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1 Curvilinear Coordinates

1.1 Directional Derivatives

Claim 1. If u : R™ — R"™ is a continuously differentiable vector field and v € R™
then
(Du)v = (v, V)u = 0yu = [0cu (- + €v)]|._,

Proof. Since w is continuously differentiable, Du is a matrix given by compo-
nents

(Du)i,j = Jju

Then if e; is the ith standard basis vector of R™ and we are using repeating-
index-sum convention, then

(Du)v = ¢ (Du)ij vj
= e (05ui)v;
= v (9jui) e;
= (v, Viu
This takes care of the first equal sign in the claim. The last equal sign is a

definition (not part of the claim). For the middle equal sign: Let = € R?® be
given. Then

Doz +ev)l_, = lim @+ —u@

e—0 3
(u is differentiable and so may be linearly approximated)

~ m u(z) + e ((Du) (x)) (v) + O (62) —u(x)
e—0 £

= ((Du) (2)) (v)

Since x was arbitrary the claim follows. O




1.2 Differential Geometry

Notation 2. Let M be a smooth manifold over R". That means that for any
p € M there is some U € Nbhdpq (p) such that we have a chart, that is, a
homeomorphism ¢ : U — ¢ (U) € Open (R™) and that transition maps between
different charts are smooth.

We call F (M) the algebra of smooth maps M — R.

At any point p € M we have a vector space T, M, called the tangent space,
built from maps F (M) — R which are linear and Leibniz at p: If X € T, M, f
and g are in F (M) and « € R then

1. Leibniz: X (fg) = f(p) X (9) + X (/) 9 (p)-

2. Linear: X (af +g) =aX (f) + X (9).
Given a chart ¢, T, M has a basis induced by ¢ which we label as { X/}
and is given by

Xy = [81'('090_1)”4/;(;))

A metric g € T ((TM®TM)*) at any point p € M takes two tangent
vectors and gives a number

9p (Xp, Yp) € R

and then one can verify g, is an inner product at any p.
In the basis { X7 }."_ |, the components of the metric g are given by { g, (X7, Xf) }

n

i,j=1"
Definition 3. (Musical Isomorphism) We define b : T, M — Ty M by

v o= g, ) Yo € Ty,M

Furthermore, by the Riesz representation theorem as g is an inner-product, any
w € Ty M is of the form w = g (v, -) for some v, € T, M so that we can define
g TyM— TpM as

Thus b~! = #. Then

Definition 4. (The covariant derivative induced by a given metric) A metric
g defines a covariant derivative via the Christoffel symbols: Let { v; };—; be a
basis of T, M, and g;; := ¢ (v;, vj). Then we denote by g* the ij components of

the inverse of the matrix { g;; }ijl. Then the Christoffel symbols are defined
as

, 1
My = 59"” (O19mk + Okgmi — Om9nr)



The covariant derivative V induced by ¢ is then defined via I" as follows: For a
scalar f, we have

Vi = w(f)v;
For a vector X we have
VX = (%40 (X) 4 vi (vg (X)) vg @ v}

and then there are recursive formulas for how V acts on general tensors (but we
won’t need those formulas here).

Remark 5. We assume everything stated so far is well known to the reader.
Now starts the part about the differential operators and their definitions in
differential geometry.

Definition 6. The gradient grad is a map grad : F (M) — T M defined as
grad(f) = (V) ¥feFM)
Thus if f € F (M) and X € T'’M then

glgrad(f). X) = g((Vf), X)

= (VH(X)
= Vxf
= X(f)

Definition 7. The divergence div is a map div : TM — F (M) given by
div(X) = tr(VX)

(Note the trace is defined via contraction: If T is a tensor of type (1, 1) then
its trace is the following expression

Definition 8. The Laplacian A is a map A : T (k, 1) — T (k, 1) given by
A(T) = div(VT)

Question: What about div o grad = div ((Vf)ﬁ) ?



