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The Jaynes-Cummings n-spin model.

We consider a system of n spins and a harmonic oscillator with
Hamiltonian [Jaynes-Cummings (1963), Gaudin (1982), Yurbashyan,
Kuznetsov, Altshuler (2005)....]:

H = Z2€j33+wbb+gz +b3

with Poisson brackets )
{b,b} =1,
-2 2

a by __ c _
Sj,Sj}——Eachj, s;°=s

This is a celebrated model in quantum optics, cold atoms....

Phase space has dimension 2(n + 1).
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L ax matrix.

We can write these equations in the Lax form L = [L, M].

_ 2 + | 7 — - Sj
LN = 2X0* +2(bot + bo )+;A_€j
M) = —iA+%)o* —i(bot +bo™)
Letting
_ (AN BN
LA = (cm —A(A))
we have
AN = J
(\) = 2) + Z s
71=1
B()\) = 2b o] C'(\) = 2b - Sj
()_ —|—Z)\_€]7 ()_ —|— )\_63
71=1 71=1
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Spectral curve

The conseguence of this equation is that the spectral curve
I'(A, p) = det(L(A) —p) =0

IS independent of time. Since L(\) is traceless, it reads

p’ = A*(\) +BNC(\) = va 21?;292]_)2
Q2n—|—2()‘) 2
H,?:l()\ —€)? S 2.7221 — 9 ’ Z

The genus of the curve is ¢ = n. The (n + 1) Poisson commuting

Hamiltonians are
Hn—l—l = bb - Z ;

HJ—QEJS +(b5 +bs +ZS‘7 ok 7=1,---.n

€ —Ek;
k#j 7

The Hamiltonian of the system is H = wH,, + . H,
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The moment map.

The Hamiltonians Z;,j = 1---n + 1 define an application from phase
space M to R"*!. Itis called the moment map.

F:M — R xe M — (Hy(x),Hy(x), - Hp(x)) € R}

Its image is a domain of R**! which is a very important object. For
instance when the H; define a toric action (all flows are 2r-periodic) on a
compact phase space, there is the famous theorem of Atiyah (1982), and

Guillemin and Sternberg (1982) stating that the image of the moment map
IS a convex polytope.
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Rank Zero, Normal Forms.

We look for the points such that 0., H; = 0. In our case

(9ij = S+

]7 %Hn:b

so the points of rank zero are the points such that

Pi(e1, -, en) P55 =sej, e; =+, sT=0, b=b=0
Hence we have 2" points of rank zero.

To analyse the system around these points we have to expand the
Hamiltonians H; to second order.

k o o o
Z aaﬂkaxl v

Normal forms are obtained by the simultaneous “diagonalisation” of these
guadratic forms. This is a non trivial problem because the
“diagonalisation” has to be done using real symplectic transformations.
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The result is Williamson theorem (1936): There exist canonical
coordinates q1, - - - qn, p1, - - -, pn, SUCh that the above quadratic forms can
be decomposed on the following quadratic polynomials

elliptic 2 2 .
P?: p— pz—|—qz’ Z:172’...’m1
hyperbolic .
P, = Dpi%, t=mi+1,---mqg+mo

Pz_(l)fOCus—focuS = Diq; —+ Pi+14i+1, 1 = ™M1 + mo -+ 1..-

2 _
Pz( )focus—focus  _ Dot — Pia1Gis - M1 + Mo + M3

where mi + mo + 2ms = n. The triple (m1, ms, m3) is the type of the
singular point.

How to achieve this decomposition ? Clearly, theses coordinates also
depict the spectrum of the quantum system around the critical points. But
to analyse the quantum spectrum, the tool is well known : Bethe Ansatz.

Can we adapt the algebraic Bethe Ansatz technique to compute the
normal forms ?
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Classical Bethe Ansatz.

Recall the Lax matrix

We have the Poisson commutation relations

(L) Lalo)} = =1 | 22 24O + La(i)|
or explicitely

(AW B} = 1= (BO) - B()

(AW.CW} = —=(C) = Clw)

(BO).Cu)} = 1o (A() — A(w)
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It follows that 1 Tr (L#(\)) = A%(\) + B(A\)C()) has the nice commutaion
relation

2i
A—H

{LHL%MKXW}: (AQKWU—AWMXM)

2

When we expand around a critical configuration, the quantities (b, b, s
are first order, but sjf IS second order because

z — = € o+ o _
s’ —Gj\/SZ—SJ Sj = 8€j = 5 55 5; +---, e ==1
7 st . . :
Notice that C'(u) = 2_b + Z”_Ol e IS first order while

