5

* X % H2020-MSCA-RISE-2017

* * .
* * Project No. 77891 0 lPADEGAN
* * Integrable Partial Differential Equations :

* 5 x Geometry, Asymptotics, and Numerics

Integrability of an integro-differential Painlevé equation
Mattia Cafasso
Laboratoire Angevin de REcherche en MAthématiques (LAREMA), Angers.

Isomonodromic Deformations, Painlevé equations & Integrable Systems
30-06-2022



Plan of the seminar

- A generalization of the Tracy—Widom distribution appearing in KPZ.

- Three different Riemann—Hilbert approaches.

A “classical” Riemann—Hilbert problem.

(plus a discrete version : work in progress)

- An operator—valued Riemann—Hilbert problem.

“A Riemann—Hilbert Approach to the Lower Tail of the Kardar-Parisi-Zhang Equation”
with T. Claeys, Comm. in Pure and Applied Math. 2021.

“Airy kernel determinant solutions to the KdV equation and integro-differential Painlevé equations”
with T. Claeys and G. Ruzza, Comm. in Math. Phys. 2021.

“Momenta spacing distributions in anharmonic oscillators and the higher order finite temperature Airy kernel”
with T. Bothner and S. Tarricone, Annales de I'Institut Henri Poincaré (B) Probabilités et Statistiques. 2021.



A deformation of the Tracy—Widom (GUE) distribution
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Applications :

Johansson : MNS matrix model, deformed GUE (2007)
Amir-Corwin-Quastel : Narrow wedge solution of the KPZ equation (2010)

Dean-Le Doussal-Majumdar-Schehr : Fermionic systems at finite temperature
(2015)

Betea-Bouttier : Periodic Schur process (2019)




From Gumbel to Tracy—Widom

Let Xy, ..., Xy i.i.d. random variables, X; ~ N(0, 1/2).

. max(Xy,...,XN) — an
lim
N— oo bN

<s| = Fa(s) = exp (—e ™)

log(47 log N) by — 1
4/logN V7 2y/logN

ay = /logN —

Theorem (Johansson, 2005) :
QO(s, T) interpolates between Tracy—Widom and Gumbel :
lim Q(—s,T) = Frw(s), lim Q(—sr,T) = Fg(s),
T—o00 T—01+
1

where s = —
ST= T3 T o/

log(4nT).



The integro-differential Painlevé Il equation

Proposition (Amir-Corwin-Quastel, 2010) :

O(—s,T) = exp {— /Soo(r—s) (/R u?(x, r)a'(T1/3r)dr) dx}

with u(s, A) satisfying the equation
2
%u(x, A) = |:s +A42 / u? (s, r)a'(T1/3r)dr} u(s,)\), < Integro-differential Painlevé I|
s R
and boundary condition
u(s, N) 2 Ais + A).



Integrable kernels (lts-1zergin-Korepin-Slavnov)

Given a contour ¥ C C and an operator K : L*(Z) — L*(2) with kernel

_ T (h0)
x—y

K(x,y)

the resolvent L := (Id — K) ~'K can be computed solving the Riemann-Hilbert problem
(on X) with jump matrix
J(z) :=1—2xif(z)h " (2).



O(s, T) as the determinant of an integrable kernel

. o]
Kpi(u,v) := / (T3P Ai(u + r)Ai(v + r)dr
can be re-written as an (infinite—dimensional) IIKS integrable kernel

[ [+ DAY 04 = AT i+ 0o (1)

K?i(uv V) =
u—v

1) Amir-Corwin-Quastel used a generalization of the Tracy-Widom procedure to
obtain the integro—differential Painlevé Il equation (2010).

2) Thomas Bothner found a first operator-valued Lax pair for the equation, using an
operator-valued Riemann-Hilbert problem on the interval [0, co) (2020).



