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0.1 Definitions
• Fµν

c ≡ ∂µAν
c − ∂νAµ

c + gAµ
aAν

bfabc

• The covariant derivative in its adjoint representation is: Dµ
ac ≡ ∂µδ

ac + gfabcAµ
b.

• The covariant derivative in its fundamental representation is: Dµ ≡ ∂µ − igAµ
ata

• The full Lagrangian is given by: L = −1

4
Fµν

aFµνa + ψ̄
(
i /D −m

)
ψ − ξ

2
BaBa +Ba∂µAµ

a + c̄a (−∂µDµ
ac) cc where ξ is a gauge

fixing parameter, Ba is an auxilliary Bosonic gauge fixing field, and ca, c̄a are ghost and anti-ghost fields used in the Feddeev-Popov
scheme.

– Note that the ordinary partial derivative inside c̄ (−∂µDµ
ac) cc ≡ c̄∂µ (−Dµ

accc) is to act on both the covariant derivative
and the following ghost field cc. Thus explicitly the expression for this term is:

c̄a (−∂µDµ
ac) cc = c̄a

(
−
(
∂µ∂µδ

ac + gfabc∂µAµ
b
))
cc

= −c̄a∂2ca − gfabcc̄a∂µAµ
bcc

= −c̄a∂2ca − gfabcc̄a
(
∂µAµ

b
)
cc − gfabcc̄aAµ

b∂µcc

= −gfabcc̄a
(
∂µAµ

b
)
cc − c̄aDµ

ac∂µcc

0.1.1 Claim

The classical equations of motion stemming from this Lagrangian are:



Dβ
dcF βσ c = −gψ̄γσtdψ + ∂σBd + gfdac (∂σ c̄a) cc∑
j ∂σψ̄α, jiγ

σ
ji −

∑
β

∑
j ψ̄β, j (gAµ

aγµ jit
a
βα −mδjiδβα) = 0

(iγµDµ −m)ψ = 0

Bb = 1
ξ∂

µAµ
b

Dσ
da∂σ c̄a = 0

∂σDσ
dccc = 0

Proof In order to use the Euler-Lagrange equations, we must have a Lagrangian that depends only on the fields on their spacetime
derivatives. While that is usually the case, it is not the case in our Lagrangian at hand:

L = −1

4
Fµν

aFµνa + ψ̄ (iγµDµ −m)ψ − ξ

2
BaBa +Ba∂µAµ

a + c̄a (−∂µDµ
ac) cc

= −1

4
Fµν

aFµνa + ψ̄ (iγµDµ −m)ψ − ξ

2
BaBa +Ba∂µAµ

a − c̄a∂2ca − gfabcc̄a
(
∂µAµ

b
)
cc − gfabcc̄aAµ

b∂µcc
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The first term of the ghost field is differentiated twice, and if we pressed on with this Lagrangian, we would have modified Euler-
Lagrange equations. Instead of following that route, we can instead add a four-divergence to the Lagrangian (as that would not change
the equations of motion) so that there will be only at most first derivatives in the Lagrangian. To this end, we write:

−c̄a∂2ca = −c̄a∂µ∂µca

= −c̄a∂µ∂µca

= −∂µ (c̄a∂µca) + (∂µc̄
a) ∂µca

∼ (∂µc̄
a) ∂µca

and so instead, we will work with the following Lagrangian:

L = −1

4
Fµν

aFµνa + ψ̄ (iγµDµ −m)ψ − ξ

2
BaBa +Ba∂µAµ

a + (∂µc̄
a) ∂µca − gfabcc̄a

(
∂µAµ

b
)
cc − gfabcc̄aAµ

b∂µcc

and use the usual Euler-Lagrange equations ∂µ δL
δ(∂µφ)

− δL
δφ = 0 for each field φ ∈

{
Aµ

a, ψ, ψ̄, Ba, ca, c̄a
}
.

