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ABSTRACT. The main goal of the first part of the paper is to show that the Fermi curve of a two-
dimensional periodic Schrodinger operator with nonnegative potential whose points parameterize
the Bloch solutions of the Schrodinger equation at the zero energy level is a smooth M-curve.
Moreover, it is shown that the poles of the Bloch solutions are located on the fixed ovals of an
antiholomorphic involution so that each but one oval contains precisely one pole. The topological
type is stable until, at some value of the deformation parameter, the zero level becomes an eigenlevel
for the Schrodinger operator on the space of (anti)periodic functions. The second part of the paper
is devoted to the construction of such operators with the help of a generalization of the Novikov—
Veselov construction.

KEY WORDS: spectral theory of periodic differential operators, complex Fermi curve, Baker—Akhi-
ezer function, M -curve.

1. Introduction

The theory of periodic two-dimensional operators integrable at one energy level goes back to the
work [1], in which an algebraic-geometric construction of integrable two-dimensional Schrédinger
operators _

— (10, + Ai(2,9))2 + (10, + As(2, 1)) + u(z, )
in a magnetic field was proposed The shift ©« — u — E of the potential transforms the equation
H 1 = F1 into H 1) = 0. Hence, without loss of generality, it will always be assumed that the level
equals zero.

The construction of the work [1] is based on the notion of the two-point two-parameter Baker—
Akhiezer function ¥ (x,y,p), which is uniquely determined by a smooth genus-g algebraic curve
I' with two marked points P1 and an effective nonspecial divisor D = v1 + --- 4 74. The Baker—
Akhiezer function and the coefficients of the operator H were explicitly written in terms of the
Riemann theta-function associated with the curve T'.

In [8] and [9] Novikov and Veselov found sufficient conditions on the algebraic-geometric data
{T", Py, D} under which the corresponding operators

H=—-A+u(z,y), A= 9% + 8; = 40,05, (1.1)

are potential, i.e., A; = 0. The corresponding curves must have a holomorphic involution ¢ : I' = I
with exactly two fixed points Py = o(Py). We emphasize that the latter condition turns out to
be crucial for another remarkable Novikov—Veselov result, namely, an explicit expression for the
corresponding Baker—Akhiezer functions in terms of the Prym theta-function.

The nature of the Novikov—Veselov conditions was clarified in the work [5], where a constructive
description of the complex Fermi curve of a two-dimensional Schrodinger operator was proposed.
By definition, the complex Fermi curve is a Riemann surface T¥®™! (in what follows, we use the
notation I'"") whose points p € I'f' parameterize the solutions of the equation

(—A 4+ u(z,y))Y(x,y,p) =0, A:=9% + 85 = 40,03, (1.2)
which are eigenvectors for the monodromy operators
Uz +2mly,y,p) = wi(p)Y(z,y,p), V(Y + 2nly, p) = wa(p)Y(z,y,p). (1.3)
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In the spectral theory of periodic operators these solutions are called Bloch—Floquet solutions,
and the set of pairs (wy,ws) € (C*)? for which there exists a Bloch solution with such Floquet
multipliers is called the Bloch—Floquet locus. Below it will be denoted by I'PF. The statement that
this locus is defined by an analytic equation R(wi,ws) = 0, i.e., is an analytic complex curve, was
proved by Taimanov as a corollary of Keldysh’s theorem on the resolvent of a family of completely
continuous operators (for details and the history of the question, see [5] and [10]). The Fermi curve
is a partial normalization of the Bloch-Floquet curve, i.e., there is a holomorphic map I'¥" — I'BF
which is one-to-one outside the singular points of I'?F" (and their preimages on I'"). For a generic
potential, the curve I'BF is smooth and the notions of the Fermi curve and the Bloch-Floquet
spectral curve coincide.

One of the goals of this work is to generalize the Novikov—Veselov construction for the case of
zero eigenlevel, namely, for the case where E = 0 is an eigenvalue of the operator H in the space
of (anti)periodic functions. This case is special in many respects. In particular, if the multiplicity
of this level is odd, then the corresponding Fermi curve is necessarily singular.

Let us clarify the last statement. The Schrodinger operator is self-adjoint. Therefore, if 1) is
a Bloch solution of (1.2) with multipliers (wq,ws), then there is a dual Bloch solution ¥? of the
same equation with multipliers (w; L Wy 1), i.e., the Fermi curve is invariant under the holomorphic
involution

o: TP 1T, (w1, w2) = (wit,wyh). (1.4)

This involution has fixed points only when E = 0 is an eigenlevel of the (anti)periodic problem for
the operator H. These points are the nodal points of the Fermi curve, which is therefore singular.

It is known that any singular curve admits a normalization, i.e., a holomorphic map v : I' — IT'F’
of a smooth curve I" to I'"" which is one-to-one outside the singular points of I'‘" (and its preimages
on I'). Although the fact that the Fermi curve is singular is important for the motivation of the
construction, the construction itself is based on a description of the analytical properties of the
preimage of the Baker—Akhiezer function on the normalization of the spectral curve, i.e., on the
smooth curve I'. The corresponding curves have a holomorphic involution with n + 1 pairs of
fixed points (Py,pl,...,p%). Note that the analytical properties of the Baker—Akhiezer functions
on such curves for n > 0 coincide with those of functions leading to the so-called “multisoliton
solutions on the finite-gap background” of integrable models (see, e.g., [3] and [6]). In terms of the
Riemann theta-function these Baker—Akhiezer functions are expressed by complicated determinant-
type formulas. It has turned out that in the case under consideration their expression in terms of
appropriately defined Prym theta-functions remains the same for any n.

