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Abstract: A characterization of the Kadomtsev—Petviashvili hierarchy of type C (CKP)
in terms of the KP tau-function is given. Namely, we prove that the CKP hierarchy can
be identified with the restriction of odd times flows of the KP hierarchy on the locus
of turning points of the second flow. The notion of CKP tau-function is clarified and
connected with the KP tau function. Algebraic—geometrical solutions and in particular
elliptic solutions are discussed in detail. A new identity for theta-functions of curves
with holomorphic involution having fixed points is obtained.
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1. Introduction

The Kadomtsev—Petviashvily (KP) hierarchy is one of the most fundamental in the mod-
ern theory of integrable systems. It has at least three well-known definitions/representations.
In its original, the so-called Zakharov—Shabat form [1], it is an infinite system of equa-
tions on an infinite number of variables which are the coefficients of monic ordinary
linear differential operators

k=2

Bi= 09§+ i i(x, )] (1.1)
i=0

depending on x and an infinite set of “times” t = {71, 12, #3, . ..}. The equations of the
hierarchy are equivalent to the operator equations

0y Br — 0y, By + [By, B] =0, for all pairs k, . (1.2)

For each pair (k, /) the operator equation (1.2) is equivalent to a system of partial differ-
ential equations on the coefficients of the operators By, B;. The system is well-defined
in the sense that the number of equations is equal to the number of unknown functions.
For example, for the case k = 2,/ = 3 in which By = 8)% +2u and B3 = 8;’ +3udy, +w
Eq. (1.2)is equivalent to a system of two equations for u and w. After eliminating w from
this system, and after the change of the notation for independent variables, = y, 13 = ¢,
the remaining equation for u becomes the original KP equation

Buyy = (duy — 12uty — tyxy)y - (1.3)

The second form of the KP hierarchy (which is often called the Sato form) was intro-
ducedin [2] as a system of commuting flows on the space of sequences (u1(x), uz(x), ...)
of functions of one variable x, which can be identified with the space of pseudo-
differential operators of the form

L= +u1d; +upd > +... (1.4)

The flows are defined by the Lax equations
8, L =By, L], By = (Ek) L k=123, ... (1.5)
+

where (.. .); stands for the differential part of a pseudo-differential operator. The state-
ment that Eq. (1.2) follow from Eq. (1.5) is easy. The inverse statement is true up to a
triangular change of time variables [3].

The third form of the KP hierarchy is an infinite system of equations for one function
8P (x, t) of an infinite number of variables generated by the Hirota bilinear equation
(4.5]

f Pt — 7D U+ 27 exp(Z(tk — t,/()zk>dz =0, (1.6)

o0 k>1
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which should be valid for all sets of times t, t’. Here and below Cy is a big circle around
the infinity z = oo and t & [z~!] denotes the following special shift of time variables:

1

1
4! :={ti—,tﬂ:—,
(2] 1E T nESS

1
Bt .. } 1.7
3t (1.7
Note that Eq. (1.6) is invariant under the transformation

rKP(x,t) — exp(yo+y1x+Zyjtj) tKP(x,t) (1.8)
Jj=1

with constant y;. The tau-functions which differ by multiplication by exponent of a
linear function of times are called equivalent.

In [6] an infinite integrable hierarchy of partial differential equations with Sp (co)
symmetry was introduced and called the Kadomtsev—Petviashvili hierarchy of type C
(CKP). It is a hierarchy of commuting flows that are the restriction of the flows of the
KP hierarchy corresponding to “odd” times t, = {f1, 13, 5, . . .} onto the space of anti
self-adjoint pseudo-differential operators Lckp of the form (1.4), i.e. such that

ﬁ&p = —Lckp, (1.9)

where  means the formal adjoint defined by the rule (f(x) ) 8;”)' = (—=0y)" o f(x).

The CKP hierarchy was revisited in [7-10].

The first goal of this work is to characterize the CKP hierarchy in terms of the KP
tau-function. More precisely, each solution of the CKP hierarchy has a unique extension
to the solution of the full KP hierachy via the flows (1.5) with even k (which obviously
do not preserve constraint (1.9)). In what follows we will refer to the corresponding
solution to the KP hierarchy as KP extension of the solution to the CKP hierarchy. In
Sect. 2 we prove that the KP tau-function is the tau-function of such a solution if the
equation

d,loge®F| =0 (1.10)

o=

holds for all t,, where all “even” times t. = (12, 74, ...) are set equal to zero. Con-
versely, in the equivalence class of any KP tau-function which is the tau-function of
the KP extension of a solution to the CKP hierarchy there exists one which satisfies the
condition (1.10). We note that this condition selects “turning points” of the KP hierarchy
in the sense that if x; are zeros of the tau-function t¥F(x, t), i.e., 8P (x;, t) = 0, then
atzxi (t1,13,...)=0forallt1, 13,5, .. ..

We also prove the existence of the tau-function 7 (x, t,) for the CKP hierarchy which
is a function of “odd” times t, only and prove that it is the square root of ¥F satisfying
the condition (1.10):

T, 1,3, 85, . ) =V 8P (x, 11, 0,13, 0, 15,0, ..). (L.11)

In the first part of Sect. 3 we present in detail the algebraic—geometrical construction
of quasi-periodic solutions to the CKP hierarchy briefly outlined in [6]. We start from
the general scheme proposed in [11,12]. The specialization for the CKP hierarchy is a
certain reduction of this general scheme. The data defining the algebraic—geometrical
solutions of the CKP hierarchy are the following: a smooth algebraic curve I" of genus g
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with a holomorphic involution having at least one fixed point Py, € I', a local parameter
in a neighbourhood of P, which is odd with respect to the involution and a generic
admissible divisor of degree g. The locus of the admissible divisors in the Jacobian
is a translate of the Prym variety of I". In the second part of Sect. 3 we prove a new
identity for the Riemann theta-function of a curve with involution having at least one
fixed point (Theorem 3.4). The identity is an algebraic—geometrical incarnation of the
relations between KP- and CKP-tau-functions discussed in Sect. 2.

In Sect. 4 we study solutions to the C-version of the KP equation which are double-
periodic (elliptic) in the variable x = #; and their trigonometric and rational degenera-
tions.

In the seminal paper [13] the motion of poles of singular solutions to the Korteweg-de
Vries and Boussinesq equations was considered. It was discovered that the poles move
as particles of the many-body Calogero—Moser system [14—16] with some additional
restrictions in the phase space. In [17,18] it was shown that in the case of the KP
equation this correspondence becomes an isomorphism: the dynamics of poles of rational
solutions to the KP equation is given by equations of motion for the Calogero—Moser
system with pairwise interaction potential 1/(x; — x j)z. This remarkable connection
was further generalized to elliptic solutions in [19]: poles x; of the elliptic solutions as
functions of #, = y move according to the equations of motion

33x; :4250/(x,- —x) (1.12)
ki

of Calogero—Moser particles with the elliptic interaction potential g (x; — x;) (¢ is the
Weierstrass g-function). Moreover, in [19] it was shown that the origin of Eq. (1.12) is
related to a more fundamental problem: when a linear equation with elliptic coefficients
has double-Bloch solutions (i.e. solution which are sections of a line bundle over the
elliptic curve, see [20]). Recently, the method proposed in [19] was applied to the theory
of elliptic solutions of the BKP equation [21,22].

Along the same line of arguments we derive in Sect. 4 the equations of motion for
poles of elliptic solutions to the CKP equation:

n
5 =3 o —x) — 6, (1.13)
ki

where c is a constant and dot means the #3-derivative. In contrast to the KP and BKP cases,
where the equations of motion are of the second order (see [19,21,22]) Eq. (1.13) are of
the first order. As follows from the comparison of the CKP and KP hierarchies in Sect. 2
Eq. (1.13) coincide with the restriction of the Calogero—Moser flow corresponding to the
higher Hamiltonian H3 to the manifold of turning points in the 2n-dimensional phase
space (p;, X;), i.e. the n-dimensional submanifold p; = dyx; =Oforalli =1, ..., n.

Remark. The notion of the turning points of the elliptic Calogero—Moser system and the
study of the corresponding spectral curves in the forthcoming paper [23] was motivated
by the problem of construction of explicit solutions to the two-dimensional O (2m + 1)
sigma-model.
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2. The CKP Hierarchy

2.1. The L-operator and the dressing operator. The setof independent variables (“times”)
in the CKP hierarchy is t, = {#1, 13, ts, . . .}. Like in the BKP case, they are indexed by
positive odd numbers. Itis convenient to set # = x-+const, so that the vector fields d;, and
0y are identical: 9;, = dy. The hierarchy is defined on the space of pseudo-differential
operators Lcgp of the form

Lokp = Oy +uid;  +u2d 2+ ... 2.1)

subject to the constraint

Ligp = —Lcxp, (2.2)
The coefficients u ; of Lckp depend onx and on all the times. It is convenient to introduce
the wave operator (or dressing operator)
W=1+£0"+&07+... (2.3)
such that
Lokp = Wo, WL (2.4)

The wave operator is unique up to multiplication from the right by a pseudo-differential
operator with x-independent coefficients.

The constraint (2.2) implies that W'W commutes with dy, i.e., it is a pseudo-
differential operator with x-independent coefficients. We fix the above mentioned am-
biguity in the definition of the wave operator by imposing the equation WTW = 1,
ie.

wh=w-l (2.5)
The hierarchy of flows is defined by the Lax equations

o Lok = [Br. Loxe). Bi= (L) . k=1.3.5..... 2.6)
which obviously preserve the constraint (2.5) since B,j = — By (for odd k).
The zero curvature (Zakharov—Shabat) equations
0y By — 0y By + [By, Bj)] =0, k,lodd 2.7)

is an easy corollary of (2.6). They are equivalent to the statement that the flows (2.6)
commute with each other.
The first equation of the CKP hierarchy is the equation 9, Bs — 0, B3 +[Bs, B3] =0
with
1

By = 8> +6ud, +3u’, u =du, u=zu (2.8)

1
Bs = 82+ 10ud> + 15u'8% + vd, + 3 (v —5u"). (2.9)
Straightforward calculations give the following system of equations for the unknown

functions u, v:
109,u = 3v' — 354" — 120uu’
(2.10)
631 — 30 = L u"" + 150uu’” + 180u'u” — 3 v" + 6vu’ — 6uv’.

