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Abstract

We prove that Prym varieties are characterized geometrically by the existence of a
symmetric pair of quadrisecant planes of the associated Kummer variety. We also show
that Prym varieties are characterized by certain (new) theta-functional equations. For
this purpose we construct and study a difference-differential analog of the Novikov-
Veselov hierarchy.
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1. Introduction

The problem of characterizing the locus &, of Prym varieties in the moduli space A,
of all principally polarized abelian varieties (ppav’s) is well known and has attracted
a lot of interest over the years. Geometrically, Prym varieties may in some sense be
the easiest ppav to understand beyond Jacobians, and one could hope that studying
them would be a first step toward understanding the geometry of more general abelian
varieties as well.
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Recall that Fay’s trisecant formula [10] is the statement that the Kummer image
of a Jacobian variety of a curve admits a 4-dimensional family of trisecant lines.
In [12], Gunning obtained a solution to the classical Riemann-Schottky problem of
characterizing Jacobians among all ppav’s by showing that the existence of a 1-
dimensional family of trisecant lines of the Kummer variety characterizes Jacobians.
Gunning’s characterization of the Jacobian locus was extended by Welters, who proved
that the Jacobian locus can be characterized by the existence of a formal 1-parametric
family of flexes of the Kummer variety (see [32], [33]) (recall that a flex of a variety
is a line tangent to it with multiplicity 3). The flexes arise as the limiting case of the
trisecant when the three intersection points converge.

In [1], Arbarello and De Concini showed that Welters’s characterization is equiv-
alent to an infinite system of partial differential equations representing the so-called
Kadomtsev-Petvishvili (KP) hierarchy, and they proved that only a finite number
of these equations is sufficient. They thus established a relation of the geometric ap-
proach to the Schottky problem with the integrable systems approach, in which a much
stronger characterization of the Jacobian locus was earlier conjectured by Novikov
in the framework of the soliton theory, providing that Jacobians are characterized by
the property of their theta functions to provide explicit solutions of the KP equation.
Novikov’s conjecture is equivalent to the statement that the Jacobians are characterized
by the existence of a length 3 formal jet of flexes to the Kummer variety.

Welters, inspired by Gunning’s theorem and Novikov’s conjecture, proved later
by Shiota [28], formulated in [33] the following still stronger conjecture: that the
existence of one trisecant (or one flex, or one semidegenerate trisecant) in fact already
characterizes Jacobians. Welters’s conjecture was recently proved by Krichever in [18]
and [19].

Prym varieties possess generalizations of some properties of Jacobians. Beauville
and Debarre [3] and Fay [11] showed that the Kummer images of Prym varieties
admit a 4-dimensional family of quadrisecant planes (as opposed to a 4-dimensional
family of trisecant lines for Jacobians). Similarly to the case of Jacobians, it was then
shown by Debarre in [6] that the existence of a 1-dimensional family of quadrisecants
characterizes Prym varieties among all ppav’s. However, Beauville and Debarre in
[3] constructed a ppav that is not a Prym but such that its Kummer image has a
quadrisecant plane. Thus, no analog of the trisecant conjecture for Prym varieties was
conjectured, and the question of characterizing Prym varieties by a finite amount of
geometric data (i.e., by polynomial equations for theta functions at a finite number of
points) remained completely open.

From the point of view of integrable systems, attempts to prove the analog of
Novikov’s conjecture for the case of Prym varieties of algebraic curves with two
smooth fixed points of involution were made in [30], [29], and [3]. In [30] it was shown
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that the Novikov-Veselov (NV) equation provides a solution of the characterization
problem up to the possible existence of additional irreducible components. In [29]
and [3], the characterizations of Prym varieties in terms of BKP and NV equations
were proved only under certain additional assumptions. In [3], moreover, an example
of a ppav that is not a Prym, but for which the theta function gives a solution to the
BKP equation, was constructed, and thus no analog of Novikov’s conjecture for Prym
varieties was made. Recently, Krichever [17] proved that Prym varieties of algebraic
curves with two smooth fixed points of involution are characterized among all ppav’s
by the property of their theta functions to provide explicit formulas for solutions of
the integrable 2-dimensional Schrodinger equation.

The main goal of this article is to prove that Prym varieties are characterized
among all ppav’s by the property of their Kummer images admitting a symmetric pair
of quadrisecant 2-planes (see the statement of Corollary 1.2 for a precise formulation).
That there exists such a symmetric pair of quadrisecant planes for the Kummer image
of a Prym variety can be deduced from the description of the 4-dimensional family
of quadrisecants, using the natural involution on the Abel-Prym curve. However, the
statement that a symmetric pair of quadrisecants in fact characterizes Pryms seems
completely unexpected.

Our geometric characterization of Prym varieties follows from a characterization
of Prym varieties among all ppav’s by some theta-functional equations (see the state-
ment of Theorem 1.1 for a precise formulation), which, by using Riemann’s bilinear
addition theorem, can be shown to be equivalent to the existence of a symmetric pair
of quadrisecant planes. In order to obtain such a characterization of Prym varieties,
we introduce, develop, and study a new hierarchy of difference equations, starting
from a discrete version of the Schrodinger equation. The hierarchy we construct can
be thought of as a discrete analog of the Novikov-Veselov hierarchy.

The structure of this article is as follows. In Section 2, we give a brief overview of
notation and of the main results. In Section 3, we give an analytic proof (not using the
results of Beauville-Debarre and Fay) of the fact that Kummer images of Prym varieties
admit a symmetric pair of quadrisecant planes. This is done by constructing (using
algebro-geometric techniques) new difference potential Schrodinger operators that
play a crucial role in all our further considerations. Our construction is a discrete ver-
sion of the well-known Novikov-Veselov construction [31] of potential 2-dimensional
Schrodinger operators (the latter is a reduction of a more general construction of
Schrodinger operators in a magnetic field first proposed in [9]). In Section 4, we
introduce a discrete analog of the Novikov-Veselov hierarchy and study its properties.
It is a set of difference-differential equations describing integrable deformations of
potential difference Schrodinger operators.
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In Section 5, we construct a wave solution of the discrete hierarchy constructed
in Section 4. While the idea of constructing such a solution is in a way inspired by
the success of constructions in [17], [18], and [19], there is no a priori reason why
such a solution of the discrete Schrodinger hierarchy can be constructed assuming
only the existence of a symmetric pair of quadrisecant planes as the first step. The
hierarchy we consider involves essentially a pair of functions and is thus essentially
a matrix hierarchy, unlike the scalar hierarchy arising for the trisecant case. The
argument is very delicate, and involves using the pair of quadrisecant conditions to
recursively construct a pair of auxiliary solutions (essentially corresponding to the
two components of the kernel, only one of which is the Prym).

In Section 6, we finish the proof of our main result on the characterization of
the Prym varieties associated to unramified double covers. One very important detail
here is that, unlike the Jacobian case, the Prym variety remains compact under certain
degenerations of the curve. No characterization of Prym varieties given in terms of
the period matrix of the Prym differentials can single out the possibility of such
degenerations, and thus our characterization is of the closure P, in », of the locus
P, of Pryms, not only of &, itself (see Remark 3.10 for more details).

2. Statement of results

Let B be an indecomposable complex symmetric matrix with positive definite imagi-
nary part. It defines an indecomposable ppav X := C¢/A, where A := Z# + BZ8 C
C¢. The Riemann theta function is given by the formula

0(B,2) = Z e miemimiBmm (2 m) = myzy -+ MgZg

meZs

for z € C$. The theta functions of the second order are defined by the formula

®[8](B, Z) = Z 627Ti(2m+8,z)+71i(2m+3,B(m+5/2))

mezs

for ¢ € (Z/27)%. The Kummer variety K(X) is then defined as the image of the
Kummer map

28 —1

K 20— {Ole)@)}y zpozy € P77

A projective (m — 2)-dimensional plane P2 C P?>*~! intersecting K (X) in at least
m points is called an m-secant of the Kummer variety.

‘We now recall the definition of Prym varieties. Indeed, an involutiono : ' — T’
of a smooth algebraic curve I' induces an involution o* : J(I') — J(I") of the
Jacobian. The kernel of the map 1 + o* on J(I') is the sum of a lower-dimensional
abelian variety, called the Prym variety (the connected component of zero in the
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kernel), and a finite group. The Prym variety naturally has a polarization induced by
the principal polarization on J(I"). However, this polarization is not principal, and the
Prym variety admits a natural principal polarization if and only if o has at most two
fixed points on I'. This is the case we concentrate on.

THEOREM 2.1 (Main theorem)
An indecomposable principally polarized abelian variety (X, 0) € A, lies in the
closure of the locus P, of Prym varieties of unramified double covers if and only
if there exist vectors A, U, V,W € C¢ representing distinct points in X, none of
them points of order 2, and constants c1, c», ¢3, W1, Wy, w3 € C such that one of the
following equivalent conditions holds.

(A) The difference 2-dimensional Schrodinger equation

wn+1,m+1 - Mn,m(wn+1,m - 1pn,erl) - 1pn,m =0 (21)
with
un,m :
O((n+DU+mV+v,, W+Z) 0(nU+(m+1)V+v,, W+Z)
"o+ DU +m+D)V+(1=v,, )WHZ)0(mU +mV + (1 — v, )W + Z)’
2.2)
where
D = L (1) Gy = ()T 23)
and where
OA+nU+mV +v,,W+2) 120,
Ynm = wiwy wy™ (c1 cz) (2.4)
O0mnU +mV + ({1 —v,, )W + Z)
is satisfied for all Z € X.
(B) We have the identity
~/A+U+VIFW ~/A4+U—-VEW
wlwz(Clcz)ﬂK( ki ; i ) - w1€3(w3€1)i1K( i 5 )
~/A+V -UxW ~/A=—U-VFW
+w2c3(w3c2)i11<( + . ) — K( . i ) —0. (25

where K : C¢ — C* is the lifting of the Kummer map to the universal cover
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(C) The two equations (one for the top choice of signs everywhere and one for the
bottom)

PR Z+U-VYNZ-ULW)0(Z+V EW)
+cFG0Z-U+V)OZ+UEW)(Z -V EW)
= F0Z-U-V)OZ+ULEW)Z+V EW)
+0(Z+U+V)OZ-UEW)0(Z—-V EW) (2.6)

are valid on the theta divisor {Z € X : 0(Z) = 0}.
A purely geometric restatement of part (B) of this result is as follows.

COROLLARY 2.2 (Geometric characterization of Pryms)

A ppav (X, 0) € A, lies in the closure of the locus of Prym varieties of unramified
(étale) double covers if and only there exist four distinct points py, p2, p3, ps € X,
none of them points of order 2, such that the following two quadruples of points on
the Kummer variety of X,

K(pi+p2+ps+ps), K(pi+p2—p3—pa), K(pi+p3—p2—pa), K(p1+ps—p2—p3)

and

K(p1—p2—p3—ps), K(p1—p2+p3+ps), K(pr—p3+p2+ps), K(p1—pst+pa+ps3),

are linearly dependent.

Equivalently, this can be stated as saying that (X, 0) lies in the closure of the
Prym locus if and only if there exists a pair of symmetric (under the 7 +— 2p; — 2
involution) quadrisecants of K (X).

Proof

Indeed, statement (B) gives the two linear dependencies for the Kummer images of the
two quadruples of point. The six coefficients of linear dependence appearing in these
two equations depend on six parameters c¢;, w; and are independent (since all ¢;, w;
can be recovered from the six coefficients); thus (B) says that any ppav admitting a
symmetric pair of quadrisecants is in the closure of the Prym locus. i

The equivalence of (A) and (B) is a direct corollary of the addition formula for the
theta function. The only if part of (A) is what we prove in section 2. The statement (C)
is actually what we use for the proof of the if part of the theorem. The characteriza-
tion of Pryms by (C) is stronger than the characterization by (A). The implication
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(A) = (C) does not require the explicit theta-functional formula for . It is enough
to require only that equation (2.1) with u as in (2.2) has local meromorphic solutions
which are holomorphic outside the divisor 6(Un + Vm + Z) = 0 (see Lemma 5.1).

It would be interesting to try to apply our geometric characterization of Pryms
to studying other aspects of Prym geometry and of the geometry of the Prym lo-
cus, including the Torelli problem for Pryms, higher-dimensional secancy condi-
tions, representability of homology classes in Pryms, and so on. It is also tempt-
ing to ask whether a similar characterization of Prym-Tyurin varieties of higher
order may be obtained, or whether one could use secancy conditions to geometri-
cally stratify the moduli space of ppav’s. We hope to pursue these questions in the
future.

3. Potential reduction of the algebro-geometric 2-dimensional difference
Schrodinger operators

To begin with, let us recall a construction of algebro-geometric difference Schrodinger

operators proposed in [16] (see details in [22]).

