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Abstract

We study the convergence of divergence-regularized optimal trans-
port as the regularization parameter vanishes. Sharp rates for gen-
eral divergences including relative entropy or LP regularization, gen-
eral transport costs and multi-marginal problems are obtained. A
novel methodology using quantization and martingale couplings is suit-
able for non-compact marginals and achieves, in particular, the sharp
leading-order term of entropically regularized 2-Wasserstein distance
for marginals with finite (2 + §)-moment.
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1 Introduction

We study regularized optimal transport problems of the form

OTy. := inf /Cd7T+€Df<7T,,u,1®---®/1,N)
TEIL(p11,5e 0N )

where Dy is an f-divergence, for example relative entropy (Kullback-Leibler
divergence) or LP regularization. (Notation is detailed in Section 2.) Note
that ¢ = 0 yields the classical optimal transport problem OT without reg-
ularization. We are interested in the speed of convergence OT;. — OT as
the regularization parameter ¢ tends to zero, especially its dependence on
the marginals y; and the divergence Dy.
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Regularized optimal transport has attracted a great deal of research in
recent years, chiefly because regularization enables the use of efficient numer-
ical algorithms (e.g, [10, 25, 40, 55| and the references therein) to approxi-
mate OT in high-dimensional applications—whence the interest in the speed
of convergence. The most important divergence is relative entropy which
gives rise to Sinkhorn’s algorithm (or IPFP); here OT . is often called the
entropic optimal transport problem (e.g., [49, 55]). Other divergences, espe-
cially LP regularization, are being used in applications where sparse optimiz-
ers are desired or weak penalization (small €) causes numerical instabilities
with entropic regularization [11, 26, 31, 42, 58]. For multi-marginal transport
and the related Wasserstein barycenters, see for instance [2, 6, 14, 16, 17].
Literature more specific to the convergence OT . — OT is discussed below.

In this paper, we propose a novel methodology to estimate OTy. — OT
based on quantization. It is simultaneously more general and, arguably, eas-
ier than previous arguments, allowing us to obtain convergence rates for a
wide class of f-divergences, unbounded cost functions and multi-marginal
problems in a unified manner—the methodology may be as important as the
results themselves. Even for entropic optimal transport with two marginals
and quadratic cost, we substantially improve on the existing results, by
allowing for arbitrary marginals with finite (2 + §)-moments where previ-
ous techniques required compact supports and uniformly bounded densities
18, 22, 24, 53].

To give an informal preview, let us focus on N = 2 marginals with
entropic or LP regularization (p > 1) for simplicity. In those examples, we
obtain non-asymptotic bounds of the form

1
OT;. — OT < Belog <> + Ke for entropic regularization,
€

1
OT;. — OT < KeG-1)571 for LP regularization,

where f3 reflects a certain quantization dimension. In our first result (Theo-
rem 3.3), B encodes the optimal quantization rate for one of the marginals—if
i are measures on R% . this leads to 8 < di A da. In this result, we assume
that the integrated cost m — [ cdrm is Lipschitz when restricted to a certain
set of couplings; this is satisfied for Lipschitz functions ¢ but also, e.g., for
|z — y[P with p > 1 on R? x R%. The stated estimates are sharp in certain
examples (see Section 4), up to the constant K.

The key idea is to use so-called shadows to transfer explicit divergence
bounds for discrete measures into continuous couplings with controlled di-
vergence, while also bounding the Wasserstein distance. As quantization



theory has long studied how fast general measures can be approximated
with discrete ones, this enables us to control both the transport and diver-
gence terms in OTy.. Specifically, a rate is found by choosing the number
of points for the quantization of the marginals relative to the regularization
parameter £ such as to balance the transport and divergence terms. At a
high level, the shadow construction is a substitute for the widely used block
approzimation method first introduced in [15]. Employing quantization and
Wasserstein geodesics instead of building blocks explicitly, our construction
fully exploits the flexibility of the p-Wasserstein distance, making it very
suitable for unbounded domains and costs.

Our main result (Theorem 3.8) pertains to cost functions on R x - - - x R?
admitting a bounded second derivative, in particular the quadratic cost, and
improves the value of 8 to d/2 under sufficient regularity. Here, smoothness
leads to the factor 1/2 while d reflects the quantization rate for an optimal
transport plan (of the unregularized problem OT) rather than the marginals.
The key idea is a martingale argument that seems to be novel: the martingale
property of 2-Wasserstein quantization can be used to eliminate the first-
order term in the integrated Taylor expansion of the cost function. The
remaining leading term is then of second order, whence the factor 1/2. Once
again, the martingale methodology lends itself to the unbounded setting;
moreover, the rates are sharp in wide class of examples. In particular, we
establish the leading-order term %dog (%) for entropically regularized 2-
Wasserstein distance whenever the marginals have finite moments of order
2+ ¢ for some 6 > 0 (Corollary 3.14). In its proof, Minty’s trick [48] is used
to establish the quantization rate for an optimal transport plan.

For discrete problems, the study of entropic regularization and its con-
vergence goes back to [23]; see also [60] for a non-asymptotic result, [5] for
a semi-discrete problem, and [4] for multi-marginal transport. Here, we are
mainly interested in continuous problems. As OT;.—OT = O(e) if and only
if there exists an optimal transport with finite divergence (Proposition A.1)
and as the latter typically fails for continuous marginals, we shall be dealing
with convergence slower than O(e). In the continuous case, we are not aware
of works addressing the multi-marginal problem, and for two marginals, al-
most all results are on the entropic regularization; an exception is [44] where
x? divergence is studied in a compact setting and an upper bound of order
el/(d+1) ig found. Returning to the entropic case, the link between OT .
and OT goes back to [46, 47| in the Schrodinger bridge problem (which is
closely related to entropic optimal transport with quadratic cost; cf. [39]).
Gamma-convergence was shown in [38]; see also [15] for a proof in a setting
closer to ours. A stochastic control viewpoint is presented in [19]. Early



quantitative results for quadratic cost, from a large deviations viewpoint,
are [1, 27, 30|, later extended in [53] to cost functions closely modeled on the
quadratic. While these are first-order results, a second-order expansion of
the optimal cost was obtained in [24] for the Schrédinger bridge setting and
in [22| for entropic optimal transport, all with quadratic cost. These results
require strong regularity assumptions in addition to compactly supported
marginals.

The most comparable results by far were obtained in the very recent (and
partly concurrent) work [18] which addresses general cost functions and ob-
tains rates similar to ours, at least for compactly supported marginals, in
the case of entropic regularization with two marginals. Remarkably, the
methods used are quite different. For Lipschitz cost functions and com-
pactly supported marginals, [18, Proposition 3.1] finds that OT;. — OT <
delog(1/e) + O(e) where d is the minimum of the two marginal dimensions.
A potentially more general result is obtained with a notion of upper Rényi
dimension of the marginals, however a more concrete bound is only available
through the box dimension which requires compactness to be finite.! The
proof proceeds through a block approximation, applying the Lipschitz prop-
erty on each block. Our Theorem 3.3 (specialized to the entropic divergence
on two marginals) obtains a bound of the same form but with the dimension
defined by quantization. Using p-Wasserstein distance with finite p, quanti-
zation is well-behaved also for unbounded domains, so that the bound can
be established for general marginals with finite (p + §)-moments. Moreover,
Theorem 3.3 applies to costs like |x — y|P, p > 1 as the Lipschitz property is
only required in an integrated form. Shadows are a convenient and robust
tool in this context, as is also exemplified by their application to adapted
(causal) optimal transport in [29].

