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Disclaimer
Nothing in this Note is original except for the mistakes and misunderstanding. I
also copied sentences and results from my references. I tried to covered the content
of [G9] and I mainly follow [G9] and Chapter 4.7, 5, 9 and Appendix B of [GV]. My main
reference for homotopy theory involved is [GJ] and I also got help from Roy Magen for
tons of problems. I knew almost nothing about the content before starting preparing
this.

1 Local system
Recall that if F : sArtk → sSet is formally cohesive, namely, F is homotopy
invariant, preserves homotopy pullback, and F(k) is contractible (weakly equiv-
alent to ∆0), the tangent complex tF ∈ Ch(k) is constructed. It is character-
ized in Prop 3.2, [G8] as follows: Let DK : Ch(k)≥0 → sVect/k be the Dold-Kan
correspondence, Ch(k)fd≥0 ⊂ Ch≥0(k) be the full subcategory of objects V with
dimk(π∗(V )) <∞, k⊕V := k⊕DK(V ), equipped with the simplicial ring structure
by (a, u)(b, v) := (ab, av + bu), which is in sArtk. tF ∈ Ch(k) is the unique chain
complex, up to quasi-isomorphism, together with a naturally weak equivalence

F(k ⊕ V )→ DK(τ≥0(tF ⊗kV )).

In particular, Hi−n(tF) ∼= πiF(k ⊕ k[n]) for i, n ≥ 0.
Lemma 1 (Lemma 4.29, 4.30 (iv) of [GV]). If G is defined by the homotopy pullback
square

G = F0 ×h
F01

F1

and F0, F01, F1 are all formally cohesive, then G is also formally cohesive and tG is
quasi-isomorphic to the mapping cone of tF0 ⊕ tF1 → tF01.

If F : sArtk → sSet is homotopic invariant, preserves homotopy pull-back, but
F(k) is not contractible, we can construct tF as a local system on F(k).
Definition 1. The category Simp(Z) has objects pairs ([p], σ : ∆p → Z), and
morphisms are morphisms of simplicial sets that commute with the maps to Z.

A local system on a simplicial set Z is a functor

L : Simp(Z)→ Ch(k)

sending all morphisms to quasi-isomorphisms.
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Let L be a local system on Z. We define the cochain C∗(Z,L) as follows: We
first consider ∏

σ∈Simp(Z)

Lσ .

This is a bi-graded k-vector space with commuting boundary maps: The first one
is that inherited from Ch(k), the second one is given by the degree of σ and the
alternating sum of the boundary maps diσ → σ. Hence we get a double complex.
C∗(Z,L) is defined as the total complex of the double complex.

For every σ : ∆p → sSet ∈ Simp(Z), we define Fσ : sArtk → sSet by the
homotopy pull-back square

Fσ(A) F(A)

∆p F(k).σ

By definition, Fσ is homotopic invariant and preserves homotopy pull-back. Fσ(k) =
∆p, which is contractible. Hence we have the tangent complex tFσ and the functor
tF : σ 7→ tFσ from Simp(Z) to Ch(k). Since every morphism τ in Simp(Z) induces
isomorphism on π∗, the homotopy pull-back square

Fσ′(A) Fσ(A) F(A)

∆p′ ∆p F(k).

τ∗

τ σ

gives that π∗(Fσ′(A)) ∼= π∗(Fσ(A)). In particular, τ∗ induces an quasi-isomorphism
tFσ′ ∼= tFσ′ . Hence tF : σ 7→ tFσ is a local system.

Let Z = F(k), X be any simplicial set, and ρ ∈ HomsSet(X,Z). We define

FX,ρ(A) := HomsSet(X,F(A))×h
HomsSet(X,F(k)) (ρ : {∗} → HomsSet(X,F(k))).

Then FX,ρ(A) is formally cohesive.
Proposition 1. The tangent complex of FX,ρ is

tFX,ρ(A) ∼= C∗(X, ρ∗ tF),

where ρ∗ tF is the local system

Simp(X)
ρ−→ Simp(Z) tF−→ Ch(k).

