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0 . Discrete Integrable Dynamical Systems
• cluster algebras = discrete dyn -Sys .
times

.

- periodicmutation sequences
• bonus = come with a natural quantization
• question = integrable directions in clusterAlgebra?

This talk = answer faq-clusteralgebras based on
affine (twisted) Algebras A ,B, C ,D (Q - systems)
= theory of Keornwinder g- difference operators
[ Van Diejen , Sahi , Cherednik , Stokman . _ .]
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KOORN WINDER POLYNOMIALS
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HIGHER KOORNWINDER OPERATORS I

CanDiejen 95] (abcd)
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HIGHER KOORNWINDER OPERATORS Il

Han Diejen 95, Rains 16]
"

order Nz
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2. MACDONALD SPECIALIZATIONS

• Koornwinder Polynomial PÉᵈ → Macdonald ciztwisted

T g*
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KOORNWINDER - MACDONALD OPERATORS I
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KOORNWINDER - MACDONALD OPERATORS I

N•sum=RÉ"(Rains)7
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3. KOORNWINDER DUALITY

(abcd) p(a%oYR
,
(E- tsqr)

=
µ (otsq" )
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) µ
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sahi-vandiejena%FE-o.BE-9T¥ ;c*=F÷;d±-FÉ
o* = a (* = involution)

• upon specialization Bf"¥ᵗcf"
and all other types are self-dual



• Duality relates eigenvector eqns to Pieri rules
Da BG) = QÉ✗(s) Pxlx)

• use duality ✗ = 0*691
"

freaks __otsqt) .

• ¥ acts by Ti = e%ri (shifts peibye)
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• Duality relates eigenvector eqns to Pieri rules
In Pdx) = QÉ✗(s) Pxlx)

• use duality ✗ = r*tˢq " Ercall s=otˢq ") .

• ¥ acts by Ti = e%ri (shifts peibye)
& R.EE/PxY;Yg..!!-,--&P#tyPFkHqYP,e*Gts)
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KOO RNWINDER PIERI RULES of HAMILTONIANS

^e✗(×) Pµ* (x) = H'%"ᵈPµ*(×)
t*% ¥

,

pµ*(rts ) @É%µ*(rts)
- '

Koornwindcr duality relates D.
&''d '

to Heike
•

d.)

• commuting difference operators in variables -_rÉq"

•
" Hamiltonians " ?

Upon specialization :
Y
* Pieri rules are dual to Qj Macdo eigenvalue eqns .



4. SPECIALIZATION +QWHITTAKER LIMIT

Whittaker limit : t →• .

Macdonald polynomials
become qWÉEˢ = eigenfunctions of
qtoda Hamiltonians

.

specialization( HEY / ~ HE
'

t→- qtoda HamiltonianTODA EIGENVALUE EQN-

Ha % (x) = É✗⇔* (×, {
✗=9%É$

.

↑ ↑
A-9¥argument

acts asdiffop in A- q
"

ein spec (131×1)
↳→



q
WHITTAKER LIMIT of MACDONALD OPERATORS

4-→a)



TODA HAMILTONIANS from spec/dual/whiltlanit

where :

R= finite root lattice of Cf roots ✗

R*= " " "

cg* roots ✗
*

Npf = N-2 ( DF )
,
N-1 (BI

"

)
,

N otherwise
.

Ti Aj =q%9jTi (quantum torus ;di=q";Ti=q*i¥ )



IAj=q%AjT[



5.TIME TRANSLATION ◦FgWHITTAKER OPERATORS

• Double Affine Hecke Algebra [Cherednik 95]
→generators <Ti, Xi , Yi ¥

,

+ relations (solid torus reps) .

→ Koornwindn - Macdonald Ong# ( Yin, - -ihr))= polynomial reps s @oumi]

→ Slate) symmetry acts on da F- It :) S=(%)
in the polynomial reps : F-Adj;where :

N

r= e ?ᵈEÉ{ Cherednik's "Gaussian " .



5.TIME TRANSLATION ◦FqWHITTAKER OPERATORS

• Double Affine Hecke Algebra [Cherednik 95]
→generators <Ti, Xi , Yi ¥

,

+ relations (solid torus reps) .

→ Koornwindn - Macdonald @
✗g# ( Yin, - -ihr))= polynomial reps s @oumi]

→ Shaft) symmetry acts on da F- It ! ) S=(%)
in the polynomial reps :T=Adj'where

£ Cogxi)2
f- e " Gaussian

"

.

• Define Dqn=q-¥8
_ "

D ✗ forlag labels •
(after

1-→a) D✗µ+e=q→✗Dqe8
"

,
e--0
,
-1 for short •c



KOORNWINDER - MACDONALD OPERATORS I
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with Dap = Da , and farshort labels •

• D8
'

iii.= E. 01%4×11×7 E- 1) Ccn",A¥ )
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6. MAIN THEOREMS

Th④ The time- tanslated Whittaker operators obey the

quantum Q-system relations for all affinedtwisted cases .