For cost functions of class C*! (thus with a.e. bounded second deriva-
tive) and compactly supported marginals with uniformly bounded Lebesgue
densities, [18, Proposition 3.4] shows that OT;. — OT < Zelog (1) + O(e).
The proof is deep and based on the fine regularity of the Kantorovich po-
tential; namely, a quadratic bound on the integrated difference between a
A-convex function and its first-order Taylor expansion [18, Lemma 3.6|. This
bound depends directly on the diameter of the domain and the density as-
sumption is needed to pass from Lebesgue measure to the actual marginals.
By contrast, the martingale argument used for our Theorem 3.8 applies to

!Note added in proof: This statement referred to the preprint version of [18]. The
final published version provides an improved result; namely, the upper Rényi dimension
is bounded by the Euclidean dimension as soon as the marginal has a finite logarithmic
moment.



unbounded domains and is fairly robust; for instance, it easily extends to
the multi-marginal case. It does, however, take as its input the quantization
rate of an optimal transport plan 7*, so that it needs to be applied together
with a regularity result for 7*. For quadratic cost, we prove that the rate is
indeed 1/d in great generality, assuming only finite moments of order 2 + 4.
For compactly supported marginals, a quite generic sufficient condition for
this rate is the nondegeneracy of the cost; i.e., invertibility of the mixed
derivative D%yc(m, y). For unbounded but sufficiently integrable marginals,
we show a rate arbitrarily close to 1/d if nondegeneracy holds in a uniform
sense.

In [18], the authors also obtain a matching lower bound for the con-
vergence rate (for entropic regularization), for cost functions satisfying the
aforementioned nondegeneracy condition and sufficiently regular marginals.
The proof is again based on a fine analysis of the Kantorovich potential. The
key tool is a quadratic detachment estimate [18, Lemma 4.2| which we reuse
in Section 4 to obtain matching lower bounds for L? regularization as well.

While the present work focuses on the convergence of the optimal cost
OTy., two related question are the convergence of the optimal couplings
and optimal dual potentials. See [9, 15, 38, 39] and [8, 21, 36, 50, 56],
respectively, and the references therein. As seen in [9, 21], the convergence
is also related to the stability of OT . wrt. the marginals [17, 28, 35, 51].

The remainder of this paper is organized as follows. Section 2 formally
introduces the problem and notation, then gathers preliminaries on quan-
tization, divergence bounds for discrete couplings, and shadows. Section 3
contains the main results on convergence rates. Section 4 provides instances
where the rates are sharp and Appendix A gathers two additional results.

2 Preliminaries

2.1 Setting and Notation

Let (Y, dy) be a Polish space and P(Y") its set of Borel probability measures.
Fix p € [1,00) and denote by P,(Y") the subset of measures p with finite p-th
moment; i.e., [dy(z,2)P u(dx) < oo for some (and then all) & € Y. The
p-Wasserstein distance W) (1, v) between p1, v € Pp(Y) is defined via

Wo(u, )P = inf [ dy(z,y)P 7(dz, dy).
sy = ot dveg) nldo.dy)

Fix N € N and let (X;,dx,), i =1,..., N be Polish probability spaces with
measures j; € P(X;). We denote by X = Hfi 1 Xi the product space and use



the particular product metric dx p(z,y) :== (XN | dx, (i, 3i)?)/P to induce
the p-Wasserstein distance on X.
Let ¢: X — R be continuous with growth of order p; i.e.,

le(z)] < C(l + dX7p(:z:,§:)p)

for some C' > 0 and & € X. The optimal transport problem is

where II(1, ..., un) C Pp(X) denotes the set of couplings of the marginal
measures ji; € Pp(X;). The growth of ¢ ensures that OT is finite.

Let f : Ry — R be a strictly convex, lower bounded function with
f(1) = 0 and limgo f(x)/x = co. The f-divergence D¢(u,v) between
probabilities u, v on a common space is defined by

d
Dy(p,v) —/f((;:) dv for p<v

and D¢ (p,v) := oo for p & v. The Dy-regularized transport problem is
OTs. = inf /cd7r+€Df(7r,P), P=uy®- - ®un,
m€l(p1,...,uN)

where € > 0 is the regularization parameter. In particular, entropic optimal
transport corresponds to f(z) = xlog(x).

2.2 Quantization

On a Polish space Y, we denote by P™*(Y) C P(Y) the set of probability
measures supported on at most n points. Given p € [1,00) and p € Pp(Y),
our results depend on an approximation rate of the form

It e PYY): W', p) <Cn™@ n>1 (quant,(C, @))

for constants C' > 0 and a > 0. The takeaway of the following is that if the
support of p is d-dimensional, this property typically holds with o = 1/d.

Remark 2.1 (Quantization rate on R?). Let Y = Re. If y € P,y 5(Y) for
some ¢ > 0, then quant,(C, a) holds with a = 1/d for some C' > 0. More
precisely, [37, Theorem 6.2] shows that the exact asymptotic constant

C,:= lim n'¢ inf W, (u",
n—oo /.L"EP"(Rd) p('u 'u)
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can be expressed through a dimensional constant related to the p-quantization
of the uniform measure on the unit cube and a moment of the density of the
absolutely continuous part of y. In particular, C, > 0 as soon as p is not
mutually singular wrt. Lebesgue measure, showing that the rate o = 1/d is
then optimal. A bound for the (non-asymptotic) constant C' in quant,(C, )
is given in [37, Corollary 6.7[; its proof yields an explicit constant valid for
all n > 1 depending only on p,d,d and [ |z|P+° u(dz).?

For some variations of our results (in fact, only in the multi-marginal
case of Theorem 3.3 with non-entropic divergence), we use a slightly stronger
notion, sometimes called (deterministic) empirical quantization, where the
approximating measures are required to be uniform. Let P™¢"(Y) C P(Y)
be the set of uniform measures on n points; i.e., measures p" = n=! i Oy,
for some y; € Y. Similarly as above, we introduce

It e PY ) Wu(p",p) <Cn™%, n>1 (quanty)™(C, a))

for constants C' > 0 and « > 0. This condition clearly implies quant,(C, a);
but at least in the high-dimensional regime, the optimal rate is in fact the
same, as summarized in the following remark.

Remark 2.2 (Empirical quantization rate on R?). Let Y = R?. The well
known [33, Theorem 1] shows, among other things, that if u € Papis(RY)
with d > 2p, then quant;™(C, a) holds with a = 1/d and a constant C' de-
pending only on d,p,é and the (2p 4+ 6)-moment of p. In particular, this
bound for the empirical rate coincides with the bound 1/d given for (arbi-
trary) quantization in Remark 2.1. Rates for other regimes (d < 2p) are
also obtained in [33, Theorem 1]. Notably, the rates derived in [33| are not
based on a deterministic construction of p', but hold a.s. when p™ are i.i.d.
samples of p. More precise constants for this result, and non-asymptotic
bounds, can be found in the very recent work [32|. Rates for i.i.d. samples
of measures supported on compact submanifolds are studied in [61].