The generalized Novikov—Veselov construction is presented in Section 4. From results of Sec-
tions 2 and 3 it will be clear that it plays a special role in the spectral theory of periodic Schrodinger
operators. We emphasize that, despite the significant progress made in [5], the problem of construct-
ing the periodic spectral theory of such operators in full generality remains open. In particular,
there is no proof that the sufficient conditions on the algebraic-geometric spectral data found in
[8], [5], and [7] are also necessary for Schrodinger operators with real nonsingular potential. These
conditions depend on the topological type of two natural commuting antiholomorphic involutions
of T'F". The first one is

r: P TF, (w1, wy) — (w1, ws); (1.5)

it reflects the fact that the potential is real. Indeed, if ¢ is a Bloch solution of a Schrédinger
equation with real potential, then 1 is also a Bloch solution of the same equation. Since the points
of the Fermi curve parameterize all Bloch solutions, if follows that, for any p € I'", there is a point
7(p) such that ¥(z,y,p) = ¥(x,y,7(p)). The points of the fixed ovals of 7 parameterize the real
Bloch solutions of the Schrodinger equation.

The fixed points of the second antiholomorphic involution o7 correspond to the pairs of mul-
tipliers such that |w;| = 1. Note that

ot(p) =p = ¢(z,y,0(p)) = ¥(z,y,p). (1.6)
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The simple observation that the anti-involution o7 of the Fermi curve corresponding to a Schro-
dinger operator with nonnegative potential has no fixed points has turned out to be crucial for the
proof that such a curve is an M -curve with respect to the anti-involution 7 and that the points
of the pole divisor of the Bloch solution, which, together with the curve, uniquely determine the
potential, are located on the fixed ovals of 7 so that each but one oval contains precisely one such
point. A similar description of the spectral data is well known in the theory of the one-dimensional
Schrodinger operator [2].

For any real potential, the anti-involution o7 has only finitely many fixed ovals. Under a
continuous deformation of the potential this number changes only if the curve I'" becomes singular.
More precisely, it changes if the zero energy level becomes an eigenlevel at some value of the
deformation parameter. This explains the special role of the generalized Novikov—Veselov potentials.

2. Preliminaries

To begin with, we present a description of the spectral Fermi curve and the Bloch—Floquet curve
for the simplest case of the “free” Schrodinger operator Hy = —A at the level E # 0. The Bloch
solutions of Eq. (1.2) with u = —FE are parameterized by a nonzero complex parameter k € C*
and have the form

(2,2, k) = =TT EE, (2.1)
i.e., in this case, I'"" coincides with C*. The corresponding Floquet multipliers are given by the
formulas

wl(k) _ e27r(k—k*1 f)ll w2(k) _ e27ri(k+k’1f)£2’ (22)

which define a map

W:C* — (C*)?, k> (w(k),wa(k)).
The image of W is the spectral Bloch—Floquet curve FOBF of the operator (Hy—FE). The holomorphic
and antiholomorphic involutions (1.4) and (1.5) in this case have the form
E
4k
The only singularities of IF!" are the points of self-intersection which are the images of the “res-
onant” points k and k' defined by the equations w;(k) = w;(k’). Such pairs are parameterized by
pairs of integers n,m and the sign. They are solutions of the equations

o:k— —k, T1:k— —

E E n E E m
k— — K - = k — K = . 2.3
4k < 4/4) 0 iy < +4k:’> ts (2:3)
Solving (2.3), we obtain k = k-, and k' = k*, . where
mﬁl + z’n€2 4E€2€2
kE,, = 144/1— 2. 2.4
nm 40109 < \/ m2l3 + n2l3 (24)
The coordinates of the nodal points of the curve I’(])B’F equal
wi (k) = exp (mn + 0 \/1 T 22 423 )
£\ . mnly 4E0303
wa(ky ) = exp (mm F 0 \/1 - w22 4023 )
The values of E for which the radicand in these formulas vanishes, i.e.,
py = "G
nl,m| — )
4202
are eigenvalues of the operator Hy = —A on the space of (anti)periodic functions. For such E, the

corresponding Bloch-Floquet curve has, in addition to an infinite number of simple nodal points,
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one self-intersection point of multiplicity 4. The proof of the existence of the Fermi curve for any
periodic Schrodinger operator proposed in [5] is based on a construction and convergence analysis
of series defining formal Bloch solutions.

For any ko € C*, we introduce complex numbers k,, as solutions of the equation wy (k) = wyg :=
w1 (ko), where wy(k) is defined in (2.2). The indices v of k, are pairs (n,+) of an integer and a
sign. It is easy to see that

in 1 EN 1 [(in E\)°
k, = ko — + ko — E.
2£1+2< 0 4ko> 2\/<€1+< ’ 4ko>> i
We set ¢, = ¢(x,y,k,) and wa, = wa(k,), where ¢ and wy are given by (2.1) and (2.2),

respectively.
Under the assumption wyg # wa, for v # 0 we define formal series

F(y, ko) ZF (y, ko), (2.5)

¥ (z,y, ko) Zs@s, Zc JUu(2,y), (2.6)

by the recurrent formulas

Fs = 7“0_1<'¢}(—)’_'U908—1>wy (27)
=1 g=—15" D Fl{Ugeside, s>1 (2.8)
i=1
For v # 0, we set ¢ = 0, and for s > 1, we set
o [ (e )
Clsj = v | — U, s—1 -+ 2F;ps—i
Ty(wQV _ w20) /y 1/} ( y)@ 1 Zz:; 90 Y N
Y AR C )
+ 14 (3 S— Z+ FF S—1— 2.9
Ty(wQV _ w20) /y 1/} yQD lz; lQD l ( )
where
E
U = bk =l )= dnify (k4 ) (2.10)

Here and below (f), denotes the average over the period of a 2m/;-periodic function f of the
variable x.

