin® structure t with F ‘4t harmonic.
Then the self- and anti-self-dual parts Ff@ are closed and thus harmonic.'® Up to
gauge transformation any other connection may be written as A = Ay + a with
da = 0. Now, using Lemma 3 of [2], we see that A is unique up to addition of an
L? harmonic 1-form.

If W is negative indefinite, w* = d¥a for any closed, L2-integrable 2-form w. In
this case, equations (5) and (6), the 4-dimensional Seiberg-Witten equations on the

blown up configuration space, reduce to

p(d*a) = s*(¢¢*)o = 0
Di¢ = 0

in each spin® structure t. By integrating the norm squared of d*a and s2(pd*)o
and equating using the first equation, we find that s = 0 and so all solutions are
reducible. Then the moduli space consists of the solutions (A, ¢) to DX¢ =0,da =

_ _ d)—o(W)
0,9a = 0 modulo gauge. Let d = -5~

be the complex index of the Dirac
operators Dj in the spin® structure t.

In the case that Hy(W) and H;(Y') are zero or torsion, much is known about
negative definite 4-manifolds. See Donaldson’s famous paper [3], and Frgyshov’s

[6]. In the next section, we consider some examples with positive by .

2.5. Examples: Surgeries on the Boromean rings. Up to diffeomorphism,
there are three 4-manifolds which have Kirby diagrams equal to the Boromean rings
and where each component is either a O-framed 2-handle or a 1-handle. (At least
one handle must be a 2-handle.) Each of these have vanishing L? 2"¢ cohomology
(I? = 0) and so are negative indefinite.

2.5.1. T? x D?. The case of T? x D? has been worked out in the well-known papers
[13] and [16]. Our discussion will be a partial conversion of the latter to the language
of Floer homology.

Let X = T2 x [0,00) and suppose that X is given a product metric which is
flat on T°. We identify X with (72 x D?)* minus a small open neighborhood of
the central T?. Let the Seiberg-Witten equations be unperturbed near 7% x 0 and
be our standard perturbation for T® on the infinite end. Further suppose that all

125ee the discussion preceding 24.8.2
130n a 4-manifold, any closed (anti-)self-dual 2-form is harmonic since dw® = 0,w
implies that d*w® = #d % w¥ = + # dw® = %0 = 0.

+ +

=+ xw
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metrics are invariant under rotation in the dD? factor of T3. Note that the moduli
spaces M (X;b) on X are identified with the stable manifolds for b.

There is a map X — (72 x D?)* which collapses 7% x 0 to the central T2 of
T? x D? and is a diffeomorphism elsewhere. Then pullback of any solution on
(T? x D?)* corresponds to a solution on X which is rotationally invariant in the
0D? factor on T3 x 0.

Following [16], these rotationally invariant solutions are the 0-vortices'* on T2
— themselves a copy of T2. Lifted to T x 0, each solution is of the form (A, 0, ¢)
with A€ Ag +HY(T?) ¢ HY(T? x dD?) and D¢ = 0.

It then follows that the moduli spaces M ((T? xD?)*; b) are given by intersections
of the stable manifold of b with this 2-torus.

Proposition 6. The relative invariant of T? x D? obtained by counting zero di-
menstonal moduli spaces is

n, = 0¢€ CO(T?’)

ne = 0€eCy(T?)
s = 0eCy(T?)
u = x_1 42" € Cu(T?

Each of M((T? xD?)*;x_1) and M((T? x D?)*;2%,) consist of a single point. The
moduli spaces M((T? x D?)*;y° ) and M((T? x D?)*;y¢,) are open intervals and

are the only other non-empty moduli spaces.

2.5.2. Montesinos Twin Neighborhood. A Montesinos twin is a pair of 2-spheres
smoothly embedded in S$* which meet transversely in two points; once positively,
once negatively. Write NTw for the regular neighborhood of a Montesinos twin.
This manifold can also be realized as the complement of an unknotted torus in §*.

The 4-manifold NTw can be given by the Kirby diagram on the left hand side
of Figure 3. Observe that ONTw = T3.

There is an alternate description of NTw coming from the right hand side of
Figure 3. Namely, NTw is the composition of two cobordisms 72 x D? and W’
where W’ is the cobordism oW’ = —T3 L T® shown in Figure 4. We will use the
latter description for computation.

Applying standard homological algebra we find that I?(NTw) = 0 and I?(W’) =
0. Thus only the trivial spin® structures on NTw and W’ restrict to the trivial
spin® structure on INTw = T3.

Since we computed the relative invariant of (72 x D?)* in the previous section,
we now compute the endomorphism on the Floer chains of 7% induced by (W')*.

First, we compute the formal dimensions of the irreducible moduli spaces:

dim M, (a, (W')*,b) gr@(a) — gr¥(b) — (W)
— grQ(a) _ grQ(b) _ w

2
gr(a) — gr®(b) — 1

and the reducible moduli spaces:
dim M7 (a, (W')*,b) = gri(a) —gr(b) — (W)
= gri(a) —gri(h) -1

14The other vortex moduli spaces occur for non-exact perturbations.
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FicUurE 3. The Montesinos Twin Neighborhood, NTw

(

FIGURE 4. W', blue curves indicate 3-manifold surgeries

So W’ drops each of the gr® and gr¥ gradings by 1.

Recall that NTw, and thus W’ embeds in S*. This can be seen explicitly as
follows: Take the left picture in Figure 3 and add a zero framed 2-handle to a
meridian of the 1-handle. Then the diagram separates into two unknotted zero
framed 2-handles. Cancel each with a 3-handle and attach a final 4-handle. The
resulting manifold is S*. Thus NTw and W’ each have a (usually non-complete)
metric of positive scalar curvature. We then claim that cylindrical end manifolds
(NTw)* and (W')* each have metrics of non-negative scalar curvature which are
asymptotic to flat metrics on T® on the cylindrical ends.
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Proposition 7. The map C(T3;s50) — C(T3;5s0) induced by W' is given by:

wlqbc N qub

# = yf

2 — 0

A

yi — 0

v, — wia

yi — 0

Corollary 8. The relative invariant of NTw is

n, = 0eC,(T?)
ne = 0eCy(T?
s = 0eCy(T?)
n, = yi1ecu(T3)

2.5.3. Three Zero Surgeries. This case may be deduced from the previous discus-
sion, since three zero-framed 2-handles attached to the Boromean rings can also
be described as NTw ups W', using a gluing which interchanges two of the rings.
Then:

Corollary 9. The relative invariant of B, with B equal to three zero-framed 2-
handles attached to the Boromean rings, is

n, = 0eC,(T%)
ny, = 0eC,(T?
s = 0eCy(T?)
Tl = x_1€Cyu(T?)

