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Theorem
(EA, C. Codogni, G. Pareschi, ’20) The base locus of an ample

linear system on an abelian variety is reduced.

(Strong form of a conjecture by O.Debarre and C. Hacon, ’06)

Corollary
(A-C-P, ’20) (X ,⇥) a p.p.a.v., G ⇢ X a closed algebraic subgroup.

Then ⌃(X ,⇥,G ) :=
T

g2G ⇥g is a reduced scheme.
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• The Kadomtsev-Petviashvili (KP) equation and the trisecants to
the Kummer variety.

• Igor’s results (’75–’10)

• An algebro-geometrical approach. (Fay ’73, Mumford ’83 A.-De
Concini ’84, Debarre ’97, Marini ’97, A.-Codogni-Pareschi ’20)



Preliminaries:
X = Cg/⇤⌧ , ⇤ = (Ig , ⌧)

⌧ 2 Hg , ⌧ 2 Mg⇥g (C) , t⌧ = ⌧ , Im(⌧) > 0

✓(z , ⌧) =
X

m2Zg

exp
1

2
{
t
m⌧m + 2tmz} z 2 Cg

⇥ := (✓)0 ⇢ X

(X ,⇥) is a p.p.a.v

Hg/ Sp(g ,Z) = Ag = {moduli space of p.p.a.v.}

dimAg =
g(g + 1)
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C genus g smooth curve. Riemann:
✓Z
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!j

◆
= ⌧ 2 Hg ,

Jg = jacobian locus ⇢ Hg

dimJg = 3g � 3 , g > 1

Jg/ Sp(g ,Z) = Mg ⇢ Ag
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KP equation:

@

@x
(2uxxx + 3uux � ut) + 3uyy = 0 , u = u(x , y , t).

Zakharov, Shabat, Faddeev, Matveev, Novikov, Dubrovin,
Krichever,....

Gardner, Miura, Lax,...

McKean, Moser,...

Sato, Kashiwara, Jimbo, Miwa, Hirota, Mulase, Shiota,....

Segal-Wilson: Loop groups and equations of KdV type.



KdV:

2uxxx + 3uux � ut = 0

Isospectral deformations of the Schrödinger operator L = @2 + u

Eigenvalues of L are ”conserved quantities”

Back to KP:

@

@x
(2uxxx + 3uux � ut) + 3uyy = 0 , u = u(x , y , t).
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Theorem
Krichever ’76 ( Novikov, Dubrovin,....) C a genus-g curve , ✓ its

Riemann theta-function

� :C �! � ⇢ J(C ) (Abel-Jacobi)

✏ 7! 2D1✏+ 2D2✏
2 + 2D3✏

3 + · · ·

Then

u(x , y , t; z) =
@

@x2
log ✓(xD1 + yD2 + tD3 + z)

satisfies the KP equation.

Solitons.

Die QL

G mus g Castelnuovo curves



Theorem
(Novikov’s conjecture) (Shiota ’86) An i.p.p.a.v (X ,⇥) is the
Jacobian of an algebraic curve C , if (and only if) there exist vectors

D1, D2, D3 2 Cg
, with D1 6= 0, and d 2 C s.t. the function

u(x , y , t; z) =
@

@x2
log ✓(xD1 + yD2 + tD3 + z) + d

satisfies the KP equation:
@
@x (2uxxx + 3uux � ut) + 3uyy = 0.

Unwinding the KP (Hirota ’71):

D
4
1✓(z) · ✓(z)� 4D3

1✓(z) · D1✓(z) + 3(D2
1✓(z))

2
� 3(D2✓(z))

2

+ 3D2
2✓(z) · ✓(z) + 3D1✓(z) · D3✓(z)� 3D1D3✓(z) · ✓(z) + d✓2(z) = 0

where d 2 C , z 2 Cg , and D ⌘ (a1, . . . , ag ) $
P

ai
@
@zi
thought
of as constant
vector field



Apparently unrelated point of view:

(X ,⇥) p.p.a.v. Kummer morphism

� :X �! K (X ) ⇢ |2⇥)| = P2g�1
z 7! [

!
✓ (z)] = [. . . , ✓[n](z), . . . ] K (X ) ⇠= X/± 1

Trisecant lines to K (X ) ⇠= X/± 1:
` ⇢ P, ` ⇠= P1

` · K (X ) = Y

a) Y = SpecC[✏]/✏3 flex,

b) Y = SpecC[✏]/✏2 + SpecC degenerate trisecant,

c) Y = SpecC+ SpecC+ SpecC bona fide trisecant.



Bridging trisecants to K (X ) and the KP: Mumford (’77), based on
Fay’s trisecant formula (’73).

C genus g curve,

u : C
⇠=

�! � ⇢ X := J(C ) Abel-Jacobi.