Lemma 2.1. The formula

- y
Baba) = exp ([ PG/ ko) dy! ) 0o, k)0 0,0, 80
0
defines a formal Bloch solution of the equation
(0% — 02 + v(z,y) — E)Yp =0, (2.11)

i.e., a solution of (2.11) with the monodromy properties

1/:1(217 + 27T£17y7 kO) = wloﬂz(%ya kO))
1/1(1137 Y+ 27T€2, kO) = wQOQZ}(l‘v Y, kO))

27ho
Wap = Wa0 €XP </ F(y' ko) dy’>.
0

where
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To describe the structure of the Fermi curve, let us fix a positive number A > 0 and define
neighborhoods R of the resonant points (2.4) so that, for any ko ¢ R, , the inequality

nm>
‘wgow;} — 1| > h, v 7’5 0,

holds. Without loss of generality it can be assumed that h is chosen so that the neighborhoods
RF  do not intersect.

Lemma 2.2. [5] Suppose that v(x,y) admits an analytic continuation to some neighborhood of
real values of the variables x and y. Then there is a constant No such that, for any ko ¢ R with
kol + kg '] > No, the series given by formulas (2.5)~(2.9) converge uniformly and absolutely and
define Bloch solutions 1/7(3;,3;, ko) of Eq. (2.11). The function @(m,y, ko) is an analytic function of
the variable kg and does not vanish for any x and y.

In the resonance case (where the condition wey # we, does not hold), we construct formal
Bloch solutions as follows. Let I be any finite set of indices v such that

Waq 7 Way, ael, vl

Then the matrix analogues of the previous formulas define formal quasi-Bloch solutions of Eq. (2.11),
i.e., a set of solutions ¥, (z,y,w1g) of the Schrédinger equation with the monodromy properties

'(Zja(l‘ + 27l y, wi0) = wloizja(% Y, wio),

TZ}O[(‘T, Yy + 27T€27 'LUlo) = Z Tg(wIO)ql}ﬁ(my Y, wlO)- (212)
B

For brevity, we do not present here the corresponding series (see [5]). For what follows, it is sufficient
to know an explicit form of the first two terms of the series for the matrix T'(wip):

w 2mlo
@ =wapt?s (T02="" [ v dy. (213)
For kg € RE, with |ko| + |ky'| > No, as the resonance set of indices we take the pairs (v, 1)
such that v = 0 and k,, € RY,, _, . As shown in [5], the formal series defining the quasi-Bloch
solutions uniformly absolutely converge and define functions ﬁa(m, y,w1p) which are holomorphic
in the variable wig € me Here me is the domain in the complex plane that is the image of
Rim under the map defined by the function w;(kg). Note that anm is simultaneously the image
under the same map of the second resonance neighborhood R, .
Consider the matrix T'(wyg) in (2.12). It depends holomorphically on the variable wyy € WE, .
In the case under consideration, this is a 2 x 2 matrix, and the degree of the discriminant of lits
characteristic equation
det(’tEQ T — T(’wlo)) =0 (2.14)
equals 2. In other words, the characteristic equation (2.14) defines a two-sheeted covering I’Tihm of
the domain W, with two branch points inside the domain. We say that a resonance point k- is

marked if Fff,m is singular, i.e., the discriminant of the characteristic equation has one double zero.

Lemma 2.3. For unmarked resonance points k., the Bloch function i(aj,y, ko) extends ana-

lytically to the Riemann surface I’im, where it has one simple pole. For marked resonance points,
the Bloch function @(m,y, ko) extends analytically from the nonresonance domain to the neighbor-

hoods R* _ and RT

n,m —n,—m*

The extension of the Bloch functions to the “central domain” Ry defined by the inequalities

Re <k0 — 45()) ‘ <r, 2701 | Im <k0 - 4§0>

where N is an integer, is described in a similar way. The function wy (ko) represents Ry as a 2N-
sheeted covering of the domain Wy C C* defined by the inequalities e™" < |wyg| < €”. Given any

27l < N,
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ko such that wi(kg) € Wy, for the resonance set I of indices we take the set of those k, for which
ko € Ry.

Lemma 2.4. Under the assumptions of Lemma 2.2 there are constants c¢1 and co such that,
for v > c1 and N > co, the series defining the quasi-Bloch solutions converge uniformly and
absolutely. The Bloch solutions of the Schrodinger equation extend from the nonresonance domain to
the Riemann surface Ty defined over Wy by the characteristic equation (2.14) for the corresponding
2N x2N monodromy matriz. The extension is a meromorphic function on fo with poles independent
of (x,y). The number of these poles does not exceed the number of resonance pairs kﬁm e Wy. In

the generic case, the surface fo 18 nonsingular and the number of poles equals the genus of fo.

The results presented above make it possible to describe the global structure of I'F. This is the
surface obtained from the complex plane of the variable ky by “pasting in” I'y instead of Ry and
the surfaces I instead of the domains Rim for the unmarked resonance points. If the number of
unmarked resonance points is finite, then I'f" has finite genus and can be compactified by two points.
The corresponding potentials are called algebraic-geometric (or finite-gap) at the zero energy level.
As shown in [5], the algebraic-geometric potentials are dense in the space of all periodic potentials.

Remark 2.5. By “pasting in” we mean that the boundaries of the “excised” and “pasted in”
domains are identified by means of the function w; and the complex structure on the union of
the complement to the excised domain and the pasted in one is defined by the condition that the
holomorphic functions in this structure are those that are continuous on the gluing line.