A()\):__ 2"_2] =0 )\S_
right-hand side we can replace A(X\) and A(u) by their zeroth order
expression :
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We arrive at

{%Tr L2()\),C(N)} = )\Q_ilu (a()\)C'(,u) — a(M)C()\))

This will be precisely of the wanted form if we can kill the unwanted term
C'(M). This is achieved by imposing the condition (“classical Bethe

equation”) a(p) =0 (%)

This is an equation of degree n + 1 for . Let us call y; its solutions.
Hence we construct in this way n + 1 variables C(u;). To construct the

conjugate variables, we consider commutation relation of B(\) and C'(u).
In our linear approximation it reads

(B(u), Cluj)} = —

Mg — by

(a(pi) — alp;))

If 1; and p; are different solutions of eq.( = ), then obviously
{B(pi), C(ps)r =0,  pi # py

If however p; = p; then
{B(1s), Cpi) } = 2ia’ ()

We have indeed constructed canonical coordinates !
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It is simple to express the quadratic Hamiltonians in theses coordinates:

%Tf L*(A ) + Z )\ ) B(1:)C (114)

Note that there is no pole at A = p; because a(u;) = 0.
If 11, Is real we have C'(u;) = B(u;). We have an elliptic term.

Clui) > Va' ()| (pi +iqi),  B(pi) ~ Vla' ()| (ps — i),
B(pi)C (i) == |a’ (1) (0} + ¢7)
If 11; 1 = [1; IS @ pair of complex conjugate solutions, we have
C(pit1) = m

C(ui) =~ (pi +ipiv1), Bui) ~ —ia’(1i)(q —igit1),

Cpit1) = ia' (pis1)(q +igiv1),  Blpit1) = (pi — ipit1)

C'(p) B (i C'(ps) B (1
Re ( (M ,> G >) ~ DiQi +Pit1¢i+1, 1m ( (M ,) G )> ~ PiQi+1 — Pi+19i
a’(f1) ia’ (144)
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So in order to compute the type of the singularity we have to study the
Classical Bethe equation

S n e
_ E J
i = _5 e y (**)
j=1 Hi T €
4 €2
0 |

€1

1.4 1 L
9 -21
Q0

0 8 VII
Z (-1.7)-2.6)
= -3 - Ny + +
XTI
1.4 | —al X XII
2
o -5 1 —
c@ —
+
N
€1
_6 + + + + + + N
—6 -5 —4 -3 —2 -1 0

Moment map and Bethe Ansatz in the Jaynes-Cummings Model3/32



Rank > 0, Spectral curve.

The analysis of the other strata of the bifurcation diagram become rapidly
very cumbersome. However it was remarked by Michele Audin (1996)
that all this was encoded into the degeneracies of the spectral curve. Let
me explain why.

The spectral curve reads det(L(\) — ) = 0 or

2 Q2n+2(A) 2 ~ M - 5
U= == — AN+ 0N+4H,,. 1 + 2 +
T ()2 RIS wrah ) DYy

2
P €;)*

hence Q2,12()\) is a polynomial of degree 2n + 2 subjected to n + 2
constraints
Defining y = ] ],(A —¢€;), the equation of the curve becomes

yz = Q2n 2 ()‘)
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It is a fundamental fact that one can reconstruct everything from the data
of the spectral curve and ¢ points on it (separated variables). If we call \;
the coordinates of these points the equations of motion for the flow
generated by /7, take the form (in our case)

Z (9tj >\k (,Uj(>\]€) = —z’db-j
k

where w; () are the g holomorphic differentials on I'. For generic points
A, the matrix w; () is invertible. Hence so is the matrix 0;, Ax. This
means that the flows 9;, are independent and therefore the moment map

has maximal rank as long as the curve is non degenerate. The curve
degenerates when -, 1 2(\) has a double zero

Q2n+2(N) = (A = E)?Qan(N)

Repeating the process of adding a double zero we construct the different
strata of the bifurcation diagram.
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For instance, we can repeat the process until (5,1 2(\) is a perfect square

2
n—+1

Q2n12(N) = Z a; N

7=0

we have n + 2 coefficients a,; but we have n + 2 constraints on Qz,+2(\)
hence they are completely determined. This is an easy calculation. We
find Qania(N) o L zn: S€; 2())

f— = a
[L;(A—€;)? -

We recover the rank zero critical points. More generally the degeneracies
we look at are of the form

n+1l—r - 2r
Q2n+2(A) = ( Z Clz‘>\l> ij)\] ,  Gpg1—pr =1
i=0 =0

We have (n+1—1r) 4+ 2r +1 = n + r 4 2 coefficients on which we impose
n + 2 constraints. Hence the leaf of rank r is of dimension . We remark

that the conditions are linear equations on the b; so that we always start

by SOIVIng them If 27a > n _|_ 1 It remalns agamen_tm%an_dBlThJK%§z is:tpe?attiegiﬁm%s%del&&



Examples. One spin...

