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Exercise 1

Exercise 2

(1) For f(z) = log(tan®(2z)) to be well-defined, we need tan®(2z) > 0. This is equivalent to tan(2z)
so 2z € (nm, (n + 3)m) for some integer n. Therefore, the domain of f is

{(mr (n + 1) ) n is an intcgcr}
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On this domain, tan®(2z) is positive and continuous. Since the composition of continuous functions

is continuous, f(z) = log(tan®(2z)) is continuous on the entire domain (described above).
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(2) If z # 1, -1, then |z| — 1 is nonzero, so the quotient IJ;EI% is continuous.
For z = 1, we check that
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-1 z—1

= :11311(1: +1)
=2.
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Since this is equal to f(1), f is continuous at 1.

Similarly,
1:2 -1
lim f(a:) Jim, 2 =1
. oz-1 . .
= lim [for z close to —1, z is negative so |z| = —z]
z—-1—1 —1
— lim (z+1)(z—1)
z+-1  —(z+1)
= 113}191 '—((B - 1)
= 2.

Since this is equal to f(—1), f is continuous at —1.
Therefore, f is continuous on all of R.

Exercise 3
(1)
ta.n( 2 sm( 2)
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Asz — 0, —:1:2 — 0 as well, so lim d 0 _ 0 and lim sml(zz )
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As z — +00, the term 1+ /z — +oc as well, whereas 1 — 2 — 1 and # + 1 — 1. Therefore,

o (Vzta)(z—-2) _
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(3) Since sin takes values between —1 and 1, we have
2~l S 2sin:r: < 21 —y %CHI? S e~122sin: S 2e~12

for all z. Note that lim; ., %e"z =0 and lim; 4 2e %" = 0, so the Squeeze Theorem implies
that lim, , . e * 2577 = 0 and hence

lim cos (6‘122”“‘ ’) = cos(0) = 1.
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(7) As z approaches 0, sin 7 fluctuates between —1 and 1 infinitely often = sin? = fluctuates between
0and 1 = log,(sin® T + 1) fluctuates between log,(0 + 1) = 0 and log,(1 + 1) = 1. Therefore,

lim log, (sin2 4+ 1) does not exist.
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(8) Since cos takes values between —1 and 1, we have
—1 < cos (sin l) <1 = —\z<zcos (sin l) <Vz
z z
for all z. Note that lim,_,o+ —/Z = 0 and lim__,o+ /Z = 0, so the Squeeze Theorem implies that

lim +/z cos (sin l) =0.
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ﬂ:l_i}n_xlsin (ﬂa(;;ll)) =sin (%) = sin (_T%) = sin(—m) = 0.
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Exercise 4

Recall the definition:
flz+h) - f(z)
-

fi(z) = lim

(1) For f(z) = 27,
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(3) For f(z) =2+ v,
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Exercise 5

There are many possible answers, and one example is:

1
— , so that f(z)g(z) is identically 1.
2 snl’ f(z)g(z) y

(b) f(z)= %,g(m) = —i, so that f(z) + g(z) is identically 0.

(8) f@) =2 +sin ., g(z) =