1. Start with the gauge fields Aµ a:

(a) First the field strength tensor:

δ

δAσ d
Fµν

c =
δ

δAσ d
(
∂µAν

c − ∂νAµ
c + gAµ

aAν
bfabc

)
= gfabc

(
Aµ

aδσν δ
db +Aν

bδσµδ
da
)

= gfadc
(
Aµ

aδσν −Aν
aδσµ

)
(a) Now the whole Lagrangian:

δ

δAσ d
L =

δ

δAσ d

(
−1

4
ηαβηγδFαγ

cFβδ
c + ψ̄ (iγµ (−igAµ ctc))ψ − gfabcc̄aAµ

b∂µcc
)

= −1

4
ηαβηγδ

(
Fαγ

cgfadc
(
Aβ

aδσδ −Aδ
aδσβ

)
+ gfadc

(
Aα

aδσγ −Aγ
aδσα

)
Fβδ

c
)

+ψ̄
(
iγµ

(
−igδσµδcdtc

))
ψ − gfabcc̄aδσµδ

bd∂µcc

= −gfdacAβ aFσβ c + gψ̄γσtdψ + gfdacc̄a∂σcc

(b) And for the derivative:

δ

δ∂λAσ d
Fµν

c =
δ

δ∂λAσ d
[∂µAν

c − ∂νAµ
c]

= δλµδ
σ
ν δ

dc − δλν δ
σ
µδ

dc
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δ

δ∂λAσ d
L =

δ

δ∂λAσ d

[
−1

4
ηαβηγδFαγ

cFβδ
c +Baηαβ∂αAβ

a − gfabcc̄a
(
∂µAµ

b
)
cc
]

= −1

4

[
ηαβηγδ

(
Fαγ

c
(
δλβδ

σ
δ δ

dc − δλδ δ
σ
βδ

dc
)
+

(
δλαδ

σ
γ δ

dc − δλγ δ
σ
αδ

dc
)
Fβδ

c
)]

+Baηαβδλαδ
σ
βδ

ad − gfabcc̄a
(
ηαβδλαδ

σ
βδ

ab
)
cc

= −Fλσ d +Bdηλσ − gηλσfadcc̄acc

(c) Thus the equation of motion is given by

∂λ
(
−Fλσ d +Bdηλσ − gηλσfadcc̄acc

)
−

(
−gfdacAβ aFσβ c + gψ̄γσtdψ + gfdacc̄a∂σcc

)
= 0

−∂λFλσ d + ∂σBd − gfadc∂σ c̄acc + gfdacAβ
aFσβ c − gψ̄γσtdψ − gfdacc̄a∂σcc = 0

∂λF
λσ d + gfdacAβ

aF βσ c = −gψ̄γσtdψ
+∂σBd

+gfdac (∂σ c̄a) cc

(d) After simplifying a bit and using we obtain Dβ
dcF βσ c = −gψ̄γσtdψ + ∂σBd + gfdac (∂σ c̄a) cc .

2. For the spinor field ψα, i (where α is the spin-index and i is the flavor index, both of which are usually implicit)

(a) For the field itself:

δ

δψα, i
L =

δ

δψα, i

∑
β, γ

∑
j, k

ψ̄β, j (gAµ
aγµ jkt

a
βγ −mδjkδβγ)ψk, γ


= −

∑
β, γ

∑
j, k

ψ̄β, j (gAµ
aγµ jkt

a
βγ −mδjkδβγ) δikδαγ

= −
∑
β

∑
j

ψ̄β, j (gAµ
aγµ jit

a
βα −mδjiδβα)

(b) For its derivative:

δ

δ∂σψα, i
L =

δ

δ∂σψα, i

∑
β

∑
j

ψ̄β, j (iγ
µ∂µ)ψj, β


= −ψ̄α, iiγσ

(c) Thus the equation of motion for ψα, i is: ∂σψ̄α, iiγ
σ −

∑
β

∑
j

ψ̄β, j (gAµ
aγµ jit

a
βα −mδjiδβα) = 0 which is the adjoint

Dirac equation.