3. The Fermi Curve of the Schrodinger Operator with Nonnegative Potential

The construction presented in the previous section allows us to consider I'f" as a kind of per-
turbation of the Fermi curve of the operator H = —A — E with any chosen constant E. In [5], for
definiteness, the constant F was set to 4. Varying this parameter, we can describe more effectively
the structure of the Fermi curve T for the operator H = —A — E + v(z,y) when the periodic
function v is small enough, i.e., |v(z,y)| < €, and the constant F is not an eigenvalue of Hy, i.e.,
E # Ej,) jm|- Without loss of generality we will assume that the average of the perturbing potential
over the torus equals zero: ((v)) = 0.

In this case, the coefficients of the series defining formal Bloch and quasi-Bloch solutions are
bounded by the coefficients of the geometric progression with exponent e, which automatically
guarantees the convergence of these series. Moreover, € can be chosen so that there is no “central”
resonance domain in the construction of I'"', i.e., I'f' is obtained by pasting in only the Riemann
surfaces I’im for unmarked pairs of the resonant points and, as a consequence, I'f" is smooth. The
description of I'" admits further effectivization when E < 0, which holds in the more general case
of nonnegative potentials. We present this description below.

Consider the function
(k) = ln2w1(k:) g E '

7T€1 4k
The Riemann surface of the inverse function k(p) is a two-sheeted covering of the complex p-plane
with the two branch points +pg = :I:%x/ —FE. For E < 0, we view this surface as being glued
from two copies of the p-plane cut along the real axis between the branch points +py. The gluing
identifies the upper (lower) edge of the cut on one sheet with the lower (upper) edge of the cut on
the second sheet. In this realization the holomorphic involution ¢ maps p to —p on the same sheet,
and the antiholomorphic involution 7 maps p to p on the other sheet. ‘

Let II be the set consisting of a real number py > 0 and pairs of complex numbers {p%,j =

1,2}, where s is a finite or infinite set of pairs of integers (n # 0,m). We call II admissible if

1 _ 2 2 _ 1
pn,m - _p—n,—mv pn,m - _p—n,—m>

=y o =0 o)) (3.)

n? +m?2
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and the intervals [pl,p?] parallel to the real axis do not intersect. Note that if the set of indices
is finite, then the second set of conditions in (3.1) is empty. For an infinite set of indices, these
conditions mean that the corresponding pairs are asymptotically localized in neighborhoods of the
corresponding resonance points.

For each admissible set II of data, we construct a Riemann surface I'(II) from two copies of
the complex p-plane with cuts between the points py and —pg on both sheets, along the segments
[pL, p?] on the first sheet, and along the segments [pl, p?] on the second sheet by identifying the
upper (lower) edges of the cuts between py and —py and along each [pl, p?] on the first sheet with
the lower (upper) edges of the cut between py and —pg and along [p!,5?] on the second sheet,
respectively. After gluing each of the cuts corresponds to a nontrivial cycle on the surface T'(II).
The respective cycles will be denoted by ag and as.

Theorem 3.1. For any real positive periodic potential u(x,y) > 0 that can be analytically
extended to a neighborhood of real x,y, the Bloch solutions of Eq. (1.2) can be parameterized by the
points of the Riemann surface I'(I1) corresponding to some admissible data set I1. The corresponding
function 1/; is meromorphic and has one pole on each of the cycles as.

Proof. For E < 0, the coordinates of the nodal points w; (k) are real. As mentioned above, for
sufficiently small €, the set of resonant indices contains only two elements, which can be identified
with (n,m,+) and (—n, —m, F). It can be checked directly that

k) = 0T, ) 0t (k) = 0(RS, ) T = 1 s (3.2)
+ .

- (kfm) and the function r(k) is defined in (2.10). It follows from (3.2) and (2.13)

where r =r
for wyg = wl(kf;m) that the monodromy matrix has the form

Tlun () = waliin) (1 1) + 0 (33)

where k = (r¥, )N (KT, )vikiE,,)). Note that the diagonal elements of the monodromy
matrix equal 1 due to the assumption that the average of v equals zero.

From (3.3) it follows that the eigenvalues of the matrix T'(w; (kL)) are real and distinct in the
first order in the parameter €. Therefore, since the Fermi curve is invariant under 7, they should
be real in all orders. In other words, in a neighborhood of each unmarked pair of the resonance
points there is a “forbidden zone,” that is, a fixed oval of the anti-involution 7. Since the pole
divisor of the Bloch function is invariant under 7 and there is only one pole in a neighborhood of
the resonance pair, it follows that this pole must lie on the oval as. This proves the theorem for
potentials of the form u = —F + v for E < 0 and sufficiently small v.

Change of notation. So far we denoted the Bloch solutions of Eq. (1.2) constructed with the
help of perturbation theory by 1/; In the rest of the paper we will denote them by ¢ (z,y,p), p € e,
Similarly, the Floquet multipliers will be denoted by w;(p).

Our next goal is to prove that the established properties of the Fermi curve and the pole divisor
of the Bloch function are stable with respect to a deformation of the potential u under which
u remains nonnegative. From the invariance of I'f" with respect to ¢ and 7 it follows that the
described structure can change only if (i) the cycles as for distinct s touch each other (at this
moment the curve ' becomes singular) or (ii) there appears a pair of resonance points p, p’ on
I'" such that w;(p) = w;(p’) and these points are fixed under the involution o7, i.e., |w;(p)| = 1.

The same argument as in the proof of Theorem 2.2 in [5] proves that the periodicity of the
potential (reflected in the fact that on I'" the functions w;(p) are defined) is an obstruction to the
merging of cycles as. An obstruction to the emergence of singularities of type (ii) is the nonnegativity
of wu.