3. OVERVIEW OF THE SURGERY EXACT TRIANGLE

We start our overview of the surgery exact triangle with the following algebraic
result:

Lemma 10. For n in Z/37Z, let (Cy,0,) be a collection of chain complexes and
fre1 1 Cp = Chyr a collection of chain maps with the following properties:

(1) the composition fﬁi& 1+ Cn = Chyg is chain-homotopic to zero, by a
chain homotopy H1, . i.e. 00 L3H™ o+ HE 00 = frlofr,

(2) the sum 7 = frt2H? o + HPF R 0 Gy — Cp, which is a chain map,
induces isomorphisms on homology: (V) : Hy(Cr) = Hy(Cy)
Then the sequence

(F2) (i)
> Hy(C 1) ™2 Hy(C) —5"Ho (Cpy ) —— -

is exact. Additionally, the mapping cone of :;j_rgl s quasi-isomorphic to C, by the

map (HL + f742) . C, 1[1] ® Cry2 — Cn, where Cy, 1 1[1] denotes the complex
with shifted grading (Crn11[1]); = (Cpt1); -
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In [8], the authors show that the cobordism maps from the surgery exact triangle,
together with maps from homotopies of metrics on these cobordisms, satisfy these
conditions. To setup notation and the objects of study, we sketch the proof below.

Suppose that we are given a surgery triangle with 3-manifolds {Y},},ez/3z, and
cobordisms {W, | }nez/37 as in the introduction. Each composite cobordism X!, =
Wiy vy, W;’jgl contains a smoothly embedded 2-sphere of square —1, called E,,

formed from the cocore of the 2-handle in W}, ; and the core of the 2-handle in

WSIQI Let Z,, be a small closed regular neighborhood of E,, and B,, = X} +2\Z°n.
See Figure 5. Note that Z,, is diffeomorphic to @2\®4. Let S,, be a copy of
S3 with orientation given by viewing it as 0Z,. Then, as oriented manifolds,
0B, =—(Y,uS,) uY, s and 0Z, = S,.

\/; 5;_ Yier Yien
FIGURE 5. X7,

3 1 3 3 n _ n n+1 n+2
Similarly, the composite cobordism V; = W' | vy, ., W75 Uy, ., W7 con-

tains the pair F,, E,,1 of —1 spheres. By construction, FE,, n E, 1 is exactly the
index 2 critical point of the Morse function on W,"}). Hence the two exceptional
curves intersect transversely and positively exactly once. Let N,, be a small closed
regular neighborhood of E,, and FE,, 1, large enough to properly contain Z, and
Zp+1. Let U, = VT?\Z\O]?L. Notice that U, is diffeomorphic to the manifold ob-
tained from [0, 1] x Y;, by removing a neighborhood of {%} x K. Let R,, be a copy
of S x S? with orientation given by viewing it as the boundary 0N,,. Then, as
oriented manifolds, oU,, = — (Y,, u R,) uY,, and dN,, = R,,.

Within V7', these 5 distinguished hypersurfaces intersect either in 2-tori or vac-
uously. The non-empty intersections are: (Y;11,5;) for i =n,n + 1, (Y;, R,,) with
i=n+1,n+2, and (S, Sn+1). See Figure 6

Pick a generic metric and perturbation on V¥ which is cylindrical on the following
submanifolds:

e the surgered 3-manifolds: Y7,Y> and the two copies of Yy from 6V00 =
—YQ [ Y().

e the two 3-spheres: Sy and S;.

e the S x S%: Ry

Additionally, we require that the metrics on the S,, and R,, have positive scalar cur-
vature and are close to the round /standard metrics. Each of W7, X" o, By, Zy,, Uy, Ny,
inherit metrics and perturbations from V{, which we will omit unless changed.
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I
- W\
\/.l R'l 5:. Yul 1Ty y;.i-'l. Y;_

FIGURE 6. V,

Let ;. | be the chain map mj; : C(Y,) = C(Yy41) induced by ( m)* We

now find the chain homotopy H,;, that fulfills the conditions of part 1 of Lemma 10
wnt2 v S .
i.. we show that 0, o HI' o + H? 0, = i,

For the map mﬁiémn +1, the underlying (unstretched, glued-up) cobordism X' ,
contains two distinguished hypersurfaces Y,, 1 and S,,. See Figure 5. Given either
Y41 or Sp, we can parametrize stretching metrics on X', along these manifolds
by [0, 00) and (=00, 0], respectively, as in Section 2.3.1. ' The compactifications of

the parametrizations glue together at T = 0 to get a parametrization P = [—c0, 0]

where (X7,,)* splits into (W, ;)* u (W/f;)* over r = o0 and into B¥ 1 Z*
over r = —co. Here m'Thmm, , is given by countlng solutions on X', 4(00)*. Asin

Section 2.3.1, we have a map vn+2 : C(Y,,) = C(Y;2) which is a chain homotopy:

“n4+2 v ~ <n o >
OpiaHllo + H} 00, = (X[, 5(00)%) = (X)L 5(—00)%)
= nlam ey — (X)) (—0)*)

We now claim that the map m (X}, ,(—o0)*) is zero. This map counts elements of
zero dimensional moduli spaces M (a, X', ,(—00)*, b) p which consist of quintuples

(&Yn 5 ’\;/Sn,a ’\?Yn-‘rQa VB> ’YZn)

where the first three are (possibly empty) broken trajectories on cylinders and the
latter two are solutions on B} and Z}.