General notation, Baker-Akhiezer functions

Let I' be a smooth algebraic curve of genus g. Fix four points Pli, P2i e I', and let
D= Y1+ - -+ ¥z be a generic effective divisor on I of degree g. We denote by B the
period matrix of the curve I' (the integrals of a basis of the space of abelian differentials
on I" over the b-cycles, once the integrals over the a-cycles are normalized), we denote
by J(I') = C&/Z& + BZA the Jacobian variety of I", and we denote by A:T <
J(I') the Abel-Jacobi embedding of the curve into its Jacobian. We further denote
by

§(z) =0(B, 2)

the Riemann theta function of the variable z € C&.

By the Riemann-Roch theorem, one computes 2°(D + n(P;" — P[) + m(P;" —
P, )) = 1, for any n, m € Z, and for D generic. We denote by \//f\n,m(P), P €T the
unique section of this bundle. This means that {//\nm is the unique (up to a constant
factor) meromorphic function such that (away from the marked points Pii) it has poles
only at y,, of multiplicity not greater than the multiplicity of y; in D, while at points
P/, P, (resp., P;”, P,") the function @n,m has poles (resp., zeros) of orders n and m.

If we fix local coordinates k' in the neighborhoods of marked points (it is
customary in the subject to think of marked points as punctures, and thus it is common
to use coordinates such that k at the marked point is infinite rather than zero), then the



324 GRUSHEVSKY and KRICHEVER

Laurent series for ¥, ,,(P), for P € I" near a marked point, has the form

Do = ki"(igf(n,m)kf>, k=k(P), P — P, 3.1)
5s=0

Dom = ki'"(i)(si(n, mk ™), k=Kk(P), P - P, (3.2)
s=0

Any meromorphic function on a Riemann surface can be expressed in terms of theta
functions, but it is easier to write an expression for @,,,m using both theta functions and
differentials of the third kind. Indeed, fori = 1,2 let dQ € H'(Ky + P+ P7)be
the differential of the third kind, normalized to have residues F1 at P,* and with zero
integrals over all the a-cycles, and let Q' be the corresponding abelian integral (i.e.,
the function on the Riemann surface obtained by integrating d Q' from some fixed
starting point to the variable point). Then we have the expression

G(A(P) +nU +mV +2Z) U (PYm(P)
O(A(P) + Z)
where r,,,, is some constant, U = A(P;") — A(P,"), V = A(P;) — A(P;"), and

Vum(P) = T'm (3.3)

Z=-) AW +r, (3.4)

where ¥ is the vector of Riemann constants. Indeed, to prove that such an expression
for ¥, ,, 1s valid, one only needs to verify that both sides have the same zeros and
poles, which is clear by construction.

Notation

For the remainder of this article, it is useful to think of n and m as discrete variables,
which are shifted by the shift operators that we denote 7}, : n +— n + 1 and T, :
m +— m + 1, respectively. To emphasize the difference between the operator and its
action, for a function f = f(n, m) we write t, f := T, o f, so that, for example,
Ti(f -g) =t f tjg. Wealsodenote by H := T\'T, — u(T) — T) — 1 (where u is a
function of the same variables as f, g) the difference operator that is very important
for what follows.

THEOREM 3.1 (see [16])
The Baker-Akhiezer function \, ,, given by formula (3.3) satisfies the following dif-
ference equation:

wn-ﬁ-l,m-&-l - an,mwn-i—l,m - bn,m Wn,m-&-l + Cn,m Wn,m = Oa (35)
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where we let

&+ 1Lm+1) X+ 1 m41) 3.6)
T m) T xeam+ 1) '
. bnym’;"(n,m +1) & mm+ D)y (n+1,m+ D 37

g (n,m) &y (n,m) xg (n,m +1)

Explicit theta-functional formulas for the coefficients follow from equation (3.3),
which implies that

A
b5 = ran oA TR MY H2) b, (3.8)

0(A(P") + 2)

A

XO:E = rnme(A(Pa)/j— nj[:J + nlv + Z) enﬁli+mﬁ2i. (39)

0(A(P,") + 2)

The constants ", B are defined by the formulas
o = PF); Q =xnk+oa+0k"), P— P, (3.10)
B = Q(PY); Q@ =+Ink+ 8"+ 0k, P— P (3.11)

Setup for the Prym construction

We now assume that the curve I' is an algebraic curve endowed with an involution
o without fixed points; then I' is an unramified double cover ' — TI'y, where
[y =T/o.If T is of genus g = 2g + 1, then by Riemann-Hurwitz the genus of [y
is g + 1. For the remainder of this article, we assume that g > 0 and thus that g > 1.
On I" one can choose a basis of cycles a;, b; with the canonical matrix of intersections
ai-aj=>b; -b;j =0, a; -b; =6;;,0 <i,j < 2g, such that under the involution o
we have o(ag) = ag, 0(by) = by, 0(a;) = agyj, 0(b;) = berj, 1 < j < g. lf do;
are normalized holomorphic differentials on I' dual to this choice of a-cycles, then
the differentials du; = dw; — dw,yj, for j =1, ..., g are odd; that is, they satisfy
o*(duy) = —duy, and we call them normalized holomorphic Prym differentials. The
matrix of their b-periods

nkj=7§du,, 1<k j<g (3.12)
by

is symmetric, has positive definite imaginary part, and defines the Prym variety

P(T) := C¢/Z¢ + NZ*
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and the corresponding Prym theta function
0(z) == 0(I1, 2)

for z € C#¢. We assume that the marked points Pli, P2jE on I are permuted by the
involution; that is, P;* = o(P,"). For further use, let us fix in addition a third pair of
points P;" such that P; = o (P5").

The Abel-Jacobi map I' < J(I') induces the Abel-Prym map A : ' — P(I")
(this is the composition of the Abel-Jacobi map A: y < J(I') with the projection
J(I) — £ (I)). Since one may choose the base point involved in defining the Abel-
Jacobi map, and thus the Abel-Prym map, let us choose this base point (unique up to
a point of order 2 in #(I")) in such a way that

A(P) = —A(o(P)). (3.13)

Admissible divisors. An effective divisoron I" of degree g — 1 =2¢, D =y, +---+
V2. 1 called admissible if it satisfies

[D]+[0(D)] = Kr € J(T') (3.14)

(where K is the canonical class of I'), and if, moreover, H'(D + o (D)) is generated
by an even holomorphic differential d<2; that is,

dQ(yy) = dQ(o () =0, dQ =0"(dR). (3.15)

Algebraically, what we are saying is the following. The divisors D satisfying
(3.14) are the preimage of the point K under the map 1 4 o and thus are a translate
of the subgroup Ker(1 4+ o) C J(I') by some vector. As shown by Mumford [23],
this kernel has two components, one of them being the Prym and the other being
the translate of the Prym variety by the point of order 2 corresponding to the cover
I' — Iy as an element in 77;1(I"y). The existence of an even differential as in (3.15)
picks out one of the two components, and the other one is obtained by adding A —o (A)
to the divisor of such a differential, for some A. In Mumford’s notation, the component
we pick is in fact P~ (when we choose the base point according to (3.13) to identify
Pic’ and Pic®™"), but throughout this article we deal with both components, using
some point (called P3+ ) and the corresponding shift by P_;r — P; to pass from one
component to the other. We prove the following statement.

PROPOSITION 3.2
For a generic vector Z € C8, the zero divisor D of the function 6(A(P)+ Z) on T is
of degree 2g and satisfies the constraints (3.14) and (3.15); that is, it is admissible.
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Remark
We have been unable to find a complete proof of precisely this statement in the
literature. However, both Izadi and Smith have independently supplied us with simple
proofs of this result, based on Mumford’s description and results on Prym varieties.
As pointed out to us by a referee, this result can also be easily obtained by applying
[10, Proposition 4.1]. The reason we choose to give the longer analytic proof below
is because we need some of the intermediate results later on, and also to give an
independent analytic proof of some of Mumford’s results.

Note that the function 8(A(P) + Z) is multivalued on I', but its zero divisor is
well defined. Arguments identical to those used in the standard proof of the inversion
formula (3.4) show that the zero divisor D(Z) := 8(A(P)+Z)isofdegree g—1 = 2g.

LEMMA 3.3

For any pair of points Pji conjugate under the involution o, there exists a unique
differential d2; of the third kind (i.e., a dipole differential with simple poles at these
points and holomorphic elsewhere) such that it has residues F1 at these points, is
odd under o, (i.e., satisfies d2; = —o0*(d2;)), and such that all of its a-periods
are integral multiples of wi; that is, such a differential d<2; exists for a unique set of
numbers ly, ..., 1, € Z satisfying

fd@:mlk, k=0,...,g. (3.16)

Proof

Indeed, by Riemann’s bilinear relations, there exists a unique differential dQ2 of the
third kind with residues as required, and satisfying fa ) d2 = Oforall k. Note, however,
that then fak 0 *(dS2) is not necessarily zero, as the image o (ay) of the loop ay, while
homologic to a, on I', is not necessarily homologic to a,. (resp., to ag for o (ap)) on
r\ {Pji}. Thus each integral fﬁa ) o*(d2), being equal to 2777 times the winding number
of o(ay) around Pj+ minus that around P}, is equal to 2mily for some [, € Z. We
now subtract from d€2 the linear combination i (lodwo + Y5 h(day + da)g+k))
of even abelian differentials to get the desired d<2;. O

LEMMA 3.4
For a generic D = D(Z) and for each set of integers (n, m, r) such that

n+m-+r =0mod?2, (3.17)
the space

HO(D +n(P{" = P))+m(Py — Py)+r(Pf — Py))
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is 1-dimensional. A basis element of this space is given by

OAPL) +nU+mV +1W+2) opyimeuprrase)

1pn,m,r(P) = hn,m,r Q(A(P) + Z)

(3.18)
where Q; is the abelian integral corresponding to the differential d2; defined by
Lemma 3.3, and U, V., W are the vectors of b-periods of these differentials, that is

27TiUk Z% dQ], 27Tin Zf\ sz, ZﬂiWk =‘¢ dQ3 (319)
by by by

Proof

It is easy to check that the right-hand side of (3.18) is a single-valued function on I
having all the desired properties, and thus it gives a section of the desired bundle. Note
that the constraint (3.17) is required due to (3.16), and the uniqueness of ¥ up to a
constant factor, that is, the 1-dimensionality of the H 0 above, is a direct corollary of
the Riemann-Roch theorem. |

For further use, let us note that bilinear Riemann identities imply that
2U = A(P)— A(P]"), 2V = A(P,)— A(P,"), 2W = A(Py)— A(P;). (3.20)

Let us compare the definition of {5,,,,,, defined for any curve I" with that of ¥, ,, ,,
which is only defined for a curve with an involution satisfying a number of conditions.
To make such a comparison, consider the divisor D=D+ Py of degree § = 2g+1,
and let @n,m be the corresponding Baker-Akhiezer function.

COROLLARY 3.5
For the Baker-Akhiezer function ,,, corresponding to the divisor D = D + P3+, we
have

Ib\nm = 1//n,m,v, (321)

where v = v, is defined in (2.3), that is, it is zero or one so that n +m + v is even.

COROLLARY 3.6

If n + m is even, then by formulas (3.3), (3.18), we get
BAP) +nU +mV + 2)8(APY +2)
AP+ 2)0(AP) +nU +mV +2)
O(A(P)+nU +mV + Z)0(A(Py) + Z)e
0(A(P) + 2)0(A(Py) +nU +mV + Z)

nri+mry , (322)
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where r; = f;;(d@,- — dS2;), and we recall that 7 = 2(5) + & and that Z is its
image.

Remark 3.7

This equality, valid for any pair of points P, Py € I' is a nontrivial identity between
theta functions. Thus far we have been unable to derive it directly from the Schottky-
Jung relations.

Notation
For brevity, throughout the remainder of the article we use the notation: ¥, , =

Ym, vy -

LEMMA 3.8
The Baker-Akhiezer function \, ,,, given by

1// _ AP+ Un+Vm+v,, W+ 2) "1 (P)+mQ(P)+vy 23(P)
T UR4+Vm A+ (= v)W + Z2)0(AP) 4+ Z)  e@vun—D0Q(PY)+mQ(P)
(3.23)

satisfies equation (2.1); that is,

1anrl,meI - un,m(‘//nﬂ,m - wn,erl) - wn,m = 07

with u, ,, as in (2.2), (2.3), where

— eﬂz(f’f) Qi(P;H)
- ’ ’

C cp=ce = 1P, (3.24)
Proof
Note that the first and last factors in the denominator of (3.23) correspond to a special

choice of the normalization constants £,, ,, ,, in (3.18):

Yun(P5) = OZ + W)™, vy =0,
Ve ™ p_pr = O(Z = W)™, vy =1, (3.25)

This normalization implies that for n + m the difference (V,+1.m+1 — Yn.m) equals
zero at P; . At the same time, as a corollary of the normalization, we see that
(Yu+1.m — Yum+1) has no pole at P3+. Hence, these two differences have the same
analytical properties on I' and thus are proportional to each other (the relevant H°
is 1-dimensional by Riemann-Roch). The coefficient of proportionality u,,, can be
found by comparing the singularities of the two functions at Pf’. O

The second factor in the denominator of formula (3.23) does not affect equation (2.1).
Hence, the lemma proves the only if part of statement (A) of the main theorem for the
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case of smooth curves. It remains valid under degenerations to singular curves which
are smooth outside of fixed points Q; which are simple double points, that is, to the
curves of type {I', o, O}.

