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/- Conplex /‘Cf/ecf'c‘on 50’“0:4,:5‘. 1
Let W Ce a finite group acting faithfully

on a £.d. complex vector space 6
Ore says +that W is a complex

r‘ef'ed'ion 9 uwp if o+ s 3ener~q'}'ea/
by elements s such that re(1-s)=1.

Cheva |ley’s theotem: W is a complex
reflection group iff d:[ﬁ]w IS
o oljnom;a./ qlge)or‘q [or, u.ivden"‘ly,
= 4 i€ a Po'yuouiql :lge\pm).
Lereduci ble c,omplex re F/ECf'c‘on
roups were classified by Sh
im:f Todd iw 1959, J o
Exam,gl€$= 1) We#/‘jroq[ps (and
more 3enerall/; Coxeter 3,\,“’,3)
) S.<(Zs2)", b-C°
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2. Crystall hi lex reflec-
2, Crgiallosraphic  complec refin
Definition. A (omp)ex (‘!F/éb'/'f 2
group W s cz:s'l-gllogrqghic
if it preserves a lq+1‘fc€[.‘n5
( C';!af‘ :' CkC.'H OV?do‘fM‘q;p =r‘§ﬁ:#g‘R 62) ‘lenew".

xamp €s. l) edl 3('0&‘9 d“ﬁjﬁw)
2 5 NCZ/',Z)” with =234 6
(wc use f'r.‘anﬁu,{q’\ /a.‘H‘ice ﬁr
r=3,6 and ST a la¥dtice 'Gr
C=9).
i Eui‘p‘}'ic CaIOSGPO -Moser
Sas"l'ems, |

let W be a Cysfa //ajrq,;/h'c
Complex reflection rowp
presecving « fattice ™ L <8
Then ‘we can consicler Ehe
Complex torus X= 60?) whcc.‘

Carries an actiou W,
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If W acts irreducibly ow 51
thic torus iIs au'l'bmq'l'i«."y
an abelian variety (so let us

assume +his),
let sew e a complex reflec.

tion. Let X5 &e the leved set
og s on X, This is Q Unon
o§ )\'jperfori in X which are
catled reflection hypecrtor:.

Example )W WZZ an:i on ﬁ’ed‘.‘

-ﬂe f’/’zf of order 2 are the
l"eflechou ef"f'ar’

h
c/(ZQ CZ (ff? P'F‘c( cu#we

i IS

3 points are mflecho... 7P e
@ l ¢

VWeShy S
h,';::-?-oi. S A L
9 wW=2Zgz, 9=

3 Pom'f.f are Nﬂ“hon
"\:’pﬂ"“ﬂ
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It T i o« re Flection
hypertorus, Then we can define
the S\L\osmuf’ WercW of elemenis
which preserve all Poin+s of T
This subgroup IS Sesmoerphic

to Z/M-,—'Z for Some ﬁ?r'r? 2,

(or
(T30, wiere ¥ a reffechon
9\3pef‘+oru.s ) and | Sdsm.,_—l

IS ah inteqe{,
There s sdt rature] acfion of

W on S, Lel C=¢[5:§,W' A
Example. pW=2, The ordeécs <f(py
e\l the 4§ P)d'”'b' ‘;Pe 2‘, So da’h(z(i
2) W=Z,, The orders of the 3 poiais
st 3 g0 dimC=6  (EE) .
W=22, The ocders of the 3 p
?:e '2,-1,::; se AimC=7F (EFD Rt
4) W"Z‘} The orders of He =P
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Main result. (with Feldigf:q, Veselov)

Thece exists a -Fami'\y Of
classical and quantum integralle
Systems , pacametrized by

ceC , defined on +the
aboelian Va.n‘e#g)(, whose
Sambo\s are generators

the polynomial algebra (S§)W
By,....B, (whee n=diné)
Thece SaS'feMS‘ have meromorphic
coejficients on X with poles
on reflection hypertori. The
qtta.vﬂ'um SanewrS que \Peal-clar

Stn ularc’i-(esl avd  fhe;r manoJro,,

83\!‘ S riSe < T‘ep“*esenﬁ'ﬁfons J.

of generali2ed (hereod i ke
(= ol?ou.\o(? affine Hecke) " a

Examples. D w 5 a Wey

ljelarqs J
[ 9roup, *

6 its standard Npﬂex\'n'f‘q"'?w. ;
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In this case the Hamiltoniaw
of +he qwav\'&um sa)sﬁm (S