3. For the adjoint spinor field ψ̄α, i:
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(a) For the field itself:

δ

δψ̄α, i
L =

δ

δψ̄α, i

∑
β, γ

∑
j, k

ψ̄β, j (iγ
µ
jkDµ βγ −mδjkδβγ)ψk, γ


=

∑
γ

∑
k

(iγµ ikDµ αγ −mδjkδβγ)ψk, γ

= (iγµDµ −m)ψ

(b) For its derivative:

δ

δ∂σψ̄α, i
L = 0

(c) Thus the equation of motion for ψ̄α, i is: (iγµDµ −m)ψ = 0 which is the Dirac equation, but with the covariant derivative
replaced with the ordinary derivative, to accomodate for gauge theory.

4. For the auxillary field Ba:

(a) For the field itself:

δ

δBb
L =

δ

δBb

[
−ξ
2
BaBa +Ba∂µAµ

a

]
= −ξ

2

(
Baδab + δabBa

)
+ δab∂µAµ

a

= −ξBb + ∂µAµ
b

(b) For its derivative, δ
δ∂σBbL = 0.

(c) Thus the equation of motion for Bb is Bb =
1

ξ
∂µAµ

b .

5. For the ghost field ca:

(a) For the field itself:

δ

δcd
L =

δ

δcd
[
−gfabcc̄a

(
∂µAµ

b
)
cc
]

= +gfabdc̄a
(
∂µAµ

b
)

(b) For its derivative:

δ

δ∂σcd
L =

δ

δ∂σcd
[
(∂µc̄a) ∂µc

a − gfabcc̄aAµ b∂µc
c
]

= −∂σ c̄d + gfabdc̄aAσ b
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(c) and so the equation of motion is:

∂σ
(
−∂σ c̄d + gfabdc̄aAσ b

)
− gfabdc̄a

(
∂µAµ

b
)

= 0

−∂σ∂σ c̄d − gfdbaAσ b∂σ c̄
a = 0

Dσ
da∂σ c̄a = 0

(d) Finally Dσ
da∂σ c̄a .

6. For the adjoint ghost field, c̄d we have:

(a) For the field itself:

δ

δc̄d
L =

δ

δc̄d
[
−gfabcc̄a

(
∂µAµ

b
)
cc − gfabcc̄aAµ

b∂µcc
]

= −gfdbc
(
∂µAµ

b
)
cc − gfdbcAµ

b∂µcc

(b) For its derivative:

δ

δ∂σ c̄d
L =

δ

δ∂σ c̄d
[(∂µc̄

a) ∂µca]

= ∂σcd

(c) and so the equation of motion is:

∂σ∂
σcd + gfdbc

(
∂µAµ

b
)
cc + gfdbcAµ

b∂µcc = 0

∂µ
(
∂µδ

dc + gfdbcAµ
b
)
cc = 0

∂σDσ
dccc = 0

(d) and so finally ∂σDσ
dccc .

0.2 BRST Infinitesimal Transformations
• The infinitesimal transformation laws (where ε is an infinitesimal anti-commuting parameter, which means ε2 ≡ 0) of BRST are

given by:

Aµ
a 7→ Aµ

a + εDµ
accc

ψ 7→ (1 + igεcata)ψ

ca 7→ ca − 1

2
gεfabccbcc

c̄a 7→ c̄a + εBa

Ba 7→ Ba

• As a result the covariant derivative in its adjoint representation transforms as:

Dµ
ac 7→ ∂µδ

ac + gfabc
(
Aµ

b + ε
(
Dµ

bdcd
))

= ∂µδ
ac + gfabcAµ

b + gεfabc
(
Dµ

bdcd
)

= Dµ
ac + gεfabc

(
Dµ

bdcd
)
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0.2.1 Claim

The Lagrangian is invariant under BRST transformations.

Proof

• The non-gauge-invariant part of the Lagrangian, namely, Ba∂µAµ a + c̄a (−∂µDµ
ac) cc, transforms as:

Ba∂µAµ
a − c̄a∂µDµ

accc 7→ Ba∂µ (Aµ
a + ε (Dµ

accc))