Remark 3.9
Equation (2.1) as a special reduction of (3.5) was introduced in [8]. It was shown that
equation (3.5) implies a five-term equation

wn+l,m+l - énmwn-H,m—l - En,mwn—l,m-kl + E.nmllfn—l,m—l = an,ml;//n,m (326)

if and only if it is of the form (2.1). A reduction of the algebro-geometric construction
proposed in [16] was found in the case of algebraic curves with involution having two
fixed points. It was shown that the corresponding Baker-Akhiezer functions do satisfy
an equation of the form (2.1). Explicit formulas were obtained for the coefficients of
the equations in terms of Riemann theta functions. The fact that the Baker-Akhiezer
functions and the coefficients of the equations can be expressed in terms of Prym theta
functions is new.

We are now ready to complete the proof of Proposition 3.2. Let v, ,, be the Baker-
Akhiezer function given by (3.23). According to Lemma 2.3, it satisfies equation (2.1).
The differential dv, ,, is also a solution of the same equation, and thus using the shift
operator notation, we get

(Tl - 1)( ,Zmdl/fn,m—kl - yim.;_]de,m) = (T2 - 1)(w;deH+l,m - ,7+1,md¢n,m)-
(3.27)

For a generic set of algebro-geometric spectral data, the products ¥/, , ¥, n+1 and
Y, ¥ni1.m are quasi-periodic functions of the variables n and m. The data for which
they are periodic is characterized as follows.

Let dp;, i = 1,2 be abelian differentials of the third kind with residues F1 at
punctures P, respectively, and normalized by the condition that all of their periods
are purely imaginary. We then have

N fdpj =0, Yce H(T,2). (3.28)

Nondegeneracy of the imaginary part of the period matrix of holomorphic differentials
implies that such dp; exists and is unique. If the periods of dp; are of the form

. J )
?gdp, =% ez, (3.29)
c Nj
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then the function u;(Q) = i/ Cdp; g single-valued on I" and has pole of order N; at
P;r and zero of order N; at P;. From the uniqueness of the Baker-Akhiezer function,
it then follows that

i

1//n 2Ny,m — — Wn,ma wn,m 2N, — — Wn.m’ v=20
+2N; ,bLl(Pg) +2N> ,U«Z(P3) ,
i a2
wn m = wn,ma wn,m Eal—— wn,ma v=1. (330)
T (P T (P
These imply that
1p;iLZNl,mdl,b‘n-H+2N1.m = w,iden-&-l,m + (w,imwn-&-l,m)dpl (331)

and that similar monodromy properties obtain for the other terms in (3.27). In this
case, the averaging of equation (3.27) in the variables n, m gives the equation

(Y (Y — ) W)adpy = (V7 (6Y) — (4 °)Y) 1 dps. (3.32)

Here (-); stands for the mean value in n and (-), stands for the mean value in m. For
a generic curve, differentials dp; have no common zeros. Hence, for such curves the
differential

d d
4o = ld — P2 (3.33)

Yoty —tyoy) (Yohy — Lyoy),
is holomorphic on I'. It has zeros at the poles of i and ?. The curves for which
(3.29) holds for some N; are dense in the moduli space of all smooth genus g curves.
This proves that equation (3.33) holds for any curve. Proposition 3.2 is proved.

Remark 3.10
We have thus proved that for any Prym variety, part (A) of the main theorem is satisfied.
Note, however, that the statement of the main theorem is for all abelian varieties in
the closure of the locus &, in +,. To show that condition (A) holds for ppav’s in the
closure of .T"g, it is enough to note that (A) is an algebraic condition, and thus is valid
on the closure of &,. The only thing left to verify is that in the closure, all of the points
A, U, V, W can be chosen not to be points of order 2. Since we have shown that for
Prym varieties (in the open part &,) the quadrisecancy occurs for any choice of points
on the Abel-Prym curve, and this curve in the limit degenerates to a curve (which is
thus not contained in the finite set of points of order 2), the limit points can be chosen
not to be of order 2 as well.

When we prove the characterization (the only if part of the main theorem) in
Section 5, there are no problems with the closure, as we are able to show explicitly
that condition (C) (implied by (A)) exhibits the abelian variety as the Prym for a
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possibly nodal curve. In particular, the case of the nodal curve corresponds to double
covers branched in two points, considered, for example, in [17].

4. A discrete analog of Novikov-Veselov hierarchy

In this section, we introduce multiparametric deformations of the Baker-Akhiezer
functions and prove that they satisfy a system of difference-differential equations. The
compatibility conditions of these equations can be regarded as a discrete analog of the
Novikov-Veselov hierarchy (see [31]).

Letr = {ti', tiz, i =1,2...} be two sequences of complex numbers (we assume
that only finitely many of them are nonzero). We construct a function ¥ on the curve
I' with prescribed exponential essential singularities at points P,-jE controlled by these
t.

LEMMA 4.1

Let D = D(Z) = y1 + - - - + y2, be an admissible divisor. Then there exists a unique

(up to a constant factor) meromorphic function \r,, ,,(t, P) of P € I, which we call a

multiparametric deformation of the Baker-Akhiezer function, such that

@) outside of the marked points it has poles only at points y, of multiplicity not
greater than the multiplicity of y; in D;

(i1) Yum(t, P) has an at most simple pole at P

(iii)  in the local coordinate k=' mapping a small neighborhood of P]i to a small
disk in C (with the marked point mapping to zero), it has the power series
expansion

untt: Py =7 T () @
s=0

for some £ (notice that this means that there is an essential singularity and
that the expansion starts from k™" at P;" and k" at P, and goes toward k=>°);
(iv)  in the local coordinate k™' near Pzi, it has the power series expansion

£V

Yot Py =k 7 (30 0 m, k). 4.2)
s=0

Proof
This function ¥, ,, is given by

O(A(P) +nU +mV +v,, W + Z+ Y (1] U} +17U}))
O(A(P)+ Z)

xexp (n1(P) + mR(P) + v @(P) + Y (1! QUP) + 122XPY).

Unn(t, P) = hym(1)

(4.3)
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where 21, Q,, 23, and the vectors U, V, W are as in Lemma 2.2; QJ” forp=1,21is
the abelian integral of the differential d Q’; , which has poles of the form

dQ? = +d(k/ + 0(1)) (44)

at punctures Pli(rz), is holomorphic everywhere else, and is uniquely determined by the
normalization conditions

7§dsz}(2>=o, k=0,....2g: 4.5)

Ak

12)

coordinates of the vectors U, are defined by b-periods of these differentials; that is,

27iU, =7§ aQ®, k=1,....3. (4.6)
be ’

Note that, as before, if v,,, = 0, then ¥, ,, is in fact holomorphic at P;, and if
Vo = 1, then ¥, ,, does have a pole at P;r but also has a zero at P; . As before, we
normalize v, ,, by conditions (3.25). O

Notation
In what follows, we deal with formal pseudodifference operators, shifting n and
m, with coefficients being functions of the variables n and m, and of the #’s. For
the remainder of this section, when we write functions f, g, ... as coefficients of
pseudodifferential operators, they are meant to be functions of n, m, and t.

Denote by R the ring of functions of variables n, m, and t. We denote by (91i
the rings of pseudodifference operators in two variables that are Laurent series in 7"
(i.e., for elements in O}, only finitely many positive powers of T} are allowed) and
polynomials in 75" that is,

M, 00
Of = RO, T Ty = {D => Z”UTﬁisz}v
j=M, i=N

where r;; € R. The intersection
0:=0;N0O; =R\, T, T, T,

is the ring of difference operators. We further denote by (9??0 the ring of pseudodif-
ference operators in one variable that are Laurent polynomials in 7,7, thought of as
subrings of O, respectively; that is,

Of, = R((T) = {D - Zr,-Tﬁ"}.

00
i=N
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Finally, we denote by @y the left principal ideal in @ generated by the operator
H =TT, —u(T, —T,) — 1, thatis, Oy := O H, and we similarly set (9?; = (9fEH

Moreover, while performing computations in these rings, it is often convenient to
compute only a couple of the highest terms. To this end, we use for k£ > 0 notation
O(T ™) = T *RI[T"]] for the operators in @, only having terms with 7} for
n < —k,and O(le )= leﬂ[[Tl]] for the operators in O, only having terms with 77
forn > k.

We now want to show that the multiparametric deformations of the Baker-
Akhiezer functions satisfy a hierarchy of difference-differential equations.

PROPOSITION 4.2

The Baker-Akhiezer function W = Y, ,,(t, P) satisfies (2.1) with u,,, as in (2.2), with
Z replaced by Z + Z/ (t} U; + I?U]Z) (this can be written as Hyr = 0). There exist
unique difference operators of the form

LY = (f +Zf,(’”T + T"f(“))(TM ~T/H, n=12j=12.. &7
such that the equations
D=1y (4.8)
- .
at; /
hold.

Proof
The proof of the first statement is identical to that in Lemma 2.3. The proof of the
statement that there exist operators of the form

L(M) Z g(M)Tl (49)

i=—j

such that the equations in (4.8) hold is standard. Indeed, for each formal series (4.1),
there exists a unique operator L;') such that

( a 51)>w e in/d(Zgik ) S(T = 0. (4.10)

at_“

The coefficients g(l) of the operator are difference polynomials in terms of the coef-
ficients & of the series (4.1). Now note that the left-hand side of (4.10) satisfies all
the properties that ¥ satisfies, and thus must be proportional to it. However, since
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§0+ = 0, the constant of proportionality must be equal to zero, and thus the left-hand
side vanishes as desired. The same arguments prove the existence of L(jz) .

It remains to show that the operators Li«” ) have the form as in (4.7). This is a
matter of showing that the coefficients of L(j“ ) satisfy certain identities; that is, that the

generally constructed gf;* ) for — j <i < j can in fact be expressed in terms of fl(,“ )

for 1 <i < j — 1. One easily checks that if L;“ ) is given by (4.7), then its formal
adjoint operator satisfies

(W)N+ =17 (W) —1\—1
(LY =T, = T, HL{(T, =T, )" (4.11)

This equation is in fact equivalent to (4.7), as it determines the coefficients of all the
negative powers of 7, uniquely, given the coefficients of the positive powers. It thus
remains to prove this identity.

We denote by ¢ the composition Y7 (P) = (o(P)); notice that by (4.1),
we know the expansion of both i and ¥? near P,i. Now consider the differential
1/ (T:(TM -T,; h W) dS2, where, as before, d2 is a holomorphic differential having
zeros at the poles of ¥ and 7. Then this expression is a meromorphic differential
on I', which a priori has poles only at Plf and P3i. Due to normalization in (3.25), it
is holomorphic at the punctures P‘i; the pole of i cancels with the zero of ¥/ and
vice versa. Therefore, for n > 0, this differential has a pole only at Plj , and hence its
residue at this point must vanish:

resp: (YO (T (T, — T, ) ¥)d) =0, Vn>0. (4.12)
The normalization in (3.25) also implies that
resps (Y7 (T, ¥)dR2) = 1. 4.13)

Equations (4.12) and (4.13) recursively define coefficients of the power series ex-
pansion of ¥7d< at P; in terms of the coefficients of the power series for . The
corresponding expressions can be explicitly written in terms of the so-called wave
operator.

We first observe that in the ring (9ff0 there exists a unique pseudodifference
operator

o0
o= T (4.14)
s=0

such that the expansion (4.1) of ¥ at P;" is equal to

v o=@ keXitk, (4.15)
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Indeed, this identity provides a unique way of determining the coefficients ¢, recur-
sively.

LEMMA 4.3
The following identity holds:

dk
k2—1"

YodQ = (ke 20K (1 — 17 7N - 17D (4.16)

Here and below, the right action of pseudodifference operators is defined as the formal
adjoint action; that is, we set fT = T~ ! f.

