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For each Hirzebruch genus Lf : ΩU → Q
I. Krichever (1974) constructed an equivariant genus

with values in K(CP∞)⊗ Q and described this genus

for almost complex S1-equivariant manifolds M2n

in terms of �xed points of the S1-action on M2n.

In this case the signs of isolated �xed points are +1.

He introduced (1990) the genus Lf where f is the Baker-Akhiezer

function of an elliptic curve.

I. Krichever proved that the corresponding equivariant genus has

the fundamental rigidity property on S1-equivariant SU-manifolds.
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The universal S1-equivariant genera for

stably complex S1-manifolds with values in U∗(CP∞) was considered

by V. Buchstaber and N. Ray in 2007.

The general theory of universal toric genera was constructed by

V. Buchstaber, T. Panov and N. Ray (2008).

Applications of this theory to the homogeneous spaces of compact

Lie groups is given by V. Buchstaber and S. Terzic (2008).

We will describe the general elliptic genus associated with

the general Weierstrass model of the elliptic curve with 5 parameters

and arithmetic Tate uniformization.

The main task of this talk is to present the results about

the S1-equivariant elliptic genera.
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Complex cobordisms.

Let U∗(X) be the complex cobordism theory.

Then U∗(pt) = ΩU =
∑

Ω−2n, n > 0, is the ring of cobordisms

of stable-complex manifolds.

A representative of a ∈ Ω−2n is 2n-dim manifold M2n with

the complex normal bundle in the real Euclidian space R2N .

Theorem. (J.Milnor, S. Novikov, 1960)

ΩU ' Z[an : n = 1, . . .]

where deg an = −2n.
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The Hirzebruch genera.

Let A =
∑
A−2k be a commutative associative graded

torsion-free ring. Consider the series

f(t) = t+
∑
fkt

k+1, k > 1, where fk ∈ A−2k ⊗ Q.
The series

n∏
i=1

ti
f(ti)

can be presented in the form Lf(σ1, ..., σn), where σk is

the k-th elementary symmetric polynomial of t1, ..., tn.

We have

Lf(σ1, ..., σn) = 1− f1σ1 + (f2
1 − f2)σ2

1 + (2f2 − f2
1 )σ2 + . . .
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De�nition.

The Hirzebruch genus Lf of a stably complex manifold M2n

with tangent Chern classes ci = ci
(
τ(M2n)

)
and fundamental

cycle 〈M2n〉 is de�ned by the formula

Lf(M2n) =
(
Lf(c1, ..., cn), 〈M2n〉

)
∈ A−2n ⊗ Q.

Theorem. (Corollary of F. Hirzebruch result, 1956.)

Any Hirzebruch genus Lf de�nes a ring homomorphism

Lf : ΩU → A⊗ Q.
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The formal group law.

Let A be a commutative associative ring.
A commutative one-dim formal group law over A
(or shortly formal group) is the formal series

F (u, v) = u+ v +
∑

ai,ju
ivj, ai,j ∈ A, i > 0, j > 0,

which satis�es the conditions

F (u, v) = F (v, u), F
(
u, F (v, w)

)
= F

(
F (u, v), w

)
.

The exponential of a formal group F (u, v) ∈ A[[u, v]] is a uniquely
de�ned formal series f(t) ∈ A⊗ Q[[t]] such that

f(t1 + t2) = F
(
f(t1), f(t2)

)
, f(0) = 0, f ′(0) = 1.

The logarithm of the formal group law F (u, v) is the formal series
g(u) such that g

(
f(t)

)
= t.
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Construction. (S. Novikov, A.Mishchenko, 1967)

Let c1(η) ∈ U∗(CP∞) = ΩU [[u]] be the �rst Chern class

of the universal complex linear bundle η → CP∞.

The class c1(η1 ⊗ η2) ∈ U∗(CP∞ × CP∞) = ΩU [[u, v]]

de�nes the formal group law of geometric cobordisms

FU(u, v) = u+ v +
∑

ai,ju
ivj.