Example 9. Consider the manifold R?. Define on it an open subset U €
Open (R?) given by deleting from R? the positive horizontal axis:

U = RQ\{x€R2 xlzo/\m:O}

x
Define a chart ¢ : U — 1 (U) by the following formula: ¢ (z) := I

arctan | 22
Then this defines a homeomorphism (verify...) and ¢ (U) = (0, co) x (0, 27) €

Open (R?). Also check that ¢~ = {T} — [r cos ((‘0)} . Then the basis of TR?
® rsin (@)
corresponding to v is given by

XY = cos(p)d +sin(p)ds
Xff = —rsin(¢) 01 + rcos(p) 0a
Then we take the Euclidean metric, which is given by
9(9;,0;) = 0
in the standard basis { 0; }le and write it in our new basis to get:
P P — P Y 9
g(Xa,Xﬁ) — (x¥), (Xﬁ)jg(az, 9;)
61-, j
— P
- (X;p)i (Xﬁ )i
Thus
- B cos (p)? + sin ()’ cos (i) (—r sin () + sin (¢) r cos ()
|:g (Xav XB )} - . . 2 - 2 2 2
(o, B)e{r, 0 }? —rsin (¢) cos (¢) + 7 cos () sin (¢) r*sin ()7 + 72 cos ()
1o
o0 r?
We find
10
= 2] 1)

which implies

ORI P
Now we write the gradient of a scalar f € F (M) in this basis:
grad(f) = (V)
— o (xe x) | xr o x

= XP(HXP+r2 XL () XY



This is still not the formula we know. This is because the basis { XY }a is not
normalized. In fact

g(Xg, x3) = »°

so that with a normalized vector X ff = %X ff we obtain

grad (f) = X¥ (f) XY + XY (f) X2 (2)

which is the formula we know from young age (perhaps with the notation X¥ =
Or, X ff = 0, and we are used to write the (orthonormal) basis of the tangent
space as e, and ey).

We go on to tackle the divergence. Recall that if uw € T M then

Vu = (Xg (X2 (u) +T% 5, XV (u)) XXy

So if compute the Christoffel symbols for (1) we’ll know how to compute the
covariant derivative of a vector field.

O [g(X;",X;”’)LW)E{W}z - [g 207”}
% [Q(X&p’xg)ha,mé{w:}? N [g 8}
Hence
o [g(X5, X2)] = 2r

and all other derivatives are zero. There are three indices, each with two possible
values, thus eight entries to compute:

= om0 o o )]+ o )] - o 5 )
_ %[g(ng,x;ﬁ)‘l} (0, [o (x5 x2)] + 05 [g (x2, X)) =0 [ (30, x3)]) +
o0 X)) (2 [o (e x2) ] n o (0] -0 [o (30 7))

Sur S0 7 (85, 3,121 4 53,15, 20)

= 00,7 (—0y,008,42r) +
s

= —10a,10y,008,p 17 ba,p (08,005, + 08,105, )



Hence the covariant derivative is

Vu

(Xg (X2 (u) +T% 5, XV (u)) XYoo Xy

= | X(XY () +T7 0 XY (u) | X @ X0+
N~

=0

XY (XY () + Ty XV (u) | X0 X0+

Y
Oy, o (=1)

XY (XY () + T% XV (u) | XY@ X+
N——

XY (XY (W) 4+ T oy XY (u) | XY@ X0

[ 1
= XV (XY (w) X0 XY+
(XL (X)) () —r XY (u) X @ X2* +
(XP (XY () + 77 XY (w) XY @ X" +
(X2 (XY () +r7' XY (u) XY © X

Now that we have the covariant derivative, we can compute the divergence:

div(u) = tr(Vu)
XY (XY (w) + XE (XY () + 77" X0 (u)
Next note that if we expand u as
u = u XY+ ug,X:f

(again, we want to use the orthonormal basis { XY, Xff } instead of the merely
orthogonal basis { X, X }) then

1
u o= u XY —l—u@;X:f
so that we find

1 1
div(u) = XY (u,)+ —u, + Xfﬁ (‘“s&)
r r



and finally since X :f and r commute we get

div (u) = XY (ur) + Lup + XY (1) 3)

which is the result we know.
To compute the Laplacian of a scalar, we use the definition

Af = div(grad(f))

and we have already computed the gradient of a scalar f (see (2)) from which
we find find

div(grad () = XP(XP(F)) 42X () 42X (XL ()
= XU (XY () + X () + 5 XY (XL ()

r

Again the result we are familiar with (with the notation XY — 0, X¥ — 0,).
The Laplacian of a vector field is left as an exercise to the reader.
2 Liouville’s Theorem
Claim 10. Let f:R™ — R™ be smooth. If Df is constant, then f is affine.
Proof. We can always write f as a Taylor expansion:
f@o+z) = f(z0)+ (Df)(wo)x+...

where the dots denote higher order derivatives, which are written using, for
instance, multi-index notation: o € (N>¢)" is an n-index. Then

DYf = M ..o f

Then it’s clear that since D f which is expressed via 0; f; for instance, is constant,
then any higher order derivatives will vanish and we’ll be left with an affine
map. O

3 Some Remarks about HW1

3.1 Question 3

e In the change of variables formula there is an absolute value on the deter-
minant.