For measures with bounded support, a deterministic construction in |20,
Theorem 3| provides the rate a = 1/d and an explicit constant C' for p < d;
for p = d, a logarithmic correction is added, whereas for p > d, the rate is at
least & = 1/p. For unbounded measures, |20, Corollary 1| shows a slightly
looser bound for the rate under the condition p € Ppi5(Y). The univariate

2The result in [37, Corollary 6.7] is stated for all n > Cjs instead of n > 1, for a certain
constant C'3, in order to have a statement whose constants do not depend on the moment
J ||P*? p(dx). For our purposes, we do not mind such a dependence, and we can easily
deduce a result valid for all n > 1 by adjusting the constants.



case d = 1 has been studied in detail [7, 62|. Here the optimal rate is o = 1 if
1 has a positive density on its support and is sufficiently integrable, whereas
a < 1 is known in several other cases (see |7, Table 1] for an overview).

2.3 Elementary Divergence Bounds

For our purposes, discrete measures are useful because they admit straight-
forward divergence bounds. The best-known example is that a coupling
m € II(p1, p2) of marginals p; supported on n points has relative entropy
D¢(m,p1 @ p2) < logn. The following lemma collects some extensions of
that fact for later reference. We recall that P™(X;) denotes the probabili-
ties supported on at most n points, P™¢™(X;) the empirical measures on n
points, and P = 1 ® -+ - ® un.

Lemma 2.3 (Divergence bounds). Let m € I(u1,...,un) and define ¢ by
f(x) = zp(x). Assume that ¢ is nondecreasing.

(1) If N =2, ¢ is concave, and pz € P"?(X2), then Dy(m, P) < p(ng).
(1) If py € P"(X;) fori=2,...,N, then Dy(m, P) < (p(Hfi2 n;).
(i) If ﬁ(x) = log(x) and p; € P™(X;) fori=2,...,N, then D¢(m, P) <
> iso log(ng).

Proof. Denote by me.n the marginal of 7 on X9 X -+ x Xy. In particular,
Po.n = p9®- - -@un. We similarly define .51 and P;.ny—1 as the marginals
on Xj X -+-x Xny_1. Let o be the counting measure on the (finite) support

of P».,,. Disintegrating m = 1 ® K, we then have j—; = d‘;f; < dg;" , hence

o= () = ) o

In the case (i) where N = 2, Jensen’s inequality yields

/so <d£20:-N> dﬂz/so (i:) dpz < p(n2).

Whereas in (ii), dg;N is constant and thus fgo(dg;N) dr = o Hfi2 n;). To
: dr d(rin—1®uN) _ dr d(mi:n—1)
TIN—1®UN) ap T d(mi.N—1®pN) dPuN-1
As o(x) = log(z), this yields

. dr
see (iil), we write 9% = @

Dy(m,P) = Dy(m,m1.N-1 @ un) + Dy(m1.n-1, Pi:n—1)-



To bound the first term, we apply (i) with py as second marginal,
Dy(m, P) <log(nn) + Dy(mi.n—1, Pr.N-1).

Iterating this argument yields D¢ (7w, P) < sz\i2 log(n;), which was the
claim. O

2.4 Shadows

Given 7 € II(p1, ..., un), the shadow 7 of 7 on another vector (fiy, ..., iN)
of marginals is a particular Wy-projection of m onto II(fi1, ..., fin) that en-
joys a control on its divergence. Intuitively, for N = 2, the shadow 7 is ob-
tained by concatenating three transports: move fi1 to p1 using a W-optimal
transport, then follow the transport m moving p1 into ps, and finally move
2 to fig using a Wy-optimal transport. The general definition follows.

Definition 2.4 ([28]). Let p € [1,00) and p;, fi; € Pp(Xi), i = 1,...,N.
Let k; € II(u4, fis) be a coupling attaining Wy, (i, fi;) and k; = p; @ K; a
disintegration. Given 7 € II(p1,...,unN), its shadow T on (fi1,...,[AN) is
defined as the second marginal of 7 ® K € P(X x X), where the kernel
K : X — P(X) is defined as K(z) = Ki(x1) @ --- @ Kn(zN).

The definition and the data processing inequality readily imply the fol-
lowing properties; see [28, Lemma 3.2] for a detailed proof.

Lemma 2.5 (Shadow bounds). Let p € [1,00) and p;, fi; € Pp(Xi), i =
1,...,N. Given m € U(u1,...,un), its shadow 7 € (1, ..., fin) satisfies

N
Wy (m, @) = Wi, i)?,
i=1

Dy(7, i1 @+ @fin) < Dy(m, 1 ® -+ @ pun)-

3 Main Results

One novel idea in this paper is to use a “double shadow” through auxiliary
discrete marginals to approximate a given (typically singular) transport plan
with one that has controlled divergence. To illustrate this, we start by re-
proving the (known) convergence OT;. — OT in our general setting.

Proposition 3.1. Let p € [1,00) and p; € Pp(X;) fori=1,...,N. If ¢ is
continuous with growth of order p, then lim._,oOT;. = OT.



Proof. Using tightness of {1;}, we can construct measures . supported on n
points with Wy (u?, pi) — 0 for i = 1,...,N. Let 7* € II(p1,...,pnN) be
an optimizer of OT. We introduce another coupling 7" € II(u1,...,un) as
follows: first, let @ be the shadow of 7* onto (uf, 5, ..., uR;); then, define
7™ as the shadow of 7 onto (u1,...,un). Using the triangle inequality and
Lemma 2.5, this implies

N 1/p
Wy(r", 7%) < Wp(n", 70) + Wy(7, %) < 2 (Z Wp(ﬂ?#i)”) — 0.
=1

As ¢ is continuous with growth of order p, we conclude [cdr™ — [cdr*.
On the other hand, Lemma 2.5 yields

Dyp(r", P) < Dyp(7r, puf ® p3 ® ... puy) < 00,

where the finiteness is trivial by discreteness of p'. Given § > 0, choose n
such that [ cdn™ — [ cdr* < ¢, and then g > 0 such that gDy (7™, P) < 6.
As 7" is an admissible coupling for OT ., we have shown OT;. — OT < 20
for all € < eg. O

3.1 Rate for Lipschitz-type Costs

To enable a quantitative version of Proposition 3.1, we need to control the
speed of convergence [cdn™ — [cdn* in its proof. We introduce the fol-
lowing adaptation of the condition (Az) of [28], stating that the integrated
transport cost is Lipschitz with respect to the coupling.

Definition 3.2. Let p € [1,00) and p; € Pp(X;), ¢ = 1,...,N. Given
constants L, C' > 0, we say that ¢ satisfies (A ¢) if for all fi; € Pp(X;) with
Wy (fti, i) < C,i=1,...,N, we have

‘/cd(ﬂ—fr)

for all m € I(p1,...,un) and T € U (fag, ..., AN).