Proof

Recall that by definition, the residue of a pseudodifference operator D = )" d,T* is
resy D := d,. It is easy to check (by verifying that this holds for the basis, that is, by
checking this for D; = T} and D, = T}) that for any two pseudodifference operators
Dy, D,, we have

resg(k "¢~ Zi'"F D) (Dok"eXi ¥ ) d Ink = resy (D, D). (4.17)
The last equation implies that
res; (k" 25K (1 — 7YY @7N(Ty — 1))

dk
k2 —

x(TI”(Tl — Tfl)@ K'eXi "]ki)dlnk =resy 1" = 6,,0;

x(T/(Ty — T ) ) o= res; (ke 2K oY1y — 1))

that is, the formal series defined by the right-hand side of (4.16) satisfies equations
(4.12) and (4.13), which are the defining equations (solving term by term; see above)
for Y7d<2. O

Now we are ready to complete the proof that the adjoints of L;‘ satisfy (4.11), thus
proving Proposition 4.2. Consider the pseudodifference operator

£ :=oT, 97,
for which ¢ is an eigenvector; indeed, we have

LY = OT k" eXi % = Pk XK = k. (4.18)
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Considering the expansion of (4.8) in a neighborhood of P;", we see that the positive
parts of the pseudodifference operators L;l) and £/ coincide; hence

(L), =&} (4.19)

(where by the positive part of a pseudodifference operator D = ) d,T° we mean

Dy =) _,dT").
The differential d2 is independent of n. Therefore, from (4.16) it follows that the
operator

=T —-T17)'&T - T (4.20)
has ¥¢ as an eigenfunction:
LYo =ky°. 4.21)

Equation (4.8) considered in the neighborhood of P,  implies that the negative parts
of Ly) and £/ coincide; hence

LW =-%. 4.22)

The last two equations prove (4.11) and then (4.7) for 4 = 1. The case © = 2 is
analogous, and the proposition is thus proved. i

COROLLARY 4.4
The operators H and L;“ ) satisfy the equations

0

WH = [L;‘, H]mod Oy. (4.23)
J

Proof

It is easy to show that the ideal of difference operators D (i.e., of D € ) such that
Dyr = 01is Op. From (4.8), it follows that

( O b H]) V=0
alju a o
Hence, the right- and left-hand sides of (4.23) are equal in the factor-ring O/OQy. O

We show below that the system of nonlinear equations (4.23) can be regarded as a dis-
crete analog of the Novikov-Veselov hierarchy. The basic equation of this hierarchy—
the discrete analog of the Novikov-Veselov equation—is given by (4.23) for j = 1.
The operator L(ll) is of the form

LY =v(m —17"). (4.24)
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Equation (4.23) is equivalent to the system of two equations for the two functions
U= tym(), V= "0nm():

vt ) = u(ty) (4.25)

o = [(titu)(tu) — u(tv)]u — [ty — v] (4.26)

The discrete Novikov-Veselov hierarchy
The discrete analog of the Novikov-Veselov hierarchy is of independent interest.
In what follows, we consider only the part of the hierarchy corresponding to times
1= t}, and set all t‘f =0.

Let us write out this part of the hierarchy in a closed form. We think of it as a
system of evolution equations on the space

8 = {H, £ ‘ H=TT —uT,—T)—1, £= 2:;,7;"“} 4.27)

satisfying
[H, £] = 0mod O}, (4.28)
and such that, moreover, u and v, are of the form

_ (t;7) (t27) o — (i)t '7)

) 4.29
(tit,o) T 0 72 (4.29)

where C is a constant and T = 7(n, m) is some function.
The meaning of (4.28) is as follows. A priori, the operator [H, £] has a unique
representation of the form

[H, £]= (i hsT;f”) + DH,
s=0

with D € (9?’. Therefore, the constraint (4.28) is equivalent to equations /; = 0. The
first of these equations 7y = 0 is an equation for u and vy, which is automatically
satisfied due to (4.29).

By a direct computation of the series expansion of [H, £], it is easy to see that
equations i; = 0 for s > 0 have the form

(tavg) (€ u) — (6 u)vy = Ry(t, vp, ..., v )), (4.30)

where R; is some difference polynomial. They recursively define v,(n, m), if the
initial data v, |,,—¢ are fixed. Therefore, the space § of operators H, &£ with the leading
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coefficients u, vy of the form (4.29) satisfying (4.28) can be identified with the space
of one function of two variables, and an infinite number of functions of one variable,
that is, {t(n, m), vy(n), s > 0}.

Our next goal is to define a hierarchy of commuting flows on §. Any operator in
Offo, and, in particular, £/, has a unique representation of the form

j—1
=" ST =17, 4.31)

Then the formula (4.7) with . = 1 defines a unique operator L; := Li-l) such that
(4.19) holds, and also satisfies condition (4.11) with u = 1 for the adjoint.

THEOREM 4.5
The equations

9,£=I[L;, %], 8,H=I[L;, Hlmod Oy 4.32)

define commuting flows on the space §.

Proof

Note that the highest power of T} in &£ is Ty, and 0, H = (0;, u)(T; — T). Thus in

order to show that equations (4.32) are well defined, we need to prove the following:

(a) [L;, £]is of degree not greater than 1;

(b) [L;, Hl=a;(Ty — T>) mod Oy;

(c)  the corresponding equations for vy and u are consistent with the ansatz (4.29).
The proof of (a) is standard. We compute

Li=%'+F,+F/T7 "+ 0T, (4.33)
where
Fi=t"fi;—fj Fj=t"fo;— fa (4.34)
Using [£, £/] = 0, we get
[Lj, £1=[F; + O(T"), £] = (F; — i FueTi + O(1),

thus proving (a). Note also that by comparing the leading coefficients, we obtain

d
o1,
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The proof of (b) is much harder. The difference operator H L is of order one in
T,. Hence it has a unique representation of the form

HL; = D, —a;T, + DH, (4.36)

where D € O and D, € O .
Our next goal is to show that D, is of degree one in 77; that is, it has the form
D, = b;T; + c;. From the equation TI_IH = 0 mod Oy, we get

L=t u+ T =t ul ' =t u+ (1 — ¢ ut2)T ™+ O(T72). (4.37)

Equations [£/, H] = 0 and (4.33) imply that in @}, the left-hand side of (4.36) is
equal to

HL; = (ttF; — 6 Fpu)Ty + +((1 — ut] ' it F; + (ut; ' w)b F;
— Fj+ (7wt F! —ut, Fl). + O(T™). (4.38)

Substituting this expression and the formula for 75 in (4.36), we get D = b; T +
cj+ O(Tl_l), where

bj = (tltsz —tle)M (439)
cjr=ait; u+ (1 —ut! Wb F; + uty b Fy — Fi + 7wt F) — uty F|.
(4.40)

Now we compute the left- and right-hand sides of (4.36) in @,. Indeed, in O we
have

Ly=-% —F —F'T + o, (441)

where, as before, £ = (T, — Tl_l)_léﬁ*(Tl — Tl_l). If f;; are coefficients of L in
(4.31), then

j—1

B== 17 fi (T =T, (4.42)
I=—00
Hence
Fi=tF=fi,—tfu; F/=6F =fi;—tf,; (4.43)

In order to proceed, we now need the following statement.
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LEMMA 4.6
If (4.28) is satisfied, then the equation

[H, %] = 0mod O (4.44)

holds.

Proof

We prove the lemma by inverting the arguments used above in the proof of Lemma
3.2. First, for a pair of operators £ and H satisfying (4.28), we introduce a formal
solution ¥ = v,,,, of equations

LY =ky, Hy=0 (4.45)

of the form
Y = k(30 00 k™). (446)
s=0

Substitution of (4.46) into (4.45) gives a system of difference equations, which recur-
sively define &;. They have the form

(T &s1) —ubsp =& —u (2 &), o (T1 &41) — &1 = Ry, (4.47)

where R, are explicit expressions linear in the coefficients v, of &£ and difference
polynomial in &,, r < s. If u, vy are of the form (4.29), then the first equation for
s = —1 is satisfied by
t'r
Eg = —. (4.48)
T

The compatibility condition of equations (4.47) is equivalent to (4.28). These equations
uniquely define &, for all (n, m) if the initial data &,,(0, 0) for (4.47) is fixed.
Therefore, the solution v is unique up to multiplication by an (n, m)-independent
Laurent series in the variable k.

The function v defines a unique operator ® of the form (4.14) such that equation
(4.15) holds (with t; = 0). Now we define a formal series

tl'L'

W = k‘”(;éf(n, m)k“), & =— (4.49)

by the formula

v = (M =1T7H e (T —17)7") k™ (4.50)
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This formal series is an eigenfunction of the operator L; that is, Eéw = ky°.
Therefore, in order to prove (4.44), it is sufficient to prove that Hy° = 0.
From equations (4.29) and (4.48), it follows that

J° = Hy® = k—"(ZE”(n, m)k_s). (4.51)
s=1
Hence, to prove that ¥° = 0, it is enough to show that
o Jo (T} ) dk
[w”(T{w)] - resk(M> —0, Vj >2. (4.52)
R k2 —1

From the definition of v/, it follows that
W&k =0, W& Plk=1, j=0 (4.53)
(compare to (4.12), (4.13)). Using the equation Hyr = 0, we get
[y Y], = @ w [y )],
— T WG v Y]+ [y ] 454

Then, by induction, it is easy to show that (4.53) and (4.54) imply that

2j+1 2j
[y Py ], =1— l_[(ti]”)fl, [y 'y ], = l_[(tﬁ”)71» j=0.
i—0 i=0
(4.55)
Direct substitution of (4.55) into (4.52) completes the proof of the lemma. a
Now we compute both sides of (4.36):
1
Ty=-+ (1 — ——)T! + 0(17) mod 0. (4.56)
u utiu

Equations (4.41) and (4.44) imply that [L;, H] = H(F; + F!T, + O(TD)) € Oy.
Therefore, the operator D; in (4.36) has no negative powers of 77, and hence, it is
indeed of the form b; T} + c;.
Straightforward computations of the first two coefficients of [L;, H] give the
following formulas:
a; ~

i— =Fi- tF, (4.57)

C

1 1 ~ ~ ~ ~ ~
(1—m)aj—bj:tl—u (tltsz+(Mt1M — l)tzF] — (Mtll/l) tle — tlqul + Mtszl) .
(4.58)
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From (4.39), (4.43), and (4.57), we get the equations
ciu = (aj — b)), (4.59)
and then
cjutiu — 1) = i F; + utyu (6F; — t,F;) — twF} + ut,F! — F;.  (4.60)

In order to complete the proof of (b), it is enough now to show that the right-hand side
of (4.60) is zero. For that we need the following.

LEMMA 4.7
The equations

Fi=—k+@@-DY Fk7 =@y)y -y ty), @61
j=1

(tlf)
th

%?_l
I

—— K+ k- 1)21: K=y @y) — (Y)Y (4.62)

j=1
hold.
Proof

The expression for the leading coefficients of % and F! follows from (4.48) and
(4.50). In order to prove (4.61), we need to show that

~ k]dk
F; :resk<[(t11ﬁ W=y (tllﬁ)] )

‘ 4 k
= res( (T NL/Y) — v (TE7Y)] : (4.63)
( e

From (4.50), using the relation (4.17), we see that the right-hand side of (4.64) is equal
to

resy (L/T7 =TT =TT 7") = fi; —tif (4.64)
which proves (4.61). The proof of (4.62) is identical. O

From (4.61) and the equation H1r = 0, it follows that

~

tLF = —A{LY Wty —uty + )} = —A{( LY Wty +¥)}.  (4.65)

Here and below, #A/{-} stands for the antisymmetrization of the corresponding expres-
sion with respect to the interchange of ¥ and .
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In the same way, we get
t6hF = —A{utiy” —uty* + y)ELY)
= —utut AP (Y — b)) — ut, 7!
— APt ut Y — utyy + )}
Further direct use of the equation Hvy = 0 and (4.65) finally gives the equation
t6F Futiu (6F —6F) —tuF +uttF' - F =o0. (4.66)

The proof of (b) is complete. The comparison of the coefficients at 7} in the left- and
right-hand sides of (4.32) gives

o Inu=>b; =t,F, — F,. (4.67)

We now proceed to prove (c) and to derive the evolution equation for t. The left
and right actions of pseudodifference operators are formally adjoint; that is, for any two
operators the equality (k™" D )(D,k") = k™" (D1 Dk™)+ (T — 1) (k™" (D3k™)) holds.
Here D; is a pseudodifference operator whose coefficients are difference polynomials
in the coefficients of D; and D-. Therefore, from (4.61) and (4.50), it follows that

FO=—k— (T — 1)((k2—1)ink‘-f>, (4.68)
s=2

where the coefficients of the series Q are difference polynomials in the coefficients of
the wave operator ®. Equation (4.68) implies that

Fi=(1-T)Q,=0;-t0,. (4.69)

Taking into account the ansatz (4.29), we see that equations (4.35) and (4.69) are
equivalent to one equation for the function

d,Int = Q;. (4.70)

Remark 4.8

It is necessary to mention that the Q; are defined only up to an additive term that is
invariant under 77. This ambiguity reflects the fact that the ansatz (4.29) is invariant
under the transformation

t(n,m) — f(m)r(n, m),

where f(m) is an arbitrary function.
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Equation (4.70) completes the proof of the statement that equations (4.32) are well
defined. The proof of the statement that the corresponding flows on § commute with
each other is standard. O

5. Bloch (quasi-periodic) wave solutions

We begin by proving the implication (A) = (C) in the main theorem. As mentioned

above, this does not require the knowledge of the explicit theta-functional form of the

function 1. An implication of this kind was proved for the first time in [2].
Throughout this section, v = 0, 1 and is considered as an element of the group

Z, = 7,)27.