Lemma 3.2. The anti-involution o1 of the Fermi curve T'F' corresponding to a nonnegative
potential has no fixed points.
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Proof. Suppose that there is a point on 'Y that is fixed under the anti-involution ot(p) = p.
By definition ¥ = 9 (z,y,p) is a Bloch solution of Eq. (1.2). Let us multiply the left-hand side of
the equation by the dual Bloch function ¢? and integrate the resulting periodic function of x and
y over the torus (it is periodic because the Floquet multipliers of the function ¢ are inverse to
those of ). Integration by parts gives the equation

21l 2mlo
/ / (Op 90,97 + Oy pOy 7 + urpyp?) da dy = 0.
0 0
From (1.6) it follows that ¢® = 1. Therefore, if u > 0, then the left-hand side is strictly positive.
The obtained contradiction completes the proof of the theorem.

Remark 3.3. Note that the simplicity of the description of the Fermi curve as the curve cor-
responding to some admissible data set is misleading to some extent. By construction the function
p is multivalued on T'(IT), but its multivaluedness reduces to adding an integer multiple of i//¢;;
therefore, the function wi(p) = exp(27¢1p) is well defined on T'(IT). Hence the curves of the form
['(IT) for any admissible set of data correspond to potentials periodic in the variable x. Periodicity
in y, which is equivalent to the existence on I'(II) of the second function ws, gives additional tran-
scendental equations for admissible sets of data. Nevertheless, the description of the Fermi curves
in terms of admissible data turns out to be effective enough for the study of perturbed curves.

4. The Generalized Novikov—Veselov Construction

The goal of this section is to construct Schrédinger operators which are finite-gap (algebraic-
geometric) at the zero energy level in the case where this zero level is an eigenlevel.

Let T' be a smooth algebraic curve with an involution ¢ having n+1 pairs of fixed points Py, pl,
i=1,...,n. The curve I' is a two-sheeted covering of the factor curve Iy := I'/o branched at the
fixed points. If I'g is of genus gg, then by the Riemann—-Hurwitz formula I' has genus g = 2gg + n.
Below it is assumed that neighborhoods of the marked points Py are endowed with fixed local
coordinates k' which are odd with respect to the involution, i.e., ki(p) = —k+(o(p)).

We say that a divisor D = 71 + -+ + 744+, is admissible if the set of points vs and ~J is the
set of zeros of some meromorphic differential d{2 having simple poles at the fixed points of the
involution and residues satisfying the equations

resp, d§) = £1, res, d) = —res,; dS2. (4.1)

Lemma 4.1. For a generic admissible divisor D, there is a unique Baker—Akhiezer function
v(x,y,p), p e, such that

(i) ¥ is meromorphic on T'\ Py and has at most simple poles at the points ~s (if they are
distinct);

(ii) in a neighborhood of the points Py the function ¢ has the form

b = s (Zéf(az,y)kf), b = ke (p): (12)
s=0
(iii) its values at the points p'. satisfy the equations
U,y pl) = Y@, y,p0); (4.3)
(iv) the coefficients £F in (4.2) equal
& =1 & =1 (1.4)

Proof. According to [4], the vector space of functions that satisfy the first two conditions (i)
and (ii) is of dimension n + 1. Hence in the general position the n linear equations in (iii) and the
normalization §6r = 1 of the coefficient uniquely determine . The proof that the second equation
n (4.4) holds in this case is similar to that in [8].

30



Indeed, consider the differential d€); = ¥1?dS), where df) is a meromorphic differential whose
zeros are the poles of the functions ¢ and 97, so that d€); has poles only at the points . outside the
marked points Py. By assumption the local coordinates k;l are odd with respect to o. Therefore,
the exponential singularities of ¢ and 7 are canceled in the differential df2;. Hence the differential
d2; is meromorphic on I'. The sum of all residues of a meromorphic differential equals 0. It follows
from (4.1) and (4.3) that the sum of residues of d§); at each pair of points p’. equals 0. Hence

0 = resp, YY7dQ +resp_ Yyp7dQ =1 — (50_)2.

A priori §; is a meromorphic function of its arguments. Therefore, it identically equals 1 or —1.
For x = y = 0, the function 1 equals 1 identically in p. Hence £, (0,0) = 1, which implies (4.4).

The analytical properties of i are similar to those used in the construction of the so-called
“multisoliton solutions on the finite-gap background” of the KdV equation (see [3]). This makes it
possible to obtain an explicit, although cumbersome, expression for ¢ in terms of the determinant
of an n X n matrix whose entries are expressed in terms of the Riemann theta-function. Our next
goal is to show that, for any n, the Baker—Akhiezer function admits a simple explicit expression in
terms of appropriately defined Prym theta-functions.

It is known that on I' there is a basis of a- and b-cycles with canonical intersections matrix:
a;-aj =b;-bj =0, a; - b; = d;j; moreover, in this basis the action of the involution ¢ has the form

o(a;) = Gitgy, (b)) = bitgy, i=1,...,90, (4.5)
and
o(a;) = —a;, o(b;) = —b;, t=2g90+1,...,290 +n. (4.6)
Let dw; be a normalized basis of holomorphic differentials on I" (i.e., faj dw; = 6;5). We introduce
the following holomorphic Prym differentials odd with respect to o:

dui :dwi —degO, 1= 1,...,90,
dui:2dwi, z':go+1,...,go+n.

Let 1I denote the matrix of their b-periods, II; ; = fbi duj, which defines the corresponding Prym
theta-function
9(Z|H) — Z e27ri(z7m)+7ri(m,l'[m)'
mezItn

By A(p) we denote the vector (depending on the choice of a path) with coordinates A;(p) = [ £+ du;
and by Q4 (p), the Abelian integrals Q. = [ £+ dQ 4, where dQ (d€)_) is the normalized (i.e., having
zero a-periods) meromorphic differential which has only one singularity (at P, (P-)) and is of the
form dQ+ = dki(1 + O(kL?)). The definition of Q needs clarification, since dQ; has a pole at
Py . By the integral d24 of the point P, we mean the choice of the branch Q. =k, + O(kfrl) in
a neighborhood of P, and the analytic continuation along the path. In what follows, it is assumed
that the paths in the definition of A(p) and Q4 (p) are the same.

