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We describe explicitly the formal group law over Z[u] corresponding
to the Tate uniformization of the general Weierstrass model

of the cubic curve with parameters u = (uq1, po, u3, 4, 1g)-

This law is called the general elliptic formal group law.

We introduce the universal Krichever formal group law with
the ring of coefficients Ag,. Its exponential is defined by

the Baker-Akhiezer function ®(t) = ®(¢; 1, go, 93), Where 7 is

a point on the elliptic curve with Weierstrass parameters (g», g3).
Results on the ring Ay, are obtained.

We find the conditions necessary and sufficient for the elliptic
formal group law to be a Krichever formal group law, and thus
to define a rigid elliptic genus on Sl—equivariant SU-manifolds.
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We introduce the deformed Baker-Akhiezer function
W(t) = V(t;v,w,u) where v and w are points of the curve with
parameters up. It is a quasiperiodic function with logarithmic
derivative determined by the exponential of the general elliptic
formal group law.

The deformation parameter is a = p'(w)/p'(v). The function
W (t) coincides with the Baker-Akhiezer function ®(t) if a = £1.

We obtain the addition theorem for W(t¢). Using this theorem we
prove that the deformed Baker-Akhiezer function is the common
eigenfunction of two double periodic differential operators

of degree 2 and 3. Their commutator has (1 — o?) as a factor.

Main definitions will be introduced during the talk.
New results presented in the talk have been obtained in recent
joint works with E. Yu. Bunkova.
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In his first works (in the 70-s) I. M. Krichever obtained
important results on Hirzebrugh genera of manifolds, using
the formal group of geometric cobordisms.

In his works in the 80-s the Baker-Akhiezer function
became a powerful tool for solving problems of the theory
of integrable systems.

In 1990 I. M. Krichever introduced the Hirzebrugh genus defined
by the Baker-Akhiezer function. Using the theory of elliptic functions
he proved that his genus has the fundamental rigidity property
on manifolds with an S!-equivariant SU-structure.



The formal group law.

A commutative one-dim formal group law over a commutative
ring A is the formal series

F(u,v)zu—l—v—l—Zai,juivj, a;; €A, 1>0,75>0,

which satisfies the conditions
F(u,v) = F(v,u),

F(u, F(’U,w)) = F(F(u,v),w).

A homomorphism of formal group laws h : F; — F>» over
the ring A is a series h(u) € A[[u]], h(0) = 0, such that

h(Fl(u, v)) — Fg(h(u), h(v)).
A homomorphism h is an isomorphism if K'(0) is a unit in A,
and it is a strong isomorphism if h'(0) = 1.



T he exponential and the logarithm of the formal group law.

Let Fy(u,v) = u—+v. For each formal group law F(u,v) € Al[u, v]]
there exists an isomorphism h : F, — F over the ring A ® Q.

The corresponding series f(t) € A® Q[[t]] is uniquely defined
by the conditions

f(t1 4 t2) = F(f(t1), f(t2)), f(0) =0, f(0)=1.

It is called the exponential of the formal group law F'(u,v).
The logarithm of the formal group law F' is the formal series g(u)
such that g(f(t)) = t. We have

OF (u,v)
ov

1
v=0 g’(u)'




T he universal formal group law.
The formal group law

Flu,v) =u4+v+ ) ai,juivj

over the ring A is called the universal formal group law,
if for any formal group F(u,v) over a ring A there exists
a uniqgue homomorphism r : A — A such that

Flu,v) =u+v+ Zr(aiyj)uivj.



Construction of the universal formal group.

Over the ring U = Z[B;; : 1,5 > 0], deg(B; ;) = -2t +j — 1),
define

Flu,v) =u—+v+ Zﬁi,juivj.
We have
ﬁ(ﬁ’(u, v), w) =u—+v+w-+ Zﬁij,kuivjwk,
ﬁ’(u, ﬁ’(v, w)) =u+v+w+ Zﬁ,zj,kuivjwk.
where Bl ik and BT.k are homogeneous polynomials of j; ; and
deg B} ;, = deg 5y, = —2(i+j +k—1).