LEMMA 5.1
Let V € C4 and let t'(z) for n € N,v € Z, be two sequences of holomorphic
functions on C? such that each divisor T i={z € C?: 7,/(z) = 0} is not invariant

as a set under the shift by V; that is, T,V # 7. + V. Suppose that the system of

n
equations (considered as a joint system for v = 0 and v = 1, intertwining ¥° and

v')
Vi @+ V)=, (01 =9 @+ V) v, @ =0, (.
where for some constant C € C

,fif(z) Tz + V)

Y(7) = 5.2
u,(z) T G+ @ (5.2)
has solutions ) of the form
v = & (5.3)
7, (2)

where ) is a holomorphic function. Then the equation

,fill(Z Yo+ V)T @ - V) + T2+ V)T — V) @)
= (e @ -V o G+ V) +,@ -Vt
x(zy+ V) H(@))C? (5.4)

is valid for all n, v, and for any point z) € 7.".

Proof
Let “(z) be the left-hand side of (5.1). A priori, it may have poles at the divisors 7"

and 7" | — V. The vanishing of the residue of /) at 7" implies that

n+1

Tz + V) 1
YD) =T+ V) = —al(z) -1 C
H @)tz + V)

; (5.5
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while the vanishing of the residue of /), at 7,” ; — V implies that

Tz — V) -1

v+1,_v v+1
. (2, —V)— z,) =0, (z,) (5.6)
e = V) =@ = @) o s
On the other hand, the evaluation of 7"*! at the divisor 7" — V implies that
7,12, — V)
Y @) — it @ = V) = —al(z)— 2 c, (7
+1 nill(ZV)TVH(Z —V)
while the evaluation of 1/ at the divisor 7" implies that
. o+ V)
U@+ V) = @) = ) ‘ (5.8)

T+ V)n @)

The left-hand side of the difference of (5.5) and (5.6) is the same as that of the
difference of (5.7) and (5.8); equating the right-hand sides of these differences yields
(5.4). O

Formulation (A) of our main theorem implies that the assumption of Lemma 5.1 is
satisfied for C = ¢3, z € C8 and that

t(z) =0 (Un~+ (1 — )W +2) (" Dchy=172, (5.9)

where [ € C8 is a vector such that (/, V) = 1. Then from (5.4) for v = 0, we get on
the divisor 'J{)O (that is, for 0(Z) = 0(z + W) = 0),
@D+ -V + 1@+ V- V)t ()
=(rl@Q1Ge@ -G+ V) + 1)@ - V)@ + V)1°(2), (5.10)

which, after substituting (5.9) and canceling the common factors, yields

AS0Z+U—-W)(Z+V —-W)I(Z~-U-V)
+0(Z+U+V)0(Z—-V —-W)0(Z—-U — W)
=3c30(Z+U—-W)H(Z -V —W)I(Z+V —U)

+c130(Z—-V+U)NZ+V —W)O(Z—-U - W), (5.11)
which is identical to equation (2.6) with the minus sign chosen for W (and, corre-
spondingly, the constants ¢; and ¢, appearing in positive power). Similarly, the case

of v = 1,n = 0 of formula (5.4) yields the plus-sign case of (2.6). The implication
that (A) = (C) in the main theorem is thus proved.
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We now show that (C) can also be obtained as a corollary of a more general fourth
order relation for Prym theta functions. As mentioned above, it was proved in [8] that
equation (2.1) implies the five-term equation (3.26). Note that all pairs of indices have
sums of the same parity; that is, equation (3.26) is in fact a pair of equations on two
functions 1 defined on two sublattices of the variables (n, m).

The statement that v, ,, satisfy (3.26) can be proved directly. Indeed, all the
functions involved in the equation are in

HO(D+(n+ )P —(n— )P +(m+ )P —(m— 1Py +v(Py — Py)).

By the Riemann-Roch theorem, the dimension of the latter space is 4. Hence, any five
elements of this space are linearly dependent, and it remains to find the coefficients of
(3.26) by a comparison of singular terms at the points P,i, Pzi. Forn+m = 0 mod 2,
we get

G = 2 O Zun +V)0(Zyw +U =V + W)

Y (Zm = V)YO(Zyu U +V A W)

Z’; o C2C2 e(zn,m + U)Q(an -U+V+ W)

S 0(Zym — U)O(Zy U +V W)

" _CZCZQ(ZM+U)0(Z,,m+V)9(Z,1m U-V+W
0 Z = U)0(Zyy — VYO Zy + U +V + W)

(5.12)

where Z,, ,, = Z 4+ Un 4+ Vm. From the normalization of v, ,, it follows that

dnm =1- Zin,m - En,m + Z'n,m' (5.13)

Substituting (3.23), (5.12), and (5.13) here proves the following statement.

PROPOSITION 5.2
For any four points A, U, V, W on the image I' — P (') and for any Z € P ("),
the following equation holds:

O Z+W)x[0(A+U+V+2)0(Z-U)0(Z—-V)
—Ccl30(A+U -V +2)0(Z—-U)O(Z+ V)
—630A-U+V+2)0(Z+U)o(Z—V)
+cc29(A U—-V+2)0(Z+U)O(Z+ V)]

=0 A+2)x[0W+U+V +2)0(Z—-U)0(Z~-V)
cc39(W+U V+2)0(Z-U)0(Z+V)
—czc39(W U+V+2)0(Z2+U)0(Z—-V)
—I—cczQ(W U-V+2)0(Z+U)0(Z+ V). (5.14)
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To the best of our knowledge, equation (5.14) is a new identity for Prym theta functions.
For Z such that 6(W + Z) = 0, it is equivalent to equation (2.6) with the minus sign
chosen. The second equation of the pair (2.6) can be obtained from (3.26) considered
for the odd case (i.e., for n +m = 1 mod 2). Using theta-functional formulas, it can
be shown using (3.26) that equation (5.14) is equivalent to (2.1).

Wave solutions

In Section 2, we proved that if 6(Z) is the Prym theta function, then equation (2.1)
with u as in (2.2) has not just one solution i of the form (2.4), but a family of solutions
parameterized by points A in the image ' — #(I") under the Abel-Prym map. Note,
however, that formulation (C) of the main theorem does not involve (A). The first step
in proving the only if part of (C) (and thus also of (A) and (B), which imply (C)) is
to introduce a spectral parameter in the problem, that is, to show that equations (2.6)
are sufficient for the existence of certain formal solutions of equations (5.1). These
solutions are functions of the form

Vr(z) = k"CHP ¢l (z, k), (5.15)

where k~! is a formal parameter (eventually to be identified with the local coordinate
on the curve), ¢ (z, k) is a regular series in k~'; that is,

$r(z, k) =Y £ (DK, (5.16)
s=0

and [ € C? is such that (/, V) = 1.

The ultimate goal of this section is to show that such solutions exist with &’  being
holomorphic functions of z € C$ defined outside the divisor 0(z+Un+ (1 —v)W) =
0.* As we see below, an obstruction for the existence of such solutions is the “bad
locus.”

> =x%uUx!,

where XV is the V-invariant subvariety of the divisor ® + (v — 1)W that is not
U -invariant; that is,

YvneZ 6(Z+nV+{A—-v)W)=0;

} AL

*In [17], [18], [19] the corresponding solutions were called A-periodic, reflecting the normalization leading to
their definition. The idea of that normalization goes back to [21].
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We prove in Lemma 5.10 that the bad locus is empty, but until then we construct wave
solutions with the desired properties only along certain affine subspaces of C#; then
we patch these together.

Notation

Denote by 7 : C¢ — X = C¢/A the universal cover map for X. Let Y be the
Zariski closure of the group (ZV) C X. As an abelian subvariety, it is generated by
its irreducible component Y°, containing zero, and by the point V; of finite order in
X,suchthat V —V, € YO N Vo = Ao € A. Shifting Y if needed, we may assume,
without loss of generality, that zero is not in the bad locus X. Since any subset of ¥
that is invariant under the shift by V is dense in Y, this implies that Y N X = @.

We denote € := 7 ~!(Y). Then € is a union of its connected component passing
through zero (which is a linear subspace V = C¢ C C¢) and shifts by a preimage
of a vector of finite order; that is, we have € = U,cz(V + rV}). Denoting then
Ag:= ANTE, wehave Y = €/A, and we can also write Ay = 1~\0 + 7.V, where
Xo =ANV.

In what follows, we assume that 7,'(z) are holomorphic functions of the variable
z € € that do not vanish identically and have the following factors of automorphy
with respect to Ay:

TV(z 4 A) = 1) (g) & bt (5.18)

where «;,, B; are independent of n, and we define for further use

b = ePrrwiui (5.19)
This means that u) (z) given by (5.2) is a section of some degree zero line bundle on
Y.

PROPOSITION 5.3

Suppose that equation (5.4) for t,(z) holds. Then equations (5.1) with potentials u) (z)
given by (5.2) have wave solutions of the form (5.15) such that

@) the coefficients &, (z) of the formal series ¢,/ (z, k) are meromorphic functions

of the variable z € € with a simple pole at the divisor 7.,
o)

—r,}’ @ (5.20)

v —
n,s(Z) -

TThe locus ¥ is an analog of singular locus considered in [28]. We are grateful to Enrico Arbarello for an
explanation of its crucial role, which helped us focus on the heart of the problem.
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V41
where T

(2) is a holomorphic function (the shift from v to v + 1 is only for
notational ease to simplify further formulas), and

T, 0(2) =1, ,(2); (5.21)

(i)  each of the individual terms in the power series expansion of ¢ have the follow-
ing automorphy properties (note we are not yet making any claims regarding
¢ as a whole):

g, (z+ 1) — &) =Y Bl & () (5.22)
i=1

Jorany A € A (notice that the coefficients depend on i and in a sort of diagonal
way on n, but do not depend on v, which is important for future computations).

Proof
Writing down the equation for i in terms of the power series expansions in k~° and
equating coefficient of kK~ to zero (i.e., substituting (5.2), (5.15), (5.16) into (5.1))
yields

CEL @+ V) —ul@ (5 @ = CEN G+ V) +£,()=0. (523
For s = —1, equation (5.23) is satisfied with 7, , given by (5.21), that is, with

v _ 7,51 (2)

n0(2) = @ (5.24)
We now prove the lemma by induction in s. Let us assume inductively that for
r < s — 1 the functions &, (z) are known for all n and v and satisfy the quasi-
periodicity condition (5.22) above (it is customary in the subject to call such solutions
Bloch solutions or Bloch functions).

The idea of the proof of the inductive step is as follows. We write down the
equation relating 7", .., (we are using n + 1 instead of n solely for the ease of
notation; recall that the inductive assumption is for all n) to the t for smaller values
of s (which we know inductively to exist and be holomorphic). From this equation we
then get an explicit formula for 7', ., on the divisor 7" (i.e., for 7,(z) = 0). We
T4 1,541 for z such that 7,(z + V) = 0, which after
translating the argument gives another formula for 7, , ., on the divisor 7,”. Once

also get an explicit formula for

we verify that the two resulting formulas agree (this is a hard computation using the

step of the induction), it follows that , Testricted to 7" is in fact holomorphic,

‘r}’;}+1,s+
and thus can be extended from this divisor holomorphically to C¢. We now give the

details of this argument.
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Writing down equation (5.23) in terms of t’s for arbitrary s and clearing denom-
inators yields

CT, @+ VL)@ = Co M e+ VT (@) = Cry e+ V)T (@)
+1,@+ V) =0. (5.25)

These equations can be easily solved on the divisor 7,". Indeed, if we takez = z)) € 7"
here, the first term vanishes and we get the following formula:

n,s

oz + V)

o @G, + V) = Cr @ + V)L E)

Ct,\in(z) = (5.26)

Alternatively, using equation (5.25) for v + 1 instead of v and setting z = z, — V/, for
z, € 7" as above, we get

1
T (@)1 = V) = Cry (2 = V)T ()

TVtl(z) — V)

Cfnv+1,s+1(z;v1) = (5.27)

For 7, , .., to have a chance to exist, these two expressions must agree.

LEMMA 5.4

Ifthe inductive assumption (and the conditions of the proposition, in particular formula
(5.4)) is satisfied for s, then the two expressions above for the function T, ()
restricted to the divisor T)" are equal.