Lemma 4.2. The Baker—Akhiezer function in Lemma 4.1 equals

_ 4.7
VYL = g0, U+ Z0(AG) + 2| © ’ (47)
where Uy and U_ are the vectors with coordinates
; 1
1 = ds?
Uz 2mi 7{3. =
and
Z==> Aly)+2, (4.8)

where K is a constant vector.
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Proof. It follows from the monodromy properties of the theta-function and the definition of the
vectors Uy that the function v defined by the right-hand side of (4.7) is a single-valued function
of p € I'. It is easy to see that this function has the required exponential singularity at the marked
points P4. Outside these points the function ¢ is meromorphic. Let us prove that its values at the
pairs of points p’ , i = 1,...,n, coincide.

The differentials dQ)1 are odd with respect to the involution, i.e., 0*(d21) = —d€)4. Therefore,

. . Pl 1

) - 0200 ) = [ de =) §  dei—o (49)
L a2g4+i

The Prym differentials are also odd. Therefore,

0

Py 1
/_ duj:2/ du; =0, i=1,...,90, (4.10)
p a2go+i

(3

i

Py 1
/i dug0+j = 9 / dugo+j = 52']' eZ.
p_ Qa2gg+i

Hence the coordinates of the vector A(p’ )—A(p’) are integers. The periodicity of the theta-function
with respect to such vectors and relations (4.9) imply (4.3).

In a similar way one can check relations (4.4). The first of them is a direct consequence of the
definition of ¢ by (4.7). To prove the second relation, consider an odd cycle ay whose projection
on I'y is a path connecting the points Py. It is easy to see that it is homologous to the cycle

n
ag = — Zagg(ﬁ_i S Hl(F;Z).
i=1
This observation and (4.10) imply that the coordinates of the vector A(P-) are integers. Hence the
second relation in (4.4) holds.

The pole divisor D = D(Z) of the function v given by (4.7) is a well-defined zero divisor of
the multivalued function 6(A(p)+ Z|1I). A standard argument proves that this divisor is of degree
g + n. The proof of the relation (4.8) between the vector Z and the Prym—Abel transform of the
divisor D(Z) is also standard. To complete the proof of the lemma, it remains to prove the following
assertion.

Lemma 4.3. For a generic vector Z, the zero divisor D(Z) of 0(A(p) + Z|I1) is admissible,
i.e., the divisor D 4+ D7 is a zero divisor of a meromorphic differential with simple poles at the
fized points of o and residues satisfying (4.1).

We prove this statement after proving the following theorem, which is the main result of this
section.

Theorem 4.4. The Baker—Akhiezer function 1 given by formula (4.7) where Z is a generic
vector is a solution of Eq. (1.2) with potential

u(z,y) = —2An0(zU4 + zU_ + Z|II) + E, E = 4(;(1]?__1) (Py). (4.11)
+
If
ol (Uy +U_) = N®+TIN®,  27ilo(Uy —U_) = M* + TIM" (4.12)

for some integer vectors N1, No and My, My, then the function u(z,y) is (2mly,2wls)-periodic and
the functions ; := 1[)(:1:,y,pl?t) are eigenfunctions of the operator H on the space of (anti)periodic
functions.

Proof. As shown above, for any Z, the function v satisfies all conditions defining the Baker—
Akhiezer function for some divisor D(Z). An argument standard in the finite gap theory and based
only on the uniqueness of the Baker—Akhiezer function proves (1.2) with potential u = 485§f , where
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§f is the coefficient in the expansion (4.2) of the function v at the point P;. In a neighborhood
of this point we have the equations

Alp) = 22U k' + Ok, Q_(p) = Bky' + O(k}?). (4.13)

The first of them is a consequence of the Riemann bilinear relations. The substitution of (4.13)
into (4.7) gives (4.11). In the general case, it defines a meromorphic quasi-periodic function of the
variables (z,y). For comparison with the result of the previous section, consider the differentials

go+n
dpy : = dQ +dQ2_ — Z Z'V;-’duj, (4.14)
j=0
go+n
dps : = i(dQy —dQ_) — Z z',ug’-duj, (4.15)
j=0

where the 1/;-’ and ,ug’» are the coordinates of real vectors defined by the equations
(U, +U_) =v* + 110, 2mi(Uy —U_) = p® + T1pb.
The periods of these differentials over the basic cycles a;, b; € Hi(I',Z) equal

7{ dpy = —i}, fdpl =iy, j{ dps = —ipl, j{ dpa = ipj.
a; b; a; b;

J J J J

This implies that if relations (4.12) hold, then the functions

w; (p) = exp (277@- / ’ dpj> (4.16)

are single-valued on the curve I'. They are holomorphic outside the marked points Py, at which they
have exponential singularities. Moreover, note that, by virtue of (4.9), we have w; (pﬁr) = w;(p")
for all i = 1, n. Therefore, the uniqueness of the Baker—Akhiezer function implies (1.3). Hence the
Baker—Akhiezer function is a Bloch solution of the Schrodinger equation (1.2). The differentials

dS); are odd with respect to the involution o. Hence w;(o(p)) = wj_l(p). The points p’y are fixed

under o. Therefore, wjz- (pit) = 1. This completes the proof of the theorem.

Let us now return to the proof of Lemma 4.3. Since the lemma is not used in the proof of the
main theorem, we present only a sketch of its proof.

