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For each Hirzebruch genus Ly : Qpy — Q

I. Krichever (1974) constructed an equivariant genus
with values in K(CP*°) ® Q and described this genus
for almost complex Sl-equivariant manifolds M?2"

in terms of fixed points of the Sl-action on M?2™.

In this case the signs of isolated fixed points are +1.

He introduced (1990) the genus Ly where f is the Baker-Akhiezer
function of an elliptic curve.

I. Krichever proved that the corresponding equivariant genus has
the fundamental rigidity property on Sl-equivariant SU-manifolds.



The universal Sl—equivariant genera for
stably complex St-manifolds with values in U*(CP>) was considered
by V. Buchstaber and N. Ray in 2007.

The general theory of universal toric genera was constructed by
V. Buchstaber, T. Panov and N. Ray (2008).

Applications of this theory to the homogeneous spaces of compact
Lie groups is given by V. Buchstaber and S. Terzic (2008).

We will describe the general elliptic genus associated with

the general Weierstrass model of the elliptic curve with 5 parameters
and arithmetic Tate uniformization.

The main task of this talk is to present the results about

the Sl—equivariant elliptic genera.
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Complex cobordisms.

Let U*(X) be the complex cobordism theory.

Then U*(pt) = Qy =>.Q_o,, n > 0, is the ring of cobordisms
of stable-complex manifolds.

A representative of a € Q_»,, is 2n-dim manifold M2" with
the complex normal bundle in the real Euclidian space R2N

Theorem. (J. Milnor, S. Novikov, 1960)
Qy ~Zlan:n=1,...]

where dega,;, = —2n.



T he Hirzebruch genera.

Let A=) A_5, be a commutative associative graded
torsion-free ring. Consider the series

f@) =t+ X fithT k>1, where fr € A 5, ®Q.
The series
mn

t

Z‘l;ll f(tz)

can be presented in the form Lf(al,...,an), where o IS
the k-th elementary symmetric polynomial of tq,...,t,.

We have

Li(o1,...on) =1— fro1 + (ff — f2)ot + (2f2 — foa + ...
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Definition.
The Hirzebruch genus Lf of a stably complex manifold M?2n

with tangent Chern classes c¢; = Ci(T(MQR)) and fundamental
cycle (M?2") is defined by the formula

Ly(M?™) = (Lg(et, ... cn), (M?™) € A2, ® Q.

Theorem. (Corollary of F. Hirzebruch result, 1956.)
Any Hirzebruch genus Lf defines a ring homomorphism

LfIQU—>A®Q.



The formal group law.

Let A be a commutative associative ring.
A commutative one-dim formal group law over A
(or shortly formal group) is the formal series

F(u,v) =u+4wv +Zai7juivj, a;; €A, 1>0,75>0,
which satisfies the conditions
F(u,v) = F(v,u), F(u,F(v,w)) =F(F(u,v),w).

The exponential of a formal group F(u,v) € A[[u,v]] is a uniquely
defined formal series f(t) € A ® QI[[t]] such that

f(t1+t2) = F(f(t1), f(t2)), f(0) =0, f(0)=1.

The logarithm of the formal group law F'(u,v) is the formal series
g(u) such that g(f(t)) — t.



Construction. (S. Novikov, A. Mishchenko, 1967)

Let ¢c1(n) € U*(CP*®) = Q[[u]] be the first Chern class
of the universal complex linear bundle n — CP°°.

The class c1(n1 ® np) € U*(CP*® x CP*®) = Qullu, v]]
defines the formal group law of geometric cobordisms

Fylu,v) =u+v+ Z az-,juivj.

Here a; ; € $2_5,, where n =1+ j — 1.



Theorem. (A. Mishchenko, 1967)

The logarithm gz, (u) of the formal group Fy(u,v) has the form

un—l—l

gF,;(u) =u+ Z[@pn]n T

Theorem. (S. Novikov, 1968)
Let Lg: Qu — A®Q a Hirzebrugh genus. Set

un—|—1

gr(u) =u—+ ZLf(CPn)n T

Then
gr(f(t)) =t



T he universal formal group law.

The formal group law

Flu,v) =u4+v+ ) ai,juivj

over the ring A is called the universal formal group law,
if for any formal group F(u,v) over a ring A there exists
a uniqgue homomorphism r : A — A such that

Flu,v) =u+v+ Zr(aiyj)uivj.
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Construction of the universal formal group.