Here ai,j ∈ Ω−2n, where n = i+ j − 1.
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Theorem. (A.Mishchenko, 1967)

The logarithm gFU(u) of the formal group FU(u, v) has the form

gFU(u) = u+
∑

[CPn]
un+1

n+ 1
.

Theorem. (S. Novikov, 1968)

Let Lf : ΩU → A⊗Q a Hirzebrugh genus. Set

gf(u) = u+
∑

Lf(CPn)
un+1

n+ 1
.

Then

gf(f(t)) = t.
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The universal formal group law.

The formal group law

F(u, v) = u+ v +
∑

αi,ju
ivj

over the ring A is called the universal formal group law,

if for any formal group F (u, v) over a ring A there exists

a unique homomorphism r : A → A such that

F (u, v) = u+ v +
∑

r(αi,j)u
ivj.
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Construction of the universal formal group.

Consider the graded ring

U = Z[βi,j : i > 0, j > 0], degβi,j = −2(i+ j − 1).

and series

F̂ (u, v) = u+ v +
∑

βi,ju
ivj.

We have

F̂
(
F̂ (u, v), w

)
= u+ v + w +

∑
βli,j,ku

ivjwk,

F̂
(
u, F̂ (v, w)

)
= u+ v + w +

∑
βri,j,ku

ivjwk,

where βli,j,k and βri,j,k are homogeneous polynomials of βi,j

and degβli,j,k = degβri,j,k = −2(i+ j + k − 1).
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Let J ⊂ U be the associativity ideal with generators βli,j,k− β
r
i,j,k.

Set A = U/J and consider the canonical projection

π : U → A.

Set F(u, v) = u+ v +
∑
αi,ju

ivj, where αi,j = π(βi,j).

By the construction the series F(u, v) over the graded ring A
gives the universal formal group.

Theorem. (M. Lazard, 1955)

A ' Z[an : n = 1, . . .]

where deg an = −2n.
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Theorem. (D.Quillen, 1969)

The ring homomorphism

Z[an] ' A → ΩU ' Z[an]

classifying the formal group FU(u, v) is an isomorphism.

Thus, the formal group of complex cobordisms was identi�ed

with the universal formal group F(u, v).
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Let A be a ring without torsion.

Consider a formal group F (u, v) over A with the exponential

f(t) ∈ A ⊗ Q[[t]]. Then the homomorphism r : A → A classifying

F (u, v) gives a Hirzebruch genus Lf : ΩU → A
such that F (u, v) = u+ v +

∑
Lf(ai,j)u

ivj.

We obtain one-to-one correspondence

(A,F )⇔ (Lf : ΩU → A).

Corollary. g(u) = u+
∑
Lf(CPn)u

n+1

n+1 .

Thus if we know a formal group law F (u, v) over A we have

the values Lf(CPn) ∈ A using the formula

∂F (u, v)

∂v

∣∣∣∣
v=0

=
1

g′(u)
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Universal equivariant genera

Consider a Tk-equivariant normally complex manifold (M2n, cν, θ)

where M2n is a smooth manifold with a smooth action θ of

the torus Tk and cν is an equivariant complex structure for

the normal bundle ν(i) of an equivariant embedding i : M2n → Cl.

Using the standard action of S1 on the unit sphere

S2m+1 ⊂ Cm+1 we obtain the diagonal free action of Tk

on (S2m+1)k. Consider the 2(mk + n)-dim smooth manifold

Wm = (S2m+1)k ×Tk M
2n and the l-dim complex vector bundle

qm : Em → (CPm)k, where Em = (S2m+1)k ×Tk C
l.

Then i : M2n → Cl extends to an embedding i′ : Wm → Em, and

cν extends to a complex structure c′ on the normal bundle ν(i′).
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The composition pm : Wm
i′−→ Em

qm−→ (CPm)k is complex

oriented mapping. It determines a complex cobordism class

Φm(M2m, cν, θ) ∈ U−2n
(
(CPm)k

)
.