− (c̄a + εBa) ∂µ
(
Dµ

ac + gεfabc
(
Dµ

bdcd
))(

cc − 1

2
gεf cefcecf

)
= Ba∂µAµ

a︸ ︷︷ ︸+(((((((
Baε∂µDµ

accc +

−c̄a∂µDµ
accc︸ ︷︷ ︸

+
1

2
gc̄a∂µDµ

acεf cefcecf

−gc̄a∂µεfabc
(
Dµ

bdcd
)
cc

+
1

2
gc̄a∂µgεfabc

(
Dµ

bdcd
)
εf cefcecf

((((((((−εBa∂µDµ
accc

+
1

2
gεBa∂µDµ

acεf cefcecf

−gεBa∂µεfabc
(
Dµ

bdcd
)
cc

+
1

2
g2εBa∂µεfabc

(
Dµ

bdcd
)
εf cefcecf

= Ba∂µAµ
a − c̄a∂µDµ

accc

+
1

2
gc̄a∂µDµ

acεf cefcecf − gc̄a∂µεfabc
(
Dµ

bdcd
)
cc

where we discarded all terms which contain twice ε, because ε2 ≡ 0 due to anti-commutativity of ε.

– The first line is equal to the original term in the Lagrangian, so to prove invariance of the Lagrangian under BRST transfor-
mations, we have to show now that Υ := 1

2gc̄
a∂µDµ

acεf cefcecf − gc̄a∂µεfabc
(
Dµ

bdcd
)
cc = 0:

Υ =
1

2
gc̄a∂µ

(
∂µδ

ac + gfabcAµ
b
)
εf cefcecf − gc̄a∂µεfabc

((
∂µδ

bd + gf bedAµ
e
)
cd
)
cc

=
1

2
gc̄a∂µ

(
εfaef∂µc

ecf + gfabcAµ
bεf cefcecf

)
− gc̄a∂µεfabc

((
∂µc

b
)
cc + gf bedAµ

ecdcc
)

= gc̄aε∂µ
[
1

2
faef∂µc

ecf − fabc
(
∂µc

b
)
cc
]
+

+g2c̄aε∂µ
[
1

2
fabcf cefAµ

bcecf − fabcf bedAµ
ecdcc

]
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– First we will show that 1
2f

aef∂µc
ecf − fabc

(
∂µc

b
)
cc = 0:

1

2
faef∂µc

ecf − fabc
(
∂µc

b
)
cc =

1

2
fabc∂µc

bcc − fabc
(
∂µc

b
)
cc

Leibnitz
=

1

2
fabc

(
∂µc

b
)
cc +

1

2
fabccb∂µc

c − fabc
(
∂µc

b
)
cc

= −1

2
fabc

(
∂µc

b
)
cc +

1

2
fabccb∂µc

c

{
∂µc

b, cc
}
=0

= +
1

2
fabccc∂µc

b +
1

2
fabccb∂µc

c

fabc=−facb

= −1

2
facbcc∂µc

b +
1

2
fabccb∂µc

c

c↔b
= −1

2
fabccb∂µc

c +
1

2
fabccb∂µc

c

= 0

[Note that even though c and c̄ are Grassmann variables, the ordinary derivative with respect to a spacetime coordinate
commutes with those fields!]

– And now we will also show that 1
2f

abcf cefAµ
bcecf − fabcf bedAµ

ecdcc = 0:

1

2
fabcf cefAµ

bcecf − fabcf bedAµ
ecdcc =

1

2
fabcf cdeAµ

bcdce − fabcf bedAµ
ecdcc

=
1

2
fabcf cdeAµ

bcdce − 1

2
fabcf cdeAµ

ecdcb − 1

2
fabcf cdeAµ

ecdcb

=
1

2
fabcf cdeAµ

bcdce +
1

2
fabcf cdeAµ

ecbcd +
1

2
fabcf cdeAµ

dcecb

=
1

2
fabcf cde

(
Aµ

bcdce +Aµ
dcecb +Aµ

ecbcd
)

=
1

2

(
fabcf cdeAµ

bcdce + faecf cbdAµ
bcdce + fadcf cebAµ

bcdce
)

=
1

2

(
fabcf cde + faecf cbd + fadcf ceb

)
Aµ

bcdce

= −1

2

(
−faecf cbd − f cebfadc − fabcf cde

)︸ ︷︷ ︸
zero by the Jacobi identity

Aµ
bcdce

where we have used the Jacobi identity fadef bcd + f bdef cad + f cdefabd = 0 in order to ascertain that:

fadef bcd + f bdef cad + f cdefabd = 0

facef bdc + f bcefdac + fabcfdce = 0

−faecf cbd − f cebfadc − fabcf cde = 0

• [QED] Thus we have shown that the Lagrangian is invariant under the BRST transformation.
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0.2.2 Claim

The BRST transformation is nilpotent on all the fields.