< LW,y (m,7) (ALc)

Clearly (Ar ) is satisfied (for all C) if ¢ is L-Lipschitz, but as discussed
in [28, Example 3.6, the condition also captures various non-Lipschitz costs,
like c(x1,29) = |1 — 22|? on R? x R? with p € [1,00). In that case, the
constant L depends on the moments of the u; and on C. (The condition
does not capture |r; — x2|” for 0 < r < 1. An extension with a modulus of
continuity instead of a Lipschitz constant is discussed in Remark A.2.)
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Theorem 3.3. Let p € [1,00) and p; € Pp(X;) fori =1,...,N. Assume
that yi; satisfies quant,(C,a;) for i = 2,...,N and that c satisfies (AL c),
for some aa, ..., ay € (0,1] and L,C > 0.3

(i) Let f(x) = xlog(xz). Then for all e € (0,1],

N

OT;. —OT < (Z ;) elog (i) +4(N — 1)VPLCe.

i=2

(ii) Let f(z) = zp(z), B = SN, a%_, f(x) = zp(zP). Assume that for
some xg,Yyo > 0, f is strictly increasing on [xg,00) with inverse finv
and ¢ is nondecreasing. Suppose also that either N = 2 and @ is
concave, or the p; satisfy quanty™(C, ;) instead of quant,(C, ;). Set

S, = finv(%); which satisfies lim._,o Se = 0o and lim._,geS: = 0. Then

for all e € [0,1/x0] small enough such that S: > y(l)/ﬁ +1,

4N -1)YPLC +1
OT;. —oT < AN -V PLOHL
Se
While the quantity S: in Theorem 3.3 (ii) may not admit a closed-form
expression, we can deduce more explicit bounds as follows.

Example 3.4 (Explicit bounds). Choose a function ¢ > ¢ such that g(x) :=
x@b(xﬁ ) is strictly increasing with inverse denoted giny. Then Giny < finvy and
hence 1/S: < 1/ginv(1/€), so that Theorem 3.3 (ii) implies

b
ginv(l/g) ’

We thus aim to choose 9 so that g, has an explicit expression. As an
example, consider the L” regularization given by f(x) = %(xp — 1) with
p > 1. Here ¢(x) = %x”_l - pix < %x”_l =: ¢(z). With this choice of 9, we
have g(x) = %x(p*1)5+1 and the explicit inverse giny () = pz'/[(P=DB+1] - Ag
a result, for all ¢ € (0,1],

OT;. — OT < (4(N — 1)YPLC +1)

OT;. — OT < Kew 151, K = (4N — 1)YPLC +1)/p.

3Exponents a; > 1 could be accommodated with minor changes in the constants below.
In view of Remark 2.1, the condition a; < 1 is not restrictive in practice.

11



Remark 3.5 (On pq). In Theorem 3.3, nothing is assumed about the quan-
tization of p1. In an application, one would thus label @1 the marginal with
the slowest quantization rate. In particular, for N = 2 marginals on R%, we
typically have 1/ag = dj A dy by Remark 2.1.

Proof of Theorem 3.3. Let ©* € II(u1,...,un) be an optimizer of OT. By
our assumption, there exist empirical quantizations p;" for the marginals
i = 2,...,N such that W,(p;", ;) < Cn;“. We introduce a coupling
m € I(p1,...,un) (depending on ng,...,ny) as a double shadow: first, let
7 be the shadow of 7 onto (u1, uh?, ..., wa"); then, define 7 as the shadow
of 7 onto (pu1,...,un). Using the triangle inequality and Lemma 2.5,

N 1/p
Wp(m, m*) < Wp(m, 70) + Wy(7,7%) < 2 <Z WAM?CM)”) :
i=2

Combining this with our assumption (A, ), we deduce

N 1/p N 1/p
/cdw — /cdw* < 2L <Z Wp(,u?i,ui)p> < 2LC (Z ni_c”p) )
i=2

i=2
On the other hand, Lemma 2.5 again yields
Dy(m, P) < Dy(7, 1 @ py® @ ... ).
As 7 is an admissible coupling for OT ., we have proved

N 1/p
OT;. — OT <2LC <Z n;"”’> +eDp(F 1 @y @ . phy)  (3.1)
i=2
and the last divergence term can be bounded by Lemma 2.3. In the remain-
der of the proof, we choose n; as a suitable function of € to balance the decay
of the two terms on the right-hand side of (3.1). As n; is an integer, we need
to deal with a rounding error: given S € [1,00), we define p(S) > 0 as

N

1/p
o(8) = (Nl_ oD lefﬂam> (3.2)

1=2

so that 1 < p(5) < 2M&Xiz2% < 2 and limg_,o 0(S) = 1. We then have

N 1/p » P
(Ztsl/ai J) = Q(S)(Ns_ S Q(N_Sl)l/ . (33)
i=2

12



(i) Set n; = [e~V/*| for i =2,...,N. For S = S. = 1/¢, (3.3) yields

N e 1/p
(Z n) _ Q(SE)UE “U oy e,
i=2 €

and Lemma 2.3 (iii) bounds the divergence term by

eDf (T, 1 @ py* ® <€Zlog (n;) <€Zalog< )

=2

In view of (3.1), the claim follows.

(ii) Set n; = LS;/O”J for i =2,..., N, where S; was defined in the theorem.
Similarly as in (i),

N 1/p 1/p
(Z n_> <IN DV gy
i=2 €

)

On the other hand, S, > yé/ﬁ + 1 implies yg < Hi\iz n; < S8 by elementary
arguments. Under quant;™(C, a;), Lemma 2.3 (ii) and monotonicity of ¢ on
[yo, 00) yield

SDf(ﬁ-vul ®'u7212 R... <5gp (Hn> <5Q0 SB) _ 5fé56)
_efm(@) _ 1
-8, s

and now the claim again follows from (3.1). For the claim under N = 2, we
use Lemma 2.3 (i) instead of Lemma 2.3 (ii). O

Remark 3.6 (On the constant). The constant 4 in Theorem 3.3 (i),(ii) can
be replaced by 20(1/¢) and 20(S:), respectively, where o(-) is defined in (3.2)
and satisfies 1 < p(-) < 2. As 9(S) =1+ 0o(1/S5), this improves the asymp-
totic constant for € — 0 in Theorem 3.3 from 4 to 2.

Remark 3.7 (On the proof). In Theorem 3.3 and its proof, the entropic
case (i) is treated separately from the general case (ii) to obtain an expression
that is more explicit and more in line with the literature. In fact, the bound
in Theorem 3.3 (ii) is slightly sharper even for the entropic divergence, as its
proof is based on the optimal tradeoff between the transport and divergence
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terms: both have the same rate 1/S., whereas in the proof of (i) they have
differing rates ¢ and elog(1/e). However, S. = fmv(%) does not admit an
explicit expression in the entropic case, so we chose instead S; = 1/¢ to
obtain an explicit statement. The leading-order term nevertheless turns out

to be sharp; see Proposition 4.2.

3.2 Rate for Twice Differentiable Costs

For the main result, we focus on the exponent p = 2 for the Wasserstein met-
ric and on closed convex sets X; C R% endowed with the Euclidean norm |-|.
We recall that X = X7 x --+- x Xn then also carries the Euclidean metric
and write ¢ € C%(X) to indicate that c is defined and twice continuously
differentiable on a neighborhood of X ¢ R+ +dn,

For costs with bounded second derivative and an additional regularity
condition, we shall improve upon the dimension-dependence in Theorem 3.3
by a factor 1/2, at least for marginals of equal dimension. For that im-
provement, (Ay c) is too weak (as evidenced in Proposition 4.2). Instead,
we shall use a martingale argument to achieve a full cancellation of the in-
tegrated first-order term in the Taylor expansion of c¢. For this, we directly
quantize an optimal transport, not just the marginals. In the following state-
ment, its quantization rate « is taken as given—we shall elaborate below on
how to bound it in practice.