Let n, € C2(Sy),ns € Ci(Sp), Ty € C¥(Sy),Ms € C2(S,) be the elements ob-
tained by counting zero dimensional moduli spaces on Z,,. Similarly, we construct

15Note the reversed orientation on the second interval which introduces a minus sign below.
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the components of the irreducible
%0 CUYy,

mg ) (Sn) = C2(Yni2)
mgy° Cd(Yn) ® C2(Sy) = C2(Ynq2)
mg* CI(Yn) ®@CL(Sy) = CI(Yiqo2)
my° C(Yn) ®C2(Sn) — CJ(Ynt2)
my" CJ(Yn) ® C¥(Sn) — CJ(Yn+2)
mg®: CY(Yn) @ CJ(Sn) = CF(Vnsz)
mg* C2(Yn) @ CY(Sn) = CJ(Yns2)
mg" Cd(Yn) ® CY(Sn) = CJ(Yny2),
reducible
my s CY(Yn) @ CU(Sn) = O (Yas2)
m® Ca(Yn) ® C(Sn) — CF(Yny2)
mg" C(Yn) @ CY(Sy) = CJ(Yny2)
my s CY(Yn) ®CY(Sn) = CF(Yn2),
reducible boundary obstructed
L CE(Ya) @ C3(Sh) = C (Vo)
T C3(Ya) ® CH(Sn) = C (V)

me: Ci(Yn) @ CI(Sn) = CJ(Ynsia),
and reducible double boundary obstructed
my’ s Ci(Ya) @ CI(Sn) = C(Yat2)

moduli spaces on B,,.
Then for X', ,(—o0)* we define the irreducible

mg : CJ(Yy) = CJ(Ynia) by mg=my’(-®@n,) + mg"(- ®@My)
mg: CY(Yn) = CJ(Yny2) by mg=m(-@no) +m(-@nu)
my O (Yn) = CJ(Yat2) by mg =mg?(-®@n,) +my" (- @7y
mg : CY(Yn) = CJ(Yni2) by m{=mi(-®no) + m*(-@nu) +m*(- @ ns)

and reducible counts of moduli spaces over the broken manifold.

My, 1 CJ(Yn) = CF(Yas2) by oy, =my"(- @My)

my Ol Yn) = CJ(Ynt2) by my =m"(-®n,) +m*(- @)

my, 0 C3(Yn) = C(Yaya) by my, =M (0, - @n,) + My (- ® 9,7s) + 0,m3"(- @7y)
my: CJ(Yn) = CJ(Yny2) by my=m"(®@ny)

Then we define (X}, ,(—00)) by (7), as before.

We have oriented S,, =~ S% so that 0Z, = S,. (So S, is an incoming end for
B,.) As S, has positive scalar curvature and is simply connected then, under
small perturbations, there are no irreducible generators and the reducible generators
correspond to eigenvalues \; of the Dirac operator, indexed by Z. Thus n, = 0.
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Label the generator corresponding to A; by a;. All critical points differ by an even
grading, so the space of ¥g, is empty or even dimensional. Then as we are interested
in zero dimensional moduli space, these must be empty.

Consider vz, € M,(Z,,a;). As Z, is simply connected, choice of path z corre-
sponds exactly to choice of spin® structure t on Z,. Write 2, for the path corre-
sponding to t; with {(c¢1(tx), Fr) = 2k + 1. Note that the conjugation action gives
ty =t 1 g

Lemma 11 (5.3 of [8]). The following hold for a sufficiently small perturbation on
Sn:
(1) The moduli spaces M., (Z,,a;) contain no irreducibles. They are empty for
1= 0.
(2) Fori < 0, the moduli space M., (Z,,a;) consists of a single point when it
has formal dimension equal to zero.

(3) The formal dimensions of M, (Zy,a;) and M (Z,,a;) are the same.

Z—1—k
Proof. Using Lemma 27.4.2 and Definition 28.3.1 of [7], we obtain
dim M., (Z,,a;) = dim M((D")*, ag) + gr,, (a0, Z,\D*, a;)
2 _ 7 ]D4
= —1—gr%a,)+ i) Z( n\D) —u(Z,\D*)

= —1—g%a;) —kk+1)
Then since gr(a;) is 2i when i > 0 and 2i + 1 when i < 0, the formal dimension
M, (Z,,a;)is =1 —2i —k(k+1)ifi >0 and -2 —2i —k(k+ 1) if ¢ < 0. This
proves (3).

Arithmetic guarantees that in the case that a; is boundary stable (i > 0), the
formal dimension of M, (Z,,a;) is negative and so the space is empty for generic
data.

Since we have chosen a metric of positive scalar curvature on S3, there are no
irreducible critical points. Thus n, = 0 automatically.

When i < 0, a; is boundary unstable, and so there are at most reducible solutions.
Since Z, is simply connected and negative definite, for each spin® structure on Z,
there is, up to gauge equivalence, a unique spin® connection Ay with FXB = 0.
Then MZT:d(Zn,ai) =~ CPY? where [ > 0 is the formal dimension of M., (Z,,a;).

Thus when the formal dimension is zero, M,, (Z,,a;) consists of a single point.
O

Thus m(X,(—©)*) =0 mod 2 and

~n+2 ~ ~ ~n
n n _ o xnt+lxn
OpioHy o+ H]\ 50, =My Tomy

Now we wish to consider part 2 of Lemma 10. Out of our five distinguished
hypersurfaces Y1, Ya, 51,52, and R in V), there are five pairs of disjoint manifolds:

(14) (Y17Y2)a (Yl, SZ)a (R7 SQ)v (R7 Sl)v and (}/23 Sl)

Since each pair consists of disjoint hypersurfaces, we may stretch on either member
independently. Thus for each such pair (A, B), we obtain a square P(A, B) =
[0,00) x [0,00) of metrics. As before, we can add in the broken cobordisms at the
boundary to get a parameter space P(A, B) = [0,00] x [0,00]. At (00,00) we get
cobordism broken at both A and B.
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Suppose that we are given two pairs of non-intersecting hypersurfaces, (A, B)
and (B, C), where A and C may intersect or not. Then in P(A, B) and P(B,C),
{0} x [0,00] and [0, 0] x {0} parametrize the same family of metrics. This allows
us to form a larger parameter space by gluing on the boundary. Denote by Q(B),
the face of this new space given by the union of all parameters for which B is fully
stretched. ie. Q(B) = [0,0] x {00} U {0} x [0,00]. The space Q(B) interpolates
between breaking the cobordism — already broken at B —at A and at C'. Note that
in (14), each hypersurface occurs exactly twice and there is a cyclic arrangement of
the pairs. This allows us to glue the parameter space into the pentagon P shown
in Figure 7.