Proof

1.

Aµ
a BRST with ε17→ Aµ

a + ε1Dµ
accc

BRST with ε27→ Aµ
a + ε2Dµ

accc + ε1
(
Dµ

ac + gε2f
abc

(
Dµ

bdcd
))(

cc − 1

2
gε2f

cb′c′cb
′
cc

′
)

= Aµ
a + (ε2 + ε1)Dµ

accc − 1

2
gε1ε2f

cb′c′Dµ
accb

′
cc

′
+ gε1ε2f

abc
(
Dµ

bdcd
)
cc

= Aµ
a + (ε2 + ε1)Dµ

accc + gε1ε2

(
−1

2
f cb

′c′Dµ
accb

′
cc

′
+ fabc

(
Dµ

bdcd
)
cc
)

︸ ︷︷ ︸
this was shown to be zero above

= Aµ
a + (ε2 + ε1)Dµ

accc

2.

ψ
BRST with ε17→ ψ + igε1c

ataψ

BRST with ε27→ ψ + igε2c
ataψ + igε1

(
ca − 1

2
gε2f

ab′c′cb
′
cc

′
)
ta (ψ + igε2c

ataψ)

= ψ + igε2c
ataψ + igε1

(
ca − 1

2
gε2f

ab′c′cb
′
cc

′
)
ta

(
ψ + igε2c

a′ta
′
ψ
)

= ψ + ig (ε1 + ε2) c
ataψ − g2ε1c

ataε2c
a′ta

′
ψ − 1

2
ig2ε1ε2f

ab′c′cb
′
cc

′
taψ

= ψ + ig (ε1 + ε2) c
ataψ + g2ε1ε2c

aca
′
(
tata

′
− 1

2
ifdaa

′
td
)
ψ

= ψ + ig (ε1 + ε2) c
ataψ

where we have used the fact that

caca
′
(
tata

′
− 1

2
ifdaa

′
td
)

=

(
1

2
caca

′
tata

′
+

1

2
caca

′
tata

′
− 1

2
icaca

′
fdaa

′
td
)

=

(
1

2
caca

′
tata

′
− 1

2
ca

′
catata

′
− 1

2
icaca

′
fdaa

′
td
)

=

(
1

2
caca

′
tata

′
− 1

2
caca

′
ta

′
ta − 1

2
icaca

′
fdaa

′
td
)

= caca
′
(
1

2

[
ta, ta

′
]
− 1

2
ifdaa

′
td
)

=
1

2
caca

′
(
ifdaa

′
td − ifdaa

′
td
)

= 0
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3.

ca
BRST with ε17→ ca − 1

2
gε1f

abccbcc

BRST with ε27→ ca − 1

2
gε2f

abccbcc − 1

2
gε1f

abc

(
cb − 1

2
gε2f

bb′c′cb
′
cc

′
)(

cc − 1

2
gε2f

cb′′c′′cb
′′
cc

′′
)

= ca − 1

2
g (ε1 + ε2) f

abccbcc − 1

4
g2ε1ε2

(
fabcf cb

′′c′′cbcb
′′
cc

′′
− fabcf bb

′c′cb
′
cc

′
cc
)

= ca − 1

2
g (ε1 + ε2) f

abccbcc − 1

4
g2ε1ε2

(
fabcf cde − facef cbd

)
cbcdce

= ca − 1

2
g (ε1 + ε2) f

abccbcc +
1

4
g2ε1ε2f

cebfadccbcdce

= ca − 1

2
g (ε1 + ε2) f

abccbcc

where we have used the fact that −facef cbd + fabcf cde = −f cebfadc by the Jacobi identity and also the fact that

f cebfadccbcdce =
1

3

(
f cebfadccbcdce + f cebfadccbcdce + f cebfadccbcdce

)
=

1

3

(
f cebfadccbcdce + f cebfadccdcecb + f cebfadccecbcd

)
=

1

3

(
f cebfadc + f cdefabc − f cbdface

)
cbcdce

= 0

4.

c̄a
BRST with ε17→ c̄a + ε1B

a

BRST with ε27→ c̄a + ε2B
a + ε1B

a

= c̄a + (ε1 + ε2)B
a

5. And the field Ba trivially obeys this:

Ba
BRST with ε17→ Ba + ε10

BRST with ε27→ Ba + ε20 + ε10

= Ba

• [QED] Thus we have proven that the BRST transformation is nilpotent.

