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Lie groups and integrable systems: the Poisson structure on
group manifold

{96799} = -3 [rng®d]

r = Z ea/\fa: Z (€a®fa—fa®€a) (1)
OéEA_|_ OéEA_|_
For G = SL(N) (or GL(N)) this is explicitly
{gh,af'} = =3 glgl (e(i, k) + €5, 1))
1 1 < k (2)

e(i,k) =< 0 1=k
—1 1>k



Obvious rank G = N — 1 functionally independent Poisson
commuting functions, since

{g” ® gk} = [r,9" ® g"] (3)
then
{Trgn, Trgk} = Trio {gn <§,§> gk} =
= Trio[r,g" ®g"1 =0
One can also take Tr,g for different representations p etc.

(4)

An integrable system on symplectic leaf of dimension
2 -rank G! Quantization of this integrable system (in conven-
tional quantum-mechanical sense) - quantum group!

What is its name? (middle of 90-s ...)



To answer: an SL(2) example

For the functions

o= (2 7)ecLe (5)

the Poisson brackets are
{a,b} = —% ab {a,c} = —% ac {b,c} =0

{d,b} =3 dv {d,c} =3 dc {a,d} =bc (6)
from
(0 0 0 0)
r=e@f-f®e= 0o 0 10 (7)
0 -1 00
\0 0 0 0



Symplectic leaf: fixed by two Casimirs

and the constant value levels of these functions are

with

soO that

C1 = ad — bc
Co=0b/c

__(a b Pf Q
g_<c d>%<Q P—1f>
QzeQ/Q, P =¢€P

f=y1l+el
HNTI’gz(ep—l—e_p)\/l-l—eq

(8)

(9)

(10)

(11)



Relativistic Toda chain: in the non-relativistic limit

1+L+.. =14 7 I + (12)
g = e = /2 L

with
q/2
L=< 2 )=p-h+eq/2-<e+f>esz<2> (13)
e —p

being the Lax operator for ordinary non-periodic Toda chain.

Can be constructed with the linear bracket
{L®L}:hﬂL®1+1®LH (14)

with the Hamiltonian H ~ Tr ¢2.



How to construct the symplectic leave of dim = 2 - rank G7?
For G = SL(N) fixing rank G = N — 1 Casimirs gives the
symplectic leaf of dimension

dim G—rank G=N(N —1)
instead of
2 rank G =2(N —1)

(which coincide only for N = 2).

Naively: a “collection” of SL(2) subgroups ...
Using cluster variables for constructing symplectic leaves.



Graph (or quiver) I with || vertices, connected by (any num-
ber of) oriented edges. Variables {z;|i € '} - a chart in some
manifold (C*)“_'.

The Poisson bracket
{zi, 2} = €ijzizy, 4,5 =1,...,| (15)
with the incidence matrix

€ij = FArrows (Z — ]) = —€j; (16)

(in the most generic setup not even integer-valued!)



Properties:

e For any ' C I just put
Eij’:O7 \V’ZGF, \V/],EI_/

“forgetting” all vertices from .

e Gluing: 'y and Iy by identifying subsets I}

MFo\I5} and {zy = Z.(,> (2 )|z € '}, so that

6/]/:‘5(//)‘|‘ (/) ilajlé r’

=T
with the variables {Zil = ( )|z1 € I_1\I_ } {ZZQ =

(17)

= I

2),.
Z,L-(2)|ZQ c

(18)



e Mutations of the graph and the z-variables

1 san(e;: )\ . .
Hj - Zj—r —, Zi = Zj (1"‘2]-9 (6‘7)> 17 ] (19)

)

(requires integer ¢;;).

Constructing the Poisson manifolds — two basic examples:
Lie groups and Teichmuller spaces.



Group structure: gluing of (y - z) - (w — 2) =y — 2w — 2
together with mutation and forgetting

y Xw z y z
o090

gives rise to multiplication law of the upper-triangular sub-
group of SL(2) (or PGL(2))

|
N

—1
y — y(1 4+ zw) =7, z—>z<1+i)
TWw

(20)
19,2} =z



1 y O 1 1 x O
Yy —>crc=YEX = ——
E /Ty O 1 O 1
x

01
N y (21)
O \/—y_aj

The Poisson structure {y,x} = yx coincides with the r-matrix
one {g ® g} = —% [r,g ® g] for SL(2), restricted to (21).