The standard embedding ιm : CPm → CPm+1 acts by

ι∗mΦm+1 = Φm, hence the inverse sequence
(
Φm(M, θ, cν) : m > 0

)
de�nes an element of lim←−U

−2n
(
(CPm)k

)
' U−2n

(
(CP∞)k

)
.

De�nition. The universal Tk-equivariant genus of (M2n, cν, θ) is

Φ(M2n, cν, θ)(u) = lim←−Φm(M2n, cν, θ)(u).
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The rigidity problem.

We have

Φ(M2n, cν, θ)(u) ∈ ΩU [[u1, ..., uk]],

where Φ(M2n, cν, θ)(0) = [M2n].

Thus for any Hirzebruch genus Lf : ΩU → A we obtain

Tk-equivariant genus

Φf(M2n, cν, θ)(u) ∈ A[[u1, ..., uk]].

De�nition.

The Tk-equivariant genus Φf(M2n, cν, θ) is rigid if

Φf(M2n, cν, θ)(u) = Φf(M2n, cν, θ)(0).
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A compact smooth manifold M2n with an action θ of Tk and a

stably complex θ-invariant structure cτ on tangent bundle τ(M2n)

will be called a stably complex Tk-manifold (M2n, cτ , θ).

Any such structure gives a Tk-equivariant normally complex manifold

(M2n, cν, θ) and we set by de�nition Φ(M2n, cτ , θ)(u) = Φ(M2n, cν, θ)(u).

Note that on the other hand the structure (M2n, cν, θ)

does not de�ne uniquely the structure (M2n, cτ , θ).

Suppose the set of �xed points of the action θ is �nite.

The action of Tk on the �bre ξk
∼= Cn+l over an isolated point

p ∈M2n de�nes an equivariant decomposition ξp = Cn⊕Cl, where
the action of Tk on Cl is trivial and the action on Cn has 0 ∈ Cn

as �xed point.
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The signs and weights.

By de�nition the sign of p ∈M2n is +1 if the linear map

τp(M
2n)

I⊕0−→ τp(M
2n)⊕ R2l cτ,p−→ ξp

∼= Cn ⊕ Cl π−→ Cn

conserves the orientation and else the sign is −1.

The action θ of Tk on τp(M2n) de�nes the representation

Tk → U(n) that is completely de�ned by the set of vectors

{Λ1(p), ...,Λn(p)}, Λj(p) ∈ Zk of weights of the representation.
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Multidimentional power system.

Now let {[w](u) ∈ Ω∗[[u]] : w ∈ Z} denote the power system of

the formal group F(u, v) for complex cobordism.

Denote by Fkq=1aq the sum of the elements of a1, ..., ak in

the formal group F(u, v), that is Fkq=1aq = F(Fk−1
q=1, ak).

The w-series [w](u) = wu mod(u2) is de�ned uniquely by

[0](u) = 0 and [w](u) = F(u, [w − 1](u)) for w ∈ Z.

For w = (w1, ..., wk) ∈ Zk and u = (u1, ..., uk) one de�nes

[w](u) = [w](u) for k = 1 and

[w](u) = Fkq=1[wq](uq), for k ≥ 2.
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The localization formula.

Theorem.

Let (M2n, cτ , θ) be a stably-complex Tk-manifold , where θ is an
action with isolated �xed points. The localization formula holds:

Φ(M2n, cτ , θ)(u) =
∑

p∈Fix θ
sign(p)

n∏
j=1

1

[Λj(p)](u)
,

where {Λj(p),1 6 j 6 n} are the weight vectors of the �xed point

p ∈M2n.

Let Lf : ΩU → A be the Hirzebrugh genus corresponding to

the formal group law F (u, v) over A with the exponential f(t).
Denote by [w]F the power system corresponding to F (u, v). Then

Φf(M2n, cτ , θ)(u) =
∑

p∈Fix θ
sign(p)

n∏
j=1

1

[Λj(p)]F (u)
.
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From the localization theorem we obtain

Corollary.