Consider the graded ring

U=Z[B;i;:i>0,j>0], degB; ; = -2 +j—1).
and series
Flu,v) =u+v+ Zﬁi,juivj.
We have
ﬁ’(ﬁ’(u, V), w) =u+t+v+w+ Zﬁg’j’ku%jwk,
ﬁ(u, F(v, w)) =—ut+v+w+ Zﬁajkuiv‘jwk,
where B,fk and BT.k are homogeneous polynomials of ; ;

and degﬂl ir=degsy = -2(i+j+k-1).

11



Let J C U be the associativity ideal with generators B,fjk —B{jk.
Set A =U/J and consider the canonical projection

.U — A.
Set F(u,v) =u-+v+ Zozz-’juivj, where a; ; = 7(5; ;).

By the construction the series F(u,v) over the graded ring A
gives the universal formal group.

Theorem. (M. Lazard, 1955)
A~Zlap . n=1,...]

where dega,;, = —2n.
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Theorem. (D. Quillen, 1969)
The ring homomorphism

classifying the formal group Fi(u,v) is an isomorphism.

Thus, the formal group of complex cobordisms was identified
with the universal formal group F(u,v).
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Let A be a ring without torsion.

Consider a formal group F'(u,v) over A with the exponential
f(t) € A® Q[[t]]. Then the homomorphism r: A — A classifying
F(u,v) gives a Hirzebruch genus L;: Qy — A
such that F(u,v) =u+v+ 3 L¢(a; j)u'v).

We obtain one-to-one correspondence
(A,F) <~ (LfI QU — A)
Coroll — nyu"+
orollary. g(u) =u+> L¢(CP )n—l—l .

Thus if we know a formal group law F'(u,v) over A we have
the values L¢(CP™) € A using the formula

OF (u,v) 1
ov  lv=0 ¢'(u)
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Universal equivariant genera

Consider a TF-equivariant normally complex manifold (M?",c,,6)
where M2" js a smooth manifold with a smooth action 6 of
the torus T* and cy IS an equivariant complex structure for

the normal bundle v (i) of an equivariant embedding i: M?2™ — C!.

Using the standard action of S! on the unit sphere

g2m+1 ~ cm+l we obtain the diagonal free action of Tk
on (S82m+1)k  Consider the 2(mk + n)-dim smooth manifold
Wi = (8?2mtT1)k » oy M2™ and the I-dim complex vector bundle
gm: Em — (CP™k where E,, = (§2m+1)k X Tk .

Then i: M2 — C! extends to an embedding ¢ : W, — Ep,, and
cy extends to a complex structure ¢’ on the normal bundle v (7).
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-/
The composition pm: Wi — Em 2% (CP™)F is complex
oriented mapping. It determines a complex cobordism class

D (M2™, ¢y, 0) € U2 ((CP™)F).

The standard embedding ¢,,: CP™ — CP™tl acts by
L;‘fn@m_l_l = &,,,, hence the inverse sequence (@m(M,H,c,,) m > O)

defines an element of im U—Q”((CPm)k) ~ U—Q’”(((CPOO)’“).

Definition. The universal Tk-equivariant genus of (M2", ¢,,6) is

B(M=", cy,0)(u) = lim (M=, ¢, 6) (u).
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The rigidity problem.

We have

S(M2", ¢y, 0)(u) € Qullug, ..., upll,
where &(M?2" ¢, 0)(0) = [M2"].
Thus for any Hirzebruch genus Lf : Qi — A we obtain
Tk-equivariant genus

@f(MQn,Cu,Q)(U) c Alfug, ..., ugl].
Definition.
The T*-equivariant genus & (M?2",c,,0) is rigid if

G (M, ¢y, 0)(u) = & p(M=",cy,0)(0).
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A compact smooth manifold M?2" with an action 6 of TF and a
stably complex 6-invariant structure ¢, on tangent bundle 7(M27)
will be called a stably complex Tk-manifold (M?™,cr,0).

Any such structure gives a Tk-equivariant normally complex manifold
(M?2" ¢, 0) and we set by definition ®(M?2", cr,0)(u) = S(M2", ¢y, 0)(u).