As shown above, the function v given by (4.7) satisfies the Schrodinger equation. The same
argument as in the proof of Lemma 2.3 in [5] gives the equation

ey 24 dpy —2idps
L (YT — VYT)e  (Yatp? — YY)y’
where, as above, dp; and dp, are the differentials given by (4.14) and (-), and (-), denote averaging
over the variables x and y, respectively.

The differential df2 is meromorphic on I'. Its zeros are the poles of the functions ¢ and ¢?, and
it has poles at the fixed points of o. From the definition of the Baker—Akhiezer function it follows
that its residues at the points P4+ equal 1. The proof that its residues at the other branch points
satisfy relations (4.1) requires additional arguments.

Let us prove these relations for the curves corresponding to periodic potentials. For such curves,
Eq. (4.16) defines a single-valued function wj(p). Let us fix a complex number wig and consider
the points on T' for which wi(p,) = wig. We set ¢, = ¥(z,y,p,) and ¥} = ¥(x,y,0(p)). The
same argument as in the proof of Lemma 2.4 in [5] shows that, for any periodic function f(x), the
following series converge to the function f(z):

F= 3" 0 Naytby = = > 1 O ath, (4.17)

v
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where 7, 1= (9,05 — 10,0, ). Strictly speaking, the equation holds for w%; # 1, since otherwise
some of the points p, are the branch points p’,, at which r,, = 0. The left-hand side of (4.17) does
not depend on wyg. Therefore, letting w%o — 1, we see that the singular terms of the series (4.17)
for w%o = 1 cancel each other. Since f is arbitrary, it follows that the cancellation takes place for
each pair of marked points. This is equivalent to (4.1), which proves Lemma 4.3.

Remark 4.5. The space of all curves I' corresponding to periodic Schrédinger operators with
fixed periods is of dimension gy — 1. Indeed, every such curve I' is defined by a factor curve I'y and
a set of 2n + 2 points on it. For fixed integer vectors N¢, M®, N and M?, the conditions on the
periods of the differentials stated in the theorem are equivalent to a system of 2(gyg +n) equations.
By definition the differentials depend also on the choice of the curve and the local coordinates at
the marked points Py. In fact, they depend only on the first jet (the leading term) of the local
coordinate. A linear transformation of the two-dimensional space of these jets corresponds to a
linear transformation of the two periods of the potential. Hence the total dimension is equal to
3g0—3+2n+2—-2(go+n) =go— 1.

As mentioned above, in the general case, the potentials (4.11) of the Schrodinger operator
are meromorphic functions of their arguments. A potential takes real values at real values of the
arguments if and only if there is an antiholomorphic involution 7 on I' which commutes with o,
ie., o = 70 (or, equivalently, the factor curve I'y is real) and the following conditions on the
parameter determining the Baker—Akhiezer function are satisfied:

(P =P, 7)==k, o) =0f +9), T(D)=D.
Note that the third condition is equivalent to the condition that, for each i, one has either 7(p’.) =
Py or T(ph) = pk.

The reality of the potential corresponding to data satisfying the constraints above follows from

the relation

P(1(p)) = ¥(p),
which, in turn, follows from the uniqueness of the Baker—Akhiezer function and the fact that the
analytical properties of the two functions on the left- and right-hand sides of the relation coincide.

Below we present two types of conditions sufficient for the corresponding potentials of the
Schrodinger equation to be regular. The first of them is a direct generalization of the constraints
proposed in [8].

Recall that, for any antiholomorphic involution of a smooth algebraic curve of genus g, the
number of fixed ovals of the antiholomorphic involution is at most g+ 1. The curves for which this
number equals g + 1 are called M -curves.

Theorem 4.6. Suppose that ' is an M -curve whose antiholomorphic involution has fized ovals

g, a1, - - -, ag and holomorphic involutions acts as in (4.5) and (4.6). Suppose also that p'. € asg+i.
Let the points s of an admissible divisor D of degree g + n be such that each of the fized ovals
ai,...,a2q, and each of the segments into which the ovals asg,y; are partitioned by the points p'y

contains precisely one of these points. Then the corresponding potential is real and nonsingular.

Proof. The proof is standard. From formula (4.7) it follows that the poles of the potential
correspond to (z,y) at which one of the zeros of 1 coincides with P, . This is impossible, since, for
all (z,y), each of the ovals ay,...,az, and each of the segments asg,+; contains at least one zero,
and the total number of zeros equals g +n = 2gy + 2n. The fact that there is at least one zero on
each of the ovals and segments (at whose endpoints the values of the function ¢ are equal) is a
corollary of the fact that the total number of zeros and poles of a periodic function is always even
and the assumption that each of the ovals and the segments contains one pole.

The second type of conditions sufficient for the potential to be regular is similar to that in the
theory of the KP1 equation (see [6]).

Theorem 4.7. Suppose that the antiholonomic involution ot is of separating type, i.e., the
complement to its fived ovals ai,...,ar is a disjoint union of two domains I'*, or(lT) =T
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Suppose also that ply € T'F, the differential dY defining an admissible divisor D is positive on the
ovals ag with respect to the orientation induced from the domain I'", and ¢; := res, + dQ2 < 0. Then

(3

the corresponding potential of the Schrddinger operator is real and nonsingular.
Proof. Consider the nonnormalized Baker—Akhiezer function
¢(z,y,p) = 02Uy + 2U- + Z[I) (2, y, p).