Let J C U be the associativity ideal with generators le.jk —Bg“jk.



Consider the ring A =U/J and the canonical projection
.U — A.
Set F(u,v) =u-+v+ Zai’juivj, where «o; ; = W(ﬂi,j).

By the construction the series F(u,v) over the graded ring A
gives the universal formal group.

Theorem. (M. Lazard, 1955)
A~Zlan:n=1,2,...]

where dega,, = —2n.



Well-known formal groups and their exponentials.

Fu,v) =u+v—prw, f) =3 (1-exp(-pt)).

F(u,v) = 5 gj;w, £(t) = \/%_ch(\/ﬁt).

F(u,0) = uy/1+ 3uge® + o\/1+ Jugw?, 1) = Zosh(3y/mat).

_ 2 4 . 2 4
F(u,’v) — U\/l 20v —I—&tlv_;L—LQUU\Q/l 20u“+cu ’ f(t) — Sn(t),

where sn(t) is the elliptic sine (Jacobi sine) such that
(f)? =1-25f2+ef*
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The general Weierstrass model of the elliptic curve

Y27 + i1 XY Z 4+ p3Y 722 = X3+ 1o X2Z + X 22 + pe 23
depends on 5 parameters pu = (u1, po, U3, 14, 16).
The geometric group structure on the elliptic curve is defined
in the following way:

the points P, Q, R of the curve lie on a straight line if and only
if P+Q -+ R=0.

Let the zero of the geometric group structure be O = (0:1:0).

For P+Q+R=0and R+ R+ 0O =0 we have P+ Q = R.
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The Tate coordinates of the elliptic curve.

In the coordinate map {Y # 0} with u = —X/Y and s = —-Z/Y":
s =uS + uius —+ ,LLQUQS -+ ,u332 -+ ,u4u52 -+ M6S3-

Thus we obtain the formal series s(u) € Z[u][[u]]:

s =u> + pru* 4 (uf + p2)u” + (p3 + 2p1p0 + p3)u’+
+ (uf + 3pFuo + p3 + 3p1pz + pgdu’ + ...

The coordinates (u,s(u)) of the point P are called
the arithmetic Tate coordinates of P and give
the Tate uniformization of the elliptic curve.
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The elliptic formal group law.

Let P = (u,s(u)), Q= (v,s(v)), R = (w,s(w)) and R = (i},s(i}))
‘The geometric group structure on the elliptic curve V,, defines
the series Fg;(u,v) over Z[u] by the equation Fg;(u,v) = w.

Theorem. (General elliptic formal group law)

o1t pzm) + (ua + 2M6m)/€> y
(1 — psk — pek?)
(1 + pom + pam? + pem3)
(L + pon + pan? + uen3)(1 — pzk — pek?)’
where (u, S(u)) eV, and m= s(u) = S(U)a
u —7v
_ us(v) —vs(u) _ (A + pom + pam® + pem®)
= , m=m-+u :
u— v (1 — psk — pek?)

Fri(u,v) = <u + v —
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Definition. The formal group over A is called the elliptic formal
group Fg;(u,v) if its classifying ring homomorphism A — A
can be presented as A — Z[u] — A.

Remark. We will also denote by u; € A the images of u; € Z[u].

Corollary. For u = (u1, puo, u3,0,0) we have

_ (u4+v)(1 — pzk) — pruv — pzuvm
Fri(u,v) =
(1 — uzk)(1 + pouv — pzk)
and the epimorphism A — Z[u1, o, u3).

Corollary. For = (0,0,0, ua, ug) We have

2p14m + 3ugm?
1+ pam? + pem3
and the epimorphism A[Q, 3] — Z[Q, 37#47#6]-

Fpi(u,v) =u+v+k
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The Weierstrass functions.