H=A —2 <, (C.,("" (,) ° ((2,3),7)

A>0

Vv ;
on X‘= % =E®P < A%:L*_ﬁee}sh#
This is He e"iP‘Hc (Q'OJGI‘O—MQS@p
SYsim,

2) W= S”KZ‘;, 6-"-'@’; /."-'-‘Z%tj
X:E-; The “am:"‘f‘aniam af Hee ;

quantum syster depends on $
patameters amd e

H=A —;Z k(k+) (U)(X;"’f)"?)i OO +x; T))
4 ‘I 4

g b %
SE . £ (e((e-f-f)ga (;E/ g%?) )
e 33‘:}9 oy e
¢S s - ;
Which s ::-E::-:,:::: b

> aqelli
(where we had a\quqm:{;m) 4
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Ih Hhe =) ca +here
e

o\o-gra‘lﬁol‘ which ¢ q %
o, \ —pramete
%q_ni_fdjda;lou of He Z-qmé g‘;ch-;
3) Ne:/‘Dex;M(m-bo’éW) .
Whece =3 ;:PG'Q. . W=51.VZ,-
where I‘ s A 77"6” X=En
where Eg is an elliphic cu e
it b.ip.cca! s(ymme'l'rd_ Theéen

pasic invariaulis of W are
LpP: 29 2P, Se

Vs e LR e
lo;e:'l' Z\ea{-mi({-on:qw has ng\ool
eﬂ':f;r:essiont:o?ﬂ::-;he g

In +his case e have sevey,

pParameters £ a, bo,q, b
and +he Hamil+on i::, [:Jok?l.")’(z?'b’a



-3 - *

s -
sz 3? + ;(aop&;) + Q, b°(":"‘?f)

L=

* ae'@("‘ ""7:)\;36
—3&BDD 2 '6‘7(3-' = 6%)(9,-4-5 Pﬁ)

T
. ;l (L’op '6( c)"r El 0'6“'-9') *Laﬁ’"i:"ﬁ

where T=¢= em:@) 20 < )=)p6e,
’7'.‘: ivl'i‘/;;) ?2=—Z-V?/3 ;

q_ Qns"'rudh'oh 0{ c"jS"‘QHOJ"‘QPMC
elH‘:‘HC qubjero—MOSQ!‘ "ds',ems,
We will wuse the method “of
Buchstaber — Felder VeBGIou)
closely related o the m1€ Huod
of Cherecvilk , This method is
based own +the netion of
Elliptic Dunk| Operators,
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4o . Elligtic _Dunk] 9perator (£-Md
Fix a Jeneric Ocne bundle {Gﬁeﬂ
(i-e,,Sich +hat LEY Vg €W).
Fer every (T,50€% ,there
ls&a glo ba) mer'omorph"c secton
'F'CJ of +the \vecter bundle

40 . ! (gﬁefehs-ra{!s Jhe
5t et
( °L) e °[® T \"’.‘Lfm" ?fn:lrrt?'r
which has « g it [ e
Simple Pde at T % i’g/':k‘:’-'-::;e“*
with residue 1 Tspace +oT).
and ne other sinjulqrwieg |
(residue is well defined since
we Can interpret gections of this
bundle as (-forms, as b*cb*)-
(8= 4o
let C Le a W-mwm‘a@g&" i

d
on d" ‘eé v €D eu*ﬂi?h"l 0w on
@

D Ltt‘m‘:h'on. The el i)of‘e'r Dunk PR
ne <7, ; L e
L Vv""(%é& db@m ) S 7




o
Example. let W be a Weyl group.

en +he elliptic Dunk) operato
Ir: n-t-he_ oper;.q'ors defined 'Za Bp\rf,

D =Pt Gl @25

: > 265?

where G (@)= (24 )67%) 66l

The ellipte D, fl(a)e(-mﬂ> .

on sec.-l-rw': # noQ A it
G

Theocem . (Eé"' Me)

d

L
') EDU;( )‘Df):fc“]= O
2) 3° Dl.:'qc 08"" - D%J.

| G
This Feves rice o the ideq of
presft “of the smain resulf whic

¢ lying Hie s ¥
» 9 lynomiald . ¥ ke thd Enietie DR/
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Reminder on classicad Dunk]

amd Celogem -Moser operators.