Note that on the other hand the structure (M2", ¢,,6)
does not define uniquely the structure (M?2",¢,,0).

Suppose the set of fixed points of the action 0 is finite.
The action of T* on the fibre & = C™*T! over an isolated point
p € M?" defines an equivariant decomposition &, = C"@®C!, where
the action of T¥ on C! is trivial and the action on C® has 0 € C"
as fixed point.
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T he signs and weights.

By definition the sign of p € M2" is +1 if the linear map

conserves the orientation and else the sign is —1.

The action 6 of T* on mp(M?2") defines the representation
Tk — U(n) that is completely defined by the set of vectors
{A1(p), ... M)}, Ni(p) € 7F of weights of the representation.

19



Multidimentional power system.

Now let {[w](u) € 2*[[u]] : w € Z} denote the power system of
the formal group F(u,v) for complex cobordism.

Denote by F,;_jaq the sum of the elements of al, ey ay in
the formal group F(u,v), that is ]—" _q0qg = F(FF 1,ak)

The w-series [w](u) = wu mod(u?) is defined uniquely by
[0](v) = 0 and [w](u) = F(u, [w — 1](u)) for w € Z.

For w = (w1, ...,w;) € ZF and v = (uq,...,u;) one defines
w](u) = [w](uw) for k=1 and
Wl(u) = Fo_[wgl(ug), for k> 2.
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T he localization formula.

T heorem.
Let (M2", ¢, 0) be a stably-complex Tk-manifold , where 6 is an
action with isolated fixed points. The localization formula holds:

1
D(M?", cr,0)(u) = sign(p)
2 s H L A )] ()

where {/\ (p),1 < j < n} are the weight vectors of the fixed point
p € M?".

Let Ly : 2y — A be the Hirzebrugh genus corresponding to
the formal group law F'(u,v) over A with the exponential f(t).
Denote by [w]r the power system corresponding to F'(u,v). Then

2n C u) = -
M0 = 3 sionG) ] IS ol
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From the localization theorem we obtain

Corollary.

- & 1 — 2n ”

peFix 0 1=1

where L(u) € Qr[[uq, ..., ugl].
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Hurwitz series.
Let v = (uq,...,ur) and j = (j1,...Jx) € Zg.

Set wl = ull - ... w)f and j! = jil...j}!.

A k-dimensional Hurwitz series over A is a formal power series
in the form

u)
p(u) = Zsog'j—, € A®Q[[ug,...ug]]
F .
with ¢; € A for all j.

Hurwitz series over A form a commutative associative ring H A[[u]]
with respect to the usual addition and multiplication of series.

This ring is closed under differentiation and integration with
respect to uq, ..., ug.

If o(u) and ¢ (u) € HA[[u]], ¢(0) =0, then ¢(p(u)) € HA[[u]].
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For a formal group law F'(u,v) over A its exponential f(¢t) and
logarithm g(u) are 1-dimensional Hurwitz series over A.

Set t = (t1,...,t) and (w,t) = >, w;t;.

Corollary.
n 1
sign(p) = L(M?") + L(t}),
pE%i:XQ e jl;[1 (A (@), 1)) d d

where L(t;) € HA[[t1,...,tx]] and t; = (f(tl), ...,f(tk)).
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Example of CPL,
Consider the projective line CP! with the action of

Sl ={z€C,|z| =1} 1 g(21 1 22) = (gz1 : 22).
This action has two fixed points p;y = (1 :0) and po = (0: 1)
such that sign(py) = +1, k=1,2 and A(p1) = 1, N(pp) = —1.

Thus for any genus Ly : €2;; — A we have

®(CPY @) =+ = € Allull

e HAI[t]].

SHEPHUD) = o5 + 707
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The elliptic formal group law.
The elliptic formal group law Fg;(u,v) is given by
the addition on the elliptic curve in the Tate form

s=u>+ puius + ,LLQ’LLQS -+ ,u332 -+ ,u4us2 -+ ,u6s3.