Theorem 3.8. Let X; C R% be conver and Wi € Po(X;) fori=1,...,N.
Assume that ¢ € C*(X) has bounded second derivative:

ch”(x)w < B’w|2 forall z,weX, forsome B>0, (3.4)

and that OT admits an optimal transport ™ satisfying quanty(C, a) for some
€ (0,1] and C > 0.

(i) Let f(x) = xlog(x). Then for all e € (0,1],
N-1

1
OT;.—-0T< elog <€> +8BCk.

(ii) Let N =2, f(z) = zp(x) with ¢ nondecreasing and concave, let f = 5-
and f(z) = zo(xP). Assume that for some xo > 0, f is strictly in-
creasing on [xg,00) with inverse finy. Set S. = finv(%), which satisfies
lim. 0 S: = oo and lim._,0eS: = 0. Then for all € € (0, ?10] small
enough such that Sz > 1,

8BC +1

€

OTf78 - 0T<L
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Before proving the theorem, we recall the martingale property of Ws-
quantization; see, e.g., [52, Proposition 5.1, p. 139] for a proof. This property
and its interplay with the Taylor expansion in (3.5) below explain why our
result is limited to p = 2.

Lemma 3.9. Given a probability n € P2(Y') on a Polish space Y andn > 1,
there exists 1" € arg mingnepn(y) Wa(n™,n), called an optimal Wy-quantizer
of n on n points. There is a coupling 0 € TI(n™,n) attaining Wa(n™,n),
meaning that [ |z — y|?> 0(dz,dy) = Wa(n™,n)?, and it is a martingale: the
kernel k in its disintegration § = n"®r satisfies [y k(x,dy) = x for T-almost
all x.

Proof of Theorem 3.8. For n > 1, let © € P(X) be an optimal Wa-quantizer
of 7 on n points and let 6 € II(7, 7*) be the coupling attaining Wa (7w, 7*);
cf. Lemma 3.9. The martingale property of 6 implies that [ h(z) - (y —
z) 0(dz,dy) = 0 for any measurable function h : X — R4+ +dN of linear
growth. As ¢ has bounded second derivative, its first derivative ¢’ has linear
growth and thus

/c’(:z:) (y — z)0(dz,dy) = 0.

Considering the Taylor expansion of ¢(y), this shows that the integral of the
first-order term vanishes, and then the bound on the second derivative yields

‘/cdﬁ*—/cdﬁ

- \ [ctw) ~ @) o0,y
< B/\x YR 0(dr, dy) = BWa(7, 72 (35)

Denote by p!' the marginal of 7 on X; and by 6; the marginal of # on X; x Xj.
We observe that 6; € II(u], 11;) is again a martingale coupling. Furthermore,
as we are using the Euclidean norm,

N
Z/ i — il 0i(das, dy;) = / |z — y[?0(dx, dy) = Wa(7, 7). (3.6)
=1

Next, we construct a coupling 7 € II(uq,...,un) that is reminiscent of
the shadow of 7 but uses the kernels of 6; instead of Ws-optimal trans-
ports between pf' and p;. Namely, decomposing 0; = p! ® K; and writing
K(z):=Ki(z1)® - ®@ Ky(xn), we set v :=7T®@ K € P(X x X) and define
7w € I(p1,...,un) as the second marginal of 7. Probabilistically speaking,
this means that we take the (possibly dependent) components of the vector
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martingale # and combine their laws into a new vector martingale v with
independent components. In particular, v € II(7,7) is also a martingale
coupling: [ y; K(z,dy) = [v; K;(z;,dy;) = x; for all i by the martingale
property of ;. Repeating the argument for (3.5) with 7 instead of 6, insert-
ing the definition of v and using (3.6), we conclude that

‘/cdﬂ—/cdfr

<5 [ o~ ol y(da,dy)
N
=B Z/ |$Z - yi|2 Hl(daiz, dyl) = BWQ(ﬁ',TF*)2.
i=1
In view of (3.5), the triangle inequality and the assumption on 7* then yield
/cdw — /cdﬂ* < 2BW, (7, m*)? < 2BCn 2%, (3.7)

On the other hand, by the data processing inequality (e.g., [49, Lemma 1.6]),
the construction of 7 implies

Dy(m, P) < Dy, il @ - & ).

This bound is analogous to Lemma 2.5 (indeed the reasoning is the same).
The rest of the proof is analogous to Theorem 3.3. To deal with the
rounding error, we now define o(S) for S € [1,00) as

1 2a

S2a
S) = T 3.8
oS) (LSMJ (3.8)

so that 1 < o(S) < 22® < 4 and limg_,o 0(S) = 1. In particular,

1

|52 |72 = p(8)S~! <457 (3.9)
(i) Let n = [e2a |. Then (3.7) and (3.9) for S = S. = 1/¢ imply
/cdw - /cdw* < 2BCp(S:)S-! < 8BCo(S:)e

while Lemma 2.3 (iii) yields Dy (7, pf ®- - -@pu’%) < (N —1)log(n), completing
the proof of (i).

1
(ii) Here we define n = [S2* |, then (3.7) and (3.9) yield

/C o /c e < 2BCe(S:) _ 8BC
Se Se

16



while (recall N = 2) Lemma 2.3(i) yields D (7, u} @ p) < ¢(n) and thus

1

P
eDg(m, P) < ep(n) < £p(52%)5: = ij
Se Se

completing the proof. O

Similarly as in Remark 3.6, the asymptotic constant in Theorem 3.8 can
be improved from 8 to 2.

Remark 3.10 (Relaxing C? condition). Theorem 3.8 immediately extends
to slightly less regular costs: if (¢ )nen is a sequence of cost functions satis-
fying the assumptions of Theorem 3.8 and lim,,_,~ ||¢n — ¢||co = 0 for some
¢:R% - R, then

OTsc(c) —OT(c) <2||en — ¢|loo + OTs(c") — OT(c")

as both OT;. and OT are 1-Lipschitz with respect to || - ||oc, so that Theo-
rem 3.8 applies to ¢ as well.

We also have the following analogue of Example 3.4.

Example 3.11 (L” regularization). For the L” regularization f(z) = %(:Up—
1) with p > 1, Theorem 3.8 (ii) implies that for all € € (0, 1],

OT;. — OT < Kew 051, K = (8BC +1)/p,

by the same algebra as in Example 3.4. (Of course,  now has a different
definition).

Remark 3.12 (Comparison with Theorem 3.3). Let N = 2 for simplic-
ity. As any quantization of the coupling 7* induces quantizations for its
marginals, it is clear that @ < ag. In the best case, we have a = asg, and
then Theorem 3.8 yields an improvement of 1/2 over Theorem 3.3. Note
that o = a9 will typically be the case if dy = dy =: d and the support of 7*
is also d-dimensional—more on this in a moment.