Thm① The tone ± 1 operators are raising/lowering operators
for the g-Whittaker functions ←

arts of R
't

Da
,
,
IT
,
= q@É× ) IT,*wa←wᵗˢofR

Da
,
- , Tx = q←±i > ( I -g-#A)II-*.↑

rootsofR*



QUANTUM Q - SYSTEMS
8)

• Aa↳ = WE - Wb • ta = 1 longroots , ta=2 short
•commutations :

•mutations :

#



Remarkt except for AIT , all Q - systems
are mutations ofaqm clusteralgebra

Exchange matrix : B=(
c-E) (untwisted)

@ =Carton)
°

skew-symmetric

B =/
° -

c) twisted)C 0
skew- symmetrizable

E Dj
"

:



Remark 2 Van Diejen ops + Macdo combination
is equivalent to the quantum Wrarskian solution of :

Qa,hQb,n+ , =qᵗʰʰ⇔Q↳µ,Qa, E-commutationrelations ]

9
"
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¥
,
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.
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-

'

%×⇐
.

q q q q g g
[g-Desnanot- Jacobi

Qqn = detq / Qi,n+i-j¥j≤a *g-Lewis
-Carroll]

0-29-Hirota
inversions #H )

(Asli

detqlq) = E C-g)
±" '-N'A)

Qi.n-a-i-m.cat
AEASMA

+

a Ms

statistics



7. PROOF OF THE MAIN THEOREMS

Key ingredients

1. universalsolutions

2. duality
3. Farrier transform



UNIVERSAL SOLUTIONS [Shiraishi-Noemi
,
- Stokman] .

Remark : 8¥#as a series exp" in ✗
-%

Th③ there exists a unique
" universal"solution to

the Koorwinda eigenvalue equation -

.

abed abed abed

(x) P (x; s) = rÉÉ (s) PG; s)
abed

P(×;D = q
"" [ Cp 6) x-P
PER+

✗ = gl
"

TSE
; S = q

"
tso i CpG)= 1

it
, r complex !

Proof : triangular non-singular system face .



r

Th① There exists a unique universalsolution to

the Korwin der Pieri equation :
abcd abcd abed

H
,
(s) Q(six ) = Et) QCS, - ×)

abcd

Q(six)= q
"" I Epix) S

- P
; Ep =L

PER-1

Proof : same as before as H , series of s
-✗



THM (duality) : the solutions P
,

are

series in both ×,s and are related via :

abcd abed abed

P His ) = (x) Q (s ;x)
a%E•d•"%) p%×;s)=ᵈ( × ) P Is;D

(×;q1•=ÉI4-qⁿ☒) g-dilogarithm

• Reduces to Koorwnwinder polynomial duality
abed

• Equivalently Q (six)=Qa%%ᵈ•G- s)



FOURIER TRANSFORM

F : Diffk.tl → Diff (s ,T)
w w

quantum torus quantum torus
I'i✗j=q%XjI! TiSj=q%sjTi

ft) → fits)

such that : flx)P(×;s)=f%1P(×;s)

MIEKE G) Pk;s)=oEÉ,(s)P↳s)
paator# eigenvalue



BACK TO THE PROOF 4-→• s→q
"

)
• Start from FCDa )~ km éacs) ~qw£ DI

t-soo

• construct a reps of the opposite g-Q system ⑦a,n
5 STEPS

1. Solve the commutation relations

Bap DT≥ , = g-
"¥415b

,
, Bap ⇒ Da

,
,
= q°¥ " Twa

2. Use QE system as recursive def ' f- Bgn
☒
b. n = L

-

P
- ( Ba, a ,• ) C- ① (q

"
)[Tj±]



3. Construct
"
time translation operator

"

g
such that

Bain = g-Eg
"

Dag" long labels •

Fda
,zn+e

= g-
"

g
"

Baig
"

short labels •

4. Show that g =
Ñ (Fourier transform

5. Conclude that Da
,G) PG;D --Da,nP(xp)

⇒ D satisfies opposite relations to ☒ ⇒QQ-system!

⇒ raising/lowering fan= -1-1 q⑨



step 3
g-÷ qE¥%ÉHt) ; ga-= t↑a iqI. '
(Gaussian ofTi)



Step 4 g-G)PH;s ) = NAPA;D

1
. Lemma : [g , H , ] = 0

2. deduce g P(×;s) proportional to Plx;D by

function of × ( uniqueness of universal Pieri sold) .

3. calculate eigenvalue by g. q%~gEÉg±rg
+ 01s

-✗

)
(x=qʳ) .



Remark
N

rar-e.EE#iF--IIE..
=
#
⇒ ±,¥¥:

a-0

⇒ Farrier kansfam g=Ñ is a g- fof Hamiltonians
(Pieri -_ Ha D= Eats P )

g =
% 4+q"¥#
n=o É 9ᵗʰ" Ha (Hen-a=Ha ) .

9=0

=

"

Baxter Q -operator
"

[ Schrader
,Shapiro] .

for BCD+twisted types for type A



Step 5 Da
,
PG is) = Bain Pais)

• easy for long labels •(reduces to eigenvalue eqn f- Da)
Dap = Dap 7

(r
"

Dar?)P=(Da)g" P = § 8- P)
= gⁿVTÑaP)=gⁿDañP=(gⁿDa g-YP q@

of A-%, case)
• short labels• :mustprove for n=- I first .

case BE most subtle : one mustuse the Rains

RH ←
sends Ptop

'

operators :

☐
µ, ,
= R

""

N
,
◦Nil← sends P

'
top

and compute the Farrier transform .



8. CONCLUSION

• Proof of the Macdonald - Clusteralgebra conjecture
other variables ? Q -system

• Duality /Universal solutions/ FarrierTransform
c.f. [Cherednik ; Shiraishi-Narumi , Stokman]

a. Next steps : - clusteralgebra for finite t
Macdonald theory ? [DF+K#Shapiro
SLZTE )action ? +G. Schrader]

- clusteralgebra for Koornwinda
(or DAHA ? )

• Elliptic Hall Algebra for A. B
,

C
,
D ?
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