QL)

FIGURE 7. 2-parameter Homotopy of length 3 cobordism

Let CVT'Z be the map given by counting zero dimensional moduli spaces M (a, V,}, b)5.
Then looking at the boundary of 1-dimensional moduli spaces:

~N >N ~ ~ ~ ~ ~
OnGn + Gl = MQV,41) +1Q(Vas2) +1Q(S0) T MQ(Sw11) T MQ(R)
Two of maps from the boundary components are easily identified:

~ _ I+l ~n
mQ(Yn+1) - Hn Myt

~ _ ~n+2 1 n
MQ(Yng2) = Mg Hn+2
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Sun Q LY \/ A+

FIGURE 8. The cobordism U} u N}*

Two more are known to be zero mod 2 from the previous discussion of the moduli
spaces over Z;:

(15) o,Gn

Now, to show that the surgery triangle satisfies part 2 of Lemma 10, we need to
show that m? 2H", ,+H" 'm? | induces an isomorphism on homology. By (15),
this is equivalent to showing that L] does. We quote the relevant proposition:

~

Proposition 12 (5.6 of [8]). The map L™ : C.(Y,) — C.(Y,) induces isomor-
phisms on homology. The resulting map on H.(Yn) is multiplication by the power
series
p(U) _ Z Uk(k+1)/2,
k=0
which has leading coefficient 1. (Recall that such a formal power series is invertable
exactly when it has an invertable degree zero coefficient.)

We omit the proof here and simply discuss the setup; a similar proposition will
be proved later. In the relevant parametrization space Q(R,), the homotopy of
metrics occurs between stretching on S, and S,,,1. As R, is fully stretched out
in Q(R,), the homotopy is non-trivial on only the component N of the broken
cobordism, U;f L N¥. See Figure 8. Through careful analysis of an explicit model in
Section 5.3 of [8], it is then determined that m(N})qr,) 15 2i=o Uf(kH)/Q times
m(S! x D?). Then since U, ug, S* x D* = Y,, x I, the proposition follows.

Now let us mention a slight enhancement to the statement of the theorem: Sup-
pose that wy, is a closed 2-form on Yj (though of as the the incoming boundary of
Vo), then since H?(Vy) = H?(Yy) ®Z? we can extend wy, over V; to a closed 2-form
wy, which has SE wy, = 0. Let wy, and wy, be the corresponding restrictions to
Y1 and Y;. Finally, let wg,o be the restriction of wy, to the outgoing end of Vj.

Since wy, pairs trivially with I?(Vp), the restrictions to the 4-manifolds Z,,, N,,
and the 3-manifolds S,, R, are exact and the above results go through with the
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modification that we are to take the perturbed moduli spaces and perturbed Floer
groups throughout.

4. THE MAIN THEOREM

Let Y and Y} be closed oriented 3-manifolds and K < Yy a smoothly embedded
copy of S'. Suppose that Wy is a compact oriented cobordism with é Wy = —Y LY,
and that K bounds a punctured torus T in Wy. A framing for K is a isotopy class
of push-off inside of N(K) c Yy. Choosing a framing for K determines a relative
Euler number e(7", K) for the normal bundle N(T)) ¢ Wy. We will call the framing
for which e(j;7 K) = 0, the null-homologous framing. In the case that K is null-
homologous in Y[, this corresponds to the usual notion. The null homologous
framing determines, up to isotopy, a splitting N(K) = 0T x D2,

Let o be a copy of {pt} x dD? in ON(K) = 0T x 0D?. Using the outward normal,
a choice of orientation for 7" is equivalent to an orientation for K; this then orients
Y0. We wish to find a surgery triangle with 3-manifolds {Y}, },,cz/3z and cobordisms
{Wl 1 bnezysz for which T, together with the core of the 2-handle of W7, forms a
2-torus T in Wy uy, W{. Note that such a T has [T]> = —1 in Ho(Wo u WP; Z).

The closure requirement, together with v9-vy1 = y1-v2 = ¥2-70 = —1, forces v; =
—0T and 7, to be the diagonal with homology class —[0D?] + [01] € H, (0N (K)).
There are exactly two such choices corresponding to the orientations on K. However
each gives identical surgery triangles, differing only by the choice of orientation of
a homology class of negative square.

Consider the diagram of maps in (16). The surgery triangle gives the maps
{1 nezsazs {Hy 1otnezy3z, and {Ly }nezy3z along the top row. Let 7o be the
chain map g : Cu(Y) = C.(Yo) induced by Wo.

(16) ++—— CM(Yp) _m_ CM (Y1) _ms_ CM(Ya) _ms_ OM(Yy) —= "+

Lo

Previously, we saw that the maps L” : C(Y,) — C(Y,,) induce isomorphisms on
homology and in (15) that they are chain homotopic to

rrn+lxn ~ n+2 17n
(17) Hn Mp41 + m, Hn+2'

Since are interested in computing (1), we can consider the composition ngho
which, under the isomorphism (L3),, induces the same map as 7g. From (15), the
map Lo is chain homotopic to

(18) HEm o + 2 HYmg

From the mapping cone construction in the surgery exact triangle (See Lemma 10),
we obtain

(19) (o) = ker(inh) s ® (1 (2)/im(ih). )
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where the isomorphism is induced by Ffol + ¢ on the chain level. Thus, if we are
given the isomorphism in (19) and can compute (1%0)s and (H9mg)s, we can
determine (LY0)s (and hence (ig)x.)

Of course, we cannot compute the maps m%mo and HOmg directly since we

would a priori need to know mg. Hence we wish to find maps
1 C(Y) > C(Y1) and s : C(Y) > C(Ya)

so that Equation 18 is chain homotopic to

(20) Hy iy + 105 (q(Uy )iio)

where ¢(Uy) is some invertable formal Laurent series in Uy. Further, we will want
1, Mo to be natural in the sense that they are induced by cobordisms Wy and Wy
from Y to Y; and Y5 respectively.

