Calculus 1-Section 2-Spring 2019-HW3 Solutions

Mat Hillman

April 1%,2019

Review

Exercise 1

Pacta? False; f has o lmid ot %o of gud wly of
() Hhe left and coglt Lisls of € at %o esst
@) dhe left oud ciglet linits £ T ot xo agree
Hhet s,

X xS

Lim 103 = A "-'f(x)
Xt

Se o j.‘ue, a Counter exan,ple, e simply need do Lreak
Cus-'clu‘ Hus C-MJ(‘HM

2 # xz o0
MR
2 f x*o

Lim _ Lo L Aim
L f(x)=2 4 -2 = Tt

Pact b2 Truc; Netice Hat for all x , we hove Yot

—1 £ cos(®) & ]
-1 -cos(d L
= 3¢ 2z £z
L cos(X) S
= T el-—F &3
_ s, Jz
- T &I £ 3F



ot .
P@r'& X True Consider f(x) =ces (.”'—Ex.) - l'fj‘ (x— ';-) g““t‘.on

feaall bt oS )20 fie xed
S

#O) = cos (%) - Iaj. (':‘.') =0~ [:’g (‘l‘) =0

Also

:F(%') = cos (.7‘7'5) - lv;(l)’ cbs (’1’7) <0

Se by Yhe Totemedate Vaie Theswemn , Yhere exists x
st 1exeT w) Hx) =0

= cos(%F) = log. (xe-2) fr some X,

< he cgn bas o rosh

Pact d: FAISc}' Nohee Aot
ty=le-2% =levp =2

‘Far c=-1. S‘\”& D¢ l'cof(x) ¢ 2 , we  see ﬂ‘a‘z'

fg: f()l): Lim {’(.osc\’)

z O
x>0 x2

- L8169+ -2

| 1:‘5 wet condimnons af 0.



PM‘J; el Fc[lcj' we oamru-lc #w Iim-""

Lim a Lim Jnx’?’
wo o= T |
N0 n-= e Vl"'(
.Z:.« IT V!‘-3
s W o

()
Kien W

n=¢P 1 {
v

Lo 13
frr [+ '/n
::‘p V- )/nt

Lim {« /a

ey o

= 77

Pucd T 'Fa[.w.) Consider i(k§= [,
To see u f s oks a‘f Xe = O

Lim

X

To e

Lim

h=o"

Lim

h=0*!

Exercise 2

100 -0 = 209 = $(22 %)

bt T is wt L% ot x.=0

I(csb)-36)  _ fom Wb him -k
“ h=>0" W koo h

Llx+h) - 0 L Pl R b 5?)/
N = haot T T owwt



Veeheal As)rmp#oks Can mfr ocone wher, the denammater is i defned.
Ta our case s is ot X = El,

L () = m XE-xt3

x4t X1 2
[-x
}\]o‘kq u“&*
;‘L’; x*-x+3 =3
boxexe3 =S
ond

Lien l_xl a”roa.cl\es O from e f!:jl‘d'

x= 1"

‘e;‘“ I‘Xl a"roa.c.laes (e} ‘;"“‘ '“"- !e#‘!"

x= '

Lim l_xz' aPP(.ca‘L@s O from e 16'F+

x>

dien |- x* 4":‘90.:.L&S O Arom dhe (‘:jl\'l’

x=*

=> F fas vetical a.synf“‘mles at x=*| w/
o 16 = —6s = Lim £(x)

X1t x=>-1

the ) gy o= £im £

x>



Fhere erist Viori 2antel QS)MrL\L% ;‘F
foi 469

X>Lt0o

inH’s} ie, s 'Am-l't So we Cbmplflf- -”wx Iirm"ll's
Lim f(x) Lim XL‘(xz_x43)

X210 x=>tee 1 z)
x* "

"

s 1- Y& + S

X102 1

- |
L

X Azao l"/! "3/)(‘

Lin
X9 L l/x" - l

14

= -

= i Las a Leﬁ?m‘lu{ 4s,ymr1¢1’z 41:.] ){a-l W Ll e fa:-’iw\x. J.:eakn
éﬂb(! ncja‘kvc J\\recl'im.

Exercise 3

e
sin3z’

(1) For f(z) =

(e*") -sin3z — €= - (sin 3z)’

"(z) = tient rul
f'(z) in? 32 [quotient rule]
¢’ .2z -sin3z — e - cos3z - 3 .
= pr [chain rule]

_ ¢** (2z sin 3z — 3cos 3z)
- sin? 3z ’

Remark. Using the reciprocal trigonometric functions, you may rewrite this as the seemingly
(but not really) simpler expression

f(z) =€ csc3z - (22 — 3cot 3z).