ScW ge of "Cflech
C: S‘a € s q w- iilv:wl:fd‘uf‘
Do =Pt s
vie TV ses (I=g2Hs <+

wl\ere 33 s the noutrivial

eigenvaiue of s on &% qu
o« éare +Hhe roots (.orf‘es‘/:c?ndi?n o s

M= m (BB,

w here ”'(53:?3-) == 5.
Remqr't. In )cad' dov’/ h?e.[

m (as PS(p,») is already
a fanction), But this is ne+
ebvious amd not true in +he
quamtum Case,




s P

However, there is a problem
With this approach : ¢he elliph'c-
Dunkl operators depend on e
dive buwndle L and are fot
W = invariant : ynder the achon
of W, L goes to . '77'.93_ |
have a chance of becomin
W - invori aamt Oﬂ(a s B 9( nds
to the +trivial bundle, but i
this limit they develop a singu.
lar‘d‘a (recall at of had fo he
“aev\em‘c“), Se the ideq has o

be moda{-':e.f} so that we are <lle
o “Subtract! +hese 3"”J|4‘Qf¢"h.ﬁ-
arnel ;uccesspu.l(y pas to Hhe
limit L= trivial bundle. Te Hhis
end , t furns out that classica|
cational Caleger ~-Moger sysie,
Comes handy,
5. To explain 4his methed, |t w
Pammo‘l'r“c‘a.e hine bupdles L on X
by points A €5, iwdentifying




identifying P

6 with s Heemitian duel ‘6V

by meavs of a W-invaciant paity,

Hermitian nnec preduct B ong

(if W is icceducible, this inner

ducd s unigue wp To Smlc'v:j)'

e will write 3this parameirizg

as A &£, amd dencte DX 4

@, Dic. ’Alse let P(p,AS
Qe +he rational classical
Calogero —Meoser Hami [tonians

attached +o (W,8) amd
pesameter ¢ (which is a

fwm"‘iov\ on He set of ref-
ections in W inkatiawt wmder

C.Oitjv.aa.'l'ton) :
[heorem 1) For an o.fbp?n'qfe
linear fumetion c=< 3
_the c&gemioﬂ '
L“": PC (Dﬁ,C)))

are "lo/omarphc‘e Néar ,\:‘-0‘
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2) The operaf-ors L{ o [.,: ‘
G W-invariauwt paicwiSe <omm.
tng clements of CWD(Xereo)
where Xre Ky '“‘te COJMP,nga“;
Of reflection hypertori

in X, |
2) The restrictions [Sof T
fo We-invariont méromorfhs'.c
fumetions on X are Commu'hly
differential operators on

X req ,wlaose ngbo)s eL e

the pelynowmials P,

The operators LC;- are the
Hamiltoniaus Of e cryS'fa((o-
graphic elliphc Calogers - Meser

ey stm. . .

The classical vecrsion of
this sysi®m IS cangivu ot

by Yhe classical version of
%‘c wh“"'ud‘\'o". ’




€. A geomefric cwnstruction of
the sawme system (in +the style
of Beilinson & Derinfeld)

let X be a complex q‘a,
variety, and W a LHLaite gwup
acting €aithfully on X,
Foc aew) tonsider Zke Foved
set ¥ If YeXx¥® ic =
evwnected component, it (s
Called a reflection hjper:ub(qce
Given Y, we hqve =< cyclc'c Jroq’.
\A)yCW of elemenis ﬁn'.lu'n; Y
peintwise, whose order we
Will call Ny Let S& £e

the set of pairs (Y, o
where Yy ic a reflechon
hjpcrsurche) amd  j=|,.., 7,
et ¢ be q W=inhvar, ot '
MU"Q‘OV\ on \j-) QL of Iet -8
W be q ‘)WES'Hh& $for 2

differental operatsrs on )@" |

fas iw 81/ inspy K|
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In 2004, o +his datg I affache
a quasicoheqnt sheaf of q'?”'h_,
on X/w) denated HC,%WX.
On affine en sets
i “'Seb"‘:f"bf sections
He,pw x (V) ore generated
b 0X, w, ahd usenef‘QI.'zeJ
ﬁv\ k| oferq'for: A\ A,‘°/ deﬁm',g
Iwi z. 9, W deJ:""e q SA('Q:F

