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. Prove the C-Hahn-Banach theorem using the R-Banach theorem. In particular you have to setup the forgetful functor
which maps a C-vector space to its underlying R-vector space to show:
Let X be a C-vector space, p: X — R be given such that

plaz+By) <lafp(x) +[Blp(y)  (z,y € X;e,8€Crlal+[f=1).
Let A : Y — C linear where Y C X is a subspace, and such that
A(@)<plx) (zeY).
Then there exists A : X — C linear such that Al,, = A and such that

A@)[<p(z) (zeX).

. A Banach space is called reflexive iff X = X**. Show that a Banach space X is reflexive iff X* is reflexive.

. A pair of Banach spaces are called strictly dual iff 3 map f : X — Y™ which is isometric, so that the induced map
f*:Y — X* is also isometric. Prove that if X and Y are strictly dual and X is reflexive, then Y = X* and X = Y™*
using the Hahn-Banach theorem.

. Let S C L' ([0,1] — C) be a closed linear subspace. Suppose that S is such that f € S implies f € L ([0,1] — C)
for some p > 1. Show that S C L? ([0, 1] — C) for some p > 1.

. [In this question we use the R-Hahn-Banach| Let L be the (unilateral) left shift operator on £>° (N — R):
(L) (n) =9 (n+1) (neN).
Prove that there exists a Banach limit, i.e. some A : £ (N — R) — R linear such that: (o) AL = A, (b)

liminf ¢ (n) < Ay < limsup ¢ (n) (1 € ).

Suggestion: Define the functional A,, via Apy = %Z;’:l ¥ (n), the space M = {9 € £>° | (limy,— 00 Aptp) I} and
the convex function p (v) := limsup,, A, 2.

. Prove that the closed unit ball of an infinite-dimensional Banach space is not compact.

. Prove that an infinite-dimensional Banach space cannot be spanned, as a vector space, by a countable subset.