Let (1) such that lim (p(t) ):o

be the unique doubly perlodlc even meromorphic function on C
with periods 2w, 2ws and double poles in lattice points only.
Here I'm(wo/wq) > 0. It defines the odd function

((t) such that ¢'(1) = —p(t) and lim (g(t) _ —) —0
and the entire odd function

o(t) such that (Ino(t)) =¢(t) and o/(0) = 1.
Periodic properties:

p(t + 2w) = p(1), C(t + 2wg) = ¢(1) + 2m,

o(t 4 2wp) = —o(t) exp (Q(t + wk)nk,), k=1,2.
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The standard Weierstrass model of the elliptic curve.
In the coordinate map {Z # 0} with x = X/Z and y =Y/Z:

y? + przy + pzy = 2> + pox? + paz + pe.

Set bp=puf+4up, ba=pipz—+2us, be = u3+ 4ue.

By the linear transform (z,vy) — (x + 1—1262, 2y + p1x + p3)
we come to the standard Weierstrass model

2
y? = 4a> — gox — g3,

1

1 1. \3
where = b3 — 2y, = ~ byb —(—b) — bg.
go (1) 15 2 4, g3(m) o boba — (b2 6

19



The standard Weierstrass model of the curve has the classical
Weierstrass uniformization

o' (1) = 4p(t)> — gop(t) — g3,
where the periods of p(t) = p(t; g, g3) are

d
2w = ¢ L k=12
y

The discriminant of the standard elliptic curve is

A(g) = g5 — 2795,
The curve is degenerate if A(g(pn)) = 0.
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Theorem. The exponential of the general elliptic formal group is
p(t) — 1502

o (t) — p1p(t) + f5p1b2 — p3

where o(t) = o(t; go(1), g3()).

fEi(t) = =2

fri(t) is an elliptic function of order 3 for ug # 0
and of order 2 for ug = 0 (in the case of a non-degenerate curve).

Example of degenerate curve gives u = (u1, 12,0,0,0). Then

a—b)2 [ /et 4 obt\ 2 a— b4
@(t)z( b) (( + )—2>=tlz (a—b) 2 4 ..

4 eat — ebt 3 240
where u1 = a+ b, pup = —ab. The formal group law is rational
_ at bt
Fup) = STUTHIUW e fy = & €

1+ pouv aedt — pebt’
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T he Baker-Akhiezer function

o) = 2T o
o(D)o ()"
Its parameters are the parameters (go,g93) of the curve in the
standard Weierstrass form and a point = on this curve.

2

d
Set Lo = —%—2¢p(1).
2= 5~ 2p(t)

d(t) is a quasiperiodic solution of the Lame equation

Lo®(t) = p(7)P(¢)

such that gl_rg% (CD(t) — —) = 0. Set

d3
dt3
Then L3d(t) = o/ (7)P(t).

d
L3 =2— 6p(t)£ — 3¢/ (t).
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We have

[Lo, L3] = ¢"'(t) — 12p(t)p'(t) = 0.

Set
_d _ 1) —p'(7)
Ly = e + o(t), where ¢(t) = > o) — o(r)
Then
L1®(t) =0
and

d
Lo =L7LT +p(r) where L;= = (1),
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The addition theorem for the Baker-Akhiezer function.

(i 4 ) = PO @) =P WS

p(t) — p(q)
Corollary.
1 1 1
p(t) p(q) ©(7)
P(t+q) _ 1 |p'1) ©(q) ¢(7)
P()P(q) 2] 1 1 1 |

o) plq) p(1)
p(t)? ()% p(r)?
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T he universal Krichever formal group law.
Let B=Z[x,:k=1,2,..].

Consider the series of the following special form

b(w)B(w) —b(v)B(v) > 2.

j.:(u, v) = ub(v) + vb(u) — b’(O)uv ub(v) — vb(u)

with b(u) = 14 Y b, and B(u) = YO — v~ 08, ouk.

Here b1 = x1, b2; = x2; boj+1 = 2Xx2;41 and
Bor = kxok, Bor+1 = (2k+ 1)xok+1-

This series gives the formal group law F(u,v) € A[[u,v]]
where A = B/J and J is the associativity ideal.
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Theorem. A® Q = Q[x1, X2, X3, X4l-
Theorem. J = Y i>5 Jog.
Lemma. J1o = Z generated by

J10 = 5x5 +4x1Xx4 + 3X%X3 + 2x2X3-

Lemma. fu = 7. @ 7Z generated by x1j10 and jio = 2712, Where

712 = X6 + X3 + xox4 — 2x3(x1Xx3 + Xx4).