0.2.3 Claim

The conserved Noether current associated with the BRST symmetry is given by: jBRST µ =
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Proof Since the Lagrangian is invariant under BRST, we expect that under that transformation, ∆L = 0:

0
!
= ∆L

=
∑
i

[
δL
δφi

ε∆φi +
δL

δ∂µφi
ε∆∂µφi +

δL
δ∂ν∂µφi

ε∆∂ν∂µφi

]

The Euler-Lagrange equations are:

0
!
= δS

=

∫
d4x

{∑
i

[
δL
δφi

δφi +
δL

δ∂µφi
δ∂µφi +

δL
δ∂ν∂µφi

δ∂ν∂µφi

]}

=

∫
d4x

{∑
i

[
δL
δφi

δφi +
δL

δ∂µφi
∂µδφi +

δL
δ∂ν∂µφi

∂ν∂µδφi

]}

=

∫
d4x

{∑
i

[
δL
δφi

δφi + ∂µ

(
δL

δ∂µφi
δφi

)
−
(
∂µ

δL
δ∂µφi

)
δφi + ∂µ

(
δL

δ∂µ∂νφi
∂νδφi

)
−

(
∂µ

δL
δ∂µ∂νφi

)
∂νδφi

]}

=

∫
d4x

{∑
i

[(
δL
δφi

− ∂µ
δL

δ∂µφi

)
δφi −

(
∂µ

δL
δ∂µ∂νφi

)
∂νδφi

]}

=

∫
d4x

{∑
i

[(
δL
δφi

− ∂µ
δL

δ∂µφi

)
δφi − ∂ν

((
∂µ

δL
δ∂µ∂νφi

)
δφi

)
+

(
∂ν

(
∂µ

δL
δ∂µ∂νφi

))
δφi

]}

=

∫
d4x

{∑
i

[(
δL
δφi

− ∂µ
δL

δ∂µφi
+ ∂ν∂µ

δL
δ∂µ∂νφi

)
δφi

]}
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Thus the Euler-Lagrange equations are
δL
δφi

− ∂µ
δL

δ∂µφi
+ ∂ν∂µ

δL
δ∂µ∂νφi

for all φi ∈
{
Aµ

a, ψα, i, ψ̄α, i, B
a, ca, c̄a

}
. We can use this

equation in our derivation of the Noether current:

0 =
∑
i

[
δL
δφi

ε∆φi +
δL

δ∂µφi
ε∆∂µφi +

δL
δ∂ν∂µφi

ε∆∂ν∂µφi

]
=

∑
i

[
δL
δφi

ε∆φi +
δL

δ∂µφi
∂µε∆φi +

δL
δ∂ν∂µφi

∂µε∆∂νφi

]
=

∑
i

[
δL
δφi

ε∆φi + ∂µ

(
δL

δ∂µφi
ε∆φi

)
−
(
∂µ

δL
δ∂µφi

)
ε∆φi + ∂µ

(
δL

δ∂ν∂µφi
ε∆∂νφi

)
−
(
∂µ

δL
δ∂ν∂µφi

)
ε∆∂νφi

]
=

∑
i

[(
δL
δφi

− ∂µ
δL

δ∂µφi

)
ε∆φi + ∂µ

(
δL

δ∂µφi
ε∆φi

)
+ ∂µ

(
δL

δ∂ν∂µφi
ε∆∂νφi

)
−
(
∂µ

δL
δ∂ν∂µφi

)
∂νε∆φi

]