Proof
Equating the two expressions obtained for
to prove is the following identity:

T, 14 On 7", we see that what we need

L @tz = V) @ + V) = CP) () — Vg @) @) + V)
= r,fjl(z,‘j)t,fﬂ(zz + W)t - V) - C?t) () + V)r,‘:f(z,‘j)t,f“(z,”l — V).

(5.28)

To prove that this is the case, we use the inductive assumption forn — 1, s — 1, and
equation (5.4). Indeed, forn — 1, s — 1, equation (5.25) reads

Cry'z+V)ry (2) — Cr) (2 + V)1 (2)
—C’t) @+ VL @+ 5@+ VIRt () =0.
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By the inductive assumption, we know that this is satisfied. If we now take z = z, — V/,
that is, set 7, (z + V) = 0 here, we get

Cryil@r) (2 — V) — Crtl @)y (2 — V)

C2 v _
—1,5— 1( ) -L—;-H(Zn _ V)

Similarly, if we instead take the equation with v + 1 instead of v, and take z = z),, we
get

oz + VTt — Cr) (2 + V)IVH(Z")
vzl + V)

tl:—l,s—l(zll;) =

Since we inductively assumed the existence and uniqueness of 7 these two

n—1l,s—1°
expressions must agree, which is to say that we have the following identity:

T ET (2 = VT @+ V) — 1@ = V)T @) T @+ V)
=Cr @) @+ V)T @ — V) = CP) (@ + Vnt @or T @) — V).
(5.29)

Notice now how similar this known identity is to formula (5.28) that we need to
prove. Indeed, the coefficient of t”*l(z”) in (5.28) is equal to

(@ = Vg @+ V) = 1 @+ V)T = V).

Now using formula (5.4), which we know holds for 7, we see that this coefficient is
equal to

v+l v
(7@ = Vr @+ V) = @+ VT (2 — V) ";‘I(ZU; (5.30)

Substituting this expression into (5.28) is equivalent to the identity

u+1 v
v n (Zl‘l) v v v v v v
V(2 lel - (v 'z = VT + V) = CPr 'tz + V)T (z) — V)

=1,z — Ve @ + V) = Cr) (2 + V)T H @) @ = V).
(5.31)

Multiplying this identity by 7,7/ (z)/z, 7 (z}) yields formula (5.29), which we in-

ductively know to hold. Thus formula (5.28) holds, and the lemma is proved. O
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LEMMA 5.5
The function T, | (,(z,) given by (5.26) and (5.27) can be extended to a holomorphic
function on the entire divisor T}

Proof
The expression (5.26) for 7./, | . (z}) is certainly holomorphic when 7,*!(z) 4+ V) is
nonzero, that is, is holomorphic outside of 7" N ('J:l"+1 — V). Similarly, the expression
for 7', .., given by formula (5.27) is holomorphic away from 7, N (7,"*! 4 V).
We have assumed that the closure of the abelian subgroup generated by V is
everywhere dense. Thus for any z, € 7", there must exist some N € N such that
20+ (N+ 1)V ¢ 7"+ let N moreover be the minimal such N. From (5.26), it then
follows that 7, | ., can be extended holomorphically to the point z, + N'V. However,
by Lemma 5.4 we know that the expressions (5.27) and (5.26) agree. Thus expression
(5.27) must also be holomorphic at z, + N V; since its denominator there vanishes, it
means that the numerator must also vanish; that is, we must have

Cr, Mz + NVt (2 + (N = DV) — 1) (z) + (N — DV)T, (z) + NV) = 0.

But this expression is equal to the numerator of (5.26) at z, +(N — 1)V; thus 7, |
defined from (5.26) is also holomorphic at z, + (N — 1)V (the numerator vanishes,
and the vanishing order of the denominator is one, since we are talking exactly about
points on its vanishing divisor). Thus unless N = 0, we have a contradiction, since N
was chosen minimal. For N = 0, however, z, +V & ’J'n”*', and thus (5.26) defines

.L.V

»41.s+1 holomorphically at z,. 0O

Recall now that an analytic function on an analytic divisor in C¢ has a holomorphic
extension to all of C? (see [27]). Therefore, there exists a holomorphic function
T, ,41(2) extending the function given on the divisor 7, by the right-hand side of
(5.26) (by Lemma 5.5, it is holomorphic, and thus the extension is holomorphic).
It is then natural to attempt to use the function E,f sl = ?;:11,5 41/ Tpy Tor the
proposition, but this cannot be done immediately, as such an extension does not need
to be quasi-periodic, nor is it going to be a solution of equation (5.23). We thus need
to adjust this extension appropriately.

We start by determining the quasi-periodicity properties; indeed, for z*! € 7"+!,

where we know that 7! | 18 given by (5.26), we have

n+1,s+

1
(@ DL 4 V)

(@t + V)T

B @t = —CE (@ + V) + (5.32)
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from which by using the quasi periodicity of 7, (5.18) and that of 7, ; (5.22), it follows
that

bx~;+l~f+l(zz+] + )") _C<én v(zv+l + V) Z Bl n— Y+l n, v—i(ZZ-H + V))

(Tn S(ZV+1)+ZB1}1 i ns I(ZU+1))TV+1(ZU+1 + V)

+ 9
n”(ZZ“ + V)Tt

(5.33)

since the e +V.@)+Cn+DB: factors for the second term of (5.32) coming from (5.18)
cancel in the numerator and denominator, and the remaining 2" =2 cancels with
b; /b;“. We now note that the terms in the right-hand side split in pairs similar to
those in (5.32) and we can thus simplify this to get

0 - b)» n+1, a+l(ZZ+1 + )‘) EYH—I 3+1(Zv+1) Z Bz n—s+i n+1 s+1— I(ZV+1) (534)
i=1

This says that the function on the right-hand side here (denote it by 823:1 s+1(2)
vanishes for z = z/™' € 7,"*" and has a pole for z € 7", . Using formula (5.24) for
&, 0> We can then write

gn-H s41(2) = fn+1 3+1(Z)5:+1,0(Z)7

where " 11.5+1(2) 1s now holomorphic and satisfies the twisted homomorphism rela-
tions

[l @ = £ oG+ w + £ 0 @), (5.35)

We only know the function 5 to have the desired quasi periodicity on the divisor 'J’"+1
and would now like to adjust it so that the corrected function would have computable
quasi periodicity for all z. To achieve this, we need to add to E a summand involving
I

Indeed, f defines an element of the first cohomology group of A with coefficients
in the sheaf of holomorphic functions, f € H,,.(A¢, H(C?, O0)). Arguments identical
to that in the proof of part (b) in [28, Lemma 12] show that there must then exist a
holomorphic function £, ,,,(z) such that

anJ,rvl,erl(Z) = hZ-&-l,H—l(Z + )“) - h;+l,x+l(z) + Ef);;vl,sﬂ’ (536)
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where E,f;r"m +1 18 a (z-independent!) constant. By using equation (5.35), we observe
that E depends on A linearly, that is, that

Eﬁiﬁ&:l E2+U1 s41 T En-H s+1° (5.37)
We then define
Cle st (@) 1= it 1 (@) = iy 1 ()1 0(2).
Using (5.24) and (5.18), we first compute

IR gy TN o)

El e+ ="——"= - (5.38)
Lo T2 +2) n+l(z) b;
and then compute the quasi periodicity
byt 1@+ A) = & (@)
= (bx~n‘3rl Y+1(Z + )") - gy:}Jrl y+](z))
- b hn+1 1@+ )‘)sn+1 o@+A)+h +1 1D, 410(2)
= (gitjrvl,erl(Z) + Z Bl n— s+l n+1,s+17i(z)>
+ (Eﬁ‘,l'vl..FFl - fn+v1 s+1(Z))€;+l 0(2)
- E:eri s+lsn+1 O(Z) + Z Bl n—s+i n+1,s+17i(Z)’ (539)

We have now constructed a function ¢ having the correct quasi-periodicity properties
(although the first coefficient depends on v, so we need to deal with this below) but we
still cannot take it to be the function &, ., that we are trying to define, as it may not
satisfy equation (5.23). We thus define an+1,s 41 to be the error obtained by plugging
¢ into (5.23):

R 1ot @E 0@+ V) 1= Coly @+ V) =1, (651 41 (2)
CEM @+ V) +& (2 (5.40)

Notice that for this to make sense we need to assume that we have been performing
all of the above computations simultaneously for v and v + 1, so that indeed both ¢’s
above are defined at this point.

From Lemma 5.5, we know that the right-hand side of this formula has no pole at
7, and vanishes at 7," "' —V, and thus we know that R ", . is aholomorphic function
of z. We can use (5.22) and (5.39) to compute the transformation properties of R under
a shift by a vector A € Ay. Indeed, using (5.18) to compute by u’(z + 1) = uZ(z)b;“,
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and using (5.38) for the left-hand side, we get, shifting by A and multiplying by b}
and subtracting the original function,

( n+l, H—I(Z + }\) n+].s+1(z)) gr‘t}-k—l 0(Z + V)

= CE)%—VI H—l%-n-&-l 0(Z + V) + Z Bl n—s—+i n-}—l,s-‘,—l—i(Z + V)
i=1

v A, v+1 v+1 v+1
_un(Z)<En+l,s+1 n+1 O(Z) + Z Bl Jn—s+i n+1,s+17i(Z)

_CZBZVL .§+l ;Tl,(z_{’ V)) ZBIVI A-HSrll),s—i(Z)' (541)

Now note that for each constant B}, _ .. in the above expression, the function it
multiplies is exactly the right-hand side of (5.23) for n and some j < s and thus
vanishes identically (this uses in a crucial way the fact that B’s do not depend on v).

Using formulas (5.2), (5.24) for u} and &, , we get

v v v+1
Rn-}—l,x-‘rl(Z + )\’) - Rn+l,s+l(z) C(En+1 s+1 El}1\+l+v+l)

Moreover, by (5.37) we know that the E’s are linear functions of A, that is,

P vkl
En+1,s+1 - En+1 s+ 2£U+1 H—l()")
for some linear function ¢; note that £, | . ,(z) = E;ﬂ s+1(2)- It then follows that

the difference R — 2/ is periodic with respect to shifts by A and is thus constant; that
is, we have then R, ,, (. ,(z) =2C¢,  ;,,(z) +2A". We can now introduce one last
correction and finally define

& itsi1(@) =80 (@) — (ZZ-H,.H-](Z -V/2)+ A"+ l(Z))E,:H,o(Z)’ (5.42)

where [(z) is a linear function such that /(V) = A" + A"*!. These functions are
solutions of (5.23); indeed, the new error term is equal to

Ry 5110+ V) _(£v+1 1@+ V/D)+ A"+ 1z + V))§:+1,O(Z +V)
Fup (@) (O] 1@ = V/2) + A+ 1(2))ENT o(2)
=& 0@+ V(R (@) =y @+ V/2)
—A =+ V) + 05 @ = V/)+ AT +1(2))
=& 00+ V)(%VH 1@ +24" =€, 1)
—AY = I(V) =L, @+ AT =0,

where we used definitions (5.2), (5.21) and the definitions of ¢, [, and A.
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‘We now need to check that the functions & satisfy the quasi-periodicity conditions
(5.22). From (5.38) and (5.39), it follows that

b; §n+1 s1@+2) — nv+1,s+1(z) (Ez);-:l s+1 n+1 s1(A) — l()‘)) :+1,0(Z)
+ Z Bz n—s-+i n+l,s+lfi(z)’

which means that the function &” | satisfies the quasi-periodicity condition (5.22)

n+1,s+
if we take
v EV)LL ¥ K + E:’Ut‘l
B11L+l sl = Er);-&-l s+1 n+l 5+1()‘) I = — ) R [(A)

(notice that this does not depend on v, as required in formula (5.22)). Observe that
the B we construct depends on the choice of the linear function /(A). We have thus
constructed a quasi-periodic solution for s + 1 and proved the inductive step of the
proposition. O

COROLLARY 5.6
For &, and énvjl fixed, the solutions of (5.23), for both v and v + 1, are unique up to
the transformation

s;;}+1,s+1(z) — énvﬂ,sﬂ(z) + (C + l(z)) rf+1,0(z)’ (5.43)

where ¢ is a constant, and where [ is a linear function on € such that [(V) = 0 and
both ¢ and | are independent of v.

Proof

This follows by tracing the ambiguity of the choices involved in the proof of the above
lemma. Alternatively, one can prove this directly by investigating the quasi-periodicity
properties of the difference of two solutions of (5.23). O

To eliminate the freedom of choosing &, (.|, we would now like to fix the quasi-
periodicity condition to be the same for all 7, and to be as simple as possible. Similarly
to the case of a nondegenerate trisecant treated in [19], there may be a problem here
in that the functions &, | may turn out to be periodic (in our case, by periodic we mean
b8, (z + A;) = &, (2)). Similarly to the situation in [19], note that the space of
periodic functions with a pole on the divisor 7" is the space of sections of some line
bundle, and thus finite-dimensional. Since all d1v1sors v differ by shifts, there is an
upper bound on this dimension independent of n and v.