Obvious notations for SL(N): E; = expe;, F; = exp f;, H;(x) =
exp(zh;) = X;, 1=1,...,rank G with

[hi,ej] = dijej,  [his f5] = —6i5f5,  les, f] = 0;jCihy, (22)



Similarly, the subgroups of SL(3) (generated by simple E; and
E5) with {y,z} = yx, and {z,z} = %:cz, {z,y} = %zy

® -
Y
L
®

e.g. for the left triangle: Hi(y)E1H1(x)H>(z) ~

y 0 O 1 10 x 0 O z 0 O
~]1 010 O 10 O 10 O z O (23)
O 01 O 0 1 O 0 1 O 01



Generally, for SL(N) the building block is rhombus, e.g.
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for the simple E; and F;, 1 <1 < N — 1, with the Cartan
generators H;, and H;y1 at each level correspondingly.

All halves come from comparison with {g ® g} = —% [, 9 ® g]

and finally disappear.



Statement: T he symplectic leaves of relativistic Toda corre-
spond to the periodic sub-configurations of the square lattice,
with the incidence matrix being the Cartan matrix of a Lie
group.

SL(2)
gz, ) ~YYV2. BE. X . F.YV2AE. X F. Y=

(11 r1/2 0 1 O y1/2 0 .
_<0 1)( 0 :cl/Q)(l 1)( 0 y1/2>_
1 (:Uy—l—y 1
VI Y 1)

(24)
Graph y1/2 & 2 £ 41/2 or 4y = z induces the Poisson structure

{y,z} = 2yx (25)



The Darboux variables
2p

1 + x
so that the Hamiltonian Tr g(z,y) is

H:\/@_F\/g—k\/%_y:(ep—l-e_p)m (27)

(26)

r=e 1 y

Remark: in fact y = exp(2P) with

0P = 2p+ 2 Lin(e?) (28)
dq



Generally:

H H
Y
7 S R\ /S S N
'," H \\ Hi—1 '," H \\I_li—l
«>0 <99 ¢« >0 <9
. E Fooo 0 - . E F
w VY 5 A A v Y Ay
o | L H H
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R N [ R
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S A “ v Y«
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gluing the subgroups of SL(IN) one gets an element of the two-
dimensional square lattice, turning to the graph with € =
after imposing periodicity in horizontal direction.

iJ



Open SLy case: the product over the simple roots
b1 Xq Yy - EoXoloYo .. - BN 1 XN _1FN_1YN_1 ~
g1 g2 IN-1 (29)
~ gn(x,y) € SL(N)
T
and the graph (3%11 IS W s .2 u%%ﬂl) induces the
Poisson bracket

with the Cartan matrix

C,; = 252']' — 5i—l—1,j — 5i,j—|—17 ,7=1,...,.N—1 (31)

SlN



The Hamiltonians are coefficients of

N .
det (gn(x,y) — A1) = > Ri(x,y)(—N) (32)
j=0

(with Rg = Ry = 1) do Poisson-commute
{Ri(X,y),Rj(X,Y)}:O, th,jg=1,...,N—1
Ri=Trg ', Ry 1=Trg
. —ct
Moreover, explicitly R;(x,y) = II (zxyr) 7% - Z;(x,y) and the
polynomials Z;(x,y) are “almost dimer partition functions”

(33)

MG 2>Mj£12>Mj40 2.
m,; Ty,
Zj = )3 )3 [y (34)
0<m,;<e; m;—1<n;<m; 1%

with ¢, = 1,2 (number of edges entering the i-th vertex of the
Dynkin diagram).



Say, for SL(3):

or

Z1 =14y +yiz1 + y121Y2 + y121Y2T2

(35)
Zy> =1+ yp + yoxo + yoxoyi + yoroyi 1

diagramatically for Z>(x,y), with each diagram corresponding
to the particular term in the matrix product (YEXF),;.



k
Similarly, for Zy_p ~ Tr gy ANgny AN ... A gy one gets the dia-
grams with k£ broken lines, e.g.

y x y x y x
1 1 1 1 1 1
y X y x y x
2 2 2 2 2 2
1 Yy xy y xy x
1 172 1 172 2
x x
y1 1 y1 1
y x y x
2 2 2 2
y y x

for the Z1(x,y) ~ Trg~1 ~ Tr (g A g) of SL(3). Almost dimers:

after “resolving” the vertices: */‘ &»



The Darboux co-ordinates are again

r; =exp(—o;-q), y; =exp(a;-(P+q))
where

o [Nt
P=p+ 8—q (2 kzl Liy (—exp(ay - Q))>

and the Hamiltonian

H:T"<9+g_1> = R1+Rny_1=

N
— Z (exp(v; -p) +exp(—v;-p)) -
1=1

-\/1 + exp(a; - q)\/l + exp(o;—1-q)

(36)

(37)

(38)

only to replace \/1 + exp(ag v - q) by unities, otherwise with

ag = ayy affine simple root - the periodic Toda.