=
∑
i


 δL
δφi

− ∂µ
δL

δ∂µφi
+ ∂ν∂µ

δL
δ∂ν∂µφi︸ ︷︷ ︸

0

 ε∆φi + ∂µ

(
δL

δ∂µφi
ε∆φi +

δL
δ∂ν∂µφi

ε∆∂νφi

)
− ∂ν

((
∂µ

δL
δ∂ν∂µφi

)
ε∆φi

)
= ε∂µ

∑
i

[
δL

δ∂µφi
∆φi +

δL
δ∂µ∂νφi

∂ν∆φi −
(
∂ν

δL
δ∂µ∂νφi

)
∆φi

]

and so the conserved Noether current is generally given by jµ =
∑
i

[
δL

δ∂µφi
∆φi +

δL
δ∂µ∂νφi

∂ν∆φi −
(
∂ν

δL
δ∂µ∂νφi

)
∆φi

]
. Thus for

our BRST transformation we can compute the conserved Noether current corresponding to the BRST transformation, noting that ca
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is the only field that has dependence on its second spacetime derivative, and so, for all other fields, the current is usual:

jBRST
µ =

∑
i

[
δL

δ∂µφi
∆φi +

δL
δ∂µ∂νφi

∂ν∆φi −
(
∂ν

δL
δ∂µ∂νφi

)
∆φi

]
=

∑
a

δL
δ∂µAσ a

δAσ
a

+
∑
i

∑
α

δL
δ∂µψα, i

δψα, i

+
∑
i

∑
α

δL
δ∂µψ̄α, i

ψ̄α, i

+
∑
a

δL
δ∂µB a

δB a

+
∑
a

δL
δ∂µc̄ a

δc̄ a

+
∑
a

[
δL

δ∂µc a
δc a +

δL
δ∂µ∂νca

∂νδc
a −

(
∂ν

δL
δ∂µ∂νca

)
δc a

]
=

∑
a

(
−Fµσ a +Baηµσ − gηµσf bacc̄bcc

)
(Dσ

accc)

+
∑
i

∑
α

(
−ψ̄β, iiγµ βα

)
(igcataψα, i)

+0

+0

+0

+
∑
a

[(
gfdbac̄dAµ b

)(
−1

2
gfabccbcc

)
+ (ηµν c̄a) ∂ν

(
−1

2
gfabccbcc

)
− (∂νη

µν c̄a)

(
−1

2
gfabccbcc

)]
=

(
−Fµσ a +Baηµσ − gηµσf bacc̄bcc

)
(Dσ

accc) + gψ̄γµcataψ − 1

2
g2f cbafadeAµ bc̄ccdce − 1

2
gfabcc̄a∂µcbcc +

1

2
gfabc (∂µc̄a) cbcc

0.3 BRST Cohomology
Because classically there is a conserved current, when following the canonical quantization procedure, the classically conserved charge
(denote it by Q ≡

∫
d3~xjBRST

0) becomes an operator, and this operator is exactly the operator which “generates” the BRST transfor-
mation, in the sense that

[
Q̂, φ̂i

]
±
= δφi where φi 7→ φi + δφi under BRST and the commutator or anti-commutator is chosen based

on the Grassmannian nature of the field at hand. Because we have proven that the BRST transformation is nilpotent, Q̂2 = 0 as an
operator identity now. In addition,

[
Q̂, Ĥ

]
= 0 because Q̂ is a symmetry generator.

Now Q̂ divides the eigenstate space of Ĥ into three subspaces:

1. H1 :=
{
|ψ〉 ∈ H : Q̂ |ψ〉 6= 0

}
2. The image of Q̂: H2 :=

{
|ψ〉 ∈ H : ∃ |ψ′〉 ∈ H1 s.t. |ψ〉 = Q̂ |ψ′〉

}
.
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(a) Observe that Q̂ |ψ〉 = 0 ∀ |ψ〉 ∈ H2 due to the nilpotency of Q̂.

(b) Observe that 〈ψ |ψ′〉 = 0 ∀ (|ψ〉 , |ψ′〉) ∈ H2
2 because ∃ |ψ′′〉 ∈ H1 : |ψ′〉 = Q̂ |ψ′′〉 and then 〈ψ |ψ′〉 =

〈
ψ
∣∣∣ Q̂ ∣∣∣ψ′′

〉
= 0. (Q̂ is

Hermitian).