Note that the variable v can be excluded by passing to the unknown function U such
that U’ = u.
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2.2. The wave function and the tau-function. The Lax equations (2.6) are compatibility
conditions of the auxiliary linear problems

0,V = BV, LcgpV =zV (2.11)
for the formal wave function

W= W(ty, 7) = WertHtod) (2.12)

where z is the spectral parameter and

((t.2) = Y uzh. (2.13)

k>1, odd

Note that the operator 3! acts to the exponential function as 3 'e** = z~!e**. There-
fore, from (2.3), (2.12), it follows that the wave function has the following expansion as
7 —> o0:

W(x g, 2) = ¥t (1 Yy Ekz_k>. (2.14)

k>1

Proposition 2.1 [6]. The wave function V satisfies the bilinear relation
f W(x, ty, 2)W(x, ty, —z)dz = 0 (2.15)
Coo

forall to, t.

For completeness, we give a sketch of the proof here. By virtue of differential equations
(2.11), the bilinear relation is equivalent to vanishing of the coefficients

1
by = — 8’"% W(x, to, )V (X', to, —2)dz
Coo

for all m > 0.
2mi

x'=x

We have:

zjnf (Y amz ) (Y e e )az

/

Coo k>0 >0 x'=x
m —1
= Cm(k;)skz )@ -2 (géz(—z) )dz
= Y (- 1)"“/”( )skafsz
Jtk+l=m+1

The last expression is the coefficient at (—1)" 3™~ in the operator AUVAR

WWH =1+ (=1)"buo; """

m=>0

Since WWT = 1 (see (2.5)), we get that b,, = 0 for all m > 0.
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Theorem 2.1 There exists a function T = ©(x, t,) such that

W(x, to, 2) = 22) 2/ 9.9 2(x, to, 2), (2.16)

where

, t —2[Z71] )
o, 7) = xz+§(to,z)r(x o 0 2.17
Yx, th,2) =e T(x. to) ( )

and we use the notation

o j j .
t0+_][Z ]O = {t1+z,t3+§,t5+§, }, jEZ (218)
Definition 2.1 The function t = 7(x, t,) is called the tau-function of the CKP hierarchy.

Proof of Theorem 2.1. Representing the right hand side of (2.16) in explicit form, we
see that we should prove the formula

T(x,t — Z[Z_l]o)

U = DGy t, 2) , (2.19)
T(x,ty)
where
o — 22710\
G, t.2) = (1+27'9, log Tt =2z o) ) (2.20)
T(-xato)

The proof is based on the bilinear relation (2.15). Let us represent the wave function in
the form

W (x, to, 2) = e Du(x, b, 2)

a+z

and sett) = t, — 2[a~ 1], in the bilinear relation. We have S C@la o) . Then
a—z
the residue calculus yields
w(to, A)w(to — 2[a" 1o, —a) = f(to, @), (2.21)
where
1 _
fto,2) = 1+ — (&1(te) — &1 (to — 2[z7"]o) (2.22)
2z

and we do not indicate the dependence on x for brevity. Next, we set tg =to—2[a" -
2[h~, in the bilinear relation and the residue calculus yields

a+b
a—>b
—bw(te, byw(to—2la" o =2(b""To. b))

(aw(to, @wito=2la~"To=2067"1o, —a)

1
=a+b+ 3 (61(t0) — 162 o —2067"Lo). (2.23)
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Using the relation (2.21), we can represent this equation in the form

_ —1 w(t07a)
a—b<af(t0 2 ]O’a)w(to_z[b_l]ma)
bf (to—2la o, b)—— 21 P) >
Stom2la o D) a0 )

— 1+ §1(to) — & (to_z[a_l]o_z[b_l]o)
- 2(a+b)

. (2.24)

Shifting here t, — t, + 2[b~'],, changing the sign of b (i.e, changing b — —b) and
using (2.21) in the second term in the left hand side after that, we arrive at the equation

w(to_z[b_l]o, a) w(t0—2[a_1]0, b)
to, —bf(ty, b
a+b<af(° D e, @) TN
—orp—1 _ Y
- 1+ &1(to [6710) — &1(to [a ]0). (2.25)
2(a — b)
Together Egs. (2.24), (2.25) form the system of equations
— (af (=270, X —bf (to=20a 10, D)X;, ')
_ af(te.aybf (ts2[a""1o.b)
- a+b (2.26)
1 _ af (to, a) — bf (to, b)
— (af (o @)Xy = bf (t0. D)X ) = -
for the “unknowns”
) —1 ) -1
X, = w(to (67 o, a)’ X, = w(ty [a™" Jo, b). (2.27)
w(t07 a) w(tOv b)

Multiplying the two Eq. (2.26), one obtains, using the identity
af (to, @) —af (to = 2[b™ 1o, @) = bf (to, b) +bf (to = 2[a™ "o, b) = 0, (2.28)

the following simple relation:

w(to, w(ty —2[a" "o, b) ([ f(to, a) f(to —2[a""o, b) " (2.29)
Wt Dw(to —2[b~ "o a)  \ f(te, D) f(to — 26~ o)) ~ 7
Therefore, introducing wo(ty, z) = w(t,, z)f_l/2 (to, 2), we get
a1
wo(to, A)wo(to —2[a™ "o, D) (2.30)

wo(to, H)wo(ty — z[b_l]()a a) -

Our goal is to prove that there exists a function 7 (t,) such that

to — 20z 1o
wo(to, 2) = % 2.31)
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For that it is enough to show that there is a function t such that the equation

D(log wo(to, 2) +log T(ty)) = 0 (2.32)
with
Di=0.-2 Y "%, (2.33)
m>1, odd
holds.

Indeed, integrating equation DF =0 along its characteristics we get that a function
F(t,, 7) is in the kernel of the differential operator D if and only it is of the form

F(to,2) = f(to —2[z7'10)

for some function f(t,). For F as in (2.32) the initial condition log wq(t,, 00) = 0
allows one to identify the corresponding function f with 7.
Equation (2.32) is equivalent to the equations

. a1
Y, := res [z”Dlog wo] =2 ogr.

7=00 oty

Therefore, to complete the proof of the existence of the tau-function it remains only to
show that 0;, Y, (to) = 9, Y (to).
Changing a — z, b — ¢ in (2.30), and applying the operator Dto logarithm of this
equality, we get
D (log wo(to, 2) — log wote—21¢ 1o, 2) + log wo(te, £)) =0,

or
Y (to) — Yo (to — 2[¢ " 1o) = —28y, log wo(to, £). (2.34)

Denote F,,, = 0;,Y, — 9;, Yy, Then, from (2.34) it follows that the equation

Foun(to) = Fun(to — 2127 '10) (2.35)

holds identically in ¢. Expanding the right hand side in a power series,

Foun(to—2[2 "1 16) = Fuun (te) =28 18y, Foun (to) — % £ 73 (03 Fonn (t6) +203 Frun (t)) + .. .,

we see from the ¢ ~!_term that F,,,, does not depend on ¢;. Then from the ¢ —3_term we
conclude that it does not depend on 73 and so on, so it does not depend on #; for all (odd)
k: Fyu, = 2am,n, where a,,, are some constants such that a,,, = —ay,,,. Therefore, we
can write

Y, = Zamntm + atnl’h
m

where i = h(t,) is some function. Then from (2.34) we have

Amn  _;m
Zz

28, logwo(to, 2) = By, (h(to) — hito = 2™ o) +2 3 =

m odd

’
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or, after integration,
1 1 1 Amn __p
log o (to, 2) = = h(to—2[z""No) = 5 h(te) = Y == 27"t +9(2),
2 2 m odd mn

where ¢(z) is a function of z only. Substituting this into logarithm of (2.30), we conclude
that a,,,,, = 0.

Now, writing w(ty, z) = f'/?(to, z)wo(to, z) and noting that f(t,, z) = 1+0(z72),
we see that

£1(to) = —20; log 7 (to) (2.36)

and we arrive at (2.19) with G = f1/2. O

Remark. The proof given above is rather involved. It is instructive to obtain (2.19) up
to a common x-independent factor in the following easy way [7,8]. Let us apply 9y, to
(2.15) and set t, = t, — 2[a~"'1,. The residue calculus yields

2a2(1 —w(ty, a)w(te—2[a" o, —a)) —2aw'(to, )w(ty — 2[a" o, —a)

+2a (sl (to) — &1 (to—z[a—l]o)) + & (to—2[a" o) + E2(to) + £ (to)
—£1(to)€1(to—2[a""1,) = 0, (2.37)

where prime means the x-derivative and we again do not indicate the dependence on x
explicitly. Letting a — oo, we get the relation

263 (to) = &7 (to) — & (to) (2.38)

which also directly follows from WWT = 1. Plugging it back to (2.37), we can rewrite
Eq. (2.37) in the form

w (to, )w(to — 2[a o, —a) = af (t, ) (f (to, @) — 1) + 5 (s, @).  (2.39)
Using (2.21), we conclude that
elog wite, @) = a(f (o, @) — 1)+ 3 0 log (o, @)
1 . 1
= > (81t = £1(t = 20a™"10) ) + 5 B Tog /(to. ). (2:40)

Now, setting &j(x,t,) = —20,logt(x,t,) and integrating, we arrive at (2.19) with
G = /2 up to a common multiplier which does not depend on x.

Remark. Substitution of (2.14) into (2.11) with k = 3 gives that the function u in (2.8)
equals

_ 1 /I __ a2
u=—2& =0 logt (2.41)
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2.3. CKP hierarchy versus KP hierarchy. The goal of this section is to prove that the
CKP hierarchy can be identified with the restriction of odd-times flows of the KP hier-
archy onto the locus of turning points of even-times flows.