A proof is given in [G8] and I sketch the proof here: If X is ∆p and X → Z is σ,
then for every simplicial k-vector space V ,

FX,ρ(k ⊕ V ) = Fσ(k ⊕ V )

by definition. In this case, tFX,ρ is simply tFσ. Since X is the homotopy colimit of
all its simplices, FX,ρ(k⊕V ) is the homotopy limit of {Fσ(k⊕V )}σ∈Simp(X). tFX,ρ

is the homotopy limit of {tFσ}σ∈Simp(X), which is C∗(X, ρ∗ tF).
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2 Derived Galois deformation functor
Our goal is to define a derived version of Galois deformation functor. Let S be a
finite set of rational primes, QS /Q be the maximal unramifield extension outside
S, and GS be the Galois group Gal(QS /Q). Let k be a perfect field, G be an affine
algebraic group over W (k), and OG be the affine coordinate ring of G. We want to
define a simplicial version of representation functor in this settings. We should first
define the simplicial version of the representation functor A 7→ (ρ : GS → G(A)).
The functor should be homotopy invariant.

In the ordinary case, G(A) = HomCR(OG, A). Let A ∈ sArtk. We may define
the functor A 7→ HomsCR(c(OG), A), where c(OG) is the cofibrant replecement of
OG. However, we do not have the Hopf algebra structure on c(OG), so we do not
have the simplicial group structure on HomsCR(c(OG), A).

Note that GS = πét
1 (Z[1/S], ∗), and a group homomorphism from the funda-

mental group of a space X to G(A) should corresponds to Hom(X,BG(A)) in the
ordinary case. We can first define BG : sArtk → sSet serving as the classifying
space.

In the ordinary case, G(A) is a group and can be regarded as the groupoid
with only 1 object with automorphism G(A). The classifying space is NG(A),
where Np(G(A)) = G(A)×p = HomCR(ONpG, A). In the simplicial case, [p] 7→
HomsCR(c(ONpG), A) is a bisimplicial set, i.e. a simplicial object in sSet.

We follow [GJ] to give the definition of the geometric realization of a bisimplicial
set, which is a simplicial set.
Definition 2. Let X be a bisimplicial set, Xn := X([n]). For every morphism
θ ∈ Hom∆([m], [n]), there are two associated morphisms

1× θ∗ : Xn ×∆m → Xn ×∆n, θ∗ × 1 : Xn ×∆m → Xm ×∆m.

We define the geometric realization of X as the coequalizer of the diagram⊔
θ

Xn ×∆m ⇒
⊔
n

Xn ×∆n.

The geometric realization is a simplicial set.

A bisimplicial set X can be seen as a functor

X : ∆op ×∆op → Set .

The diagonal simplicial set d(X) is defined as the composition

∆op d−→ ∆op ×∆op X−→ Set .

Proposition 2 (1.4, Ch.3, [GJ]). d(X) is the geometric realization of X.

Proposition 3 (1.7, Ch.3, [GJ]). If f : X → Y is a morphism of bisimplicial sets
such that for each n, fn : Xn → Yn is a weak equivalence. Then the induced map
f∗ : d(X)→ d(Y ) is a weak equivalence.
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Definition 3. BG(A) is defined as EX∞ (a functorial assignment of fibrant re-
placement) of the geometric realization of the bisimplicial set

[p] 7→ HomsCR(c(ONpG), A).

BG is functorial at G.

Example 1. If A is a discrete simplicial ring, then BG(A) is weak equivalent to
NG(Aπ0(A)). In fact, since all simplicial sets are cofibrant and all simplical rings
are fibrant, it suffices to show that the diagonal of the bisimplicial set

[p] 7→ HomsCR(ONpG, π0(A))p = HomsCR(ONpG×∆p, π0(A))

is NG(π0(A)), which is clear.
In particular, a morphism from the fundamental groupoid of X to G(k) gives

a 0-simplex of HomsSet(X,G(k)). If X is path connected and pointed, a group ho-
momorphism Hom(π1(X, ∗), G(k)) gives a 0-simplex of HomsSet((X, ∗), (NG(k), ∗)).
If X is not path connected, it also gives a map ρ ∈ HomsSet((X, ∗), (NG(k), ∗))
sending all other components to the base point.