3. The cohomology of Q̂: H0 :=
{
|ψ〉 ∈ H\H2 : Q̂ |ψ〉 = 0

}
.

(a) Observe that 〈ψ |ψ′〉 = 0 ∀ (|ψ〉 , |ψ′〉) ∈ H0 ×H2 because ∃ |ψ′′〉 ∈ H1 : |ψ′〉 = Q̂ |ψ′′〉 and then 〈ψ |ψ′〉 =
〈
ψ
∣∣∣ Q̂ ∣∣∣ψ′′

〉
= 0.

It is clear that H = H0 ∪H1 ∪H2.

0.3.1 Claim

Only gauge Bosons with transverse polarization exists in H0 and all other particles are in H1 ∪H2.

0.3.2 Claim

The restricted S matrix (restricted to the subspace of transverse polarization gauge Bosons) is also unitary.

0.3.3 Claim

If the gauge group is Abelian, the requirement that Q̂ |ψ〉 = 0 on |ψ〉 ∈ H2 is equivalent to the Gupta-Bleuler subsidiary condition
(∂µA

µ)
+ |physical〉 = 0 (which replaces the classical Lorentz gauge condition).

0.4 Slavnov-Taylor Identities of the Effective Action
0.4.1 Claim

If L is invariant under the BRST then so is L+
∑
i

[
Q̂, φ̂i

]
±

.

Proof This stems from the nilpotency condition we have proven above, which means that the variation of the fields,
[
Q̂, φ̂i

]
±

, is
stable under BRST.

0.4.2 Remark

Recall that the BRST transformation is given by:

Aµ
a 7→ Aµ

a + εDµ
accc

ψ 7→ (1 + igεcata)ψ

ca 7→ ca − 1

2
gεfabccbcc

c̄a 7→ c̄a + εBa

Ba 7→ Ba
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Thus we realize that the most general Lagrangian with the same BRST symmetry is in fact

L = −1

4
Fµν

aFµνa + ψ̄
(
i /D −m

)
ψ − ξ

2
BaBa +Ba∂µAµ

a + c̄a (−∂µDµ
ac) cc

+KA
µaεDµ

accc + igKψ iεc
ata ijψj − igKψ̄ iεc

ata ijψ̄j −
1

2
gKc

aεfabccbcc +Kc̄
aεBa

where KA
µa, Kψ i, Kψ̄ i, Kc

a and Kc̄
a are the corresponding arbitrary “sources” to the variations. Note that Kψ i, Kψ̄ i, Kc

a and
Kc̄

a are Grassmann-valued sources. Together with the usual sources, J , the Lagrangian becomes:

L = −1

4
Fµν

aFµνa + ψ̄
(
i /D −m

)
ψ − ξ

2
BaBa +Ba∂µAµ

a + c̄a (−∂µDµ
ac) cc

+KA
µaεDµ

accc + igKψ iεc
ata ijψj − igKψ̄ iεc

ata ijψ̄j −
1

2
gKc

aεfabccbcc +Kc̄
aεBa

+JA
µaAµ

a + Jψ iψi + Jψ̄ iψ̄i + Jc
aca + Jc̄

ac̄a + JB
aBa

where Jψ i, Jψ̄ i, Jc a and Jc̄ a are Grassmann-valued sources.

0.4.3 Claim〈
0
∣∣T {

eiS
(
i
∫
d4x

[
JA

µaεDµ
accc + igJψ iεc

ata ijψj − igJψ̄ iεc
ata ijψ̄j − 1

2gJc
aεfabccbcc + Jc̄

aεBa
])} ∣∣ 0〉 = 0.

Proof

T
(
eiS

)
7→ T

{
eiS

(
S + i

∫
d4x

[
JA

µaεDµ
accc + igJψ iεc

ata ijψj − igJψ̄ iεc
ata ijψ̄j −

1

2
gJc

aεfabccbcc + Jc̄
aεBa

])}

Now use the fact that 〈0 | O | 0〉 = 0 where O is a BRST variation.
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