Recall that wave function WXP and the adjoint wave function WP of the KP hier-
archy are expressed through the tau-function X as

*Pt—[z71)

KP . _ k
WK (x, ¢ Z)—GXP(XZ+k§>1:l‘kZ) o (2.42)
KP —1
FKP . ooy o T (L t+[z7])
WikP(x ¢ 7) —exp( xz k§>ltkz )—TKP o (2.43)

where the notation (1.7) for the special shift of times is used. The origin of these expres-
sions is the bilinear relation [4]

jﬁ P t, )P t, 2)dz = 0 (2.44)
Coo

equivalent to (1.6).
A direct consequence of the bilinear relation (2.44) with the wave functions given by
(2.42), (2.43) is the Hirota—Miwa equation for the tau-function of the KP hierarchy

(z1 — 22)(z3 — z) TPt — [T — [ ' DTRPt — (23" = [25'D)
+Hz2 — 23)(z1 — ) TPt — [25'] = [z3 "Dt — 27" - [z ')
+z3 — 2122 — z) TPt — [T =[5 "D Pt — [T = [z ') = 0.

(2.45)

It is a generating equation for the differential equations of the hierarchy. The differential
equations are obtained by expanding it in negative powers of z{, z2, 23, z4. In the limit
74 — 00, 73 — 00 Eq. (2.45) becomes

‘L’KP()C, t+[z;'— [Z{l])

Oy 1
* 108 KP(x, t)
‘EKP<X, t+ [zl_l])rKP<x, t— [Z2_1]>
=(22—21) -1]. (2.46)
P (e, TR (x, e+ 271~ [51])
We will need a particular case of (2.46) at zo = —z; = z which we write in the form
i A R )
— Oy erz
2z KP(x, t)
TKP(X’ t+ [_Z—l]>TKP<x’ ¢t — [Z—1]>
= P . (2.47)

(%P (x, 1))

The following theorem gives an expression for the CKP tau-functions in terms of the
KP tau-functions satisfying the “turning points” constraint (1.10).



1654 I. Krichever, A. Zabrodin

Theorem 2.2 The KP tau-function t®%(x,t) is the KP extension of a solution of the
CKP hierarchy if the equation

3y, log T8 =0 (2.48)
te=0
holds for all t, t3, ts, ... when “even” times t. = {2, 14, tg, ...} are set equal to zero.
Conversely, in the equivalence class of any KP tau-function corresponding to KP exten-
sion of a solution to the CKP hierarchy there is one which satisfies (2.48). Moreover, the
CKP tau-function defined in Theorem 2.1 is equal to

t(x,ty) = VTKP(x,1,0,13,0,...). (2.49)

Proof. We first prove the “only if”” part which is easier. Comparing (2.44) and (2.15), we
see that the wave function for any solution of the CKP hierarchy and the wave function
for its KP extension are related as

W(x, to, 7) = XU (x 11,0,13,0,..., 2),
V(x,ty, —2) = e_X(Z)‘-IJTKP(x, 1,0,13,0,...,2)

with some function y (z) depending only on z such that x (co) = 0 (this function may
appear if one substitutes the tau-function by an equivalent one). Therefore, we have

WP (x 11,0,13,0,...,2) = 2X@OWKP(x 1,.0,13,0,...,—2), (2.50)

where x.(z) = %(X (z) + x(—z)) is the even part of the function yx(z). From (2.42),
(2.43) and (2.50) it follows that the KP tau-function corresponds to the KP extension of
a solution to the CKP hierarchy if and only if the equation

1 1 1
KP -1 1 2 31 4
, 1+ , = , 13+ — , = S
T (x 1+z 2Z 3 32 4Z )
1 1 1
= 2xe@ KP( etz mm 2 o3, o ) 251
X (w4 5 kg (2.51)
holds identically for all z, x, #1, 13, t5, .. .. Shifting the odd times, we can rewrite this
condition as
1 1
1 KP( =2, ‘4,...)
ogt™ (x, 1 2z 3 42
1 1
_log IKP(-X’ tl, _E Z727t37 _Z Z747 . ) = 2X€(Z) (252)

Comparing the coefficients at z =2 of the expansions of the left and right hand sides of
(2.52) and passing to an equivalent tau-function if necessary, we get (2.48), i.e. the “only
if” part of the theorem statement is proven. O

We begin the proof of the “if part” by the following lemma.

Lemma 2.1 On solutions of the KP hierarchy equation (2.48) implies that all derivatives
of odd degree higher then 1 with respect to various even times are equal to zero for all
x, to, ie

Onog Orngy - - Oy, Jog TP =0 (2.53)
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forall ki, ko, ..., konse1 = 1, m > 1. Besides, first order derivatives with respect to
even times satisfy

0x 0y, log KP = 0,0y log KP

0 0 (2.54)

o=

The proof is given in “Appendix A”. From Eq. (2.54) we see that

Fok(t3, 15, . .) 1= By, log rKP(tC_O, k> 1

does not depend on x. Equation (2.48) means that x, = 0. Next, from (2.53) we conclude
that

log ‘CKP<x, ., 13,14, .. ) —log ‘CKP<x, t, —t, 13, — 14, .. ) = ZZ Xok(t3, 15, .. Dok
k>2

is a linear function of t.. Therefore, we can write

.L.KP<X’ node 2 Lo ) _ e2ie(t3,ts,...;z)rKP(x’tl’ e s )

(2.55)
where xe(3, 15, . ..; z) is a function of the times t3, 75, . .. and an even function of z. In
its turn, (2.55) implies

WPt ) =Clis+ 1273 s+ 2275, L WP (et —2),  (2.56)

where C(13, 15, . . . ; z) = eXe(3:15:-32) and we use the short-hand notation
t={,0,13,0,...}.

(In this notation Eq. (2.51) takes the form 5P (x, t+[z7]) = 2@ KP(x §—[—z71]).)

The adjoint wave function WP satisfies the adjoint linear equation (see the inde-
pendent proof in the next section), which restricted to the locus t where B = — By, for
odd k coincides with the linear equation for WXP_ so we simultaneously have

3 P (x,1,2) = Bo P (x, 1, 2),
3, VR (x, 1, 2) = Bk (x, 1, 2). (2.57)

for odd k. Substituting (2.56) into the first of these equations, we get, after the change
7= -z,

0 WP, 2+ 0y log O — S 22 as = 1275, s 2) = BWRP (v, £, 2),
and from the second equation in (2.57) we conclude that
8tklogC<t3 - %z‘3,t5 - %z‘i...;z) =0,
ie. C(t3, 15, ...; z) is an even function of z which does not depend on the times. (This
function can be eliminated in (2.55) by passing to an equivalent tau-function.) Therefore,

the Eq. (2.51) which guarantees that 7XF is the KP extension of a solution to the CKP
hierarchy is proved.
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Remark. Passing to an equivalent tau-function using the transformation (1.8), one ob-
tains the condition 9y, log ‘L'KP} = ) instead of (2.48). Conversely, if d;, log TKP’ =
t

€

y> with some nonzero y», it is f)ossible to pass to an equivalent tau-function satisfying
(2.48) by a transformation of the form (1.8).

In order to prove that T = +/ TXP ( [9]) we compare two expressions for the wave
function W of the CKP hierarchy. The first one is in terms of the KP tau-function
(satisfying (2.48)),

P, —z7! =372 —3z73, —127% )
‘[KP(tl,O, 13,0,...) ’

and the second one (2.19) is in terms of the CKP tau-function 7. Recall that

W=z dogy -y = 2272 9, y2? (2.59)

(see (2.16)), where

GKP _ e+(to,0) T

(2.58)

X2+ (t0,2) T(x,to — 2[171]0)
t(xﬂ tO)

Comparing (2.59) and (2.58), we get the equation

2(x, to — 2[z7 1 KP o i ro—Ipy 2
1 2xz ( ) — erz <T (x’t [Z ])) ’ (261)

— Oyl € -
27 " 2(x, to) KP(x, t)

V= (2.60)

where we again use the short-hand notation t= {t1,0,13,0,...}. Then using Eq. (2.47)
we get that (2.61) is equivalent to the differential equation

0xp = =270, (2.62)
where
2xto =2z o) TR (w2027,
2(x, to) a TKP(x §)

In (2.63), € —2[z7']o = {t; — 227", 0,13 — 3273,0,...}. The general solution of the
differential equation (2.62) is

0= (2.63)

@ =c(z, 13, 15, . . ) 2HE
but from (2.63) it follows that ¢ is expanded in a power series as ¢ = @1z~ +@2z 2 +. ..
as 7 — 00, and this means that ¢ must be equal to 0. Therefore, ¢ = 0, i.e.
rz(x, to — 2[z—1]o) IKP(x, i 2[1—1]0)
= (2.64)

2(x, to) - tKP(x, t)
for all z. This is an identity on solutions to the KP/CKP hierarchies. It follows from
(2.64) that 8P = const - 72, i.e. T(x,t,) = v7KP(x, t) is a tau-function of the CKP
hierarchy. O
Remark. Equation (2.61) is the CKP analog of the BKP statement that the corresponding

tXP s a full square, i.e. T = ~/7KP is an entire function of its variables. In the CKP
case 9,2 is a full square.
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3. Algebraic-Geometrical Solutions to the KP and CKP Hierarchies

The algebraic—geometrical construction of quasi-periodic solutions to the CKP hierar-
chy briefly outlined in [6] is a reduction of the algebraic—geometrical construction of
solutions to the KP hierarchy proposed in [11,12]. The main goal of this section is to
give a pure algebraic—geometrical proof of an identity for the Riemann theta-function
of a curve with involution having at least one fixed point. This identity is an algebraic—
geometrical incarnation of the relations between KP and CKP tau-functions discussed
in Sect. 2.