Let X = (Xα) be a pro-object in sSet. We set

Hompro-sSet(X, ·) := lim−→
α

HomsSet(Xα, ·).

We define
FX,G(A) := Hompro-sSet(X,BG(A)).

Let ρ be a morphism from the fundamental groupoid of X to G(k). We define

FX,ρ(A) := Hompro-sSet(X,BG(A))×h
Hompro-sSet(X,BG(k)) ρ

The framed deformation functor is defined similarly. In the framed version, X
is a pro-object in sSet∗ with base point x, BG is pointed, F□

X,G(A) is defined by the
homotopy pullback square

F□
X,G(A) ∆0

Hompro-sSet(X,BG(A)) BG(A)

∗

x∗

.

F□
X,G(A) is weak equivalent to the ordinary pullback, which is Hompro-sSet∗(X,BG(A)).

Let ρ : π1(X, x)→ G(k). be a group homomorphism. We define

F□
X,ρ(A) := F□

X,G(A)×h
F□

X,G(k)
ρ.

Back to GS = πét
1 (Z[1/S], ∗). GS is a profinite group

GS = lim←−
α

Gα
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where each α corresponds to the Galois group of a finite Galois subextension of
QS /Q. We define X = (Xα)α where Xα := NGα and deformation functors

F□
Z[1/S],ρ := F□

X,ρ, FZ[1/S],ρ := FX,ρ

Similarly for given finite place v of Q, we can define F□
Qv ,ρ

, FQv ,ρ in the same way.

Lemma 2. π0F□
Z[1/S],ρ : Artk → Set is the usual framed deformation functor. If

the centralizer of the image of ρ is trivial, then π0FZ[1/S],ρ : Artk → Set is the usual
unframed deformation functor.

The proposition says that the derived Galois deformation functors are general-
izations of usual Galois deformation functors. Proofs of unframed/framed version
are given in Lemma 7.2, [GV] / Lemma 2.5, [G9], respectively. The essential thing
inside the proofs is computation of

π0HomsSet(NGα, NG(A)), π0HomsSet ∗(NGα, NG(A)).

Note that for groups G1, G2, also considered as groupoids of 1 object,

HomsSet(NGα, NG(A)) = N Fun(G1, G2).

N Fun(G1, G2)0 = Hom(G1, G2). Let ψ1, ψ2 ∈ Hom(G1, G2). The set of natural
transformations from ψ1 to ψ2 is

{η ∈ G2 | ηψ1η
−1 = ψ2}.

Hence

π0HomsSet(NGα, NG(A)) = Hom(Gα, G(A))/conjugation by G(A).

In the framed (pointed) case, we only have trivial conjugations Hence

π0HomsSet ∗(NGα, NG(A)) = Hom(Gα, G(A)).

Unfolding the definition and permuting π0 and colimit give that

π0Hompro-sSet(X,BG(A)) = Hom(GS, G(A))/conjugation by G(A),

π0Hompro-sSet∗(X,BG(A)) = Hom(GS, G(A)).

π0FX,ρ(A) (π0F□
X,ρ(A)) should be the fiber over the point at π0FX,ρ(k) (π0F□

X,ρ(k))
corresponding to ρ (I am not sure why), which gives the usual unframed/framed
deformation functor.

3 Pro-representability
We should prove that FX,ρ is formally cohesive and compute the tangent complex in
order to make use of Lurie’s derived Schlessinger criterion. FX,ρ(k) is reduced and
homotopic invariant by construction. It suffices to show that it preserves homotopy
pullback, which is reduced to that BG preserves homotopy pullback.