Corollary. There is an element of order 2 in the group /le.

26



I. M. Krichever introduced the Hirzebruch genus Ly that is determined
by the function

1
exp §>\t
frer(t) =

" ®(t; 7, 92,93)

and proved the fundamental rigidity property for this genus on
manifolds with an Sl-equivariant SU-structure.

Theorem. The isomorphism ~ : A® Q — @[A o(7), ' (1), go]

where y(x1) =X, 7(x2) = —1 2+ o),
1(x3) = 03— oA+ @’m
v(xa) = —%8 At 4+ —@(T)A2 — —@a "(T)X + @(7)2 — %gz

transforms the exponential of the formal group ]—“(u, v) to fr,(t).
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The previous theorem leads to the following:

Definition. The formal group law F(u,v) will be called the
universal Krichever formal group law and denoted Fy,. The ring
A will be denoted Ay,

Definition. A formal group over a ring A is called a Krichever
formal group Fy,.(u,v) if its classifying
ring homomorphism A — A can be presented as A — Ay, — A.

The parameters (go,g3) of a curve, a point = on this curve and
a parameter M\ define the exponential of the Krichever formal
group law. The set (A, 7, g2, g3) we will call the parameters of the
Krichever formal group law.
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Definition. A formal group over a ring A is called an

elliptic Krichever formal group if

its classifying ring homomorphism A — A can be presented
simultaneously as A — Ay, — A and A — Z[u] — A.

T heorem.
An elliptic formal group law over a ring A without zero divisors
is a Krichever formal group law if and only if in A we have:

pops — pipg = 0, w3+ 3pue =0, p3(p1p3 + pa) = 0.

Corollary. The conditions of the Theorem are equivalent to

pe = if u1 =0, pu3z=0;
po =0, u3 = —3pe, pa =0 it p1 =0, uz #0;
pa =0, pg= if pu1 70, uz3 =0;

2 .
po = —p%, pa = —p1pa, —3pe = 13 if u1 70, uz #=0.
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Examples of the elliptic Krichever formal groups.

Let u1 = u3 = ug = 0 and 5=,u2,€=,u%—4,u4 then

up(v) + vp(u)
1 — euv?

Fgi(u,v) = Fgp(u,v) =
for p2(u) = 1 — 26u? + eu?.

Let pu1 = po = pg =0 and p3 = —3pg then

’LLQT V) — ’027“ u
FEl(’U,,’U) — FKT(U,’U) — ’U/)“QE’U; — U’I“QEU;

for r3(u) = 1 — 3uzus.

Let pu3z = ug = pug = 0 then

U+ v — piuv

Frpi(u,v) = Fr,(u,v) =
1w, v) Kr(u,v) T
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Theorem.

The Krichever formal group law with parameters (A, 7, g», g3) over
a ring without zero divisors is an elliptic formal group law if and
only if the following conditions hold:

Set a1 = %, ar> = (1), a3 = @' (1), ag = 972 then

3a? — 1Oa2a:f -+ 15a%a1 — 2a4a1 — 4asa3 = 0,
(a:f — 3asaq + 613)(9611L — 3Oa2a% + 12a3a1 + 2a4 — 3a%) = 0.

Corollary. For A = 0 the conditions of the theorem become

P'(r)=0 or p(r)=0, g2=0.
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We have
exp St

frer(t) = O(t;7,92,93)

Let A=0, ¢/(+) =0. Then pu; = u3 = ug = 0.
In this case fg,(t) = sn(t) is the solution of the equation

F2 =1+ 302/ + (303 — Zaa) f*

Let A\=0, () =0, go=0. Then ug = pu> =pugs =0
and ,u% = —3Bug = %a%. Set p(t) = p(t; 0, %a%).