Lemma 13. Let iy : C(Y) = C(Y1) be the map induced by (W()}k/) W)*. Then
0
my is chain homotopic to mimy.

Proof. This follows directly from the gluing result. See Section 2.3.1 or section 26
of [7]. O

Now consider H. 9. The map I;QO is induced by the 1-parameter family of met-
rics on WY which interpolate between stretching on Sy and Y;. The underlying,
unstretched cobordism is Vi = Wy Uy, WP Uy, W4, as seen in Figure 9. This cobor-
dism has several distinguished interior hypersurfaces: Yy, Y1, St = ON(T), Sy =
ON(Ep), Rr = ON(T u Ep). The normal neighborhoods N(T'), N(Ey) are under-
stood to be small and the regular neighborhood N(T'u Ey) is small but large enough
to contain N(T') and N(Ey). Here Sy is a copy of the 3-sphere as before and Ry is
a 3-torus.

The manifold Zr = N(T) is diffeomorphic to an Euler number —1 disc bundle
over the 2-torus T. As a disc bundle, both Z; and its boundary Sy admit a S?!
action which has fixed point set T'. This gives St the structure of an Euler number
—1 Seifert-fibered space over the torus with no singular fibers.

Using the outward normal, orient St as the boundary of Zr, Sy as the boundary
of Zy = N(Ey), and Rr as the boundary of Ny = N(T u Ey). Let

e Bp = (W uy, Wo)\Zr with boundary 0By = — (Y u Sp) u Y3,
e By = (Wy uy, W1)\Zp with boundary 6By = — (Y 1 Sp) 1 Vs,
e Ur = Vp\Nr with boundary 0Ur = — (Y u Rr) uYs

Fix a metric on Vi so that each of the listed hypersurfaces and boundary have
tubular neighborhoods on which the metric is a product. Additionally, we will
require that the metric on Sy have positive scalar curvature and be close to the
standard round metric and that the metric on Ry be flat. There is also a require-
ment for the metric on Sp which will be made more clear below.

There are five tuples of non-intersecting hypersurfaces:

(Yo, Y1), (Yo, So), (R, So), (R, St), and (St,Y1).

Note that the pattern of intersection is exactly that appearing in the surgery se-
quence. As a result, we can form a pentagon P of metrics and perturbations as
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/
.
e\
) RT 5’\‘ yo S Yy ‘\/1

FiGURE 9. Hypersurfaces in Vi

Q(Y.)

Q ) POLSY N\ sy

FIGURE 10. 2-parameter Homotopy of length 3 cobordism

shown in Figure 10. Let the maps G2, G, G¥, G¥, éi,éi, @Z, GZ be given by count-
ing zero dimensional moduli spaces M (a,Vj, b)p  and Gz : Cu(Y) — C.(Y2)
formed as below:

g [ G0 9uG, + Gy, +myH, + Hym, + 05 (1 (ns © )
T G0 G4 0vG + GO+ miH, + 0V (ne @) + M (ns @ )
16 Then looking at the boundary of 1-dimensional moduli spaces we obtain:

2 v “ ~ o o o o o
62G2 + G0 = MQ(Yy) + MmQ(vy) + MQ(St) + MQ(Ryr) + MQ(So)

16t his need decorating with 0, 1,2 see analogous comment on pg 510 of Lens space surgeries
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As in the surgery triangle, the component Z; has an even number of solutions
for each solution on Sy. So

mQ(So) =0 mod 2
One of the other components is identifiable as:
Moy = Haio
and another has a decomposition:
Mo(vy) = maJ1

where jl is determined by the homotopy of metrics on W uy, Wy which interpolates
between stretching on Yy and St.

Lemma 14. s, is chain homotopic to zero.

Proof. We begin by following [14] to find the Floer chain groups for Sp. As previ-
ously stated, Zr is a disc bundle over the torus T" with projection 7 and boundary
St, a circle bundle over T by m. Let in be a connection 1-form for a constant cur-
vature connection on St. Fix a metric gr on T which has constant scalar curvature
equal to zero. Then St can be given the metric:

gsr =n* +7*(gr)
and the tangent bundle splits T(St) =~ R@® T(T). The Levi-Civita connection
on T induces a reducible connection °V which respects this splitting. This is not
necessarily the Levi-Civita connection. Let °V be the Levi-Civita connection. With
A a connection on a complex line bundle, we then get two Dirac operators: D4 and
ﬁA on the corresponding spin® bundle. Lemma 5.2.1 of [14] then tells us that:

~ 1
Da=Da—5¢

where ¢ = —ﬂgfff((?f ) = Vorrry- Lhis constitutes an admissible perturbation. We
then consider the solutions to the perturbed equations, on the pre-blown up config-

uration space B(ST;s).

Theorem 15 (Theorem 1 of [14]). Let M be a Seifert fibered space of non-zero
degree over the orbifold 3. The moduli space of solutions to the Seiberg- Witten
equations on M with metric gas and connection °V is naturally identified with the
moduli space of effective orbifold divisors over ¥ with orbifold degree no greater

than —x(X)/2.

Thus M, (St) is simply the torus of flat connections. Further, by 5.8.4 of [14],
the Dirac operator has trivial kernel over this space.

Corollary 16. With the above perturbation and a choice of perfect Morse function
on the torus of flat connection of St (a T?), the Monopole Floer critical points
are x;, y¥,y+ and z;, all reducible and corresponding to the critical points x,y’, z
of index 0,1,2 (respectively) of the Morse function. (As before the if i = 0, the
critical point is boundary stable and if i < 0 boundary unstable.) Further, there is
no spectral flow along any trajectory.
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Since St can also be described as the boundary of a 4-manifold obtained by
attaching zero framed 2-handles to both components of the Whitehead link, we
find that, in the boundary stable case (when i > 0)

gr®(z;) = 2i—2
gy = gr(y)) = 201
gr(z) = 2i
and in the boundary unstable case (when i < 0),
gr®(z;) = 2i—1
gr(y)) = gr(y)) = 2
gr(z) = 241

Since Z2 =~ H;(St) — Hi(Zr) is an isomorphism, a choice of path z is deter-
mined by a choice of spz'nC structure t on Zp. Let tx be the spin(c structure with
(c1(tx),T) = 2k + 1. Then the conjugation action sends t; = t_;_.