3.1. Preliminaries. Let I be a smooth compact algebraic curve of genus g. We fix
a canonical basis of cycles aq, by (@ = 1,..., g) with the intersections ay 0 ag =
by obg =0, ay 0bg = dup and a basis of holomorphic differentials dw, normalized by

the condition dwg = S4p. The period matrix is defined as
Ay

Taﬂ:f dwg, @ B=1,...g 3.1
ba

It is a symmetric matrix with positively defined imaginary part. The Riemann theta-
function is defined by the series

9(2) — 9(2|T) — Z eni(ﬁ,Tﬁ)+2ni(ﬁ,Z)’ (32)
nezs
8
where Z = (z1, ..., 2g) and (i, 2) = Z”laZw
a=1

The Jacobian of the curve I is the g_—dimensional complex torus
J(T) = C8/Q2niN +2xiT M}, 3.3)

where N, M are g-dimensional vectors with integer components. Fix a point Qg € I
and define the Abel map A(P), P € I'" from I" to J(I'), as
. P
A(P) = o(P) = / do, do=(dowi,...,dwyg). (3.4)
Qo

The Abel map can be extended to the group of divisors D =n; Q1 +...+ng Qg as
K Qi K
A(D) =Zn,-/ di> = " niA(Q)). (3.5)
i=1 Y90 i=1

Let Py € I' be a marked point and k~! a local parameter in a neighborhood of the
marked point (k = 00 at Py). Let d2; be abelian differentials of the second kind with
the only pole at Py, of the form

dQj =dk/ + 0(k™?)dk, k — oo (3.6)
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normalized by the condition % d2j =0, and 2; be the (multi-valued) functions

Ay
P
Qj(P) = / dQ2j +gqj,
Qo
where the constants ¢ ; are chosen in such a way that Q; (P) = K+ 0k, namely,
] 1 ,
Qi(P) =k'+ Z - Q,‘jk_‘l. (37)
izl

The Riemann identity implies that the matrix €2;; is symmetric: 2;; = €2j;.
Set
1 -
o __ X R 1 g
Uj_% ) dQy;, Uj=WUj,....U;). (3.8)

One can prove the following relation:

do ="y Uik~ dk (3.9)
Jj=1
or
- - P 1 - .
A(P)—A(Pw)zf dio=—_ —Ujk™/. (3.10)
Poo =L

We will also use the following fact [24,25]: for any non-special effective divisor
D= Q1 +...+ Qg of degree g the function

f(Py=6(AP)— AD) - K)

has exactly g zeros at the points Q1, ..., Q,. Here K = (K1, ..., Ky) is the vector of
Riemann’s constants
Ky = 7i + wiTyy — 27i Zyg we (P)dwg(P). (3.11)
Ba ” B

Let K be the canonical class of divisors (the equivalence class of divisors of poles and
zeros of abelian differentials on I'), then one can show that

2K = —A(K). (3.12)

It is known that deg KC = 2g — 2. In particular, this means that holomorphic differentials
have 2g — 2 zeros on I'.

We also need the bi-differential dpdp2(P, Q) such that it is symmetric in P, Q, its
only singularity is a second order pole at P = Q and the integrals over a-cycles vanish.
It is related to the differentials d<2; as follows:

5 (k’(Q)ddeQ(P, Q)) — —dQ;(P). (3.13)
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The expansion in the local parameters is

1

dpdoQ(P, Q) = (m

-y Qi_/k‘*"(mk‘*f(Q))dk*l(P)dk*‘(Q).

Q=1
(3.14)
In fact this bi-differential can be expressed in terms of the odd theta-function
N gl - ey = S T -
0*(Z) -0 |:g”i| (Z) — _.Z em(n+8 T (n+8"))+2mi(n+§",z7+6 ),
nezs
where (8,8") is a non-singular odd theta-characteristics. One has:
dpdgQ(P, Q) = dpdg logh, (A(P) — A'(Q)). (3.15)

Calculating the double integral

PL P
/ / dpdgQ(P, Q)
Poo QO

in two ways (using first (3.14) and then (3.15)), we obtain the equality

log (k~'(P1) = k=" (P (Qo) Y a, k*"(fﬁ){;&&)
=l

(k=1 (P1) — k=1 (Qo)k—1(P2) ij
+ Yy k_'(Pl)i/;‘f(Qo)
ij>1

0.(AP) = AcPy)o.(A(Px))

- (AP = APo))e. (AcP)

Tending here Qg — P, we arrive at the important relation

Kk co.(AP) - Acry)
GXP(—ZQU L2 ): = = = = ,
G5 T k= k)b (AP) = AP )0 (AP~ A(Poc) )

(3.16)

where

30x(2)

8
C=> Ufta©). 0,40 = PP
o

a=1

7=0

is a constant and k1 = k(P1), ko = k(P»). In particular, tending k1 — k7, we get

exp( Z Q L )dk cd¢
- ij .. = N N )
e 02(A(P)=A(Px))

(3.17)
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where d¢ is the holomorphic differential

g
At = 0s0(0)dew,. (3.18)
a=1
As is explained in [25], the differential d¢ has double zeros at g — 1 points Ry, ..., Rg_1
while the function

fu(P) = 6. (A(P) = A(Pw))

has simple zeros at the same points R; and Ps,. Therefore, the differential in the right
hand side of (3.17) has the only (second order) pole at Py, and no zeros. However, this
differential is well-defined only on a covering of the curve I" because it is not single-
valued.

3.2. The Baker—Akhiezer function and the tau-function.

3.2.1. The Baker—Akhiezer function Letx,t], 1, 13, ... be a set of complex parameters
(here we assume that only a finite number of them are different from zero) and let I" be a
smooth genus g algebraic curve with fixed local coordinate k~! (P) in the neighbourhood
of a fixed point P.

Lemma 3.1 [11,12]. Let D = Q1 +. ..+ Q, be an effective non-special divisor of degree
g. Then there is a unique function Vg4 (x, t, P) such that:

1°. As a function of P € T it is meromorphic away from the marked point Ps, with
poles at the points Qg of multiplicity not greater then the multiplicity of Qs in D.

20, In the neighbourhood of Ps it has the form

Psigy =exp(xk+ Y ikl ) (146, + 6k +..), k=k(P). (.19)
j=1

The function Wp4 is called (one-point) Baker—Akhiezer function.
An easy corollary of the uniqueness of the Baker—Akhiezer function is

Theorem 3.1 [11,12]. Let Vp 4 be the Baker—Akhiezer function defined by Lemma 3.1.
Then for each j = 1,2, 3, ... there is a unique differential operator B; in x such that
the equation

(0; — Bj)¥pa =0 (3.20)
holds.

The operators B; above can be easy expressed in terms of the dressing operator W
for the Baker—Akhiezer function. Namely, the infinite series (3.19) can be represented
as

Wpy = Wexp(xk+2tjk-/), (3.21)
=1

where W is of the form (2.3). The corresponding Lax operator of the KP hierarchy is
L = W, W~ By the definition we have

LYps =kWYpy. (3.22)
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The operator B; in Theorem 3.1 was defined as the unique monic order j operator such
that the congruence

(k) — Bj)Wpa = O(1/k) exp(xk + thkj)
j=l1
holds. Using (3.22), it is easy to identify B; = L’i. Indeed
j=1
The compatibility conditions of Eq. (3.20) imply
Corollary 3.1 The operators B defined by the BA function satisfies the equations
[0:; — Bj, 9, — Bi] = 0. (3.23)

Itis the Zakharov—Shabat form (1.2) of the KP hierarchy. Note that Eq. (3.20) implies
the evolution equation for the dressing operator:

oW = —(Walw™h_w, (3.24)

where (...)_ is the projection to negative powers of the operator 0.

3.2.2. The dual Baker—Akhiezer function For further comparison with the tau-functional
formulation of the KP hierarchy let us present the notion of the dual (adjoint) Baker—
Akhiezer function introduced in [26] (see the details in [27,34]).

First we define duality for divisors of degree g. For a generic effective degree g
divisor D = Q1 + ...+ Qg define d2 to be the abelian differential (unique up to a
constant factor) with only a second order pole at P, vanishing (with the corresponding
multiplicities) at the points Q. The zero divisor of d€2 is of degree 2g. Hence, it has

other g zeros at some points QI, el QZ,. The divisor
D' =Q]+...+ 0]
is called dual to D. By the definition we have the equality
D+D' =K +2Py (3.25)
(where /C is the canonical class), which under the Abel transform takes the form
AD) +A(D") +2K —2A(Ps) =0 (3.26)

The dual (adjoint) Baker—Akhiezer function lIJ; 4 has the divisor of poles D' and in
the vicinity of P it has the form

Wiy = exp(—xk - ;tjkj)(l w7 ), (3.27)

The differential Wp 4 (x, t, P)lllg A (x, ', P)dQ(P), where we have denoted the set
of times as t = {71, 12, 13, . . .} for brevity, is holomorphic everywhere on I" except the
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point Py, (because poles of the Baker—Akhiezer functions are cancelled by zeros of d€2).
Therefore, its “residue” at this point is equal to zero, i.e.,

.(f Wpalx,t, P)\IJ BAX, t', P)dQ(P) =0 (3.28)

Coo

for all t,t’, where Co is a small contour around the point P,. Equation (3.28) is
equivalent to the equation

s (04Wpa(x,t PYWh, (vt P))dRUP) =0, i=1.23,.. (329

from which one can derive the following theorem (see [34] and [27] for more details).
Theorem 3.2. The dual Baker—Akhiezer function is equal to
wh = wh! exp( —xk — thkf) (3.30)
izl
and satisfies the adjoint equations
i i P tyt
LYWy, =kWp,, =0V, =B Wy, (3.31)

For completeness we outline here a direct proof of the theorem. Equation (3.31) imme-
diately follow from (3.24) and (3.30):
—0, W), = (kj(WJ‘)’l —whH e, WT(WT)’I) exp(—xk - thkf>
j=1
= (K H ™ = (H a0 WH-WH ") exp(—xk = Y 1k )
j=1

= ((U)f —~ (ﬂ)i)\p;A =BV},

In order to prove (3.30) we note that Eq. (3.28) written in the local parameter k implies

1 dk
by = —— " ?§ Wpax, t, W (0, t, kg (k) — =0 forallm > 0.
2ri Y Co 27mi Yex
Here
(k) = —Zso,k /.
Jj=0
We set

‘I’BA—VeXp( xk — Zt,kf) V=1+g07"+6072+...
Jj=1

A calculation similar to the one given above in the proof of Proposition 2.1 yields:

m— l m! T _
bn = Z( 1) l)' (WV >7m+171 =0 forallm > 0.
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This is a homogeneous triangular system of linear equations for the coefficients
(WVT) v The unique solution is (WVT) = 0 foralll > 1, hence WVT = 1,

ie.V=whHhl O

The Baker—Akhiezer function and the dual Baker—Akhiezer function can be explicitly
written in terms of the Riemann-theta function [11]. The corresponding formulas are
well known and we do not present them here.