∑
p∈Fix θ

sign(p)
n∏

j=1

1

[Λj(p)](u)
= [M2n] + L(u),

where L(u) ∈ ΩU [[u1, ..., uk]].
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Hurwitz series.

Let u = (u1, ..., uk) and j = (j1, ...jk) ∈ Zk>.
Set uj = u

j1
1 · ... · u

jk
k and j! = j1!...jk!.

A k-dimensional Hurwitz series over A is a formal power series
in the form

ϕ(u) =
∑
j

ϕj
uj

j!
∈ A⊗ Q[[u1, ...uk]]

with ϕj ∈ A for all j.

Hurwitz series over A form a commutative associative ring HA[[u]]
with respect to the usual addition and multiplication of series.

This ring is closed under di�erentiation and integration with
respect to u1, ..., uk.
If ϕ(u) and ψ(u) ∈ HA[[u]], ϕ(0) = 0, then ψ

(
ϕ(u)

)
∈ HA[[u]].
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For a formal group law F (u, v) over A its exponential f(t) and

logarithm g(u) are 1-dimensional Hurwitz series over A.

Set t = (t1, ..., tk) and 〈w, t〉 =
∑
iwiti.

Corollary.

∑
p∈Fix θ

sign(p)
n∏

j=1

1

f
(
〈Λj(p), t〉

) = Lf(M2n) + L(tf),

where L(tf) ∈ HA[[t1, ..., tk]] and tf =
(
f(t1), ..., f(tk)

)
.
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Example of CP1.

Consider the projective line CP1 with the action of

S1 = {z ∈ C, |z| = 1} : g(z1 : z2) = (gz1 : z2).

This action has two �xed points p1 = (1 : 0) and p2 = (0 : 1)

such that sign(pk) = +1, k = 1,2 and Λ(p1) = 1, Λ(p2) = −1.

Thus for any genus Lf : ΩU → A we have

Φf(CP1)(u) =
1

u
+

1

ū
∈ A[[u]],

Φf(CP1)(f(t)) =
1

f(t)
+

1

f(−t)
∈ HA[[t]].
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The elliptic formal group law.

The elliptic formal group law FEl(u, v) is given by

the addition on the elliptic curve in the Tate form

s = u3 + µ1us+ µ2u
2s+ µ3s

2 + µ4us
2 + µ6s

3.

Theorem.

FEl(u, v) =

(
u+ v − uv

(µ1 + µ3m) + (µ4 + 2µ6m)k

(1− µ3k − µ6k2)

)
×

×
(1 + µ2m+ µ4m

2 + µ6m
3)

(1 + µ2n+ µ4n2 + µ6n3)(1− µ3k − µ6k2)
,

where
(
u, s(u)

)
∈ Vµ and m =

s(u)− s(v)

u− v
,

k =
us(v)− vs(u)

u− v
, n = m+ uv

(1 + µ2m+ µ4m
2 + µ6m

3)

(1− µ3k − µ6k2)
.
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Theorem. The exponential of an elliptic formal group is

fEl(t) = −2
℘(t)− 1

12(µ2
1 + 4µ2)

℘′(t)− µ1

(
℘(t)− 1

12µ1(µ2
1 + 4µ2)

)
− µ3

where ℘(t) = ℘
(
t; g2(µ), g3(µ)

)
.

In the general case fEl(t) ∈ HZ[µ][[t]] where µ = (µ1, µ2, µ3, µ4, µ6).

Let the elliptic curve be non-degenerate. Then fEl(t) is an elliptic

function of order 3 for µ6 6= 0 and of order 2 for µ6 = 0.
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De�nition.

The Hirzebruch genus with exponentional f(t) = fEl(t)

is called the elliptic genus.

For an elliptic genus we have

Φf(CP1)(u) = µ1 +
µ3

℘
(
g(u)

)
− 1

12(4µ2 + µ2
1)
∈ Z[µ][[u]].

The beginning of this series is

µ1 + µ3

(
u2 + µ1u

3 + (µ2
1 + µ2)u4 + (µ3

1 + 2µ1µ2 + µ3)u5 + ...
)
.

