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Theorem

(EA, C. Codogni, G. Pareschi, '20) The base locus of an ample
linear system on an abelian variety is reduced.

(Strong form of a conjecture by O.Debarre and C. Hacon, '06)

Corollary

(A-C-P, '20) (X,0©) a p.p.a.v., G C X a closed algebraic subgroup.
Then 1.(X,0, G) := () e Og is a reduced scheme.



e The Kadomtsev-Petviashvili (KP) equation and the trisecants to
the Kummer variety.

e Igor's results ('75-'10)

e An algebro-geometrical approach. (Fay '73, Mumford '83 A.-De
Concini '84, Debarre '97, Marini '97, A.-Codogni-Pareschi '20)



Preliminaries:

X =C&/N;, N=(lg,T)
T € Hg, 7€ M;yo(C), 'r=7, Im(t)>0

1
0(z,7) = Z exp §{tm7m +2'mz}  zeCt
meZ8

© = ((9)0 C X
(X,0) is a p.p.a.v

Hg/Sp(g,Z) = Ay = {moduli space of p.p.a.v.}

g(g +1)
2

dim A, =



C genus g smooth curve. Riemann:

a, q'
b bi

0]
<¢%,..., %7 ={’\ (@CX Jg = Jacobian locus C H,

dmJ, =3¢ -3, g>1

Abel Tacob: Je/ P& Z) = Mg A

K" C’%P CTCC? ) 8 CS——\ —/?WX—ICJ—(C>



KP equation:

9,
& (2uXXX + 3uuy — Ut) -+ 3“)/)’ =0 ) u= U(X’y’ t)'

Zakharov, Shabat, Faddeev, Matveev, Novikov, Dubrovin,
Krichever,....

Gardner, Miura, Lax,...

McKean, Moser,...
Sato, Kashiwara, Jimbo, Miwa, Hirota, Mulase, Shiota,....

Segal-Wilson: Loop groups and equations of KdV type.



KdV:

2Ussxe + 3uuy, — uy =0

Isospectral deformations of the Schrodinger operator L = 0% + u

Eigenvalues of L are "conserved quantities”

Back to KP:

0
&(2uxxx+3uux_ ut) + 3uy, =0/, u=u(x,y,t).




Theorem

Krichever '76 ( Novikov, Dubrovin,....) C a genus-g curve , 0 its
Riemann theta-function

v:C— T C J(C) (Abel-Jacobi)
€ — 2D1e + 2D2€2 + 2D3€3 + -

Then

0
u(x,y,t; z) = pws log 6(xD1 + yDy + tD3 + z)

satisfies the KP equation.

Solitons:



Theorem

(Novikov's conjecture) (Shiota '86) An i.p.p.a.v (X, ©) is the
Jacobian of an algebraic curve C, if (and only if) there exist vectors
D1, D>, D3 € C&, with D1 # 0, and d € C s.t. the function

9,

u(x,y, t;z) = 92 log O(xD; + yD> + tD3 + z) + d

satisfies the KP equation: a% (2uysx + 3uuyx — ut) + 3uy, = 0.

Unwinding the KP (Hirota '71):

D10(z) - 6(z) — 4D76(z) - D16(2) + 3(D76(2))? — 3(D26(2))
+3D36(z2) - 6(z) + 3D160(2) - D36(z) — 3D1D36(z) - 6(z) + d6?(z) = 0

where d € C,z € C#, and Dz(al,...,ag)Hzai%




Apparently unrelated point of view:

(X,0) p.p.a.v. Kummer morphism

6 X — K(X)C [20)| =P* 1 725 [0(2)] =....00(2),...

Trisecant lines to K(X) = X/ £ 1:

(CcP, (=2P!
(- K(X)=Y
a) Y = SpecCle]/€ flex,
b) Y = SpecCle]/e* + SpecC degenerate trisecant,

c) Y = SpecC + SpecC + SpecC bona fide trisecant.



Bridging trisecants to K(X) and the KP: Mumford ('77), based on
Fay's trisecant formula ('73).

C genus g curve,

u:C—TcX:=J(C)  Abel-Jacobi.
o, B,y el,

1
CEE(F—a—ﬁ—fy)CX, then

0(z a)e(z+a+2§)+c9(z/5/)9(z+/3+2<)+d9(z—fy)9(z+7+2g) = 0()

Proof:
(¥) &= ©,N0g C ©,UB o

(Weil):

(We—1)N(Wg-1+(p—q)) C (Wg_1+(p—r))U(Wg-1+(q—5))



Kummer morphism:
%
§ : X — K(X) c PH(X,20) =P

2 [0 =[...00(2),...]1, ne %zg/zg

Riemann bilinear rel.