3.2.3. The tau-function Without loss of generality we can put x = 0 for simplicity. The
dependence on x can be restored by the substitution t; — #] + x.

The theta-functional formula for the Baker—Akhiezer function and the expansion
(3.10) of the Abel map near Py, allows to reformulate the above presented construction
of algebraic—geometrical construction in terms of the tau-functional formulation of the
KP hierarchy. Namely, we have the following theorem.

Theorem 3.3 [11,28] The right hand side of the equation
1 - -
KP
T (t) =exp(—§ Zl Qijtitj)e(zl Ujl‘j+Z), (3.32)
iz

iLj=
where the constant vector Z is parameterized through the divisor D as

7 =—A(D) — K +A(Px) (3.33)
is the KP tau-function.

We omit the proof since it is well known.

Using (3.16), it is straightforward to check that the tau-function (3.32) does satisfy
the Hirota—Miwa equation (2.45) which is the generating equation for the KP hierarchy.
It appears to be equivalent to the Fay identity.

It is interesting to compare Eq. (3.28) and the bilinear relation (1.6) for the tau-
function. They coincide if

Gl L L (L))
9= (%P (0))2

e(X(P) —_A(D) - E)Q(A(P) — A(DY) — 13))

= exp(— Z Q;j %) dk.

dk

92<A'(D) +K — /K(POO)) )
(3.34)
Using (3.17), we can rewrite this as
G(A(P) —A(D) — 1%)9(5(1)) _A(D) — 1%))
dQ=C . _ de,
02(A(P)=A(Pw))
(3.35)

where the holomorphic differential d¢ is given by (3.18). Its properties (see [25]) imply
that the differential in the right hand side is a well-defined meromorphic differential on
I" with the only second order pole at P, and 2g zeros at the points of the divisors D, DT.
Therefore, it has all the properties of the differential d<2 and hence must be proportional
to it. The equality (3.35) just reflects this fact.
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Remark. The function Wp,4 and the wave function WX introduced in Sect. 2.3 (see
(2.42)) differ by a normalization factor depending on k(P). From (3.34) it follows that

Wpa(x,t, PYWS , (x, 1, P)d = WX (x, t, ) WKP (x, ¢/, k)dk. (3.36)

3.3. Curves with involution: solutions to the CKP hierarchy. Let I" be a smooth genus
g algebraic curve with involution ¢ having 2(n + 1) > 0 fixed points. By the Riemann-
Hurwitz formula g = 2go + n where gg is the genus of the factor-curve I'y = I'/v. It is
known that on I" there is a basis of a- and b-cycles with canonical intersection matrix:
aj-aj =b;-bj =0,a; -b;j = §;;; and such that in this basis the action of the involution
¢ has the form

L(ai) :ai+g0$ L(bl) =bi+g01 i = 17-~-3807 (3'37)
and
(a;j) = —a;, t(bj) =—b;, i =2g0+1,...,2g0+n. (3.38)

Let the marked point P, on I" be one of the fixed points of the involution, ¢ (Ps) = Po
and let z = k! be a local coordinate in the neighborhood of Py that is odd with respect
to the involution, (*(k) = —k. From the definition of the abelian differentials d$2; in
Sect. 3.1 it follows that

dQ;(tP) = (=1)/dQ;(P) (3.39)
and, therefore,
Q;(P) = (-1)/ Q;(P). (3.40)
Suppose that the divisor D satisfies the constraint
D+./D=K+2Py. (341

Then for the Baker—Akhiezer function defined by I', P, the local coordinate k~! and
the divisor D the equation

W (11,0,13,0,..., P) = Wpa(11,0,13,0, ..., tP). (3.42)

holds. The bilinear relation (3.28) takes the form
% Wpa(x,to, P)Wpa(x, t,, tP)dQ(P) =0 (3.43)
Coo

for all to, t).
Using explicit formulas for the Baker—Akhiezer function and its dual we can write
the relation (3.42) in the explicit form:

\IIBA(tl,O,t3,O,...,LP)=exp< 3 thj(LP))
j=1, j odd
o(APy+ X Uyt =A@ - K)o(AD)+ K - A(Pn))

j>1,j odd
X

Q(A(LP) —A(D) - 1?)0(_ z Ujt; — A(D) — K + A(Poo))
J=1,j o
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= Wh(1.0.6,0. . Py =exp(— D 42,(P))
j>1, j odd
Q(A(P)— )3 ﬁjt,-+K(D)+IZ—22(POO))9(/K(D)+1%—/Z(Poo))
j=1.7 odd

Q(A(P) +AD)+K — 2A(Poo))9( )3 ) Ujt; — A(D) — K + Z(Poo)).
j=1.7 odd

X

(3.44)

The tau-function of the CKP hierarchy is the square root of

1 . R .-
KP
r (to)zexp<—§” > szl-jt,-t,-)e( > Ujtj = AD) = K + A(Pw)),
i,j>1,i,j odd j>1,j odd
(3.45)

where the divisor D satisfies the condition (3.41). This condition guarantees that the
functions Wp4 and W (2.12) are related as

Wpa(to, P)Wpa(t,, tP)dQUP) = W(ty, k)W (L), —k)dk (3.46)

(cf. (3.36)) and, therefore, the bilinear relation for the CKP wave function is satisfied. This
proves, in an indirect way, that the tau-function (3.45) with the even times included is the
tau-function corresponding to the KP extension of a CKP solution. A direct verification
of this fact starting from the explicit formula (3.45) is problematic.

The statement of the following theorem is in fact a corollary of Theorem 2.1 and
the above identification of the square root of (3.45) with the tau-function of the CKP
hierarchy but below we give its closed algebraic—geometrical proof.

Theorem 3.4. Let T" be a genus g smooth curve with holomorphic involution 1 having
at least one fixed point Peo and let Y be the locus in the Jacobian Jac(I") spanned by the
vectors such that Z = —A(D) K where the divisor D satisfies the condition (3.41).
Then for any point Q € I" and Z €Y the equation

9(2)819@(@—5(@) + Z) _ e(A(Q)—A(LQ) + 2)319(2)
+2QI(Q)9(2)9(A(Q)—A(LQ) + 2) - C(Q)@Z(A(Q) + 2) (3.47)
with
0,0(Z) == 3,0(Z + l_jlt)‘tzo

holds.

Proof. Let us fix a point Q € I, an effective divisor D of degree g and define the
auxiliary Baker—Akhiezer function Wy (t,, P) by the following properties:

(19) Outside P, the singularities of W are poles at the divisor D + ¢ Q;
(29) Tt has simple zero at the point Q, i.e., Wp(t,, Q) = 0;
(30) In a small neighborhood of P, the function W has the form

Yo (ty, P) = et (1 + Zg,-,Q(to)k—f'), k = k(P). (3.48)

izl
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The standard argument shows that this function is unique up to a common factor. The
explicit formula for W in theta-functions is

6(AP)— A0 + A + 7, )0(Z
Wo(to, P) = —— - - - - exp(Qo(P) + > tJ-Qj(P)>,
0(4() - Aw0)+ 7, )o(AP)+ Z) 1o

(3.49)

where Zto =7+ Z Ujt; and Q is the abelian integral of the normalized dipole
j=1,0dd
differential d<2¢ with simple poles at the points Q, tQ with residues £1:

P
QO(P)Z/ dSg.
Qo

O

Remark. The standard Baker—Akhiezer function Wp 4 corresponds to the case Q = Pwo.

Consider the differential J?Z(P) = 0,V (P)Wo(tP)dQ2(P), where dS2 is the dif-
ferential entering the bilinear relation (3.28). It is a meromorphic differential on I with
the only pole at Po.. Hence it has no residue P,. Computing the residue in terms of the
coefficients of the expansion (3.48), we get

2610 — Ef o+ 10 +c1 =0, (3.50)

where ¢ is a constant defined by the Laurent expansion of d2 at Po.
Consider now the differential dQ2p (P) = W (P)Wpa(tP)dQ2(P). It is a meromor-
phic differential with poles at P, and ¢ Q. Therefore,

fo = g)esdQQ =&,0— & = —rLerdQQ =—¢p9, (3.51)
where

g = rLer(\IleQ), ¢ = Wpa(ty, tQ). (3.52)

The residue argument for the differential s o(P) = 0,Wo(P)Vpa(tP)dQ(P)
gives the relation

&r.0+8& —&1,061+ 061,04+ c1 = —(0,00)0. (3.53)

Then, using (3.50), we obtain

1
5 G+ fo) = =0 ¢0)¢- (3.54)

From comparison of (3.51) and (3.54) it follows that

1
oy, loggp = 5 (fo + 9 log fo). (3.55)
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Recalling the definition of ¢ and using formula (3.49), we get

0 (A (0) + Zto)
oy, loggpp = 0y, log - - - +Q10Q). (3.56)
0(4 - Aw0)+7,)
The expansion of (3.49) around P, yields
0 (ZO)
fo =, log +Q01, (3.57)

0(40) - Au0)+Z,)

where 201 equals the coefficient at k=1 in the expansion of 2 at Ps. The Riemann’s
bilinear relation for the differentials d€2; and d 2 has the form

Qo1 = Q1(0Q) — Q1(Q) =221 (.0). (3.58)
Therefore, Egs. (3.54) and (3.57) imply
QZ(A(Q) + Zto)
Q(A(Q) —AGQ)+ Zto)e (Zt)

;, log = 0y, log fo. (3.99)

Equat10ns (3.57) and (3.59) with t, = 0 after 1ntegrat10n in # glve (3.47) with constant
c(Q, Z) which is 9, -invariant, i.e. C(Q Z) = C(Q, 7+ f U1) for any value of #;.