On the flip side, as Theorem 3.8 implicitly quantizes all the marginals,
there is no immediate benefit to having a faster rate for one marginal as in
Remark 3.5. Thus there are situations where Theorem 3.3 actually yields
a better rate, especially if d; > 2ds. But of course, di = ds is the most
important setting.
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To obtain a good result from Theorem 3.8, we need to know that OT
admits an optimal transport 7* satisfying quanty(C, ) for some good a.
Indeed, quant,(C, «) holds trivially for 1/a = dy + -+ + dy (under a mo-
ment condition), but that does not yield the desired improvement over The-
orem 3.3. On the other hand, suppose that 7* is given by a Lipschitz trans-
port map over Xi, then 7* inherits the quantization rate from pq, so that
1/a = dy. The existence of such a map has been studied intensely in the reg-
ularity theory of optimal transport, see [12, 13| and the literature thereafter.
However, the conditions are known to be very restrictive [41, 43|, and clearly
a Lipschitz map can almost never be expected for unbounded marginals. On
the other hand, as emphasized in [45], a lower dimensional structure does
not require a transport map at all.

In the following, we provide some results for N = 2 marginals, and
remark briefly on the multi-marginal case. Generally speaking, any result on
the structure of optimal transports can be combined with Theorem 3.8. The
next result covers the most important example—the quadratic cost defining
2-Wasserstein distance—under a minimal condition on the marginals (which
includes many situations where no coupling is given by a map).

Lemma 3.13. Consider c(z,y) = |r — y|> on RY x R with marginals
p1, 2 € Pors(RY) for some § > 0. Then any optimal transport satisfies
quanty(C,1/d) for some C > 0.

Proof. Let A = {(x,z) : 2 € R%} be the diagonal and proj® : R?? — A the
Euclidean orthogonal projection. Let 7 € II(u1, p2) be an optimal transport,
then m € Pyys(R??) due to the assumption on the marginals. Define the
pushforward measure

n:i= projﬁ s

which is concentrated on A; we claim that 7 satisfies quant,(C,1/d). Con-
sider the rotated coordinates (u,v) given by

r+vy r—vy

NN

in which A = {(u,0) : u € R} and proj® can be written as (u,v) — (u,0).
Thus 7 can be seen as a measure on R? and with that identification,

/‘U|2+5d77:/|(Uav)|2+6d7T=/|($,y)|2+5d7r<oo.

By Remark 2.1, n € Py1s(R™) implies that 7 satisfies quanty(C, 1/d).
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To show the same rate for 7, we use Minty’s trick [48] along the lines
of [3]. Recall that the support I' := spt 7 is ¢-cyclically monotone (e.g., [59]),
which for quadratic cost means

(@ —z,y —y) 20, (z,9),(",y) €T,
In the rotated coordinates, this implies that
|U/_U‘ < ]u/—u\, (uvv)7(ulvvl) el

In particular, v = v implies v = v/, meaning that proj® admits an inverse
map £ : proj®(I') — T, (u,0) — (u,v) and moreover ¢ is v/2-Lipschitz. By
Kirszbraun’s theorem, we can extend ¢ to a v/2-Lipschitz map A — R% x R,
still denoted ¢. Note that m = f4n and any quantization of n on A pushes
forward to a quantization of 7. In view of the v/2-Lipschitz property, we
conclude that 7 satisfies quanty(v/2C, 1/d). O

The following combines Lemma 3.13 with Theorem 3.8 and Example 3.11.

Corollary 3.14 (Quadratic cost). Consider c(z,y) = | — y|?> on R? x R?
with marginals p1, po € Pays(RY) for some § > 0.

(i) Let f(x) = xlog(x). There exists K > 0 such that

d 1
OT;. —0T < §alog <6> + Ke, e € (0,1].

(ii) Let f(z) = %(xp — 1) with p > 1. There exists K > 0 such that
OT;. — OT < Kewoazii| ¢ e (0,1].

Next, we aim to generalize Lemma 3.13 from quadratic to more general
costs. Following [45], the basic idea is that a fairly generic cost is locally
equivalent to a perturbation of the quadratic cost after a change of coor-
dinates. Let X1,Xs C R? be convex and ¢ € C?(X). We say that c is
nondegenerate if D2, c(x,y) is invertible for all (x,y) € X. Here D2, c(x,y)
denotes the d x d matrix [8§iyjc(x,y)]1§i7j§d. We follow the terminology
of [45]; the condition is called (A2) in [43] while [18] calls such c¢ infinitesi-
mally twisted.

If the support can be covered by finitely many such local coordinate
changes, we obtain the same quantization rate as in the quadratic case. In
particular, this holds for compact support.
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Lemma 3.15. Let X1, X2 C R? be conver and let ¢ € C3(X) be nondegen-
erate. If py, po are compactly supported, then any optimal transport satisfies
quanty(C,1/d) for some C > 0.

For a proof, see Steps 1 and 2 in the proof of Lemma 3.16 below. Next,
we address the unbounded case; here we assume that nondegeneracy holds
in a uniform sense (which is automatic in the compact case) and achieve
a rate arbitrarily close to 1/d, under sufficient integrability. The proof is
a combination of the proofs of Lemma 3.13 and [45, Theorem 1.1] with a
cut-off argument. We denote by || M]|| the operator norm of the matrix M.

Lemma 3.16. Let X1,Xo C R be conver and let ¢ € C*(X) be non-
degenerate. Suppose that Dgyc(x,y) is uniformly continuous and \|D§yc||,

1(D2,¢)~ || are bounded on X. Letd > d. If py, po € Py (RY) for q := 23&3,
then any optimal transport satisfies quanty(C,1/d") for some C > 0.

Proof. Let m be an optimal transport. Whenever a subprobability v is given,
we denote by v = v/v(X) its normalized measure.

Step 1. Consider a cube Q = ([—r,7]?¢+{(x0,y0)})NX centered at (zq,y0) €

spt . We show that for r sufficiently small, 7|¢ satisfies quant,(C,1/d) with
a constant C' independent of (zg,yo). Let M := Dgyc(mo,yo) € R4 and
G(x,y) = —c(x,~M'y) —x -y. Then

D2,G(x,y) = Di,c(z,-M'y)M~ ' — 1,

= Dgyc(m, —]\4_1y)M_1 — Dgyc(xo, yO)M_l
and hence
I1D2, Gz, y)|| < |M~ || D3yc(x, =M~ 'y) — D3, c(x0,90)-

As chyc is uniformly continuous and ||(D§yc)_1|| is uniformly bounded, we
can thus choose r € (0, 1) independent of (xg, yo) such that HDgyG(az, Yl <3
for all (x,7y) € R? x R? with (z, —M~1y) € Q.

Consider (z,v), (z/,y') such that (z, —M~1y), (z',—M~'y/) € QNspt .
Then the c-cyclical monotonicity of spt« yields

C({I,‘, _M_ly) + (iL‘,, _M_ly/) S C(IE, _M_ly) + C(.%", _M_ly/)
or equivalently

z-y+Gr,y)+2'y + G y) > 2y +Gz,y)+2' -y + G(a',y). (3.10)
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Next, we use a second change of coordinates

Tty r—y

W7 U_\/i'

Closely following the proof of [45, Theorem 1.2], using (3.10) with Az :=
-z, Ay =y —y, Au:=u' —u, Av :=v" — v leads to

1,1
Am-Ay+Am-/ / DgyG(x—i-sAx,y—FtAy)Aydsdt >0
0o Jo

and hence Az - Ay > —1|Az||Ay| as | D2 JGl < % along the integration
domain. Noting that Ayv/2 = Au + Av and Azv/2 = Au — Av, we deduce

|Au|2 — |Av|2 =2Az - Ay > —|Az||Ay|
1 1
> (1802 +1yP) = S (Auf? + [Aof)

and thus
|Av| < V3|Aul. (3.11)

Consider the composition a = ag o as o a; of the linear maps
ai : (l’, _M_ly) = ('rvy)a az : (a:,y) = (U,U), as : (’LL,’U) = Uu.