Notations:

—1
a; =) Cijpj  pi=) Oy aj, ai-a;=Cy  (3q)
J J

and, for SL(N)

v, = W; — M;_1, t1=1,...,N (40)

where it is implied that ug = pp = 0. Their scalar products
are

1,7=1,...,N (41)
also

Q; =V, —V;11 =€ —€41, ’izl,...,N—l (42)



Periodic relativistic Toda chain: degenerate Cartan matrix,
embedding of (the collection of) SL(2)-like symplectic leaves
into SL(N) ...

Practically - the co-extended loop group Sﬂ):
e simple roots E; and Fj;, i € Zy, with Eg = E(u), Fyp = F(u);
e.g. for SL(2)

cw=(1 1) Fw=(y ") e

e Cartan Ho(z) =Ty = 2%/, H.(2) = X, Ty fori=1,...,N—1.

T he spectral parameter dependent matrices
g(w) ~ 1] BjH;()FiHi(y;) ~ 11 EjXToF5YiTy; 44
jEZN jEZN
(trivial shift due to [l;ez, j = [ljez, yj = const).



—_—

again corresponding for SL(N) to

H. H.
R , TR
V. SR N V2 SR\
'," H \\ Hi—1 '," H \\I_li—l
«>—0 <99 o« <9
5~‘ Ei Fi "l "l \“ — \‘~ EI Fi \“
w YV K5 & 9 v Y A 3
‘5‘ " 'l' H ~§~ ~§~
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e o >0 <« ®
H+1 xss Ei+1 Fi+1 ’ H'+1 ‘\‘ Ei+l Fi+1' ’
S A O " w Y
,,,,,,,,,, ‘,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,',,,,,,,
H H
i+2 i+2

gluing the oriented plaquettes of the same two-dimensional
lattice. However, it turns into the graph with € = Aij after
imposing periodicity both in horizontal and vertical directions!



Localizing the shifts by (z; = v, /v, ;)

-1 -1
g(uw) ~ ] EjXiTe, Te,  FiYiTy, Ty, | ~

. Vi1
7 J
oA , (45)
~ T Ty B X T, BTy, ~ go(u) - g (X,y)

JELN
with gy € SL(N) being the Lax of open Toda, and

go(u) = Ty, Ty, L BTy, F Ty =

Uu (46>
LvogYrg YLy

contains the spectral parameter.

The Poisson bracket is “old” {y;,z;} = Cjy;x;, 1 <i,j < N-—1
after fixing the Casimir functions [[;cz, x; and [l;cz, ¥;-



Spectral curves

The characteristic polynomial
PX\u) =det(A-1—g(u)) =
N
: : A 47
= > VOV TR (x,y) = ANy =2 “n
j=0 “
gives the relativistic Toda spectral curve

N
wt == PyO) = AN2 3 V(N IR ()

j=0 (48)
o — /21

The Krichever data: f% = const, f%" = const, genus =
N —1 =rank G.



The Poisson commuting Hamiltonians

{Rj, R} =0, j#*k (49)

(again Rg = Ry = 1) w.r.t. the “open” bracket. E.g. for
SL(3) explicitly

Ri=res Trg 1(u)— = H (zryr)~©

11
( + y1 + Y171 + y1T1y2 + Y171Y272 + 3315132)

new

. (50)

Ry =res Tr g(U)— = H T

11
( + yo + yoxo + yoroy1 + y2r2y171 + 51311‘2)

new



Diagram picture for the per_iodic Toda

y x
0 0
x x x
y1 1 y1 1 y1 1
Y x Y x Y x
2 2 2 2 2 2
y x y x y x
3 3 3 3 3 3
y x y x y x
4 4 4 4 4 4
y x y x y x
N-1 N-1 N-1 N-1 N-1 N-1
y x
0 0

for Z4(x,y) function: left diagram for SL(N) is “completed”

to SL(N) - becoming periodic in the vertical dlrectlon and by

substitution 1 — 1+ 1/zq =$‘_ 1 -I-H] 1 z; in go(u).
JELN I



2 x 2 formalism (monodromy matrices?)