For a generic curve the complex line 7+ 3] U 1 is dense in the Jacobian. Hence, the
integration constant C does not depend on Z and depends on Q only. Since the matrix
of b-periods depends analytically on the curve and C is independent of Z for generic
curve it is independent of Z for any curve. O

3.4. Degeneration of algebraic—geometrical solutions: soliton solutions. The algebraic—
geometrical integration scheme naturally extends to the case of singular curves. In partic-
ular, the case when I' is the Riemann sphere C P! with nodes (double points) corresponds
to soliton solutions. N-soliton solutions of the CKP hierarchy are obtained by imposing
certain constraints on the parameters of 2/N-soliton solutions to the KP hierarchy. We
recall that T = v/ TXP, with “even” times t; put equal to zero and it is implied that the
parameters of the KP tau-function X are chosen in a special way.

M -solutions of the KP hierarchy are constructed starting from a singular curve which
is CP! with M double points. Let z be the global coordinate. The Baker—Akhiezer
function has simple poles at M points g;. It has the form

M
wikP(t 7) =exp<thzf)<l +Z n® > (3.60)

j=1 [

Let us impose M linear conditions of the form

res [WKP (4, 2)dz | = —e(pi — )W ), i= 1. M, (6D
i=(qi
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which mean that the points p;, g; are glued together forming a double point. Here «; are
complex parameters. These conditions make the Baker—Akhiezer function unique (up
to a common multiplier). The conditions (3.61) are equivalent to the following linear

system for y;:
vi+ Z al_qul = -, (3.62)

where
& = oi(pi = g exp(Y_(p] — )iy
j=1

Solving this system, we obtain the Baker—Akhiezer function in the explicit form:

1 1 1 1
Z—q1 =q Z—=qm
a; 1+-4 = 1
PI—q1 P12 P1—qm
& i) a2 i)
P2—q1 P2—q2 P2—qm
KP am mjﬂqu TR j
wKP - b I exp<§ tjzj>. (3.63)
oy ol o
pPi—q1  pi—q2 7" pi—qm j=>1
%) @ @
P2—qi = P2—qm
am am 14— %M
PM—q1 pm—q2 7 PM—4Mm

The denominator of this expression is the tau-function.
The general KP tau-function for M-soliton solution has 3M arbitrary parameters ¢;,

pi,qi (i =1,..., M) and is given by

b
P = det |8y +a T exp((pi— a)x +Y_(pf —aPne) | (364
Lshj<M Pi—dj =

Let us denote this tau-function as

LKP o, o o3 o4 ap—1 . oy
P1,491° P2,92° P3,q3° P4,q4’ " PM—-1,9M—1" PM->4qM

The parameters p;, g; are sometimes called momenta of solitons.

In the CKP case we have the involution z — —z which means that the double points
should be symmetric under the involution. The multi-soliton tau-function of the CKP
hierarchy is the square root of the 7XP specialized as

LKP @ . o . @ . a  a oN aN
Po, —po’ P1,—q1’ q1,—p1’ P2, —q2  q2,—p2’ " PN, —4N’ gN,—PN ]|
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(3.65)

where it is assumed that even times evolution is suppressed (2 = O for all k& > 1).
Clearly, the total number of independent parameters is 3N + 2. If g = 0, the tau-
function (3.65) reduces to

KL @ e AN AN (366)

and it is this tau-function which is usually called the N-soliton CKP tau-function in the
literature (see, e.g. [6]). It is a specialization of 2/N-soliton KP tau-function and has 3N
free parameters.

The simplest example is one-soliton solution. The tau-function for one CKP soliton
is the square root of a specialization of 2-soliton tau-function of the KP hierarchy:

2 _ 2
KP |y ogy - P 0 (3.67)
4pq
where
w = PrDFH o)+ to.d) - r(t, 7) is given by (2.13). (3.68)

A direct calculation shows that thpz (where ¥ is given by (2.17)) for the solution (3.67)
is a full square for all z.

Remark. Itis instructive to prove directly that the tau-functions (3.65) and (3.66) satisfy
Eq. (2.48). Consider (3.66) first. We represent the tau-function as

®P = det (I+HK),
2N x2N

where H is the diagonal matrix W = 6 jx W; with matrix elements

Hyi 1 = a;(p; +qi)e><p<(pi +gi)x+ Y n(pf - (—qi)")>, i=1...N,
k>1

Hy; = ai(p; +f1i)exp((17i +qi)x + ka(qik - (_Pi)k)>7 i=1,...,N,
k=1

and K is the Cauchy matrix Kji = 1/(x; — yx) with x;_1 = —y» = pi, x2i =
—y2i-1=4¢q,i =1,..., N. We have:

3y, log T8F = O, logdet(] + HK) = Op,tr log (I + HK)
t2k:0 t2k:O tzkzo
- tr[VHK(I + HK)—l] — V- tr[V(I + HK)_I],
where V is the diagonal matrix Vi = 8, V; with the matrix elements
Voio1 = Vo = Pizm — q,-zm-
Note also that when all even times are put equal to zero, we have also Hy;—1 = —H>;.

Obviously, trV = 0. A careful inspection shows that ([+HK)55£1,2i—1 = (]+HK)27.’12[,
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and, therefore, tr[V (I+HK)™! ] = 0, too, and the conditions (2.48) are satisfied. Indeed,

permuting rows and columns, one can see that the diagonal (2i — 1, 2i — 1) and (2, 2i)
minors of the matrix / + H K are equal. As for the tau-function (3.65) with g # 0, it is
obvious that the additional pair of soliton momenta of the form pg, — po does not lead to
any extra dependence on the even times, and so the conditions (2.48) are still satisfied.

4. Elliptic Solutions

By elliptic solutions of the CKP equation (2.10) we mean solutions u that are double-
periodic in the complex plane of the variable x with periods 2w1, 2w2, Im(wz/w1) > 0.
Equations of motion for their poles and their algebraic integrability is an easy corollary
of the established above relation between the CKP and KP hierarchies and the well-
developed theory of elliptic solutions to the KP hierarchy, equivalent to the theory of the
elliptic Calogero—Moser (eCM) system.

Namely, elliptic solutions of the CKP equation can be extended to elliptic solutions
of the KP equation and further to the whole KP hierarchy. From that perspective the
pole dynamics of the elliptic solutions of the CKP equation in #3 is just the restriction of
t3-dynamics generated by the Hamiltonian H3 of the eCM system,

Xi :—3pi2+325o(x,~ —xj) —6c

J#i
4.1)
pi==3Y (pi+p)e'xi —x)),

J#

onto the locus of turning points p; = 0 that is invariant under t, flows of the eCM
system, i.e.

g =3) (i —x) —6e, 4.2)

ki

where c¢ is a constant and dot means the t3-derivative. Here g is the Weiershtrass g-
function which is an even double-periodic function with periods 2w, 2w> having second
order poles at the lattice points 2wim| + 2wymy with integer m, m; and

1
PE)=—=+0x", x—0.
X

For further use recall the definitions of the Weierstrass functions. The Weierstrass
o -function is given by the infinite product

2
X X X7
o(x) =o0(x|wy,w) =x | |(l — —)ef+2s2, s =2wimy +2wymy, mi,my € 7.
K
s#0

The Weierstrass ¢ - and g-functions are connected with the o -function as follows: £ (x) =
o' (x)/0(x), o (x) = =’ (x) = =97 log o (x).

The algebraic integrability of the eCM system established in [19] restricted to the
locus of turning points can be stated as follows.
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Theorem 4.1. For each set of constants x? #= x? define the algebraic curve I" by the
characteristic equation det(zI — L) = 0 for the matrix

Li=0, Ljj=-o( —x).2), i#] 4.3)

where
o(x +A) o
oMo (x)

Let Py, be the point on T that is the pre-image of A = 0 in the neighborhood of which z
has the expansion 7z = —(n — DA~ + O()). Then the solution of (4.2) with the initial
conditions x; (0) = x? are roots x;(t3) of the equation

D(x, 1) = (4.4)

e(z}]x,- +Usts + 7 ‘ T) —0. (4.5)

Here 6(z | T) is Riemann theta-function defined by the matrix of b-periods of normalized
holomorphic differentials on I'; the vectors U; are given by (3.8) with d2; defined in
(3.6); the vector Z is in the locus Y defined in Theorem 3.4.

The elliptic solutions are particular cases of the general algebraic—geometrical solu-
tions considered in the previous section. The correspondlng spectral data are singled out
by the following constraint: the vectors 2a)1U 1, 207 U 1 are in the lattice of periods of
the Jacobian of the spectral curve, where U, is the vector of b- periods of the normalized
differential with the only pole (of order 2) at the marked point Puo.

4.1. The generating problem. For completeness, in this section we present the scheme
proposed in [19] which allows one to derive the equations of motion for poles of elliptic
solutions to a variety of soliton equations together with their Lax-type representation
(see more in [20]). With the help of this scheme we will get the Eq. (4.2) and the Lax
matrix (4.3) directly without use of relations to the theory of the eCM system.

The elliptic solution of the CKP equation is an elliptic function with double poles at
the points x;:

u:—%Zp(x—xi)+c, (4.6)

i=1

where ¢ is a constant. The poles depend on the times 3, 5 (as well as on the higher
times) and are assumed to be all distinct. The corresponding CKP tau-function has the
form

n 1/2
7(x, ty) = Coe™ /2 (na(x —x; (to))> : (4.7)

i=1

In the rest of this section we denote t3 = ¢. According to the scheme proposed in
[19], the basic tool is the auxiliary linear problem 9; ¥ = B3 W for the wave function W,
ie.,

QW =02V +6ud, W +3u'V, (4.8)
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for which one can state the following problem: characterize an elliptic in x function u
of the form (4.6) for which Eq. (4.8) has double-Bloch solutions W¥(x), i.e., solutions
such that W(x + 2w,) = By W (x) with some Bloch multipliers B,. Equations (2.17),
(2.16) imply that the wave function has simple poles at the points x;. Therefore, if a
double-Bloch solution exists, then it is of the following pole ansatz form:

n
U= exz+tz3 ZCICD(X —Xi M), 4.9)
i=1

where the coefficients ¢; do not depend on x (but do depend on ¢, z and ). Indeed, the
function @ (x, 1) given by formula (4.4) has the following monodromy properties:

D (x + 2wy, 1) = 2E@IAENO) Gy 1), o =1,2. (4.10)

Therefore, the wave function W given by (4.9) is a double-Bloch function with Bloch
multipliers B, = ¢*(@«¥+{(@)A=t(M@a) parameterized by z and A.