Clearly, the image I = a(R??) is a d-dimensional linear subspace. Defining

7 1= aym|Q, we see that sptn is a bounded subset of I. Its diameter admits
a bound depending only on r and the Lipschitz constant of a, and the latter
is independent of (zg,yo) as ||M|| = |[Dzyc(zo,y0)| is uniformly bounded.
Recall from Remark 2.1 that a measure on R? with bounded support satisfies
quanty(Cp, 1/d) with a constant Cy depending only on d and the diameter
of the support (note that the diameter bounds any moment). As a result, 7
satisfies quanty(Cp, 1/d) with a constant Cy independent of (x¢, yo).

The map a admits a Lipschitz inverse ¢ : a(Q Nsptm) — @Q N spt,
with a Lipschitz constant L independent of (x¢, o) due to the boundedness
of ||(D? )_1|| and (3.11). Again, by Kirszbraun’s theorem, ¢ extends to
a L1psch1tz map £ : [ — Rd x R? with the same Lipschitz constant. As
7T|Q = (4n, we deduce that 7T|Q satisfies quanty(C,1/d) for C = LCj.

Step 2. We start with a general observation about sums. Let vq,...,vy, be
subprobabilities with a cumulative mass of at most one and suppose that
each v; satisfies quanty(C, «v) for n > 1. Consider the quantization problem
for the sum v = > " v;, which can be seen as the convex combination
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Yo, vi(X)v; of probability measures (and the zero measure, if necessary).
Noting that given n = km points, we can allocate k points to each of the 7,
it is easy to see that v satisfies quanty(m®C, «) for all n € {m,2m,---}, and
thus for all n > m after increasing the constant C.

For N € N, consider R = Nr and the cube Qg = [~R, R]*?, which
can be divided into m := N2¢ small cubes of the type in St/e_B/l. Com-
bining Step 1 with the observation about sums, we see that m|g, satisfies
quant,y((R/r)%2C,1/d) for n > (R/r)??.

We note that if the marginals are compactly supported, @ r contains spt
for R sufficiently large, so that 7 satisfies quanty(C,1/d) after increasing C.
For the noncompact case, we use the following cut-off.

Step 3. For n > 1, choose R = R(n) as
1/2
R(n) =7 Lné_iJ
Note limy, ;00 R(n) = 0o and n > (R(n)/r)?* and (R(n)/r)?n~ 1% < n=1/d"
Writing m, := 7[@p,,, the above shows that there exist v, € P (R24) such

that Wa(vp, m,) < Cn~Y?_ On the other hand, consider © — 7, which is
supported outside [~ R(n), R(n)]??. As a consequence,

/|z|2 r—m) < R(n /|22+7d7r

for any v > 0. Choose v := 54 = 4(L — L)~ then R(n)™ < C'n —2/d
for a constant C/ > 0 and as 2 + v = 2d+d, the integral is finite by our
assumption on the marginals. Quantizing m — 7, by a single point mass at
the origin, we then see with the result for 7, that 7 satisfies quanty(C, 1/d’)
for a (different) constant C'. O

Lemma 3.15 and Lemma 3.16 have immediate corollaries similar to Corol-
lary 3.14; we omit the statements for brevity.

The nondegeneracy condition can be extended to the multi-marginal
transport problem, and is used in [54, Theorem 2.2] to bound the dimension
of the support of an optimal transport. However, as noted by the author,
the condition is no longer generic when N > 2, and indeed, some quite rea-
sonable multi-marginal problems only have solutions of larger dimension [54,
Remark 2.13]. On the other hand, we do expect that our results extend to
N > 2 for particular costs like those in [34]. In any event, Theorem 3.8
separates such regularity issues from the convergence analysis, so that any
available regularity result from optimal transport theory can be applied di-
rectly.
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Remark 3.17. As mentioned in the Introduction, [18] previously obtained
the constant d/2, for compactly supported marginals with uniformly bounded
Lebesgue densities, and also showed its sharpness (cf. Section 4). Unlike in
our result, the upper bound in [18] does not require nondegeneracy. Inter-
estingly, Minty’s trick is also used in [18], but it is employed in the proof
of the sharpness rather than in the upper bound as in the present work.
Above, we worked on the primal problem and used Minty’s trick to estimate
the dimension of optimal couplings. Whereas in [18], the authors work on
the Kantorovich potentials of the dual problem to derive the upper bound,
giving a quadratic control on the integrated difference between a A-convex
function and its first-order Taylor expansion.

4 Sharpness

In this section we show that the upper bounds obtained in the preceding
section are sharp in certain cases. Throughout, we focus on N = 2 marginals
and divergences given by f(z) = zlog(z) and f(z) = %(mp —1). Lower
bounds for OT;. — OT are naturally obtained from the dual problem of
OTj..

Lemma 4.1. Let h; € Ll(uz) = 1,2 be Kantorovich potentials for OT
and ¢(z,y) = c(x,y) — hi(x) — (y)o(wy)eXlxXQ. Let f*(y) =
sup,>olzy — f(2)] for y € R and f(y) := ef*(Ly). Then
OT;.—OT > sup <a - /fg* (a—¢)d(m ® u2)>
ac
> sup < Lo>ed(pn @ u2)> —ef*(0).

a€R

Proof. Recall (e.g., [29, 58|) the duahty

0T = sup [ (@) + haly) = J2 (b () + hofy) = ) (doa(ly)
where the supremum ranges over hi € L' (u;). As OT = Zlefﬁl dp;,
choosing h; = h1 4+ a and he = ho yields

OT;.—0OT> sgg <a — /fa*(a —&)d(p1 ® ,u2)> .
As f¥ is nondecreasing, ¢ > 0 and f(0) = ef*(0) > —ef(1) = 0, we also

have [ fZ(a—¢é)d(m @ p2) < fZ(a) [ Lased(p ® p2) + f2(0), leading to the
second inequality. O
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Turning to the sharpness of the Lipschitz result (Theorem 3.3), it was
observed in [18, Example 3.3| that the leading-order term elog(1/¢) is sharp
in the entropic case for the distance cost on R. Part (i) below is a sim-
ple extension of that result to d dimensions equipped with the L'-metric
as cost, showing that the dependence on the dimension (or equivalently the
quantization rate) is also sharp. For L? regularization, we show in (ii) that
the leading term has the sharp order and in particular the correct dimen-
sion dependence. Regarding the relation between dimension and quantiza-
tion rate, recall from Remark 2.1 that ag = 1/d for absolutely continuous
marginal uz € P(R?).

Proposition 4.2 (Sharpness of Theorem 3.3). Let X; = Xo = RY with
p1 = pg the uniform distribution on [0,1]% and c(x,y) = Z?:l |zi — vil.

(i) Let f(x) = xlog(x). Then for alle >0,
OT;. — OT > delog(1/e) — (2% — 1)e.
In particular, the leading term matches the bound in Theorem 3.3 (i).

(i) Let f(z) = (xp — 1) for some p > 1. Then

OT;. — OT > KT 1 4 O(e)

for a constant K > 0. In particular, the leading term has the same
exponent as the bound deduced from Theorem 3.3 (ii) in Example 3.4.