First approach

(joint collaboration with T. Claeys and G. Ruzza)



A simpler integrable kernel

Proposition (Amir-Corwin-Quastel 2010, Borodin-Gorin, 2016) :

0(s,T) = det (Id - X[_.W)KTNX[_S,OO)) = det(1d — K2, 1)
with
K3 r () = /o (T3 + )KN O, )/ (T3 (1 + 5))

In particular, the proposition above establishes a relation between Q(s, T') and
multiplicative statistics for the Airy process :

0(5,7) = Eai |TT (1 = (TG +5))

Jj=1



Back to finite—dimensional Riemann-Hilbert problems

Remark :
T (M)h(p)
A—p

= o (). s (48]
l

A Riemann—Hilbert problem on the (whole) real line, of size 2 x 2, with jumps

KoA,ix,T()‘y /u‘) =

J(z) =1 —2mif(z)h" (2).



The relevant Riemann-Hilbert problem

‘x = sT71/67 t:=T1""? ‘

RH problem for ¥ (z) = ¥(x,t;z2)

a)
Uy(z) =¥_(2) ((1) 1_10(2)) , Z€R,

b)

1d, |argz] <7 —§
I3 _2.3/2 441/
lII(Z)=<Id+O(Z_1)>zT3A_le( 32!/ oy Lo

( >, T—0< targz<m
F1 o1

Proposition (M.C., T. Claeys, G. Ruzza) :

8xlogQ(x,t):—ﬁ /R (v @¥,(2)), do(a).



KdV and Q(x, 1)

Theorem (M.C., T. Claeys, G. Ruzza) :

The function .
v(x,1) := 82 log Q(x, 1) + %

solves the KdV equation
1
Vi + 2vvy + gvxxx =0.

Moreover, it can be expressed as
1 5 x
7t = - 5 ’t d AL
) = =1 [ Pnnde()+ 5
where ¢ solves the Schrédinger equation

Rb(zx,1) = (2 — 2(x, 1)) B( %, 1)
and has asymptotic behavior

B(z;x,1) ~ 1/0A (t2/3z —xt*1/3) , 7— o0, |arg(x)] < 7 — 4.



From KdV to the integro—differential Pll equation

Corollary (M.C., T. Claeys, G. Ruzza) :

From
a%qs(z;xv t) = (Z - ZV(X, [))¢(Z;X, t)

and’ 1
) = =1 [ i)+ 2
we immediately get

2(z;x,1) = (z - ’;‘ + % /R P (r;x, t)da(r)) B(z3,1).

and recover the “Tracy—Widom” formula of Amir-Corwin-Quastel.

1. See also the so—called “Trace Formula” in Deift-Trubowitz, 1979.



Remarks

1) These results extend to the case of a general weight o, possibly with
discontinuities, producing a whole family of unbounded solutions of KdV.

2) The behavior of u(x, r) is singular as + — 0. It gives informations about the
asymptotics of the tails of the narrow wedge solution of KPZ.
(Picture taken from Charlier-Claeys-Ruzza, '21)
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The finite-temperature discrete Bessel process (work in progress)

K (a,b) ==Y o(O)Jare(2L)pre(2L);  o(€) == (1+u") "
ez

Borodin 2007, Betea-Bouttier 2019 : This kernel defines the point process associated
to a certain deformation of the (Poissonized) Plancherel measure, the cylindrical
Plancherel measure. It is a discrete integrable kernel, and as such it is associated to a
discrete RH problem.

Fu(L;s) := det(I — KX (541, ))-

Theorem (M.C., G. Ruzza) :

o 19 Fu(Lys+ 1)Fu(L;s —1)
2 log Fu(L, s)—i—fa—logF W(Lys)+4=4 FulLs)?

(Reduction of 2D-Toda equation)

log Fu(L,s) = log <H 1—o(—i— s)) _a(l—s_) _(U(S Y 1)L +O(LY), L 0.