It then follows that the functions &) ., for n fixed and for s and v varying, are
linearly independent. Indeed, suppose that there were some linear relation among
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them, with the maximal value of s involved in this relation being equal to S. But then
solving equations (5.23) with v and with v + 1, allows one to express &, ¢ in terms
of § ;s ; and S,‘,’ff’ s_1» and thus obtain a linear relation among the &’s with index
n — 1, and with maximal s being equal to S — 1. By downward induction, we can get
tos = 0 and arrive at a contradiction with the fact that § ; # 0 and is not proportional
to g,,”,g‘. Note, moreover, that if for some s the function & | is not periodic, this would
mean that some B is nonzero, and thus & ., could not be periodic for any i > 0,
as the term in (5.22) with this nonzero B would be linearly independent with all the
other terms on the right-hand side there.

LEMMA 5.7

Let Ao, A1, ..., Ag be a set of C-linear independent vectors in Ng. Suppose that
equation (5.23) has periodic solutions for i < r (and any n and v), that is, that there
are some &, ;(z) such that

b, B, iz +2)) = E,;(2) =0

v

foralli < r, alln and v, and such that 8, , = § , is given by (5.24). Suppose also
that there are quasi-periodic solutions &,  with

by Bl (2 +h) — Bl (@) = AjELy@). Vi=0.....d (5.44)

Sor all n, where A; are some constants such that there does not exist a linear form |
on € withl(A;) = Aj, and (V) = 0 (i.e., such that the scalar product of the vector
A= (A, ..., Ay) and V is nonzero). Then for all s > r, and all n and v equations,
(5.23) has quasi-periodic solutions satisfying (5.22) with B; /= A;é;,; that is, there
exist functions &, (z) for all s > r and all n and v such that

b:,»grll),s(z + )‘J) - %_ilj,s(z) = Ajglf,s—r(z)' (545)

(Note that we do not necessarily have §, (z) = &, ;,(z) for i < r, but they satisfy the
same quasi periodicity and solve the same equation (5.23).) Moreover, such & (z)
are unique up to adding c, &, ((2), with c, ; being a constant dependent only on the
remainder of n modulo r.

Proof
We prove the lemma by induction in s, starting with s = 0, with the inductive assump-

v

tion being that functions &, ; satisfying (5.23) and the quasi-periodicity condition
(5.45) have been constructed for all n and v and for all i < r 4+ s, that they are periodic
for i < r, and that, moreover, §.,(z) := E, ;(z) for i < s (so that the inductive

assumption for s = 0 is the assumption of the lemma).
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From (5.43) we know that there must exist solutions E,‘l’s +r11(2) of (5.23) for all
n and v, with quasi periodicity

~
v

by nsirn @2 = AGE, () + B iibio(2), (5.46)

where B are some new constants. The idea now is that we adjust all the E, ,; for
0 < i < r to another set of solutions of (5.23) with the same quasi periodicity, so that
En.s+r41 satisfying the quasi-periodicity condition (5.45) would exist.

Indeed, suppose we take &, | (2) := B}, 1 1(2) + Cuy15116,11 0(2) for some
constant ¢, 141, independent of v (if we added /(2)§,, | ((2), the quasi periodicity of
&, 1.+1(z) would no longer be the same as that of 8, (). If we make such a
change, we also need to add something (call it f"(z)), to &, ,,(2), so that (5.23) is
still satisfied. Since the E’s themselves satisfied (5.23), the corrections we introduce

must also satisfy it; that is, we must then have

Cr'z+V)—uy (@) (f"7(2) = Conprsnbatl o@ + V) + cupriniéryr0(2) = 0,

and the same for v + 1. However, this is exactly the equation (5.23) that is satisfied
by ¢,+18,,5,(2), and thus it follows that f"(z) = Cuy1.5418,,, (z) would work.
Similarly, we need to add ¢, 41 5418, ,;(z)toeach E] ;| (., ,(2), so that all of the
equations (5.23) are satisfied. Finally, in this way we see that the necessary adjustment
of &, iyt gtrar 18

~

E:+r+l,.s+r+l(z) = 'i:rlt}+r+l$s+r+l(z) F Cntl 541 EZ+r+1,r(Z) + l,,+r+1(z)§n”+,+1’0(z),

where we now need to allow the presence of a linear term to make the quasi periodicity
be (5.45) as desired. From (5.46) and (5.44) we can compute the quasi periodicity to
be

vV v

—~v _ =
A E‘n+r+l,s+r+l(z + )‘J) - Dn+r+l,s+r+l(z) =Aj "‘n+r+1,s+l(z)

Aj v v
+(Bn+r+l,s+r+l + Cn+1,S+1Aj + ln+r+l()‘j))‘§n+r+1,0(z) = A.f§n+r+l,s+l(z)

A‘.
+(Bn<}|.,-+1,s+,-+1 + (Cpgt 541 — Cn+r+l,s+l)Aj + ln+r+l()\j))§;+r+1,0(z)-

For this to be the desired property (5.45), we must have

. ;

Bn;&-r+l,s+r+l + (Ci1+1,3+1 - Cn+r+1,s+l)Aj + ln+r+1()"j) = 09 VJ = 09 ey d.
For fixed n, this is a system of linear equations for the difference of the constants
Cnt1.5+1 — Cntri1.5+1 and the coefficients of the linear form /. Recall that [ can be
chosen arbitrarily such that [(V) = 0; that is, if Ay # 0, then the coefficients of /
span the d-dimensional space, in which by assumption A does not lie. Thus the rank



360 GRUSHEVSKY and KRICHEVER

of the matrix of coefficients is d + 1, and this system of d + 1 linear equations has a
unique solution. If Ay = 0, then the dimension of the space of linear forms / is d, but
the periodicity condition for A is trivially satisfied. The inductive assumption is thus
proved; note that as a result we are able to fix the differences ¢,+1s+1 — Catrt1.5+1>
and thus the constants only depend on the remainder of n modulo r. O

From local to global considerations
Up until this point we have only been working on €, under the assumption that
for all n the functions 7,/(z) do not vanish identically. For 7, given by (5.9), this is
equivalent to the assumption that Un ¢ X for all n. We now observe that if a vector
Z € C8 is such that Z 4+ Un ¢ X for all n, then by the same arguments we can
construct wave solutions along the shifted affine subspaces Z + € C C¢. Since all the
constructions are explicitly analytic, if we perturb Z (while still staying away from
3 — Un), the solutions constructed along Z + € will change holomorphically with
Z. Of course, such solutions can only be constructed locally, while globally there may
be a choice involved, and we may thus have a monodromy for this choice as we go
around X — Un. Thus, we cannot a priori expect &, ((Z + z) (forz € €, Z € C8) to
be a global holomorphic function of Z.

Note that for fixed n the functions &, ,,(Z + z) existif Z +nU ¢ X, and
& is_i(Z + 7)existfor 0 < i < 5. We pass now from a local to a global setting. In
this setting, the recursive equation (5.23) takes the form

CE(Z+UA+V)—u"(Z) (S‘Y”III(Z +U)-C Ss,”“(Z +V)+E(Z)=0 (547)
with

W2y = Cr”“(z +U) "t N(Z + V) (5.48)
ST (Z4+U+WV)(2) '

where

v—(1/2)

(2)=0(Z + 1 — )W) (¢ P57 (5.49)

and [, [, are vectors such that [1(V) = L(U) = 1, [;(U) = L(V) = 0. In these
notation the arguments in the proof of Proposition 5.3 yield the following.

PROPOSITION 5.8

If equations (2.6) are satisfied, then

i) for Z ¢ UfVZO(Z — iU), there exist functions 1/(Z +z), 0 < s < N, which
are local holomorphic functions of Z and global holomorphic functions of
z € €, such that equations (5.47) hold for £(Z) = ‘cs"“(Z)/t”(Z), with
10(Z) = t"(Z — U) (this is (5.24);
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(1)  the functions & satisfy the monodromy relations

BYENZ+z+0)—E(Z+2) =) BNZE (Z+2). L€ Ay (550)

i=1

(i)  if & is fixed, then &; is unique up to the transformation
@+ 2) > §(Z +2) + (e(2) + 1(Z, D))o, (5.51)

where I(Z, z) is a linear form in 7 such that [,(Z, V) = 0.

LEMMA 5.9

Let r be the minimal integer such that &}, ..., &’ | are periodic functions of z with
respect to Ao, and such that there is no periodic solution & of (5.47). Then the
inductive assumptions of Lemma (5.7) are satisfied; that is, the quasi-periodicity
coefficients BM(Z) in (5.50) do not depend on Z ori — s.

Proof
By assumption, &”_,(z) is periodic; that is, we have

r—1

0=08 (Z+z+M—E (Z+2) =) BNDE  (Z+2).
i=1

However, as noted above, the functions 7/, for 0 < s < r —1, are linearly independent
(recall that if not, by applying (5.47) we could produce a linear dependence having
only one term, which is impossible), which means that all coefficients B} are zero for
alli < r — 1. Thus the monodromy of the next function is given by

BYEV(Z + 74+ A) — EN(Z 4+ 2) = BN2)E)(Z + 2),

where we of course know &} explicitly, and B’ is a local function of Z defined locally
for

r—1

zex\|Jz-iv).

i=0

From Lemma 5.8, we know that the only ambiguity in the choice of the solutions &, (z)
is given by (5.51). Recall that adding a linear function multiple changes the equation
to be satisfied, while adding a constant multiple does not change the quasi-periodicity
properties, so that finally B/(Z) is independent of the ambiguity, and is well defined
as a holomorphic function of Z € X'. Since the locus ¥ C X is of codimension at
least 2, by Hartogs’s theorem the function B}(Z) can be extended holomorphically
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to all of X. Since X is compact, this means that B}(Z) is a constant, which we can
denote A; for the inductive assumption of Lemma 5.7. If we had AV = 0, then
by a transformation (5.43) with a suitable linear term we could get a new solution
with A;, = 0fori =0, ..., d; that is, the function énv,r(z) could be made periodic,
contradicting the way we chose r. O

LEMMA 5.10
In the setup of our construction, the “bad locus” X is actually empty; that is, if

equation (2.6) (part (C), the weakest assumption of our main theorem) is satisfied,
then ¥ = (.

Proof

The proof of this lemma is analogous to the proof of the similar statement for the fully
discrete trisecant characterization of Jacobians treated in [19], once we first prove that
0 =3

The only ambiguity in the definition of 7,'(Z) is in the choice of the coefficient
c1 in (5.51). Suppose there exists a point A € %%\ !, such that (A + NV) #
0 =0(A+ NV 4+ W) for some N. Then locally near the point A + NV, choose
some holomorphic branch of the function & ll(Z) = 7:,0(Z) /t'(Z). Doing this fixes the
value of ¢|(Z) for all Z near A + N V. However, since the ambiguity in the choice of

?(Z) = 'cll(Z) /1%(Z) is given by the same function ¢;(Z) (which did not depend on
v!), it means that for Z in a neighborhood of A + NV, but away from >0, we also
have a fixed choice of S{) (Z), and thus also of the holomorphic function 7/ (Z). Since
>0 has codimension at least 2 in X, the function rll(Z) can thus be extended to all
points in a neighborhood of A, which is a contradiction. Thus we must have ¥° C !,
and of course, by symmetry, they are in fact equal.

We now prove in the same manner that ¥ = ¥ + rU; above we used the fact
that in (5.51) ¢ is independent of v, and now we use ¢1(Z) = ¢;(Z + rU). Indeed,
suppose we have A € (¥ — rU) \ X. This means that in a neighborhood of A, we
can choose a locally holomorphic function 7} (Z); that is, choose a local holomorphic
branch of ¢(Z). However, since ¢;(Z) = ¢1(Z + rU), this also fixes the choice of ¢,
in a neighborhood of the point A 4 rU, and thus in a neighborhood of A, outside of
> — rU, we have a holomorphic function t;(Z 4 rU), which now can be extended
across 2 — rU, and which we know to be of codimension at least two. This constructs
a solution 7, (A + rU), which contradicts the assumption A € (X — rU).

Since by definition X has no subset invariant under a shift by U, this implies that
either X is empty, or r > 1. Suppose now that ¥ is nonempty, so r > 1. Recall that
we have 1)(Z) = t"(Z — U) = c0(Z + (1 — v)W — U) for some constant ¢, and
thus since 2% = X!, we have 7y lx+v = 0. Thus forany Z € ¥ + U and fors = 1,
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the last two terms in (5.47) vanish, yielding
CENZ+U + V) —u"(2)ENZ +U) = 0.

However, this is exactly equation (5.47) for s = 0, which is solved by &, and thus all
periodic with respect to A solutions are constant multiples of ;. By using (5.51),
we can subtract this constant and get a solution such that §(Z 4+ U) = 0 for any
Z € ¥ 4 U; thatis, we have §/'|s4op = 0.