Corollary.

The elliptic genus is rigid on CP1 with the given structure

if and only if µ3 = 0.
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The quaternionic stably complex S1-structure on S2.

Consider the maximum torus T1 in Lie group SP (1).
The homogeneous space SP (1)/T1 is the sphere S2.

Thus we obtain the stably complex T1-manifold (S2, cτ , θ).

The action θ has two �xed points p1 and p2

such that sign(p1) = +1, sign(p2) = −1, and
Λ(p1) = Λ(p2) =

(
1
)
.

Thus for any genus Lf : ΩU → A we have

Φf(S2)(u) =
1

u
−

1

u
= 0.

Note that [S2] = 0 for the given structure.
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Almost compex structure on S6.

Consider the smallest simple-connected exceptional simple Lie

groups G2. It has the rank 2 and dimension 14 and contains as

subgroup SU(3).

The homogeneous space G2/SU(3) is the sphere S6 and admits

G2-invariant almost complex structure.

Thus we obtain the T2-equivariant almost complex SU-structure

on S6. This action has two �xed points p1 and p2

such that sign(pk) = +1, k = 1,2 and

Λ(p1) =
(
(1,0), (0,1), (−1,−1)

)
, Λ(p2) =

(
(−1,0), (0,−1), (1,1)

)
.
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Toric genera of S6.

For any genus Lf : ΩU → A we have

Φf(S6)(u, v) =
1

uvF (ū, v̄)
+

1

ūv̄F (u, v)
∈ A[[u, v]],

Φf(S6)
(
f(t), f(q)

)
=

1

f(t)f(q)f(−t− q)
+

1

f(−t)f(−q)f(t+ q)
∈ HA[[t, q]]

Corollary. For any odd series f(t) the genus Lf is rigid on S6

with given structure.
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For the Krichever genus LKr we have

f(t) = fKr(t) =
e
λ
2t

Φ(t; τ)
,

where Φ(u; τ) is the Baker-Akhiezer function.

By the addition theorem for the Weierstrass σ-function

σ(t+ τ)σ(τ − t)
σ(t)2σ(τ)2

= ℘(t)− ℘(τ)

we obtain

Φf(S6)(f(t), f(q)) = −℘′(τ).

It gives the direct proof that the Krichever genus is rigid

on the almost complex SU-manifold S6.
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Theorem.

If an elliptic genus is rigid on S6, then Φf(S6) = 3µ3 − µ1µ2.

An elliptic genus is rigid on S6 if and only if

µ1µ4 = µ3µ2,

3µ1µ6 = µ3µ4,

9µ3µ6 = µ3(µ1µ2µ3 − 3µ2
3 + µ2µ4).

Corollary. The conditions of the theorem are equivalent to

µ1 = 0, µ3 = 0, or

µ3 = 0, µ4 = 0, µ6 = 0, or

µ2 = −µ2
1, µ4 = −µ1µ3, 3µ6 = −µ2

3, or

3µ3 = µ1µ2, 3µ4 = µ2
2, 27µ6 = µ3

2.
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Examples of elliptic genera, not rigid on S6.

Let µ = (0,0, µ3,0, µ6) we get g2 = 0, g3 = −µ2
3 − 4µ6, then

Φf(S6)(f(t), f(q)) = 3µ3 +
µ3(µ2

3 − 3g3)

4

1

℘(t)℘(q)℘(t+ q)
=

= 3µ3 +
1

4
µ3(µ2

3 − 3g3)t2q2(t+ q)2 + ...

The following example gives us a polynomial answer:

Let µ = (µ1,−1
4µ

2
1,−

1
12µ

3
1,

1
24µ

4
1,−

1
576µ

6
1), then

Φf(S6)
(
f(t), f(q)

)
=

= −
1

6912
µ5

1

(
µ4

1t
2q2(t+q)2−12µ2

1(t2+tq+q2)2+288(q2+tq+t2)
)
.
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