Continuous limit to KdV

2 b
e:=(1—u) —>0; L=L(xte):= ap s=s(x,1;€) = Er- R
(Betea-Bouttier)
F(x’ t) = FM (L(-xa t E)u S(X, 5 6))
Formally expanding the 2D Toda equation, we find at order ¢*
> x o & 1o
——log F(x,t) + - — log F(x,t) + | = log F(x,t ———log F(x,t) =0
s 08 F ) + 2 og P )+ (3 08P ) + ¢ o log F(s.) =0,

2

. . ) 0
which is equivalent to the KdV equation for p) log F(x,1) + %
X



Second approach

(joint collaboration with T. Bothner and S. Tarricone)



A n—parametric family of kernels

)\2n+1
Yn(\,x) =

Aip(x) 1= Zi/ eV dx = —
T JT

KSYiT"(u,v) ::/ o (Tr) Ay (uts+r)Ai,(vHs+r)dr;  o(r)
—o0

1

Tt exp(—r)’
Dy(s,T) := det (Id = X[0,00) K }’X[O,oo))

[Dy (s, T) = Q(=s,T)]

/ e7i¢n(uvx)du’
2m Jr_

F oo 1/ Cit),



A physical interpretation (Le Doussal-Majumdar-Schehr, 2019)

Consider a fermionic gas of N particles and one-particle hamiltonian

&,
H, - = —— n
q a7 +4q
Denote
1 N
o) = s det (Via) o where Hyti() = Auy(a).

The pdf of the particles, according to the Boltzmann-Gibbs distribution, is given by

1
fa(qr, ... an) == > Wi(q1, - qv)

ZN(B) keENN:k <...<ky

Zn(B) = Z e B M,

KeENN k<. <ky

with

Theorem (Dean-Le Doussal-Majumdar-Schehr 2016, Lietchy-Wang 2020)
— 2 T\ /3
lim P(qmax N n=1783= (ﬁ) ,T>0> =D (s,T).

<s

2—1/2N—1/6

N— oo



A physical interpretation (Le Doussal-Majumdar-Schehr, 2019) Il

2n

) d
In the moment representation H, = p* + (—1)" —-,
dPZn

it is physically argued that there
exists constants a,, b, such that

pmax(N) ~ apN ™1 =: Pedge (N)
and the density pn (p) behaves like

1 1
pn(p) ~ byN20+D (Pedge(N) —P) n

Main Formula :

N— oo

lim P (Pmax(N) _Pedge(N) <s
CnN_?n

T - .
B = anf",T > 0> = Dy(s,T)

n 2n?
(n+1)2n+1)’ J = (n+1)Q2n+1)

€ep ‘=



The main result

Theorem (T. Bothner, M.C., S. Tarricone)

Du(s,T) = exp {_ / -y ( /R uz(z\x)o'(fx)dx> dt} ,

where u(s|x) = u(s|x; n, T) solves the n-th member of the integro-differential Painlevé Il
hierarchy* and it is such that

u(s)x) ~ Aiy(s + x)
as s — 400, pointwise in x € R.

i) n=1:Amir—Corwin—Quastel (2010).

ii) n =2 :Krajenbrink (2020).

*The Painlevé Il equation is a self-similar reduction of the modified KdV equation. The
Painlevé Il hierarchy is the set of equations obtained as self-similar reductions of the
equations of the modified KdV hierarchy.

(Flashka-Newell 1980, H. Ayrault 1979, Clarkson-Joshi-Mazzocco 2006)



Kf*‘T and an operator—valued Flashka-Newell Lax pair

Lemma :
KN () = - L eibn Ot =ity (bt SN
S 27 Jr |Jry Jr_ A

The path to the Flashka—Newell Riemann-Hilbert Problem

Let ¥ :=T'; UI'_. Using a conjugation by Fourier transform prove that
Dy(s,T) = det(1 — Cy5,7),

where C, ;7 is an operator on () of integrable (IIKS) type.

Previous results for T — o :

- M. Bertola - M.C. forn = 1, 2012.
- M.C. - T. Claeys - M. Girotti for n arbitrary, 2019.




The relevant integrable kernel

I i 1 i

ki(Afz) = 5= 24230 (V) k(M) i= 5—em 20y (),
27 27

m(\z) == eféwn(k,2s+2z)xl,7()\)’ ma(Az) == eéwn(A,O)XF+ (A).