_ 2p() ) ,
Then t) = & is the solution of the equation

=1 +a3f*)?
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The deformed Baker-Akhiezer function.

1 o 1) + ¢ (w)
fma(t) 2 2 p(t) — p(v)

p(t) = ot 92(1), 93(1)), ' (w) = —p3, p(v) = 15(4p2 + p2).

Set o(t;v,w) =

The deformed Baker-Akhiezer function W(t) is the solution of
d
L1V (t) =0, where L1 = p” + ¢(t)

such that lim (w(t) - ?) = 0.
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Lemma.

o(v 4 £)2(1=D g (4 — 1)3(1+e)

H1
W(t) = ex — — t),
() e o ((—12 +ac))t)
where o = g,(("?‘j)) is the deformation parameter.
V(t,v,w) = P(t;v) for a = —1 and V(t;v,w) = DP(t; —v) for
a=1.
Let o'(w) = —'(7), p(v) = p(7r). Then W(t;v,w) is the usual

Baker-Akhiezer function ®(¢; 7). Here 7 is the solution of the
system /(1) = pz, (1) = {5(4un + p%), which is compatible
only in if ug = 0.
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The addition formula.

T heorem.
V(t+q) =
1—a 14a
1 1 1 | 2] 1 1 1 2
w(t) W(qg) p(t) ©(q) p(v) p(t) plq) e(—v)
_ VO V@ 1) @@ ¢ @1 ¢'@) ¢(-v)
p(t) — p(q) 1 1 1 1 1 1

1506 pla) p@)|+ 5% e@) @) e(-v)
' (t) ¢'(q) ¢'(v) o' (t) ¢ (q) ' (—v)
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Properties of the deformed Baker-Akhiezer function
for u1 = 0.

1. In the vicinity of ¢t = 0 we have

Wt w) =~ e+ @)+ ()

2. The functions W (¢;v,w) and W(¢; —v,w) give the solutions
of the deformed Lame equation

LoV (t) = p(v)WV(t), where Lr=-—F-U

. '(v °
and U = 2p(t) — : 4 (p(t?f ;(U)>
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3. Let 2wy, k= 1,2 be the periods of the gp-function. Then
W (t 4+ 2w v,w) = V(L v, w) exp <2a(§(v)wk - nkv)>;

W (t; v+ 2w, w) = W(t;v,w).

The function W (t; wg,w) = W (t;, w,) does not depend on w
and \U(t -+ ka;wk) = \Il(t;wk).

4. W(t;v,wp,) = /p(t) — p(v). In this case a = 0.

5. We have

V(t,v,w) =V, —v,—w) = —V(-t;v, —w).
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Let Li" = L1 =0+ ¢(t) and LT = 0 — ¢(t) where

1) +p'(v) | 1-—a ©(v)
2 p(t) — p(v) 2 p(t) — p(v)

o(t) =

We have
Lo — p(v) = L7 LY.
Set V = (lzg‘z)p’(v)zf where T = (3(2/((5)&&%()”3)).
The addition formula gives the operator
Lz =283 —3U0 — Uy,
where Uy = %U’+2V, such that LW (t) = —ap'(v)W(t). We have

Lo, L3l = —; (1 — o)/ ()7 (£ T) L.
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The Hirzebruch genera.

Let f(t) =t+ X fithT1, where f, € A®Q.
oot
Set L¢(oq,...,0n) =

ot Lylon o = 1 a5

where o is the k-th elementary symmetric polynomial of ¢4, ..., tn.

n=1,23,.

The Hirzebruch genus Lf of a stably complex manifold M?2n
with tangent Chern classes ¢; = ¢;(7(M?2")) and fundamental
cycle (M?") is defined by the formula

Ly(M?™) = (Ls(c1,-ren), (M?™) € AR Q.

The Hirzebruch genus Ly is called A-integer if Lf(MQ”) cA
for any stably complex manifold M2".

A formal group law over A corresponds to a ring homomorphism
Qu — A, that defines an A-integer Hirzebruch genus.
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