0(x — y)0(x +y) = 0 (x)- 0 (y)



Thus, forCG%(F—a—ﬁ—v)CXand a,B,yerl

G(C+a), 0(C+B8), 0(C+n~) are collinear in K(X) = X /+

so 2(I —a — B —7) C X gives a curve of trisecants to K(X) :

TC+a)AOC+B)ATC+) =0



We'll see:

0 satisfies the KP equation <=- 4 a third order germ
of flexes to K(X)

Theorem

(Gunning '82, Welters '83) An i.p.p.a.v. (X,©) is a Jacobian of an
algebraic curve <= the Kummer variety K(X) has a curve I of
trisecants.

Ok
(=
HJS’wSaK*‘LI [ 79 (3-‘) (




Welter's conjecture:

Theorem

(Krichever '06, '10) An i.p.p.a.v. (X,®©) is a Jacobian of an
algebraic curve <= the Kummer variety K(X) admits a single
trisecant, I.e.:

a) one flex,

b) one degenerate trisecant,

c) one bona fide trisecant.

Theorem
(Grushevsky-Krichever '10) X is a Prym variety <— K(X)
admits two quadrisecant planes.



Curve of flexes to K(X), and bridge to KP hierarchy.

%F near 0 € X:

((€) = €Dy + €Dy + D3 + - - -

Let a, 8,7 = 0,in 0(C+a)A 0 (C+B)AG(C+7)=0

G(C(e) A D10 (C(e) A (D2 + D) B (C(e)) =0



Taylor series:

f(¢(e)) = Zs(Ast:O)ESv As = D

I+1+2ir---+sis=s

J—
Use Riemann’s bilinear relation and expand in e.}Coefficient of €

Di...Dp

’1' ‘!

S
AsDy — Ag_1(DF + Do) + > dij1As;
=3

0(z+()-0(z—C)jc=0 = O

Call this{Ps =0,s 2\3} It depends on D1,...,Ds, da,...,dsi1.

W a QMm? X :‘TCF)



For s = 3 get the KP (Mumford):

Dio(z) - /eff 4D30(2) - DI¥(z) +3(D20(2))° — 3(D20(2))?
+3D24( )—I—3DW(Z —3W(Z)W2(/z):o

EA-DeConcini '83:

\/

{0 =0} N {D10 =0} C {(Df—D2)0 =0} U {(Di +D2)d = 0}

Define
D,© = {9 — O} M {D19 = O}



o — 96)-% 0 2oy _, 0.(2®) .

D,
o —> @@C@)._E))(’J@CZ@) -——?%@(2@)——”

P3ip,e = [(Df — D2)0(Df + D»)0
<= d D3,ds, s.t. P3=0

<= 3 third order germ of flexes to K(X)
<= KP holds

]Dl@:O



On the other hand (Gunning-Welters):

Ps=0,s>3 <= 3 acurve of flexes of K(X)
<= X is the jacobian of a curve

As in the case s = 3:
'Ds|D1@ =0 = dDs,dsy1s.t. Ps=0
To prove Shiota's theorem, suffices to prove, inductively:

&):: 5_120 — P5|D1920J

If P3 =-.- = Ps_1 =0 =, then

/PS|D1@ =0« {35—19(2) - (Df - D2)9(Z)} /Oj (*)

D10

~

As = Ag(Dy,...,D), As= A (2D1,...,2Ds)



D, (@ = U\/<

Let V' an irreducible component of D;©. Assume V reduced.
KP = [(Df+ D2)0(z) - (D7 — D2)0(z)] v =0

= either (Df — D2)0(z);y =0, or (Df + D>)0(z);y =0, and ()
follows easily.
Only difficult case is when a) V non-reduced, and

b)  VC{D'=0,n>0}=3%(X,0,Ap,)

where Ap, = {abelian subvariety generated by D;}.

But the Corollary of the theorem on base loci says that
2 (X,0,Ap,) is reduced.



Conclusion of the algebro-geometric approach: An i.p.p.a.v.
(X, ©) is a Jacobian of an algebraic curve <= the Kummer
variety K(X) admits one of the following:

v a) A third order germ of flexes <= the KP equation holds.
(Relevant X =Y p,)

v" b) One flex: ¢- K( ): (
(Relevant ¥ = ¥ (X, 0, (a =

\_/

v ¢) One degenerate trisecant: £ - K(X) = 2¢(u) + 1(b),
(Relevant ¥ = ¥(X,0,,(a)), a= 2b)

? d) One bona fide trisecant. ¢ - K(X) = ¢¥(u) + ¥(v) + ¥ (w).
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