In what follows we will often suppress the second argument of ® writing simply
®(x) = d(x, 1). For further use note also that ® has a simple pole at x = 0 with
residue 1. The coefficients 81, B> of its expansion

1
O(x, ) =—+pix +,82x2 + 0(x3) asx — 0,
X

are equal to

1 1,
ﬁ1=—§50(?»), ,32=—6K=>()»)- (4.11)

The function ® We will also need the x-derivatives ®'(x, A) = 3, D (x, 1), ®"(x, 1) =
8§®(x, A) and so on.

Theorem 4.2 The equations of motion (4.2) for poles x; of elliptic solutions as functions
of t = t3 have the following commutation representation of the Manakov’s triple kind:

L+[L,M]=3D(zI — L), (4.12)
where

Lij=0, Ljj=-®& —xj,A), 1#]; (4.13)

the matrix M is defined by (4.18), and D' is the diagonal matrix D}, = 8 Z o' (xi —x;).
J#i

Proof. Substituting (4.9) into (4.8) with u = —%Z o (x —xi) +c, we get:

ZC,CD(X —x;) — Zc,x,d> (x — x;) = 37> chcb (x —x;) +3z2c,d>"(x —x;)
+Zc D" (x — x;)
—3z(Zso<x —00) (et —x) =3(Lp e —x0) (Y@t —x)
k i k i
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_%<Z o' (x — Xk)> (Z ¢i®(x — xi)) +6czzc,-q>(x —x;)
k i i
+6CZC1‘<D/(X - X;).

It is enough to cancel all poles in the fundamental domain which are at the points x;
(up to fourth order). It is easy to see that poles of the fourth order cancel identically.
A direct calculation shows that the conditions of cancellation of third, second and first
order poles have the form

2ci = =) ek — xi), (4.14)
ki
ciki = —32°¢i +3¢; Z o (xi —xx) — 3z Z ck®(xi — x¢) — 6cci,  (4.15)
k#i ki
;. 3
¢i = =3(Bi1z + B2)ei — 3zc¢i Zp(xi — xx) + 3¢ Zp/(xi - Xp)
ki ki
3
-3z ; ckCD/(x,' —Xi) — E ; Ck(D//(xi — X)) + 6cz0; (4.16)
1 i

which have to be valid for all i = 1, ..., n. Substitution of (4.14) into (4.15) gives
(4.2) (if the coefficients c¢; are not identically zero). The conditions (4.14), (4.16) can be

rewritten in the matrix form as linear problems for a vector ¢ = (cq, ..., cy)":
Le=zc
4.17)
¢ = Mec,
where L is the matrix (4.13),
M = -3(Biz+p2—2cz2) —3zB—3zD—3C+3 D' (4.18)
and the n x n matrices I, B, C, D, are given by l;x = S,
Bix = (1 = 8ik) @' (x; — x¢),
Cir = (1 = 8i) D" (x; — x), 4.19)

Dir = dix Z@(xi - Xj),
J#
The matrices L, B, C are off-diagonal while the matrices D, D’ are diagonal.
The linear system (4.17) is overdetermined. Differentiating the first equation in (4.17)

with respect to 7, we see that the compatibility condition of the linear problems (4.17)
is

(L' +[L, M])c —0. (4.20)

One can prove the following matrix identity (see the “Appendix”):

L+[L,M=3D'(zI —L)—[X-3D, B], 4.21)
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where X is the diagonal matrix X;; = 8;xx;. Since (z/ — L)c = 0 according to (4.17)
and X = 3D — 6¢1 according to (4.2), we see from (4.21) that the compatibility con-
dition (4.20) is satisfied. From (4.21) it follows that the equations of motion have the
commutation representation of the Manakov’s triple kind (4.12) [29]. O

4.2. The integrals of motion and the spectral curve. It follows from Eq. (4.12) that the
characteristic polynomial of the matrix L is an integral of motion. Indeed,

d d
= logdet(L — zI) = 7 trlog(L — z[I)
(4.22)
- tr[L(L _ zl)*‘] = 3uD =0,

where we have used Eq. (4.12) and the fact that tr D' = Z ©' (xi —x;) =0 (p' is an
i#]

odd function). The expression R(z, A) = det(z/ — L(})) is a polynomial in z of degree

n. Its coefficients are integrals of motion (some of them may be trivial). For example:

n=2: det(zI — L) =22+ p (x12) — p (1),
2x2

n=3:  detel —L) =2 +2(p(n2) + o (na) + () = 3900 ) — 900,

where x;j; = x; — x.

Remark. Although the Lax equation for matrices L, M does not hold, it follows from
(4.22) that traces of the Lax matrix L (and therefore its eigenvalues) are integrals of
motion: d;tr L™ = 0, m > 1. (This is equivalent to the equalities tr (D'L™) = 0 for
m > 1 which are based on certain non-trivial identities for the g-function.) This mans
that the time evolution is an isospectral transformation of thf; Lax matrix L. Therefore,
there should exist a matrix My such that the Lax equation L + [L, Mp] = 0 holds. In
order to find it explicitly, we first note that by virtue of the matrix identity (B2) (see the
“Appendix”’) we can write Eq. (4.12) in the form L+ [L, M] = —3D'L, where

. 3
M= M+3z((,31 —2c)I+B+D> = =341 =5 (C = D)
does not depend on z. Using again the identity (B2), one can see that

My =M —3(B+D)L = —3,821—%(C—D/)—3(B+D)L
=M +3z(1 —2¢)] +3(B+D)(zI — L) (4.23)
(B1, B2 are given in (4.11)).

The embedding into the Calogero—Moser dynamics discussed above implies that the
integrals of motion I; for the dynamical system (4.2) are restrictions of the Calogero—
Moser integrals of motion to the subspace of the phase space with p; = 0. For example:

L= Z@(xij)»

i<j
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=Y [pGipe ) +o @0 +p e | @24

i<j<k<l

The spectral curve I" is defined by the equation R(z, A) = det(z/ — L(A)) = 0. Itis an
n-sheet covering of the elliptic curve £ uniformized by the variable A and realized as
a factor of the complex plane with respect to the lattice generated by 2wy, 2w;. Since
L(—x) = —LT (%), it is easy to see that the curve I is equipped with the holomorphic
involution ¢ : (z,A) — (—z, —X). As it was already mentioned, the equation of the
spectral curve (the characteristic equation of the Lax matrix) is an integral of motion.

Proposition 4.1 [19]. For generic values of x; the spectral curve is smooth of genus
g=n

4.3. The wave function as the Baker—-Akhiezer function on the spectral curve. Let P
be a point of the spectral curve I', i.e. P = (z, A), where z and A are connected by
the equation R(z,A) = 0. To each point P of the curve there corresponds a single
eigenvector ¢(0, P) = (c1(0, P), ..., ¢, (0, P))T of the matrix L(t = 0, 1) normalized
by the condition ¢1 (0, P) = 1. The non-normalized components c; are equal to A; (0, P),
where A; (0, P) are suitable minors of the matrix z/ — L(0, 1). They are holomorphic
functions on I" outside the points above A = (. After normalizing the first component,
all other components c¢; (0, P) become meromorphic functions on I' outside the points
Pj located above 2 = 0. Let D’ be the poles divisor of the vector ¢ with coordinates c;.
Unlike the spectra curve which is time-independent the divisor D’ depends on the initial
data.

Lemma 4.1 The sum of the divisors D' and (D) is the zero divisor of a holomorphic
differential on the spectral curve, i.e. the equation

D+uD)=K (4.25)
holds.

Proof. The idea of the proof goes back to the proof of Theorem 4 in [30]. Taking the
differential of the eigenvalue equation (z/ — L(A))e(P) = 0 and using the equation
¢’ (tP)(zI — L(0)) = 0, which follows from the definition of the involution, we get the
equation

¢’ (P)(dzl — dL(M)e(P) =0,
or
(c(tP),c(P))dz = (c(tP), L)c(P))dAr, (4.26)
where L) = dL/oX and (c(tP), c(P)) = ZC,‘(LP)C,‘(P). For a generic initial data

i
the spectral curve is smooth, i.e. the differentials dz and dA have no common zeros.
Then from (4.26) it follows that the zeros of the differential d) (which are ramification
points of the covering I' — &) coincide with the zeros of the function (c(¢P), c(P)).
Therefore, the differential

di

A=—"—"—— 4.27)
(c(tP), c(P))

is a holomorphic differential on the curve I'. Its 2g — 2 zeros at the points, where the
vectors ¢(P) and ¢(¢ P) have poles. |
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For completeness let us outline the arguments that ultimately lead to the proof of the
algebraic integrability of equations (4.2).
A particular case of Theorem 2 in [19] is the following statement.

Theorem 4.3 The function

n
Bx,1, )= e SPNO N1, PYD(x — x7, )™ (4.28)
i=1
is the one-point Baker—Akhiezer function on the spectral curve I" with the marked point
Poo (0ne of pre-images of A = 0) corresponding to the divisor D = D’ + Px..

By definition the function U has poles at x; (z). From the theta-functional formula for
the Baker—Akhiezer function it follows that x; are zeros of the second factor in the
denominator, i.e. they are roots in x of the equation

9(01)6 + [}31‘ — A('D) - K +A(Poo)> =0.

From Lemma 4.1 it follows that the pole divisor D of the Baker—Akhiezer function
satisfies the equation

D+./D—-2Px =K, (4.29)

where C is the canonical class. This is precisely the condition (3.41) on the divisor
of poles of the Baker—Akhiezer function for algebraic—geometric solutions to the CKP
equation. This completes the proof of (4.5) since (4.29) is equivalent to to the condition
for the vector Z in Theorem 3.4.