The following two propositions are used in the proof that BG preserves homo-
topy pullback.
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Proposition 4. If F : sArtk → sSet is homotopy invariant, F (A) is path-connected
and A→ ΩF (A) (loop space) preserves homotopy pullbacks for all A ∈ sArtk, and
π0ΩF (A) → π0ΩF (B) is surjective whenver π0F (A) → π0F (B) is surjective, then
Fpreserves homotopy pullback.

Proposition 5. G(A) := HomsCR(c(OG), A)→ ΩBG(A) is weak equivalent.

Lemma 3. tBG is a local system with the only homology g := Lie(G) at degree
1, with the adjoint G(k)-action.

Proposition 6. tFZ[1/S],ρ is quasi-isomorphic to C∗+1(X, ρ∗ g). Hence
H∗ tFZ[1/S],ρ ∼= H∗+1(X, ρ∗ g) = H∗+1

ét (Z[1/S],Ad ρ).

This is explained in page 75 of [GV]. One should be able to directly identify the
cohomology of the local system on X with the étale cohomology of Spec(Z[1/S]) (I
don’t know how yet).

Apply Lurie’s derived Schlessinger criterion and we see that FZ[1/S],ρ is pro-
representatble if and only if H0(GS, ρ

∗ g) = H0
ét(Z[1/S],Ad ρ) = 0.

If G has nontrivial center, FX,ρ is never pro-representable. In Chapter 5.4, [GV],
a modification is given in the case G has nontrivial and we give a sketch here: Let
Z → G be a central algebraic subgroup and PG := G/Z. A functor B2Z : sArtk →
sSet such that there is a natural fibration sequence

BG(A)→ BPG(A)→ B2Z(A).

Let X be a pro-simplicial set. The functor FX,G,Z : sArtk → sSet is defined by the
homotopy pullback square

FX,G,Z(A) Hompro-sSet(π0(X), B2Z(A))

Hompro-sSet(X,BPG(A)) Hompro-sSet(X,B
2Z(A))

.

FX,G,Z(A) is homotopy invariant and preserves homotopy pullbacks, and fits in the
natural fibration sequence

Hompro-sSet(X,BZ(A))→ Hompro-sSet(X,BG(A))→ FX,G,Z(A)

Let ρ be a morphism from the fundamental groupoid of X to G(k). ρ gives a 0-
simplex of Hompro-sSet(X,BG(A)) and hence a 0-simplex of FX,G,Z(k), also denoted
by ρ. FX,ρ(A) is defined as the homotopy fiber of FX,G,Z(A) over ρ ∈ FX,G,Z(k).
Proposition 7. FX,ρ is formally cohesive and the tangent complex of it fits in the
cofibrant sequence

C∗+1(π0(X),Ad(Z))→ C∗+1(X,Ad(G))→ tFX,ρ,

where Ad(G) is g with adjoint action of G(k), Ad(Z) is the Lie algebra of Z as a
subspace of g, and C∗+1(π0(X),Ad(Z))→ C∗+1(X,Ad(G)) is induced by canonical
maps Ad(Z) → Ad(G) and X → π0(X). The framed version F□

X,ρ is also defined
similarly.
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4 Local condition
We follow Appendix B of [GV] to define “cohomology classes that belong to L”. Let
M be a GS-module. For every v ∈ S, we fix an embedding ιv : QS → Qv and this
induces a group homomorphism ι∗v : Gal(Qv/Qv)→ GS. We denote by H∗(Qv,M)
the group cohomology H∗(Gal(Qv/Qv),M).

Consider a family of subspaces {Li
v ⊂ H i(Qv,M)}. We write for short that

Lv ⊂ H∗(Qv,M), L ⊂
∏

v∈S H
∗(Qv,M). We want to define H∗

L(GS,M) fitting the
long exact sequence

H∗
L(GS,M)→ H∗(GS,M)→

(∏
v∈S

H∗(Qv,M)

)
/L +1−→ .