[ (G 1) + ey o)) (721

Cn,s,T(A, M) = N "
Notations :
P
a) H, = @L2<R, do).
j=1

b) J(H,) the space of Hilbert-Schmidt integral operators on 3,
with kernel in L?(R?, do ® do; CP*P).

c) (Mi(A) ® Kj(N)) € 3(3;) a A-family (A € ) of rank 1 integral operators with
kernels

(Mi(X) ® Kj(N) (x,5) = mi(Alx)kj(Aly).



The operator-valued RH problem

X(A) = X(A;n,s,T) € I(H,) such that
(1) X(\) =1L 4+ Xo(A) and Xo(A) € I(H,) with kernel Xo(A|x, y) analytic in C \ X.
(2) X(A) admits continuous boundary values X+ (\) € J(H,) on 3, which satisfy

I 27ri(M1(>\)®K2(/\))> NeT..

X+ (N) = X_() (
0 I

I 0
X+()\):X_(/\)( ) AeTs.

2ni (Mz()\) ®K (,\)) I

(3) X(A\) ~ I, for |A\| — oo with a particular condition on the operator norm of X.



The associated Lax pair

M(}) := (%;8;) ; M, operators on 3(; of multiplication by m; ,(Alx).

Proposition (T. Bothner, M.C., S. Tarricone) :
N(M) := X(A)M()) satisfies the following Lax pair :

ON

2n
SA ) = AN, AR = ;) ANTE 4 Ay,

%(A) =B(\)N()\), B(\) = ABy + B,

where

me) = (i 6) e =Tt (3 0)

e = 3y (0 1) Awten = T (7 )

Moreover, 87 log Dy (s, T) = —Trg¢, (UV)



The integro—differential Painlevé Il hierarchy

The compatibility condition gives, for u(s|x) := U(x, x), the n-th member of the
integro-differential Painlevé Il hierarchy.

n=1: (s+x)u=u"—2uu,u),

n=2: —(s+x)u=u" -4 (u,u) — 8u' (u',u) — 6ulu,u’”)
—2u(u’ i’y + 6ulu, u)?,

n=3: (s+x)u=u"""—6u" (u,u) — 8u("" u) — 24" (', u)
— 19/ (u, u”"y — 13u(u’” i’y — 31" (", u)
— Nu”,u""y = 250" (', v’y — 454" (" ')
+ 150" (u, 1) + 550 u, u) (u” u) + 60u’ (i | ) (u, u)
+ 25u(u 'y (uy ) + 55ulu’ s u)? — 20u(u, u)>.

Here ’ states for the derivation w.r.t. the real parameter s and

(fr0) = /R F(sh0)g(s]0)o” (Fx)dx



The general form of the equations of the hierarchy

|5+ ulsh) = —((£4L")'u) s]) |
Given a function R? 3 (s, x) — f(sx), we define
(L5S) (slx) == i(Dyf) (s]x) — i<(D;1{u7f})(s|x7 )7”> - 2i(D;l<”af>)u(S|x)7
(L) (slx) = i(Df) (s|x) + (DT T, /1) (sl ) w),

where
[a, 8] = a® B — B ® «ais intended as rank two integral operator with

kernel
[ev, B](s|x,y) = a(s|x)B(s|y) — B(s|x)e(sly),
{a, B} == a® B+ B ® a the same but with kernel

{a, B} (slx, y) = alsx)B(sly) + B(s|x)alsly),

In the “classical” case (T — o0) this recursion was introduced by H. Airault in 1979.




An integro—differential modified KdV hierarchy

T

1
t = sT 2+t ntl = .
v 2n+1

Proposition (T. Bothner, M.C., S. Tarricone)

1 X
v(t1, bongi]x) 1= — u<s| - >

T+t T2zF1
is a solution of the integro—differential modified KdV hierarchy

8‘} v v \n 8‘}
m(n,tmllx) = ((L_L+) azl) (11, tans1|x).

n—l'@——®+3@<vv>+3v @v
o on a 8[? o ’ (9[17 ’
where now

f.g) = / g (sx)o’ (¥)d,



Thanks!