As in Lemma 11, using Lemma 27.4.2 and Definition 28.3.1 of [7], we compute
formal dimensions

dim M., (Zr,a) = dimM((D")*, ag) + gr,, (a0, Zr\D*, a)
- 1) + AT

= —1-—gr%a)—k(k+1)
We then have the following cases: When i > 0:

dimM,, (Zr,xi) = 1—2i—k(k+1)

dim M, (Zp,y!) = —2i—k(k+1)

dim M, (Z7,z;) = —-1-2i—k(k+1)
when 7 < 0

dim M,, (Z7,x;) = —2i—k(k+1)

dim M., (Zp,y!) = —1-2i—k(k+1)

dimM,, (Zr,z:) = —2—2i—k(k+1)

As in Lemma 11, we see that formal dimensions are equal for conjugate spin®
structures. (i.e. t; and t_1_g)

By arithmetic we see that, in the boundary stable case (i = 0), the only moduli
spaces with non-zero formal dimension occur for x and y{ in the spin® structures
to and t;. The formal dimensions are 1 and 0, respectively.

In the boundary unstable case (i < 0), the zero dimensional moduli spaces in
the spm(C structure t; occur for x;, and z;,_; with i} = —@.

Now Zr is negative indefinite, so all solutions over Z% have F;{ = 0 and so
are reducible. In fact, Theorem 10.0.15 (and following remarks) of [14], give us
that the moduli space over Zr for the non-blown up equations is the 2-torus Ay +
HY(Zr)/2miHY (Zr; Z) with a vanishing spinor for each connection. (The blown-
up finite-energy moduli space also includes the projectivization of the negative
eigenspaces for D4 of each connection.)

Thus the contribution of each spin® structure t to the relative invariant is x;,

and z;, —1 to m,. However, since t;, = t_;_j contribute identically, 7, =0 mod 2.
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Along the way we have also showed n, = ny = 1, = 0.

At this point,

<2 v “ ~ - - - -« o
62G2 + G900 = Hg omg + m% olJy + MQ(Rr)

Let X be the manifold obtained by blowing down Vi along Ey. Equivalently,

X is Up S T? x D? where the identification of Ry and T2 x 0D? identifies
T7=T2%x¢

0D? with the kernel of the inclusion Hy(Rr) — H1(N7). Then 0X = =Y u Ys.
Lemma 17. Mg (g, is chain homotopic to (3o, UFF+D/2) m(X)

Proof. We proceed in a fashion similar to Proposition 12. Let P be the homotopy
of metrics on Ny which interpolates between stretching fully on St to stretching
fully on Sy. Let ng,n,,7s, and 7, be defined by the 0-dimensional counts of solu-
tions over this family of metrics. These counts lie in C{(Rr), C2(Rr), Ci(Rr) and
C¥(Rr), respectively.

Also, by counting points in 0-dimensional moduli spaces over Ur, we get several
families of maps. The first set count irreducible solutions.

mg?: CH(Rr) @CUY) —  C(Yo)
mg" : CHRr)@CU(Y) — C2(Yo)
mg®: CHRr)@CI(Y) — Cl(Y)
mg": Cl(Rr) @ CJ(Y) —  Cl(Yo)

The second set count reducible, not-boundary obstructed solutions.

my  CHRr)@CHY) — CJ(Y)
mg®: CY(Rr) @CJ(Y) — C(Yo)
m Ol (Rr) ®@CL(Y) —  C(Yo)
mut  CHRr)®CHY) — CrY)

The third counts reducible boundary obstructed solutions. (For these, 0-dimensional
moduli spaces have gr,(a’,a,Uf,b) = —1.)

meC(Rr)QCE(Y) — Ci(Yo)

m R @CHY) — Ci(Y)

s -

m,” : CHRr)@CIY) — Cl(Y)

w ot

The fourth counts reducible doubly boundary obstructed solutions. (For these,
0-dimensional moduli spaces have gr,(a’,a, U}, b) = —2.)

me CHR)QCE(Y) — CUYo)

u ot

WRITE HOW TO GET THE MAPS ON COMPOSITE
Ly defined by sum over good breaks on Rp.
BEGIN MESSY NOTE, CHECK THESE
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QT

- K{:"qu'

FIGURE 11. Np with 1-cycles b, ¢ identified

(Lr)g = mg'(-®@nu)
(Lr)s = m*(-®@n)
(Lr)y = me"(- @)
(Lr)y = m(- ®nu)
(Lr)y = m,"(-®@nw)
(Lr)y = m"(®nu)
(Lr)y, = m"(-®@m,) +0,m"(- @,
(Lr)s = m"( @)

END MESSY NOTE

THEN L IS LINEAR IN n,.

Before we examine the family moduli spaces over Np further, recall the solutions
on Ry = T3 from Section 2.2.5. Note that the inclusion H*(N7) — H(R7) gives
us a 2-torus T in the 3-torus of flat connections on Ry .

To fix notation, let us say that it is x;, 3%, y¢, and z¢ which may be the limit of a
solution on Np. Equivalently, we identify Ny with the Kirby diagram in Figure 11
and see that if we blow down the —1 sphere, we get a T2 x D? with 1-cycles b and
¢ the same as in Figure 2.

Now we consider the moduli spaces over Np. The second homology of Nr,
Hy(Nr), is generated by T and exceptional sphere Fy. Each of these is a class of
square —1 and with their given orientations, [T] - [Eo] = 1. If t € spin®(Nr) with
t|r, = S0, then t is determined by ¢;(t) - T. Write t; for such a spin® structure
with ¢;(tg) - T = 2k + 1. With this identification we see that t, = t_1_g.