Let C∗(M) (C∗(Qv,M)) be the inhomogeneous cochain complex computing
H∗(GS,M) (H∗(Qv,M)). Suppose that for each v there is a subcomplex

C∗
L(Qv,M) ⊂ C∗(Qv,M)

such that

1. C∗
L(Qv,M) is invariant under conjugacy.

2. H∗(Qv,M)→ H∗(C∗(Qv,M)/C∗
L(Qv,M)) is surjective with kernel Lv.

We define H∗
L(GS,M) as the cohomology of the mapping cone

C∗(M)⊕

(⊕
v∈S

C∗(Qv,M)

C∗
L(Qv,M)

)
[−1].

Then H∗
L(GS,M) fits in the long exact sequence.

Let ρ : GS → G(k) be a fixed Galois representation. Let v ∈ S. FZ[1/S],ρ is
pull-backed to the functor FQv ,ρ by πét

1 (Spec(Qv))→ πét
1 (Spec(Z[1/S])).

Definition 4. A derived local condition at v is a simplicially enriched functor
Dv : sArtk → sSet along with a natural transformation

Dv → FQv ,ρ .

The global deformation functor corresponds to the derived local condition is defined
as

FD
Z[1/S],ρ := FZ[1/S],ρ×h

FQv,ρ
Dv

If Dv is formally cohesive, the tangent complex of FD
Z[1/S],ρ is the homotopy

fiber of
tFZ[1/S],ρ⊕ tDv → tFQv ,ρ,

which is represented by the mapping cone.
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A derived local condition can be presented by a zig-zag or a sequence of zig-zags.
If we have a zigzag

FQv

D′
v F ′

Qv

Dv

with vertical maps being naturally weak equivalence, then define D′′
v by the homo-

topy pullback diagram
D′′

v FQv

D′
v F ′

Qv

.

D′′
v → Dv is a naturally weak equivalence and D′′

v → FQv
is a local condition.

Similarly, process can be apply for more zig-zags.
Example 2. Let Dv := FZv ,ρ and S ′ := S − {v}. Then

FD
Z[1/S],ρ = FD

Z[1/S′],ρ

This is formula (8.5), [GV].

Let D be an undrived local condition. Suppose the unframed underived defor-
mation functors are pro-representable with universal deformation rings

Rv → RD
v .

Suppose also FZ[1/S],ρ is pro-representable by the pro-simplicial ring Rv. Then we
have morphisms

Rv → π0Rv = Rv ↠ RD
v .

Let Dv := Hompro-sArtk(c(Rv), ·). We have a zig-zag

Hompro-sArtk(Rv, ·)

Hompro-sArtk(c(R
D
v ), ·) Dv

Let D∗
v be the homotopy limit of the diagram. Then we obtain a derived local

condition D∗
v → FQv

and a corresponging global deformation functor, denoted by
FD

Z[1/S],ρ.
The underived local condition defines a subspace

H1
D ⊂ H1(Qv,Ad ρ),

which is the tangent space of the functor represented by RD
v .
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Theorem 1. Suppose RD
v is formally smooth. Equivalently, the corresponding

tangent complex is nonvanishing only in degree 0. Then

H∗FD
Z[1/S],ρ

∼= H∗+1
L (Z[1/S],Ad ρ),

here L = H1
D ⊂ H1(Qv,Ad ρ).

Since D∗
v → Dv is naturally weak equivalent, tD∗

v → tDv is quasi-isomorphic.
By the condition, τ≥0 tDv → tDv is quasi-isomorphic. The map τ≥0 tDv → tFQv ,ρ

factors through
τ≥0 tDv → τ≥0 tFQv ,ρ → tFQv ,ρ,

and τ≥0 tDv → τ≥0 tFQv ,ρ is a quasi-isomorphic onto the subcomplex correspond-
ing to H1

D ⊂ H1(Qv,Ad ρ). Therefore, tFD
Z[1/S],ρ is the complex with cohomology

H∗+1
L (Z[1/S],Ad ρ).
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