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KPZ: O7H(T,X) =1

LO3H(T, X) + L(oxH(T, X)) + £(T, X)
Open KPZ: for all T > 0, we impose with u,veR
OxH(T, X)|y_o = v, OxH(T,X)|_;

—V.
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SHE with inhomoaeneous R.orIN Boundary conditions:

aTZ(T7X) =

10%Z(T,X) + &(T,X)Z(T, X),

T>0and X € [0,1];

aXZ(Tvx)’X:O = (U—%)Z(T,O), aXZ(Tax)‘le e _(V_%)Z(T>O)a
forall T > 0.

The -Hops-Cole solution to the open KPZ is defined as
H(T,X) :=log Z(T, X), which formally solves the open
KPZ equation
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A stationary measure for the open KPZ
equation is the law on a random function

Ho : [0,1] = R with Hp(0) = 0 such that the law of
X — H(T,X)— H(T,0), as a process in X, is

T-independentt for all T = 0 i£ we start with
H(0, X) = Ho(X).

[Funaki—Quastel 151, [Hairer—Mattinaly 18]
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Open ASEP (with system size N = 10) and its height
function
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Heicht function is defined for t > 0and x € {0,..., N} as

hn(t,x) := hn(t,0) + ZX:(%,-(t) — 1) with 7i(t) =0 or 1 and
i=1

h/\/(t, 0) = —2./\//\/( ),

where the net current Ny (t) equals the numweer of

particles to enter into site | minus the Nnumerer of
particles to exit from site | up to time t
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Open ASERP is an irreducigle continuous time Markov
chain with finite state space. We will dencte this By
mn(T) s uniQue invariant measure. .

For a function f on the state space dencte its
expectation under the invariant measure By

(Fop = Z f(r) mn(T).

7e{0,1} (LN}

(0% ]_ S — YT
Stationary current Jy = < ( 11) Y 1>N
—4q
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High density

J=pll~

Maximal current

Pr)
&
2,

Low déh\slity
J = p(1 —p¢)

N
<

(Derrida—Evans—Hakim— Pasauier 93], (Sandow 941,
(Uchiyama—Sasamoto—\Wadati ‘O3]
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For r distriruted according to the invariant measure
7y the following limits hold for x € [0, 1]

(1 .
5% maximal current phase;
[ Nx]
i 1
N'[“OO N Z T = pix, low density phase;
j=1
pr>

high density phase.
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Let u,veR

-en(5)
1

1 qu+1 qv+1
= Ty B = T 00 el = e
1+gq 1+gq 1+¢q 1+¢q
Define HV(X) := N=Y2hy(NX).

(Bertini—Giacomin '9T], L[Corwin-Shen 6], [(Parekh '19]
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For u,veR we
KPZ eauation as the limits of HM)

construct stationary measures H, , £or the open

u, (),

For u,veR with u+v >0 we
characterize H,, throuah an explicit multi-point
Laplace transform.
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For u,veR, the
seQuence oOf laws of H,(,f\\',)(-) are tight in the space
OFf measures on C[0,1]. All sussequenttial limits H, .,
are stationary measures for the open KPZ
equation and are Hdlder 1/2— almost surely.

Let MEZ;Q, U <--- < uy and
vi = - = vy. For the corresponding collection
{Hyn }V | of WASEP-stationary measures there
exists a coupling such that for 0 < X < X' <1

Hurin (X') = Huya(X) < Hugy (XT) = Huy (X).

For u,veR with u+ v >0, there
is 8 uniQue WASEP-stationary measure H,, for
the open KPZ eauation whose law is determined
BY its explicit mukti-point Laplace transform.
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A simple case for u,v > 0 and c € (0,2u)

Q0
e
E [e*CHu,v(l)] N2 2 0

|F(§+utinT(—5+vir)

» 2
5 | dr
|r(2ir)|

Se i ‘ (u+ir)l( v+lr)‘ dr
Ik

]r 2/r)’
(1) records the net height chanae across the
interval [0,1]
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(Brye—\Wesolowski 1D
INn the $£an reaion for 0 < t;

Sbh<--<
aenerating function of the stationary distrirution of
the ASEP

t, the joint
{19y,

E[[TL, (L + & +2vEYs)
ONE [(1 + Yl)N] ’

where {Yi}i>o is the Askey-Wilson process with
parameters determined ry the maodel

Connection to Askey-Wilson polynomials
(Uchiyama—Sasamoto—\Wadati ‘O3]
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H is a8 continuous Markov process on [—1,1] for

t € [¢%min(g 2", 1/¢°%)] with
u q q
o= (a8 T

t) , and for s < t,
—
Ps,t(X,}/) e AWy <qu\/z’ 7q\/27 \/> O

\/s i0x )
s :
where x = cosf, and

AW, (a, b, c,d) = ¢

q,ab,ac,ad,bc,bd,cd;q)x
27(abed;q) ooV 1—x2

((_:,2:'(9)OO

(2e? be? ce'? dei?),

q —Pochhammer symeol: (z;q)ew = (1—2)(1—qgz)(1—g°2) ...
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(Corwin—k "2.D:
Let A*[k, z]

1
= —(z—2)log2

12k (z 2) i
Then for g = e " we have

log(q%; @)oo = A" [k, 2] + Error [, z];

log(—q%; 9)o = A~ [k, z] + Error™ [k, z],
with gaood control over the error term in z and k.

[Moak 841, [Olde Daalhuis 941, LMeintosh 991, [Z hana
4]
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2 ifu<o0 =1,
2u

if ue (0,1).
For u,v>0and se[0,C,) define a measure ps with
density aiven ry
__(v+ u)(v+u+1)
Ps(r) = 8T
s AT
’r(E + v+

7):n(=5+ur i)
VPGl

r>0-
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For aeR and b= ¢ e C\R with Re(b) =Re(c) >0 let
CDH(x;a, b, c) :=

/X /X /X
_1"F<a+/2 I b+/2 I c+12

8T  T(a+b)-T(a+c) T(b+c) x| (ivx)]

For s, te[0,Cyy) With s <t and m,re (0,00) define

ps,¢(m, r) := CDH (r; u

2

x>0-

t t—s .4/mt—s .4/m
Eiar 3

2 2 '2)'
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¢=(a,...,cq) where ci,

Uy
l

baoq G = )
(51>--->Sd+1) where sy = cx + -+ + ¢4 and sy 1 = 0.

For any d € Z>1 provided that s; < Cy

E[eé ckHu,v(xk)] . E[eik_l(sfmk)(xkx“)]

Wein]

where T, is the continuous dual -Hahn process.
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H,, :[0,1] —» R is equal in law to 27 V/2B + X, where
B:[0,1] —» R has the law of a standard Brownian
motion;

X:[0,1] - R is independent of B and is aBsolutely
conttinuous with respect to that of a Brownian

motion with diffusion coefficient 1/2 with an explicit
R.adon-Nikodyw derivative.

(Brye—Kuznetsov—\Wang—\Wesolowski

211,
[(Barraquand—Le Doussal 2]
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