3.2 Question 2

Claim 11. Let A € Matyxn (R). If Tr (AB) = 0 for all B € Mat, x, (R) such
that B = —B” then A = AT.

Proof. Write A = % (A + AT) + % (A — AT) and observe

=:Ag =:Aas
Claim 12. Tr (UV) =0 for all U symmetric and V anti-symmetric.

Proof. We have by the fact that Tr (X) = Tr (X7),

T (UV) = Tr ((UV)T)
= Tr(V'U")
= Tr(-VU)
Ty (UV)
O
then by the above,
Tr(AB) = Tr((As+ Aas)B)
— Tr(AssB)
Since this is true for all B, we can pick B = Aags 7T to get
Tr (AASAAS T) =0
lAaslz = 0
Aas = 0
Using the fact that ||-||» is a norm. Hence A = Ag, that is, A = AT. O

Now we are given the matrix A € Matsxs (R) such that det (A) > 0, and
write

A = |A"|Ra
We define the (square) distance function g : SO (3) — R:
g(R) = [R-A[};

We want the derivative of ¢ at an arbitrary R € SO (3), (Dg) (R). This will be
a linear map on the tangent space of SO (3) at R. We know that:

((Dg) (®) (R) = 8.ligg (R+eR)



And (R+<R) € S0 (3) so

(R—i—aR) (R+5R)T L1
RRT+RRT < 0
similarly,
(R+5R)T (R+5R) Lq
RTR+R'R = 0
Now the computation of (Dg) (R):
Ol._o 9 (R+ sR) = Ocf._oTr ((R+ eR — A)T (R+ eR — A)>
= O, Tr ((R ~AT(R-A) +eRT(R—A)+¢(R~ A)TR)
— ~Tr(RTA+A"R)
— 9Ty (ATR)
= Ty (ATRRTR)
— 9Ty (RATRRT)
=0

This constraint should hold for all R such that RR” and RT R are anti-symmetric.
Since given any W € Matzxs (R) with W = —W7 | there is some RR, w such
that W = RR, wRT (in particular, take RR, w = RW), we find using the above
claim that R is a critical point of g iff

‘ RAT is symmetric‘

The constraint on R is thus that
RRAT|AT| = |AT| (RRAT)"
Hence
AT = AT ]47)
AT| (RRATY" (REAT)|AT|
(REAT)" |AT||AT| (RRAT)”
= (RRAT)" [AT] (REAT)T

9



SO

[(RRaT)” |47F] =0

Hence by the spectral theorem, [(RRA T)T, f (‘AT|2)} = 0 for any function
f, in particular, f = /- as ‘AT‘ > 0, so that [(RRA T)T, ‘ATH = 0 and thus

these two matrices may be simultaneously diagonalized by some orthogonal
M € O (3):

(RRAT)" = M"Dypp, vy M
and
|AT| = MTDj oM

where the D’s are diagonal matrices containing the eigenvalues of the respective
matrices. We find that if R is a critical point of g then:

g(R) = ||R-A|}
= Jo-ar;
= ||RT - AT|[;

= [|RaTRART = Ry T |AT][[;
= [[Ra” (RaRT ~ [AT])][
(||l invariant under O (3))
= |RaR" ~|A"|||%
= Jmrany” - a7
= MTD(RRAT)TM—MTDIAT‘MHi

(Jl-  invariant under O (3))
2

= D(RRAT)T_D\AT| »

> |(Pean. ryr) = (Diar)),,
=1

We know that det (A) > 0so that (D|ar))., which is the ith singular value of A,

(2

2

is necessarily (strictly) positive. Furthermore, (RR4 T)T is orthogonal, so that
(D(RRAT)T)%‘ =1, and (D(RRA T)T)ll (D(RRA T)T)22 (D(RRA T)T)33 =
as det ((RRA T)T) =1as (RRa T)T € SO (3). Hence to minimize g we must

pick R such that (D(RRA T)T) - =1, which implies (RRA T)T =1,or R=Ra

i

as desired.

10
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