Now we can repeat this process. Indeed, for s = 2 and Z € ¥ + 2U, the last
two terms in (5.47) include &;'(Z + V) and £ (Z), and thus vanish, so that as a result
we see that §) on X + 3U is a constant multiple of &;. By using (5.51) again, we can
make this multiple to be zero again. Repeating this a number of times, we eventually
get§ i[srv =0.

Since ¥ = ¥ + rU, we also have t"|g,,y = 0, and thus for Z € ¥ + rU and
s = r — 1, the last two terms in (5.47) vanish to the second order (both factors of
each summand vanish). Thus & can be defined in a neighborhood of ¥ 4+ rU = X
as a holomorphic function vanishing on £ 4 rU. However, this implies in particular
that bYE"(Z + Xj) —&'(Z) = O for Z € ¥ and any A; € Ao, which contradicts the
assumption that & could not be periodic. The lemma is thus proved. O

As shown above, if X is empty, then the functions 7 can be defined as global
holomorphic functions of Z € C&. Then, as a corollary of the previous lemmas, we
get the following statement.

LEMMA 5.11
Suppose that (2.6) for 6(Z) holds. Then there exists a pair of formal solutions

¢' = £k (5.52)

5s=0
of the equation
kCP'(Z+U~+V, k)—u"(Z)(k¢" " (Z+U, k)—Cp* ™ (Z+V, k) —¢"(Z, k) = 0,

(5.53)
with C = ¢3 and

v(Z) _ .L,v-‘rl(Z + U) .L.v-‘rl(z + V)
T Z YU+ V@)

, (5.54)

where TV is given by (5.49), such that
(i) the coefficients & of the formal series ¢V are of the form §/(Z) =
rs"“ (2)/t"(Z), where t/(Z) are holomorphic functions;
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(ii)  @"(Z, k) is quasi-periodic with respect to the lattice A, and for the basis
vectors A; in € its monodromy relations have the form

¢"(Z +rj) =1+ Ay, kYo' (Z, k), j=1,...,g, (5.55)

where A, are constants such that there is no linear form on € vanishing at V
(i.e, I(V)=0), and such that [(A;) = A; ;
(iii) @' is unique up to multiplication by a constant in Z factor.

6. The spectral curve
In this section, we finish a proof of the fact that condition (C) of the main theorem
characterizes Prym varieties. Indeed, in the previous section we showed that if (C)
holds, some quasi-periodic wave solutions can be constructed. In this section, we also
show that these wave solutions are eigenfunctions of commuting difference operators
and identify X with the Prym variety of the spectral curve of these operators. Much
of the argument is analogous to that in [17] and [19].

The formal series ¢"(Z, k) constructed in the previous section defines a wave
function

W = an(k) = knd)un'"(l’lU +mV + Z, k)

This wave function determines a unique pseudodifference operator &£ such that £ =
ki (the coefficients of this £ can be computed inductively term by term); we note
that the ambiguity in the definition of ¢"(Z) (it is only defined up to a factor that is
T:-invariant) does not affect the coefficients of the wave operator L. Therefore, its
coefficients are of the form

£=Y wr(Z+nU+mV)T", (6.1)

s=—1

where w?(Z) are well-defined meromorphic sections of line bundles on X with auto-
morphy properties given by (5.19).
As before, we define functions F; by formula (4.63); that is, we set

Fii=resy (LT = )T —17H7).
The definition of i implies that these functions are of the form
F,=F"Un+Vm+2), (6.2)

where F j”(Z) are meromorphic functions on X.
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LEMMA 6.1
There exist vectors V,, = {V,,x} € C8 and constants v,, € C such that

~ aJ |
FY(Z)=v;+ v (Int"(Z) —Int"*(Z + U)). (6.3)
J

Proof
Consider the formal series Y7 given by (4.50). It has the form

Uy, =k """ (Un+Vm+ Z, k), (6.4)

where the coefficients of the formal series
$”"(Z, k)= Z EDN(D)K (6.5)

are difference polynomials in the coefficients of ¢” and ¢"*!. Therefore, we know a
priori that £°V%) are meromorphic functions, which may have poles for Z € 7V
or Z € 7" 4+ nU. We claim that in fact these coefficients are of the form

.L.SO',U(Z)
(Z)’

£ = (6.6)
where 7,7 "(Z) are some holomorphic functions; that is, that they have only simple
poles at 77V,

Indeed, we showed in Section 3 that ¥? solves the equation Hy¥° = 0. In
Section 4, we deduced from statement (C) of the main theorem the fact that ¥/” can
have only a simple pole at 7". By replacing " by 1//” V and replacing U by —U,
we get from statement (C) functional equations for 7>, and in the same way deduce
also that 1" can have only a simple pole at 7.

Equation (4.61) then implies that ﬁj" are the coefficients of the formal series

—k+ & =1 FZ)

j=1

=k'¢"" N Z+ U k)" (Z. k) — ko™ (Z.K)¢" (Z + U k). (6.7)
It thus follows that F (Z) have simple poles only at the divisors 7% and 7"*! — U;
these are the only poss1ble poles of the right-hand side. Moreover, equation (4.69) says

(recall that t; is shifting the variable n, i.e., adding U) that there exist meromorphic
functions @} such that

F'(2)=Q!)2)- Q"™ Z + ). (6.8)
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We know a priori that O may have poles only at " and T vt — U. However, if
there were a pole at 7 ””“ — U, it would then mean that Q;“(Z + U) would have a
pole at 7V — 2U, and since by our initial assumptions U was not a point of order 2,
this is 1mposs1ble Thus Q; has 81mple poles only on 7, as desired for expression
(6.3) for F ¥ to be valid. The functions F ! are abelian functlons Therefore, the residue
of Q‘J’ isa well defined section of the theta bundle restricted on 7", that is,

Q)7+ € H(z"|7).

It is known that the later space is spanned by the directional derivatives of the theta
function. Thus we see that there must exist some vector V” € Cg such that Q”

(01Int"(Z)/0V}") is a holomorphic function. The perlodlclty of F ? with respect to
the lattice 1mp11es that VJ" = Vj““ and thus (6.3) holds. O

Consider now the linear space spanned by the functions {F (Z), j =1,...}. From
(6.3), we see that there are only (g + 1) parameters 1nvolved in detemnmng F v
and thus this space is at most (g + 1)-dimensional. Therefore, for all but g :=
dim {F j‘.’(Z)} — 1 < g positive integers j, there exist constants ¢; ; such that

j—1
Fl(Z)=coj+ Y ciiF(2). (6.9)

i=1

Let I denote the subset of integers j for which there are no such constants. We call
this subset the gap sequence; the set of {F } with j in this subset forms a basis of the
space spanned by all F 4

LEMMA 6.2

Let £ be the pseudodifference operator corresponding to the quasi-periodic (Bloch)
wave function  constructed above. Then, for the difference operators

Lj:=L;+ Zc,,_,-Ln_,- =0, Vj¢l, (6.10)
the following equations are satisfied with some constants ay ;:
Liy=ajk)y, ajl)=k +) a, k™. (6.11)
s=1

Proof
From the proof of Theorem 3.5, we get

[L;, H] = (F; — F;)(T) — T5) mod Op.
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Therefore, operators L ; and H commute in @/@y. Hence, if v is a Bloch wave
solution of (5.1) (i.e., HY = 0), then i,w is also a Bloch solution of the same
equation. Since (5.1) has a unique solution up to multiplication by a constant (i.e.,
the kernel of H is 1-dimensional), we must have Zjl/f = a;(Z, k)Y, where a; is
Ti-invariant; thatis, a;(Z, k) = a;(Z + U, k).

Note that the constant factor ambiguity in the definition of ¥ does not affect a;,
and thus a; are well-defined global meromorphic functions on C# \ X. Since the
closure of ZU is dense in X, the T; invariance of a; implies that a; is a holomorphic
function of Z € X, and thus it is constant in Z (note that we in fact have a, , = —c;.,
fors < n). O

If we now set m = 0, the operator Z_,- can be regarded as a Z-parametric family of
ordinary difference operators L JZ

COROLLARY 6.3
The operators LJZ commute with each other:

[LZ L1 =0. (6.12)

A theory of commuting difference operators containing a pair of operators of coprime
orders was developed in [25], [15]. It is analogous to the theory of rank 1 commuting
differential operators [4], [5], [13], [14], [25] (this theory was recently generalized to
the case of commuting difference operators of arbitrary rank in [20]).

LEMMA 6.4

Let AZ be the commutative ring of ordinary difference operators spanned by the
operators sz . Then there exists an irreducible algebraic curve I of arithmetic genus
& with involution o : I' — T such that for a generic Z, the ring A% is isomorphic
to the ring of meromorphic functions on I with the only poles at two smooth points
Pli, which are odd with respect to the involution . The correspondence Z — A%

defines a holomorphic map of X to the space of odd torsion-free rank 1 sheaves ¥ on
r

j: X — Prym(I") = Ker(1 + o) C Pic(I"). (6.13)

Proof
As shown in [25], [15], there is a natural correspondence

A «— {, PL, F} (6.14)

between commutative rings # of ordinary linear difference operators containing
a pair of monic operators of coprime orders, and sets of algebro-geometric data
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(T, P, [k~']+, ¥}, where I is an algebraic curve with fixed first jets [k~']y of
local coordinates k3! in the neighborhoods of smooth points P* € T, and F is a
torsion-free rank 1 sheaf on I' such that

(I, F)=h'(T, F(nPy —nP_)) = 0. (6.15)

The correspondence becomes one-to-one if the rings 4 are considered modulo the
conjugation A’ = gAg~!.

The construction of the correspondence (6.14) depends on a choice of initial
point ny = 0. The spectral curve and the sheaf ¥ are defined by the evaluations of
the coefficients of generators of # at a finite number of points of the form ny + n. In
fact, the spectral curve is independent on the choice of xj, but the sheaf does depend
on it; that is, ¥ depends on the choice of ny.

Using the shift of the initial point, it is easy to show that the correspondence (6.14)
extends to the commutative rings of operators whose coefficients are meromorphic
functions of x. The rings of operators having poles at n = 0 correspond to sheaves
for which the condition (6.15) for n = 0 is violated.

A commutative ring # of linear ordinary difference operators is called maximal if
itis not contained in any larger commutative ring. The algebraic curve I" corresponding
to a maximal ring is called the spectral curve of . The ring #4 is isomorphic to the
ring A(T, Pi%) of meromorphic functions on I' with the only pole at P;", and vanishing
at P, . The isomorphism is given by the equation

L.y =ay, L, €A, aec AT, Py, (6.16)

where 1 is a common eigenfunction of the commuting operators.

Let I'? be the spectral curve corresponding to the maximal ring AZ containing
AZ. The eigenvalues a (k) of the operators I:f defined in (6.11) coincide with the
Laurent expansions at P, of the meromorphic functions a ; € A(l'%, Py), and thus
are Z-independent. Hence, the spectral curve I'? in fact does not depend on Z.

The functions 7 are eigenfunctions of Z_,«:

Ly = —a;(ky°. 6.17)

Hence, the correspondence v <> 7 gives rise to an involution o of the spectral
curve. The eigenvalues a; are odd with respect to the involution, and thus the lemma
is proved. O

The next step is to consider deformations of 4% defined by the discrete Novikov-
Veselov hierarchy introduced in Section 3. Through this hierarchy, we identified the
space spanned by functions F ; with the tangent space to the orbit of the hierarchy.
Lemma 5.1 identifies the orbit of the hierarchy with Z 4 Y, where Y is the closure
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of the group spanned by vectors V;. The orbit of the NV hierarchy is the odd part of
the orbit of two Kadomtsev-Petviashvili flows corresponding to points Pli. It follows
from [28] that the orbit of the discrete NV hierarchy is isomorphic to #(I"). For a
generic Z, the ring AZ is a maximal odd ring. Therefore, we get the following.

LEMMA 6.5
For Z € C¢ generic, the orbit of A% under the NV flows defines an isomorphism:

iz: PT)— Z+Y CX. (6.18)

COROLLARY 6.6
The Prym variety $(I") of the spectral curve T is compact.

The compactness of the Prym variety is not as restrictive as the compactness of the
Jacobian (see [7]). Nevertheless, it implies an explicit description of the singular
points of the spectral curve. The following result is due to Robert Friedman (see [17,
Appendix]).

COROLLARY 6.7
The spectral curve T is smooth outside of fixed points q; of the involution o. The
branches of I at q are linear and are not permuted by o.

The arguments identical to that used at the end of [17] prove that in fact the singular
points ¢, are at most double points. For a curve with at most double singular points,
all rank 1 torsion-free sheaves ¥ are line bundles. Therefore, the map j in (6.13) is
inverse to iz in (6.18), and the main theorem is thus proved.
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