-t
eH, pwuxe. These sheaves are

c«iued the sheaf of Cheredy L

algeboras ame e

o,u;kl,)(:f“/“ww()d;
2) HC,%V,X’-'-‘ fW‘fﬁ:(&) fo'ef“

localiaetion o +h wflectioy
hjpersuefaﬁﬁs 2
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3) I X=4 is a linear
r)epres_ev\“'adéon of W +hen
He,w,wx (3O = Ho (W, b)) is Hhe

wsual vrationa) Chereon ik
alqe v ra,

4) T U is +we ﬁrm | neigh-
berhood of a peint }e x/aw

then H,ywx lU) IS Moritq
Qﬁwlva.lf' + 7
i

Cherednil algebrg of the

ctabiliner x ©of a préimage
MK W - "9 on T.X.

Now let us come Voqek o
tne S;MQ\L\'OM whéu B

om afeliay, variety aud e/
am Irm\dudble cjzys llo 3"?/“‘}(‘
reflectiou J 7o -ZZ- this Care
twishngs @ (/€ in H‘(X)‘,‘,".;Cw
where w is the Kihler Rp o, ’




B - .
'nneorem. neng I€ QA /:'heat‘ ﬁmcﬁ“
: C[-’i“:(w—'* Ceoo Such that:

F(eHBc)%xe)ﬂ- C wnlkess

y= ) ('"critical level coudity
In this case | |

r"(eH%c’wae) s Pal)/ha-
mial alsebr'q m n 3€’n€rq'f‘bf::,
evaluating this algebra
in €W ,,P(Xra ) affer
IOICQ!:ZQHOV"HV a.zf' +£(~e
elliptic enys : ™
stﬁem. J ognqph i

This is analoyous o fhe Beiln.

con & D, ld conSFruck
@&“Hw_ q&fneha Hitchin sysci-gwn
.}:\ +the Geovaetric Lamg land s
eofy . |
qu.ag«m Hitchin = r‘( $—-}-.V (B“”ch»
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+. App'ccm{-cans +o m"’?-sﬂ.f
opecators (with E.Rains)
From +he work of Acraulé
McKean , and moser it’s known
thet e"tP'hC fonc -9 Pdf'eh-
+Hals are pafdme'P aeel oy
Critical ptints o ell;
Ca.( e —MoSer Hamor+0\4cqnsy
Mo enerelly , Keichever
showed +hat elhp‘he M flow
provides elliptic’ solulons of
the KP hierarchy. This applicq.
Homn s Toward exfenmon of

theve rvs.;.H-s to opemtors wifh

SYymwmetrme
d0et € ‘be a special ellphte

Cucve with Z,. Symmetry

r=2,3,9,¢. Let [ be a oiffe.
fentia | operator on £ eof

the fwm <
44,2 % .t fa)




wf 1
which is Z--invariawt, has
polés at the fixed poinis
Y, of 2, and also some
points 2,.. 2~ (takén from
distinet Ze-orbits) Jo-gether
with Heir images, let -
the ovder of ctab’i fizer of n; 7
and let | behave neard p.
S L_&é , where LJ" Is a J
}\omoaev\eous apem‘h{‘ wi% ao&
ntesger jndices. Also lef us
Lix +he indices at +he
oles En,.-,&N 70 be
the'swmallest interesting case'
-1, .., €=-2,€.
aniecf'wg- Such opera"‘orc
(_pfregr.pnd +o crikeeal Po'm*s'
of e elliptic crystallographic
(M lowest Hamiltonian,

e —— e ——— — — —




For r=2, thig is class(cal
(‘Inozem‘\‘sev £y Sﬁh}- For Y'--"='?aJ
Hrig is checked 1 wm er ;
With Rains . Dpen -Porjf’i:!:'s,

Genecalization Yo non-in
\ndices at n.: reguwice ided
-h-i'v“&‘ monod fomy Ouly AMound
) JITL LN fe Ly= Xy

Generalizatie .
e il Fom Tdnn to higher

Consider optra fors OF order
nr with special conditions

ot poles.

Alse howe refona/ oleeners.
flons of Hwese <onjectures
which Make sénse for

awy rée N.

P s TP !




Happg ‘Dirﬂ/\dag) %
I%or Moiseevich !