(2) For f(z) =tanz -logiz (note that log3 z means (log, z)?),
f'(z) = (tanz)’ - logiz +tanz - (logZz)’ [product rule]

=sec’z - logiz + tanz - 2log, z - (logy &)’ [chain rule]

. 1 !
=sec’z - logiz + tanz - 2log, z - (%) [change of base formula]
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‘In2 'z
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=sec’z-logiz + tanz - 2log, =

=sec’z - logiz +



(3) For f(z) = (In(z?))#"+3, logarithmic differentiation is most convenient. Setting y = (In(z?))="+% =
(2lnz)* +3* we have
Iny =In ((2ln2)*"+%) = (z° + 32) In(2 In z).
Differentiating implicitly with respect to z gives
1 dy 5 '
% = [+ ) l(2na)]
= (2° + 3z)'In(2Inz) + (z° + 3z) - In(2lnz))’ [product rule]

1 , .
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L P @ +3)] |
Therefore, e’ (5z° +3)In(2Inz) + e | e

F(z) = (2lnz)="+3= [(ox +3)In(2In )+(’:l ‘;3)}

or (In(z?)*"+3 [(Sz“ +3)In(In(z?)) + —(’ln+ 3)] :

(4) For f(x) = (V22 — 1)"6s =, logarithmic differentiation is most convenient. Setting y = (v/z2 — 1)08: = =
(22 — 1)7 %87 we have

Iny = In (22 — 1)} o5 7) ——loggz In(e* ~ 1) = gr—=lnz - In(z* - 1)
by the change of base formula. Differentiating implicitly wnh rcspcct to z gives
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y "dz 2In3
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1 1 .
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h ].n TPl
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flz)=
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(12_1),105;-r(— e
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+
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Remark. You may distribute #‘ inside the parenthesis and apply the change of base formula
again to obtain

f'(@) = (2% - 1)k o= (log"’(z‘2 1), zlogy I) .

2r 2 -1

(5) For f(z) = arctan(z?) + arctan(%), recall that ‘%(arctan(z)) = , 50

1

+ 22
1 1 1\

f'(z) = s (22 + TH(a)E (?) [chain rule]

1 z4

= - (22) + Pt (=227%)  [power rule]
2z -2
1+Id+ +1
=0.

Remark. This result suggests that f(z) is a constant! Indeed, with some knowledge in trigonom-
etry, one can show that

arctan(t) + arctan (%) — {_

Hence f(z) = arctan(z?) + arctan(Zr) = 3 identically.
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Problem Set
Exercise 1

Rolle’s Theorem

Let f be a function that satisfies the following three hypotheses.
1. f is continuous on the closed intcrval [a,b).

2. f is differentiable on the open interval (a, b).

3. fla) = f(b)

Then there is a number ¢ in (a, b) such that f'(c) = 0.

a.
fis a polynomial.
1 and 2: Polynomials are continuous and differentiable everywhere .
3
f(3) = 2(32) —4(3)+5=18-12+5=11
f(=1)=2(-122—4(-1)+5=2+4+5=11
All three hypotheses are satisfied. We know that there is a x = ¢ € (—1,3)
for which f'(c) =0
fllz)=4z—-4=0
r=c=1
b. fis a polynomial.
1 and 2: Polynomials are continuous and differentiable everywhere .
3:
f(-2)=(-2)3-2(-2)>—4(-2)+2=-8-8+8+2=—6
f(2)=(20°-2(2)>2-4(2)+2=8-8-8+2=-6
All three hypotheses are satisfied. We know that there is a x =c € (-2,2)
for which f'(c) =0
f(x) =322 — 42 -4=0
4+/T6+48 4+8
C. Tp=— =
6 6
r1=2, x9= -3
1 = 2 does not belong to the interval (-2,2), so
2
ro=c=—7

3



The sine function is
1. continuous everywhere, (so is f)
2. differentiable everywhere (so is f) .

3.
f(m/2) = sin(w/4) = V2/2.

f(37/2) = sin(37/4) = V2,2

All three hypotheses are satisfied.
We know that there is an x = ¢ € (7/2,37/2) for which {'(c) =0

f(x) =(chain rule)= cos(r/?)(%) =0.

z/2=n/2+kr  (k€Z, since cosx is periodic)

X =7+ 2km

In(7/2,37/2), we have just c =7

The discontinuity that f has, at x=0, is in NOT in [%,2] . So
1. f is continuous on [% 2],

1
2. f is differentiable (sum of polynomial and rational function) on (5,2),

3.
1 1
flg)=2+3
1 1
f2)=5+2=/(3)

All three hypotheses are satisfied. .

We know that there is an x = ¢ G(E, 2) for which f'(c) =0
fx)=1-2"2 =0

==l

The negative solution is not in the interval, so

c=1
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Exercise 3
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Exercise 4

(1) Let f(z) =zlnz— 1. Then f'(z) =Inz+z-1=Inz+1,s0

Tnlnz, —1
Tpp) =Ty — ———

Inz, +1
For z; =1, we get
. — M—l __1_2
S P e T
and 21n2 —1
n —
Iy = 2 — m ~ 1.7718.

Remark. The actual solution to zlnz =1 is 1.76322---.

(2) Let f(z) =2 — 2. Then f'(z) = 322, so

zd —2
Tyl =Tpn — 31:?1
For z; = 1, we get
—1- 13_2_1_—_1_2
REITE RT3 T
and 4 (3P*-2 4 10 1
S F o C =2 ~1.2639
T3 3@ T3 1w
Remark. The actual value of 23 is 1.25992. ...
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