[u—v]

Proof. (i) Here f*(x) = e*—1. Recalling the normalizing constant [p e =  du =
2¢ of the Laplace distribution,

d
a—c a ‘Iz z
/e = d(pu @ ug) =e= | |/[ . = dx;dy; < ea/8(26)
101

and thus Lemma 4.1 (with iy = hy = 0) shows
OT;. —OT > sup (a — odgdtleale 5) :
a
Choosing a = delog(1/e), the right hand side equals de log(1/¢) — (29 — 1)e.
(ii) Here f*(y) = %y+ 1 for ¢ := , so that

aq
qet1 " P

fzla) =ef*(a/e) =
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The definition of ¢ shows that 1,>. < H?Zl 1|z;—yi|<a) and thus

d 1 p1
/1a>c d(:ul & M?) < H/ / 1a2|zifyi| dl‘zdyz = (2(1 - a2)d < (2a)d
=170 70

for a € [0, 1], with the last bound valid for a > 0. Lemma 4.1 thus yields

OTs.—OT > sup <a - Qdf:(a)ad — ef*(())) (4.1)
aER+
d+q 2d d
= sup <a—2da1— =4 —5>.
CLER+ qeq p

Setting a := ke (0—11>d+1, where k > 0 is such that K := (k — 29k9%4/q) > 0,
1
we deduce OT s, — OT > Ke®-1Dd+T + O(e) as claimed. O

Remark 4.3. We can similarly show the sharpness of Corollary 3.14 (ii)
for quadratic cost. Namely, let c(z,y) = |z — y|? = Zle lz; — y;|?. Going
through the proof of Proposition 4.2, we now have 1,>. < H?Zl Ly —ys<va)s

1
and thus OTy. — OT > Ke®-1Dd4/2t1T + O(e). A more general (if much more
involved) argument for a general class of marginals is given below.

Indeed, we can establish the sharpness of Theorem 3.8 for a general class
of marginals and costs. For the entropic case, it is well known that the leading
term %8 log (%) is sharp for quadratic cost ¢(x,y) = |z —y|*> on R? x R? when
the marginals are sufficiently regular [22, 24, 53]. Very recently, [18] showed
that this term is sharp for the broad class of nondegenerate (as defined before
Lemma 3.15) costs and regular marginals; their result is stated in (i) below
for completeness. The core of the proof in [18] is a quadratic detachment
estimate for the Kantorovich potentials. In (ii), we apply their technique
to divergences f(x) = %(:U” — 1) to show sharpness of the leading order in

Theorem 3.8 (ii).

Proposition 4.4 (Sharpness of Theorem 3.8). Fori = 1,2, let X; C R% be
convex and compact and let p; € P(X;) have bounded Lebesgue density. Let
c € C%(X) be nondegenerate.

(i) Let f(x) = xlog(x). Then
d
OT;. - OT > §alog(1/s) + O(e).
In particular, the leading term matches the bound in Theorem 3.8 (i).

25



(ii) Let f(z) = %(xp — 1) for some p > 1. Then

OTf,E -0OT > Kém + 0(8)

for a constant K > 0. In particular, the leading term has the same
exponent as the bound deduced from Theorem 3.8 (ii) in Example 3.11.

Proof. See |18, Proposition 4.4] for (i). To show (ii), we argue that there
exist constants Cy, C' > 0 such that

OTy. = OT + sup (a—Cfi(a)a™? —max{0, f2(0)}) . (4.2)
a<Co

This bound is similar to (4.1) but with different constants, and implies the
claim along the same lines. To show (4.2), we will apply Lemma 4.1 with
optimal potentials (h1,hs). The latter can be chosen to be continuous, so
that ¢ is also continuous. The main difficulty is to bound f 1o>ed(p ® p2).
Following the proof of [18, Proposition 4.4|, we find a finite open cover A =
U™, A; of the compact set {¢ = 0} N (X; x X») satisfying the following:

(a) On the compact B := (X7 x X3)\A we have ¢ > C for some Cpy > 0.

(b) There exist r, O > 0 such that for all i € {1,...,n}, for some r, € R?
depending only on v € RY,

/ 1a26 d(,LLl X ,Uf2) < Cl/ / 1a2‘u71ﬂv|2/4 dudv,
Aj B, J B,

where B, C R? is the ball of radius r > 0 around the origin.

Bounding the inner integral in (b) according to

d
L o> ju—r,2/adu < /Rd 1> /s du < H/Rluz~|<2\/5 du < 4dad/27
4 i=1

we obtain
/ Losed(p1 ® pp) < Ca?/?
Aﬁ(Xl ><X2)

for a constant C' > 0. In view of (a), this shows
/ 1a>é d(,LLl (%9 ,uz) < C’ad/2 for a < Co (4.3)
X1 ><X2 -
and now (4.2) follows by Lemma 4.1. O
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A Appendix

The following is well known in the entropic case [49, Section 5|. For com-
pleteness, we provide an extension to the f-divergences under consideration.

Proposition A.1. We have OT;. — OT = O(e) if and only if there exists
an optimal transport plan 7 for OT with Dy (m*, P) < oco.

Proof. If there exists an optimal transport plan 7* with finite divergence,
clearly OT;. —OT < eD¢(n*, P) = O(e). Conversely, let m. be an optimizer
of OTy.. If OTs. — OT = O(e), it follows that sup.¢ (g 1) Df(me, P) < oo.
As f has superlinear growth, the densities dn./dP are then uniformly in-
tegrable; in particular, there exists a weak*-convergent sequence dn, /dP,
meaning that (7., ) converge set-wise. The limit 7y is again a coupling. We
have [cdmyp < liminfOTy,., = OT by a generalized Fatou’s lemma [57,
p. 231] and the growth condition on ¢, showing that 7y is an optimal trans-
port. The same Fatou’s lemma shows D(mo, P) < liminf Dy(n.,, P) < oo,
completing the proof. O

The following extension of Theorem 3.3 was prompted by a question of
by G. Carlier; see also the similar [18, Remark 3.2|.

Remark A.2 (Extension of Theorem 3.3 beyond Lipschitz). Fix p =1 and

replace (AL c) by
’/Cd(ﬂ' —7)

where w : Ry — R is an increasing and concave modulus of continuity. To
motivate this, note that if the function c itself has modulus of continuity w,
then choosing 6 € II(7, 7) attaining Wi (m, 7) yields

‘/cd(ﬂ—fr)

< w(Wi(m, 7)), (A.1)

< [ leta) = clo)] o(dz. )
< /w(dx,l(x,y))ﬁ(dx,dy) < w(Wi(m, 7))

by Jensen’s inequality. Going through the proof of Theorem 3.3 with (A.1),
we obtain instead of (3.1) that

N

OT;. —OT < 2w (CZTL;O"> +eDf (T, 11 @ py? @ ... y)
=2
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and can then optimize the choice of n;. For instance, in the entropic case,
we would take S. = w™!(1/e); then the first term is again of order ¢ while
the divergence term is of order elog(w=!(1/¢)). For N = 2 and c(z,y) =
dx,1(z,y)" with 0 <r <1, we end up with

1 1
OTf. — 0T < —=c¢log <) + Ke.
roe €

It is worth noting the formal similarity with Theorem 3.8 (i) which would
correspond to r = 2.
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