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. Let f(z,y) be a function continuous on R = [a,b] X [¢,d]. Then fab fcdf(x,y) dydx =

[/ f dA (which therefore also equals fcd f: f(z,y) dx dy). More generally, this is true if
f is bounded and discontinuous only on a finite number of piecewise smooth parametric
curves and both iterated integrals exist.

. By rotational symmetry the center of mass will be on the z-axis, so we only have to do
two integrals, and we can assume the density is 1. Then the mass m = [[[,1dV =

2T 2singdpdpdd = [FT1d6 [ singde [ prdp = 2m - 22 L = TRV

And since z = pcos ¢, the moment M,, = fffE 2dV = f% /4l 0 P 31n¢cos<bdp do df

027r1 df fw/4 L sin(2¢) do fol Sdp \—f27r — 2 cos(20)]g m/4 1= 7r/8. Hence the center
3(2+v2)

of mass is (0,0, o f)> (0,0, ==5").

. Indeed, F is conservative: indeed, F = Vg for g(x,y,z) = €** (you can derive the

antiderivative by the methods we studied, or just guess it). By the Fundamental

Theorem of Line Integrals, [, F -dr = g(r(2m)) — g(r(0)) = ¢(1,0,27) — ¢(1,0,0) =

e?™ — 1.

. This is a surface integral. Parametrize the net by r(u,v) = wcosv,usinv,u) for
(u,v) € [0,2] x [0,27]. Then r, = (cosv,sinv,1), r, = (—usinv,ucosv,0), and
ru X rv = ( wcos v, —usin v, u) which points upward. The surface integral then equals
fo r(u,v)) - (r, X r,)dudv

= fo fo usmv,—ucosv,u2 sin?v) - (—ucosv, —usinv, u) du dv

= f02 fo% ud sin® v du dv = f02 u? du fOQﬂ sin? v dv = 4.

. (a) This is the portion of the unit sphere centered at 0 between z = a and z =

b. (b) Here (with the abbreviation s = /1 —wu?) r, = (—ucosv/s, —usinv/s, 1),
= (—ssinv,scosv,0). and r, X r, = (—scosv, —ssinv, —u), so the surface area is

f f v, x r,|vddu = f f Vs +utvddu = fab fozﬂldvdu = 2m(b — a). [Observe
how amazing this is: the surface area of a slice of a sphere only depends on the width
of the slice. . .]

. (a) I F = (P,Q, R), then P = 2/(a® +y? + )% and

OP (2% +y* 42737 = 320 + ¢ + 227
or (22 +y? + 22)3 ’




10.

11.

12.

there are similar expressions for 9Q /0y and OR/0z with 3z? replaced by 3y* and 322
respectively, so the sum of all three is V-F = 3(2? 4 y? + 22)7%/2 = 3(2? + % + 22) (2® +
y?+22)7%2 = 0. (b) Do the surface integral of F on the unit sphere S: there, F(r) =r
and the outward unit normal is also r, so the surface integral is the integral of 1, which
is the surface area of the sphere, namely 47. But if it were true that F' =V x G, by
Stokes’s theorem ffSF -dS = ffSV x G-dS = §dS G - dr = 0 since 95 is empty.

The divergence is V - F = 2z 4 2y + 2z, so by the divergence theorem this equals
2[[[pxt+y+zdV =2[[, f0x+2x+y+z dzdedy =2 [[,(xz+yz+2%/2)|2Z5 de dy =
2 [[,(3x+3y+9/2)dxdy =2-9/2-7 = 97. Here in the penultimate equality we used
[[pxdedy = [[,ydzdy =0 by symmetry and [[,1dzdy = m since this is the area
of the unit disk.

(1 H0) = V2(1/V2 +i/V2) = \/_(cos7r/4+isin7r/4) V2ei™t 5o (1 40)718 =

(\/ieiﬂ/4)718 _ \/5—1 —18ir/4 _ = % 674m6717r/2 5}2 1.-—1= _2/512
Mz=x+iy, then z+1/z2 =2+ Z/zuz =+ iy + ;gj;g = (x—l—ﬁ)—l—i(y— o)
(a) This is real if and only if its imaginary part vanishes, that is, y = —%— + 5, that is,

either y = 0 or it can be cancelled and z? + y* = 1. So either z is real or |z| = 1; the
sketch consists of the z-axis and the unit circle (b) Likewise, it’s imaginary if and
only if its real part vanishes, that is, v = 7%, that is, either z = 0 or 24+t = -1
But the latter is impossible since x and y are real, so all we have is x = 0, that is, 2
is imaginary; the sketch consists of the y-axis only.

On C' = {e"| t € [0, 7] we have dz = ie" dt and z = e, so [, 22 dz = [} e e dt =
i [Teitdt = i(ie )] = —(—1—1) = 2.

No, f(z +1y) = (z — iy)* = (z* — ¥*) + i(—2zy), so Ou/dzx = 2z but dv/dy = —2x
which violates the Cauchy-Riemann equations.

Expand this out to jgc 22+5422z"1 dz. The first two terms are holomorphic everywhere,
so their integrals around a closed curve vanish by the Cauchy Integral Theorem. The
last term is of the form f(z)/(z — 2o) for f(z) = 2 holomorphic and zy = 0 enclosed
by the ellipse, so by the Cauchy Integral Formula its integral is 27i f(0) = 4mi.