In this case the polynomial Q5,1 2(\) reads :

Q4()‘) 2 2H1 32
— 4\ A4 H
O —q) L WY p——

The most degenerate case is when Q4()\) is a perfect square. Next we
assume that

Q4()\) = ()\—€1+%)2(b2)\2—|—b1>\—|—b0), b2 #O

We impose the three constraints on Q),(\) and we find

2
bg = 4, bl = —45137 bo = —4 (6% — Xr€1 — S—>

The values of the Hamiltonians are

H, — _:134—261x3—4327 H, — _3$4—8€1SE1+24€%ZC2 — 4 5°
x

21
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One spin. Two stable points (e)

s =20, = —-2.0

Moment map and Bethe Ansatz in the Jaynes-Cummings Model8/32



One spin. One stable point () and one unstable point (e)

Hs
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The preimage of the unstable (focus-focus) point is a pinched torus.

These pinched tori are obstructions to the existence of global action-angle

variables Duistermaat (1980).
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Two spins. Two stable points (e) and two unstable points (e).
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The Quantum modsdl.

As before the Hamiltonian reads
H = Z2ejsj+wbb+gz +b5

with commutation relations [b, b] = . 59,57 = ih eqpe 55 We consider

spin s representations. The semi-classical limit is defined as
s(s+1)=1, h—0
In the one spin case we have two commuting Hamiltonians, H;, Ho

Hy =5 4+b'b=—s+hM, M integer

On the subspace M fixed, H; can be written as a Jacobi matrix and is

easy to diagonalize numerically.
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One spin. Two stable points (e)
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One spin. One stable point () and one unstable point (e)
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The moment map: (p;,q;) — (H1,---, H,) induces a fibration of phase
space by tori. Take a cycle basis ~4, - - -, v, for the torus above
(Hy,---,H,). After a closed loop in the (H4,---, H,,) space

The local action variables J;, = % ¢ > Dpadgs transform as

Ji = J = M
j=1

Bohr Sommerfeld quantization condition: J; = hn;. 0H; = %ﬁlﬂ d(hn;)

—

 0H
~ o

— |/

€;

= (M™1)i5€
So we can read the monodromy matrix on the lattice of joint spectrum. San

Vu Ngoc (1999).
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The result is summarized on the following picture :
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Bethe Ansatz.

Classical Bethe Ansatz suggets Fock space quantization (elliptic case)

W) = C(psH)™ - C(psy )™ 0),  a(us') =0

Quantum Bethe Ansatz

W) = C(pr) -+ Cluar)|0),  alp) = f
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Bethe roots.

Bethe roots are located (semiclassically) on the curves

dp o A(p) = Q2n+2(1)

dt /A (p) [Tk —€5)?

Notice that around a branch point 1 — i, ~ at?/3 so that we have three

branches.

Stable case Unstable case
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Polytopes.

Stable case Unstable case
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The quantization of the system around such a singularity is a non trivial
problem. In particular, in the semi classical regime, the Bohr-Sommerfeld
guantisation relations have to be modified (Colin de Verdiere, San Vu
Ngoc). By studying the Schroedinger equation around the singularity and
gluing this “small z” analysis to the WKB wave function, we find the
guantization condition:

1
DPsinglen) = 2mh (n + 5) , nez, FE,=2ks,+ he,

where: (Q = V2s.; — Kk?)

I (5—i%s - 8Q2°
Dgingl€) =2(2s 4+ 1)hv 4 2k82 — ihlog - (2 Z 24 ) +h€ " log ( )

and
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Conclusions

The Jaynes-Cummings-Gaudin model, one of the simplest
iIntegrable models, has an extremely rich physical and mathematical
containt.

Lax pair techniques, are very powerful:

» Classical Bethe Ansatz allow a very easy computation of the
normal forms.

» The spectral curve and its degeneracies encode very efficiently
the bifurcation diagram.

Bethe equations "know" the geometry of the bifurcation diagram.
Much more work to do.
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HAPPY BIRTHDAY, IGOR
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