4.4. Degenerations of elliptic solutions.

4.4.1. Trigonometric solutions In the degenerate case, when one of the periods tends to
infinity, the elliptic solutions become trigonometric (hyperbolic). We consider trigono-
metric solutions which vanish at infinity:

2
u(x,t) = — 5 Z sinh? (y (x —x; (1))’

i=1

where y is a complex parameter. When y is purely imaginary (respectively, real), one
deals with trigonometric (respectively, hyperbolic) solutions. The equations of motion
for the poles are

2

. 4 2
=3 — 7. 4.30
K ; Sinh(y (i —x0) 50

Tending the spectral parameter A to infinity, we find the Lax matrix in the form

y(1—4;j)

 sinh(y (x; — X)) “.31)

ij =

Note that it is antisymmetric.
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Asis shown in [31], the KP tau-function for trigonometric solutions has the following
determinant representation:

n
®P(x, ) = rclixe}l (ezyxl - exp(— Ztk£k>ez”x‘)> = 1_[(627”‘ — ¥V (4.32)
k>1 j=l
where Xy = diag (x1(0), ..., x,(0)) and
L= (Lo+yD*—(Lo—yD*, Lo=L(t=0). (4.33)

We see that Ly is a polynomial in Lg of degree k — 1. If k is even (respectively, odd),
L contains only odd (respectively, even) powers of L.

It is easy to see that this tau-function satisfies the conditions (2.48), and, therefore,
gives rise to the CKP tau-function

(X ty) = <det <e2“1 - exp(— 3 tk£k>ezyxo>)l/2. (4.34)

nxn
k=1, k odd

Indeed, we have

0p,,, log TKP

= Oy, tr log(eZVxI — exp(— Z tkﬁk)e2yxo>

k=0 k>1 1e=0
-1
= tr|:/:,2m exp(— Z fk£k> (eZny — exp(— Z tkﬁk)ezyX0> ]
k=1, k odd k=1, k odd
But this is zero for all m > 1 because tr L%lfl = (Oforall/ > 1 and, as it was said above,

Loy, contains only odd powers of Lo while all other £y in this expression contain only
even powers of L.

4.4.2. Rational solutions Inthe most degenerate case, when both periods tend to infinity,
@ (x) — 1/x? and the elliptic solutions become rational:

oo Iy
B o Y P

i=

This corresponds to the limit y — 0 in the trigonometric solutions. The equations of
motion for the poles are

1
t; =3 P EE——— 4.35
* ; (x; — xx)? (43

Tending the spectral parameter X to infinity, A = oo, we find the (antisymmetric) Lax
matrix in the form

1 —4;;

Lii =
/ x,-—Xj

(4.36)
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It is known that the KP tau-function for rational solutions has the following determi-
nant representation (see, e.g. [32]):

n

o¥P (¢ t) = det (x] ~ Xo+ ZktkL’g—l) = [Tex —x;@, (4.37)

nxn
k>1 j=l1

where Xo = diag (x1(0),...,x,(0)) and Ly = L(t = 0). It is easy to see that this
tau-function satisfies the conditions (2.48), and, therefore, gives rise to the CKP tau-
function

1/2
r(x,to):(r(ll>e<:}l<x1—X0+ > ktkLS_l)) , (4.38)

k>1, kodd

Indeed, we have

— 3, trlog <x1 — Xo+ ) ki Lg—l)

k=0 k>1

Op,,, log rKP
te=0

—1
=2mtr [Lg’"—l((x +11)] — Xo +33L% + 56513 + .. ) } =0

for all m > 1 because trL%l_1 =0foralll > 1.

5. Concluding Remarks

The main result of this paper is the identification of the CKP hierarchy as the hierarchy
of odd times flows of the KP hierarchy restricted onto the locus of its turning points. It
suggests that a similar result might be valid for the BKP hierarchy. Namely, we conjecture
that the BKP hierarchy can be identified with the restriction of odd times flows of the
KP hierarchy onto the locus which in the Sato formulation is defined by the equation

(L3 = 03 +6ud,, (5.1)

i.e. the coefficient at the zero power of 9, in £3 vanishes. In terms of the tau-function,
this condition means that

(3, +37) log T*F =0 (5.2)
foralltq, 13, s, . . . (see [33]). The latter is an analog of Eq. (2.48) defining turning points
of the KP hierarchy.

Another interesting problem we plan to consider in the future is the Hamiltonian
theory of equations of motion for poles of elliptic solutions to the CKP hierarchy. In
Sect. 4 we have derived these equation in two ways. First, these equations can be obtained
by restricting the higher equations of motion of the elliptic Calogero—Moser system onto
the locus of its turning points. As a corollary of this, we have presented solutions of these
equations in the implicit function form using theta-function of the spectral curve. The
second approach to the equations of motion is via the “generating linear problem” scheme
which allows us to define the corresponding spectral curve and to prove that it is time-
independent in a direct way (i.e. without any reference to the elliptic Calogero—Moser
system).



Kadomtsev—Petviashvili Turning Points and CKP Hierarchy 1679

As it was shown earlier in [23], the phase space of the elliptic CKP system can
be identified with the total space of the Prym varieties bundle over the space of the
spectral curves. Under this identification the equations of motion become linear on the
fibers. Such picture is characteristic for algebraically integrable Hamiltonian systems.
However, the authors’s attempts to find the corresponding Hamiltonian formulation of
Eq. (4.2) by a direct guess or by more advanced machinery proposed in [20,34,35] have
failed so far.
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Appendix A: Proof of Lemma 2.1

In this appendix we give a sketch of proof of Lemma 2.1, i.e. we are going to prove that
the conditions (2.53) and

3,0y, log T8P o™ 3y 3y log T8P o= 0. (A1)
follow from the constraint
dr, log KP ) =0 forallt, 3,15, ... (A2)

(see (2.48)) provided tXP is a KP tau-function, i.e. satisfies all the equations of the KP
hierarchy.

We use the representation of the KP hierarchy in the unfolded form suggested in [36,37],
see also section 3.2 of [38]. Set F' = log 7KP and Feyoky = 3tkl . a,kmF. Then the
KP hierarchy can be written in the form

S1 ... S
U 35 37 N Gritera I T TSRS

,,,,,

S1...8 . . .
where m > 2 and R,(('f) s (rl r" ) are universal rational coefficients. The second
sees Km 1...7p

Sn

. . St ...
sum is taken over all matrices -
1.--¥Fn

) such that s;, r; > 1 with the conditions

(si +r;) = ki, ri>n+m—2. (A4)
> Dk

i=1 i=1 i=1

For example [36],

3= 3 Oy Fy — 3 0, — 30,20, F. (AS)
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From the fact that if P (x, t) is a tau-function, then rKP(—x, —t) is a tau-function, too
(this is a corollary of the Hirota equations), it follows that

n
if ¥ (i — 1) —m = 1 (mod 2), then R{"’ km<sl "'S") —0. (A6)

"""" ry...r
i=1

First we prove (A1). The proof is by induction. We assume that (A1) is true for 9, F>, . . .,
dy > (thisis certainly trueif k = 1) and will deduce from (A3) thatitis true fork — k+1.
From (A2) and (A3) at m = 2 we have (at te = 0):

1 N
R M G T

S1+7r] =2k+3

(AT)

@ S1 .82
+ > R <r] r2> O Fyy 87 Fyy + ...

S1+s2+r1+rp=2k+3

Separating the term with 1 = 1 in the first sum in the right hand side of (A7), we write
it as

1
0=F 1 = R§,£k+1

2k +2
1

) Oy For42 + all the rest. (A8)

Now, recalling the condition (A6), we see that the non-zero coefficients at the different

n
terms in the right hand side are when Z s; = n — 1 (mod 2). From this it follows that
i=1
for both odd and even n at least one of the s;’s must be even (and less then 2k + 2).
Therefore, “all the rest” terms vanish by the induction assumption. Since the coefficient

( 2k1+ 2 ) is not equal to zero (see [36]), we conclude from (AS) that 9, Frro =

Next we are going to prove that if 9, Fpr = 0 for all k > 1 and all #1, 73, ..., then
Fk,....k,, = Oforall even ki, ..., k, and odd m > 3. As soon as m + 1 and all k;’s are

----- m

even, we can, using (A4), rewrite the condition (A6) in the form

n

Z si =n (mod 2). (A9)

i=1

But if at least one of s; in (A3) is even, then the corresponding term vanishes because
F>r = 0 for all k > 1. Therefore, all the s;’s must be odd, i.e., s; = 2/; + 1 and so
the condition (A9) is satisfied which means that the coefficient R,E'I’) K <i} o i”)

aeees m e I'p
vanishes. This proves that Fy,  x, = 0.

,,,,,

Appendix B: Proof of Eq. (4.21)

Here we prove the matrix identity (4.21).
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First of all we note that Lix = —(x; — X))@' (x; — xx), and, therefore, we have [ =
—[X, B]. To transform the commutators [L, B] + [L, D], we use the identity

PP (y) = (NP (x) = P(x +y) (9 (¥) — (). (BI)

With the help of it we get for i # k

—([L, B1+IL, D])ik

= Z D (x; —xj)QD/(xj — X)) — Z ' (x; —xj)P(xj — xk)

J#ik J#k
+ 00 —x0 (Yo — v - Y P —x))) =0,
ik j#i

so we see that [L, B] + [L, D] is a diagonal matrix. To find its matrix elements, we use
the limit of (B1) at y = —ux:

D) P (—x) = P (=)@ (x) = p'(x)

which leads to

<[L, Bl +IL, D])

ii

= Z(q)(xi_xj)cb/(xj_xi) - q)/(xi_xj)cb(xj_xi)) = Z@/(xi —xj) = Dj;,

J# J#

so we finally obtain the matrix identity

[L,Bl+[L,D]=-D". (B2)

Combining the derivatives of (B1) w.r.t. x and y, we obtain the identity

D)D" (y) = P(NP"(x) =20 (x + V) (P (¥) — P () + P(x + V(' (x) — '(V))

(B3)

which allows us to prove the matrix identity

[L,C]=-2[D,Bl+D'L+LD, (B4)

which is used, together with (B2), to transform L+ [L, M] to the form (4.21).
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