It satisfies the same analytical conditions as 1) except the normalization condition (4.4). We have
already proved that the first factor in the definition of ¢ is real. Hence the function ¢ satisfies the

relation ¢(x,y,7(p)) = ¢(z,y,p). By definition the ovals as are fixed under o7, and their union is
the boundary I'". Hence, for the differential df2 = ¢¢?dS2, we have

dQ — res,; dS) = 240 — cilo(z,y, p'))? >0 4.18
B 0= e = § 16— clote.y.rt) (4.18)

for any values of x and y. Suppose that the potential is singular at (xg,yp). Then ¢(zg, yo, P+) = 0.
Hence the differential dQ(ajo, Yo, p) has no pole at P, i.e., in the domain I'* it has poles only at
the points p’, . Therefore, the left-hand side of Eq. (4.18) equals zero for z = x¢, y = yo. This is a
contradiction.

In conclusion, as an example, we present Schrodinger operators integrable at the zero eigenlevel
corresponding to hyperelliptic curves. They are a particular case of the curves considered in the
framework of the generalized Novikov—Veselov construction. Without loss of generality we can
assume that a hyperelliptic curve I' with n + 1 pairs of branch points is given by the equation

n
Y? =X [0 —pl)(x —pl).

i=1
We identify the branch points X = 0,00 with the marked points Py and P_, respectively. As
the basis a-cycles we choose the preimages of the cuts between the points pit and denote the
corresponding matrix of b-periods of the normalized holomorphic differentials on I' by B. Then
the Prym matrix introduced above equals II = 2B.

The values of ¢ in Lemma 4.2 at the points p’. equal

4.1
0(=U, + 2U_ + Z|2B)0(B; + Z|2B) (4.19)

¢j($7 y) =

Corollary 4.8. The functions ; given by formula (4.19) are solutions of the Schridinger
equation (1.2) with potential

u(z,z2) = —2AM6(zU; + zU_ + Z|2B) + E, E=4 (Py).

The two types of sufficient conditions for the potential to be real and regular that were presented
above correspond to two types of real hyperelliptic curves. The first one corresponds to real branch
points p% = p!y and the second one, to the case p% = p%.

Funding

The work of A. I. was supported by the Russian Academic Excellence Project 5-100 and by the

Russian Foundation for Basic Research, project no. 18-01-00273a.
References

[1] B. A. Dubrovin, I. M. Krichever, and S. P. Novikov, “The Schrédinger equation in a magnetic
field and Riemann surfaces,” Dokl. Akad. Nauk SSSR, 229 (1976), 15-18; English transl.:
Soviet Math. Dokl., 17 (1977), 947-951.

35



[2] B. A. Dubrovin, V. B. Matveev, and S. P. Novikov, “Non-linear Equations of Korteweg-de Vries
Type, Finite-Zone Linear Operators, and Abelian Varieties,” Uspekhi Mat. Nauk, 31:1(187)
(1976), 55-136; English transl.: Russian Math. Surveys, 31:1 (1976), 59-146.

[3] I. M. Krichever, “Potentials with zero coefficient of reflection on a background of finite-zone
potentials,” Funkts. Anal. Prilozhen., 9:2 (1975), 77-78; English transl.: Functional Anal.
Appl., 9:2 (1975), 161-163.

[4] I. M. Krichever, “Integration of nonlinear equations by the methods of algebraic geometry,”
Funkts. Anal. Prilozhen., 11:1 (1977), 15-31; English transl.: Functional Anal. Appl., 11:1
(1977), 12-26.

[5] I. M. Krichever, “Spectral theory of two-dimensional periodic operators and its applications,”
Uspekhi Mat. Nauk, 44:2(266) (1989), 121-184; English transl.: Russian Math. Surveys, 44:2
(1989), 145-225.

[6] I. M. Krichever, “Spectral theory of finite-zone nonstationary Schrodinger operators. A non-
stationary Peierls model,” Funkts. Anal. Prilozhen., 20:3 (1986), 42-54; English transl.:
Functional Anal. Appl., 20:3 (1986), 203-214.

[7] S. M. Natanzon, “Nonsingular finite-zone two-dimensional Schrédinger operators and prymians
of real curves,” Funkts. Anal. Prilozhen., 22:1 (1988), 79-80; English transl.: Functional Anal.
Appl., 22:1 (1988), 68-70.

[8] A. P. Veselov and S. P. Novikov, “Finite-zone, two-dimensional, potential Schrédinger op-
erators. Explicit formulas and evolution equations,” Dokl. Akad. Nauk SSSR, 279:1 (1984),
20-24.

[9] A. P. Veselov and S. P. Novikov, “Finite-zone, two-dimensional Schrédinger operators. Poten-
tial operators,” Dokl. Akad. Nauk SSSR, 279:1 (1984), 784-788; English transl.: Soviet Math.
Dokl., 30 (1984), 588-591.

[10] 1. A. Taimanov, “Two-dimensional Dirac operator and the theory of surfaces,” Uspekhi Mat.
Nauk, 61:1(367) (2006), 85-164; English transl.: Russian Math. Surveys, 61:1 (2006), 79-159.

SKOLKOVO INSTITUTE FOR SCIENCE AND TECHNOLOGY, Moscow, RUSSIA

NATIONAL RESEARCH UNIVERSITY HIGHER SCHOOL OF ECONOMICS, MOSCOW, RUSSIA
e-mail: ekrez@yandex.ru

SKOLKOVO INSTITUTE FOR SCIENCE AND TECHNOLOGY, Moscow, RUSSIA

CoLUMBIA UNIVERSITY, NEW YORK, USA

NATIONAL RESEARCH UNIVERSITY HIGHER SCHOOL OF ECONOMICS, MOSCOW, RUSSIA
e-mail: krichev@math.columbia.edu

SKOLKOVO INSTITUTE FOR SCIENCE AND TECHNOLOGY, MOSCOW, RUSSIA

SIMONS CENTER FOR GEOMETRY AND PHYSICS, STONY BROOK, USA

e-mail: nikitastring@gmail.com

Translated by I. M. Krichever

36