The paths in (N}, a) are an affine space over m(Rr), under the operation of
right-composition. Since gr, (a,a) = (u U c1(s0))[Rr] = 0, all moduli spaces
M., (N7, a) have the same formal dimension, with z a path for t;. Form M, (N, a)
as union of M., (NF,a) over all u — which is still a compact manifold when zero
dimensional.
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Now, let is compute the formal dimensions of the moduli spaces. We begin with
the moduli space for a single metric:

dim Mj,(N*, a)

dim M (D*, a0) + gr., (a0, N7\D*, a)

62 — 0 T [)4 4
- (-grQ(aH 1) 4(N\ ) (vr\D ))
02 — 0 T ]D4
= 1 ( grQ(a) 1(tk) 4(N\ )—L(NT\D4)>

= —2—g%a)—k(k+1)
So, for our 1-parameter family of metrics:

dika.(N:}‘i,a)Q = dlka(N;:,a) +1
—1—g%a) —k(k +1)

Then in terms of the x;, y¥, 2, w;:

—2i — k(k+1) ifi>0
—1—21 k(k+1) ifi<0
1-22 k:+1) ifi>0

+1)  ifi<0

{
£

—2i — k+1) ifi >0
{

dim My (NF, xi)0

dika(N’}k’ay?)Q =

dim My(N7T, 2} )q —1-2i—k(k+1) ifi<0
—1-2i—k(k+1) ifi>0

dim My(Nf, wi)q = —2-2i—k(k+1) ifi<0

Suppose that i > 0 so that the critical point is boundary stable. By arithmetic,
we find that the only moduli spaces with non-negative formal dimension occur for

xo and zj when k=0, or =1 with dimension =0
ve when k=0,or —1 with dimension =1

Now, if the moduli space for the y§ were non-empty we would see, via Lemma 5,
that one of N7, Zp, or Zy has an irreducible solution. However, each is neg-
ative indefinite and there are no irreducible solutions. As the reducible moduli
spaces for a boundary stable critical point occur as the boundaries of these spaces,
M4 NF, y¥)q contributes zero to ny and 7.

Now suppose that ¢ < 0 so that the critical point is boundary unstable. Then
any solution is reducible and we verify by arithmetic that the spaces with formal
dimension 0 are M“ad(N%y’_‘k,(kH)/Q)Q and M,Zed(N;7w_1_k(k+1)/2)Q
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At this point we have,

ne = 0

ns = #(Mo(N7,t0;%0)Q U M_1(N7, t-15%0)qQ) Xo

+# (Mo(NF, t0;28") g U M_y (N7, t_1328")q) 26°
(

+# (Mo (N7, t0;25%) @ v M_1(NT, t-1525) Q) 25
+# (MO(NT*’?J‘();ZgC)Q Y Mfl(N;’vtfl; zgc)Q) zgc

ne = 0

Ny, = Z bW _1_k(k+1)/2 T Z Z kY ko (r1)/2
keZ keZ\{0,—1} x€{a,b,c}

= Z bk + b1—k)W_1—k(k+1)2 + Z D (@ a1 k)Y o
k=0 k=1 xe{a,b,c}

where ak7* = # (M]:ed(Njﬂ:a tk’;Yik(kJrl)/Q)) and bk = # (M]:ed(N;_:" fk;W,I,k(kJrl)/Q)).

Lemma 18. For all k € Z, we have:

N _ 1 mod2 if*x=a
Q¢ T O—1—k,x = 0 mod 2 otherwise
b +b_1_r = 1 mod?2
So that:

Ty = ZW 1—k(k+1) 2+Zy k(k+1)2 mod 2

- c
_ (Z {1/ >w1 n (Z U;“(k“)ﬂ) y®, mod 2
frr k=1
Note that

o0 o

K(k+1)/2 1(1+3)/2
2 Up =20
k=1 1=0

whose leading term is 1. Thus the coefficient of y*, is an invertable power series in
Z[[U4]]-

Proof. We will make use of our results from section 2.5.2. We can assume that the
perturbation 2-form w vanishes, since this is not needed for regularity on Rr. (So
reducible connections are actually flat.)

Fix a spin(C structure t; on N7 which restricts to so on Ry and let Ay be
a spin® connection on t; with harmonic curvature. Since N is negative indef-
inite F;, = 0 and F(A tay = 0 forall a € HY(N7). Thus there is a T? =

Hl(NT7 R)/2mi H*(Nr;Z) worth of solutions to the abelian anti-self-dual equation
F;{t = 0 in each spin® structure on Ny, for any cylindrical end metric.

Let Sg, be the 3-torus of flat connections on Ry and Sy,.(k,g) the 2-torus of
abelian anti-self-dual connections on Np for the cylindrical end metric g in the
spin® structure t;. (i.e. solutions to F}, = 0) Since each of the connections
Al € Sn,.(k,g) is asymptotically flat, it defines a point in Sg,.. This gives a map
0r(g) : SNy — Sr, which depends only on g, k.
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Complex conjugation on s¢ acts on the torus of flat connections by o : (S1)3 —
(ﬁ)g’. The 8 fixed points correspond to the spin structures on Rp and are the
connection parts of the reducible critical points for Rr. The conjugation action
extends to Ny by t, = t_;_j. Then we have

o0k(g) = 0_1-r(9).

Now consider the 1-parameter family of metrics @ = Q(St,S1). As t goes to
each of +o0, NJ breaks into two parts. In the case of ¢ = —o0, we get Z7 and
a manifold C'% which has cylindrical ends R~ x Sp and RT x Rp. In the case of
t = +oo, we get Z{ and a manifold Cf which has cylindrical ends R~ x S and
RT x Rp. Here Cf is a punctured T2 x D? with cylindrical ends.

In either case, the C*’s have I? = 0 and so carry no L? harmonic 2-forms. Thus
the maps 0 extent continuously to o0 and ¢ (+o0) is invariant under o. This
gives a map

ok:@XTQHSRT.

Also, 0 (+0) = 0_1_x(+00) and O (—0) = 0_1_g(—0) so the union

0r(Q) v 0_11(Q)

defines a Z/27Z 3-cycle Oy, in Sg,.. Now, for generic z in Sg,, ©, ' (z) is cobordant
to

(M, Tg M (N2 T)g) x M™(T.(10.1] x Br)*,Sry) xs {x}

with 7 the 2-torus of flat connections in Sg, with holonomy —1 around the loop
a, the M? the moduli spaces for the perturbed abelian anti-self-duality equations,
and M (w, ([0,1] x Ry)*,S) with perturbed at 400 and no perturbation at —oo.