The horizontally depicted graph {42 5 9142 221 ... 4579, or,
after twist,

y y y

i-1 i i+1

X X X
i-1 i i+1

Introducing the GL(N)-variables
Lo i g =
1 ) - 9 oo
§it+1 Y mi (51)
YN =Y0, EN=E&0, 1NN =T0




this acquires the form
n n n n n n.

i-2 i-1 i-1 i i i+1




being (for j=1,...,N)

( &)

B uny (52)
uny 77]£]
\ V & V”ng /

d(uw) = E(w)w(u)F(u) =

(10 0 w1/ 1 1/u (53)
_<u1) 4172 o (o 1>

with ijcu = Ej_|_1, ijw = Fj_|_1 and ijw = Hj—l—l (] c ZQ)

where



In more common terms
& = exp(—qi) n; =exp(P;+¢q;), ¢=1,...,N

Pi=pi+ -~ ( Z Lis ( exp(qy — Qk—l—l))) (54
these are
S o
Lj(u) = Ve P,/ (55)
| Vel eIz 4 6\/5 /

the FT operators for (relativistic) Toda, satisfying

{Liw) ® L)} = =365 |reng (w ') s LiCw) @ L] (56)



with the trigonometric classical r-matrix

rerig(u, u') =

being essentially

(O 0 o)
. u -+ o B 2u/
u— u u— u
0 _ 2u u -+ o
u—u  u—u

\ 0 0 0

2

O

0
0 )

(57)

> earfa=d enNfnt D (faren+3hnAhoy)

OéEA_|_

n>1

antisymmetric r-matrix for sls in ev(u) ® ev(w).

(58)



Advanced issues

e Quantization: quantum group! Easy in cluster variables -
to get the Barnes functions etc. Looks as straightforward,

but still to be done.

e Invariance under the discrete “flows”
(y,z) — (y_l(l +2) 2 14+ y(1 + a;)2)2> —

(59)
= fhy(1 402 © P (U, ) = py1 4092 (1 +2)% 27
being a composition of mutations
pa(y, ) = (y(1 +2)%,27 1)
(60)

i) = (v (1407 7)



Generally

(61)

are again constructed as a sequence of mutations of the
Y1 || L2 | Y3¢ — nYn-1
graph 1 l)—)ﬂ\ Yp<— ‘u$3—> R ‘uwN_]_-

Their properties? For a graph with only single arrows
(rectangle m x n) the (n + m + 2)-th power of such map
is identity (Y-system’s conjecture of Al. Zamolodchikov:
relation to TBA, quantization of the Hitchin systems, ...)
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oY
Rectangular lattice built from oriented square plaquettes.

Consequence of black and white mutations returns graph
to itself, but transforms the variables in the vertices.



o 00 -0+ 90
Y A  / A  /
> 090 9
A Y A Y A
o 00 09
 / A  / A 4
> 090 90

Rectangular lattice with vertical 2-periodicity: 2 x 2 formu-
lation of N-particle affine Toda after imposing horizontal
N-periodicity. New integrable systems?



- <« @ 9
-—@® @ <O
- O <« @ @

<00 <0

Vertical 3-periodic lattice with (necessary) horizontal shift:
the 3 x 3-formalism. For horizontal N-periodicity one gets

the OT discretized Boussinesq (pentagram map),

if N =3

this is SL(3)-Toda. Spectral curves of g = 2 ([Ng‘l] — 1),
the Krichever data, commuting Hamiltonians etc.



e Other Lie groups (beyond SL(N)) - “extra gluing” ...

e Cluster variables - Lie groups and Teichmuller spaces, con-
formal blocks from quantum Teichmuller spaces etc ...

Closed relativistic Toda: invariants in the “evaluation rep-
resentation” of the operators like gloetHoelx1
Look similar to each other ...

Towards N = 2 supersymmetric gauge theory, SW prepo-
tentials, Krichever tau-functions etc.



T hank you, Igor!

I still have many questions to you...