T heorem.

o1+ p3m) + (pa + 2u6m)k> y
(1 — p3k — pgk?)
(1 + pom + pam? + pem3)

(1 pon + pan2 + pen3) (1 — pzk — pgh2)’

Fri(u,v) = <u + v —

where (u,s(u)) €V, and m= s(u) = S(U),
u — v
us(v) — vs(u) (14 pom + pam? + M6m3).

kL = , p—
U — v = m (1 — p3k — pgk?)
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Theorem. The exponential of an elliptic formal group is

o(t) — 5 (3 + 4un)
o () — p1 (p() — fom1 (63 + 4p2)) — pa

where o(t) = p(t; 92(1), 93(1)).

fEi(t) = =2

In the general case fg;(t) € HZ[p][[t]] where u = (u1, po, u3, 1a, pe)-

Let the elliptic curve be non-degenerate. Then fg;(t) is an elliptic
function of order 3 for ug 7 0 and of order 2 for ug = 0.
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Definition.
The Hirzebruch genus with exponentional f(t) = fg;(t)
IS called the elliptic genus.

For an elliptic genus we have

& (CPHY(W) = uq + H3 cZ ul].
F(CPY)(u) = p(g(u)) L (a4 12) (] [[ue]]

The beginning of this series is

p1 + p3 (u2 + pau® 4 (pf + p2)u® + (p3 + 2p1p0 + pz)u” + ) .

Corollary.
The elliptic genus is rigid on CP! with the given structure
if and only if ug = 0.
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The quaternionic stably complex Sl-structure on S<.

Consider the maximum torus T! in Lie group SP(1).
The homogeneous space SP(1)/T! is the sphere S2.
Thus we obtain the stably complex Ti-manifold (S2,c¢.,0).

The action 6 has two fixed points p; and p>
such that sign(p1) = +1, sign(ps) = —1, and
A(p1) = A(p2) = (1),

Thus for any genus Ly : €2;; — A we have

() ="~ > =0

Note that [S2] = O for the given structure.
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Almost compex structure on S°.

Consider the smallest simple-connected exceptional simple Lie
groups Go. It has the rank 2 and dimension 14 and contains as
subgroup SU(3).

The homogeneous space G»/SU(3) is the sphere S% and admits
Go-invariant almost complex structure.

Thus we obtain the TQ—equivariant almost complex SU-structure
on S%. This action has two fixed points p; and p»

such that sign(p) = +1, k= 1,2 and

A(p1) = ((1,0),(0,1),(~1,-1)), Alpz) = ((~1,0),(0,-1),(1,1)).
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Toric genera of S°.

For any genus L : Qy — A we have

(%) (wv) = quéa 5T ﬂ??qu oy € Allw ol

€ HA[[t, q]]

6 — - :
CDf(S )(f(t)7 f(Q)) — F(t)F(q) f(—t — q)—l_f(—t)f(—q)f(t +q)

Corollary. For any odd series f(t) the genus Ly is rigid on S0
with given structure.
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For the Krichever genus Ly, we have

() = fir (1) e
where ®(u; ) is the Baker-Akhiezer function.
By the addition theorem for the Weierstrass o-function

o(t+ 17)o(r —1)
o(t)20(7)?

= p(t) — p(7)
we obtain

(SO, F(@)) = =/ (7).

It gives the direct proof that the Krichever genus is rigid
on the almost complex SU-manifold S°.
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Theorem.
If an elliptic genus is rigid on S°, then ®(S°) = 3uz — pypuo.

An elliptic genus is rigid on S° if and only if

H1fhg = U342,
3pu1pe = U314,
2
Ouzpe = p3(pipops — 3us + uopa).

Corollary. The conditions of the theorem are equivalent to
pr =0, u3 =0, or
p3 =0, pg =0, ug =0, or
_ 2 _ _ 2
po = —p1, p4a = —p1p3, 3ue = —p3, Or
2
3us = pipo, 3pa = ps, 27pe = p3.
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Examples of elliptic genera, not rigid on SO,

Let u= (0,0, u3,0,u6) We get go =0, g3 = —u3 — 4ue, then

n3(p — 3g3) 1 _
4 p(t)p(g)p(t+q)

1
= 3p3 + ZMs(M% — 393)t%¢° (¢t + ¢)* +

(SO (1), f(@)) = 3uz +

The following example gives us a polynomial answer:

Let H = (:LL]J 4/1']_7 _LQ“:]?) i“%) — 0
® (SO (F(), f(@) =

1
o5t (11 0P (t4+0)? - 1203 (1P +g+4%)?+288(¢% +g+12)).
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