This cobordism comes from taking 1-parameter family of perturbations t € R
on N} which are supported on ever longer pieces of attached cylinder. The fiber
over t = 0'is {a} xs (MEP(NF, Snr)g UM (NF, Sy ) )-

These moduli space are pertinent since the are related to the zero dimensional
Seiberg-Witten moduli spaces as follows:

Mlgb(N;:’T) XSp, A= Mk(N;ivaik)

forae {y“,yb,yc,w} and

_ k(k+1) : a b <c
iy = 2 s ifae{yy"y}
_1_T lfa:W

and where M (N, T) X Sp, @ denotes the fiber product.
We immediately see that

Gk +a_1-+ =0 mod2if + =b,c

since y°, y© are not in 7. The remainder of the theorem will follow if the mod 2
degree of © is non-zero. This is equivalent to 05 (c0) # 65 (—0).

Observe that the loop a corresponds to the generator of kernel Hy(Rp) —
Hi(Nr). Let ¥ ¢ N} a disc with cylindrical boundary RY x a. Let A : Sg, — S*
be the map which takes a flat connection in Sg, and sends it to its holonomy
around the loop a.
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Now, there is an explicit model of A o 0 given by

1
Aon(g)zexpr, Fye
2 s

When t = —o0, ¥ is in T and A’ is flat. so Ao (—c0) = 1. However, when t = 400,
Y decomposes into a cylinder in 7% which has zero contribution to integral and a
disc A with cylindrical end in Z¥.

Now, J Fae = (2n/i)(2k + 1) so Ao 60;(00) = —1. This completes the proof of
A

Lemma 18.
O

Thus we have completed the proof of Lemma 17.
|

Let Wy be Ur ug NTw where ¢ is an orientation reversing diffeomorphism of
T3 which sends the curve ¢ in dNTw to a generator of ker(H;(T%) — H;(Nr)). 7
Equivalently this may be accomplished by blowing down the —1 sphere in Np then
exchange es and Os in the Kirby diagram — all within Vp = Up u Np.

Then, for some chain homotopy G”,

ool
3G+ G — iy + ibJ + (Z Ul<l+3>/2> 1)
1=0

Now, 3 is the d; differential in the mapping cone’s 2 page spectral sequence.
Thus #;J is chain homotopic to zero in the mapping cone. (Although not nec-
essarily in the chain complexes for Y.) Therefore, ngfzo is chain homotopic to
m(Wh)+ (X2, UH3/2) i(W,) as a map to the mapping cone. Notice that (W)
and (W) are cobordism maps, not maps from homotopies. This proves the main
theorem.

As in the case of the surgery exact sequence, the result continues to hold in the
presence of a perturbation by a non-exact 2-form. Suppose that wyy, is a closed
2-form on Wy which pairs trivially with the punctured torus T (ST ww, = 0), then
ww, extends over Wy Uy, Vo to a closed 2-form wyy, v, with § B, WWeuVy = 0. Since
Wi is a submanifold of Wy Uy, Vo, this defines wy, on Wj.

Now, to define wyy, on Wy, we note that wyy, v, pairs trivially with both T and
Ey by construction. Then the restriction of ww, v, is exact on Rp. Thus, we can
extend the restriction of wy, v, to Ur over NTw by an exact 2-form. This defines
ww,- The perturbed version of the theorem then follows using these perturbations.

5. 2-HANDLE COBORDISMS AND CROSSING CHANGES

Let W be the cobordism corresponding to a 2-handle addition to [0,1] x Y. We
can obtain a relative Kirby calculus diagram for W by first constructing a Dehn
surgery diagram for Y (we will use thin lines to denote these) then in this diagram
drawing the attaching region of the 2-handle as a knot K with framing indicated by
the difference from the Seifert framing of K as a knot in S®. For convenience, fix
an orientation for K corresponding to an orientation of the core of the 2-handle.

17Need to make this more concrete for the skein sequence. Linking number will matter.
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FIGURE 12. Surgeries which change crossing type

“ —
N

FIGURE 13. Punctured torus

Let Yy be obtained by the corresponding integral Dehn surgery on K in Y. Then
W = =Y uYy. Now suppose that v is a null-homologous loop in the neighborhood
of a crossing of K, as shown in Figure 12 for a positive crossing (left) and a negative
crossing (right).

For either type of crossing, v is the boundary of a punctured torus as shown in
Figure 13 in the case of a positive crossing. Explicitly, we take a torus which is
the boundary of a tubular neighborhood of K then the Seifert disc D for v meets
K in two points, once positively and once negatively, and so divides the torus into
two pieces. Select one of these annular pieces A and form the punctured torus
T = (D\N(K)) u A. By construction, 07" = .

Note that the two versions of 7' obtained by the two choices of annulus are
isotopic rel 7. (Slide the annular part over the 2-handle.)

5.1. Positive Crossings. Suppose that the crossing in question is positive and let
Y1 be the manifold obtained by —1 surgery on +y as in the left diagram of Figure 12.
Similarly, let Y5 be obtained by zero surgery on . Then Yy, Y; and Y5 fit into a
surgery exact triangle which is of the type dealt with in Section 4.

We now wish to construct relative Kirby diagrams for the cobordisms W; and
Wa.

5.2. Negative Crossings. For a negative crossing, the usual skein sequence in-
volves doing the surgery in the right diagram of Figure 12. As this sequence in-
volves +1 surgery on v and thus a torus of square 1 instead of a torus of square
—1, our techniques fail here. That is, the algebraic decomposition of the map
ngh(Wo) ~ I;'(}fﬁ(f'fho + ﬁlgﬁgmo into pieces Mg and HYmho which land in the
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KX

FIGURE 14. Handle slide for a crossing change (positive to negative)

direct summands C M) @ C (Y2) of the mapping which was discussed at the be-
ginning of Section 4 still holds. It remains unclear if these homomorphisms are
induced by cobordisms.
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