↵,�, � 2 �,

⇣ 2
1

2
(�� ↵� � � �) ⇢ X , then

✓(z�↵)✓(z+↵+2⇣)+c✓(z��)✓(z+�+2⇣)+d✓(z��)✓(z+�+2⇣) = 0(⇤)

Proof:
(⇤) () ⇥↵ \⇥� ⇢ ⇥� [⇥�+2⇣

(Weil):

(Wg�1)\(Wg�1+(p�q)) ⇢ (Wg�1+(p�r))[(Wg�1+(q�s))

Wy i K



Kummer morphism:

�!
✓ : X �! K (X ) ⇢ PH0(X , 2⇥) = P2g�1

z 7! [
�!
✓ (z)] = [. . . , ✓[n](z), . . . ] , n 2

1

2
Zg/Zg

Riemann bilinear rel.

✓(x � y)✓(x + y) =
�!
✓ (x) ·

�!
✓ (y)



Thus, for ⇣ 2
1
2(�� ↵� � � �) ⇢ X and ↵,�, � 2 �

�!
✓ (⇣ + ↵) ,

�!
✓ (⇣ + �) ,

�!
✓ (⇣ + �) are collinear in K (X ) = X/±

so 1
2(�� ↵� � � �) ⇢ X gives a curve of trisecants to K (X ) :

�!
✓ (⇣ + ↵) ^

�!
✓ (⇣ + �) ^

�!
✓ (⇣ + �) = 0



We’ll see:

✓ satisfies the KP equation () 9 a third order germ
of flexes to K (X )

Theorem
(Gunning ’82, Welters ’83) An i.p.p.a.v. (X ,⇥) is a Jacobian of an

algebraic curve () the Kummer variety K (X ) has a curve � of

trisecants.

Mutsu sake I



Welter’s conjecture:

Theorem
(Krichever ’06, ’10) An i.p.p.a.v. (X ,⇥) is a Jacobian of an

algebraic curve () the Kummer variety K (X ) admits a single

trisecant, i.e.:

a) one flex,

b) one degenerate trisecant,

c) one bona fide trisecant.

Theorem
(Grushevsky-Krichever ’10) X is a Prym variety () K (X )
admits two quadrisecant planes.



Curve of flexes to K (X ), and bridge to KP hierarchy.

1
2� near 0 2 X :

⇣(✏) = ✏D1 + ✏2D2 + ✏3D3 + · · ·

Let ↵,�, � ! 0, in
�!
✓ (⇣ + ↵) ^

�!
✓ (⇣ + �) ^

�!
✓ (⇣ + �) = 0

�!
✓ (⇣(✏)) ^ D1

�!
✓ (⇣(✏)) ^ (D2

1 + D2)
�!
✓ (⇣(✏)) = 0



Taylor series:

f (⇣(✏)) =
P

s(�s f|⇣=0)✏
s , �s =

P
i+1+2i2···+sis=s

1
i1!···is !D

i1
1 · · ·D

is
s

Use Riemann’s bilinear relation and expand in ✏. Coe�cient of ✏s

"
�sD1 ��s�1(D

2
1 + D2) +

sX

i=3

di+1�s�i

#
✓(z+⇣)·✓(z�⇣)|⇣=0 = 0

Call this Ps = 0, s � 3. It depends on D1, . . . ,Ds , d4, . . . , ds+1.o
via Gummi X I



For s = 3 get the KP (Mumford):

D
4
1✓(z) · ✓(z)� 4D3

1✓(z) · D1✓(z) + 3(D2
1✓(z))

2
� 3(D2✓(z))

2

+ 3D2
2✓(z) · ✓(z) + 3D1✓(z) · D3✓(z)� 3D1D3✓(z) · ✓(z) + d4✓

2(z) = 0

EA-DeConcini ’83:

{✓ = 0} \ {D1✓ = 0} ⇢ {(D2
1 �D2)✓ = 0} [ {(D2

1 +D2)✓ = 0}

Define
D1⇥ := {✓ = 0} \ {D1✓ = 0}

p



P3|D1⇥ =
⇥
(D2

1 � D2)✓(D
2
1 + D2)✓

⇤
D1⇥

= 0

() 9 D3, d4, s.t. P3 = 0

() 9 third order germ of flexes toK (X )

() KP holds

o QQ 0 2 0 0120 o

o 8101158 20 Q 201 o



On the other hand (Gunning-Welters):

Ps = 0 , s � 3 () 9 a curve of flexes ofK (X )

() X is the jacobian of a curve

As in the case s = 3:

Ps |D1⇥ = 0 ) 9 Ds , ds+1 s.t. Ps = 0

To prove Shiota’s theorem, su�ces to prove, inductively:

P3 = · · · = Ps�1 = 0 ) Ps |D1⇥ = 0

If P3 = · · · = Ps�1 = 0 ), then

Ps |D1⇥ = 0 ,

h
e�s�1✓(z) · (D

2
1 � D2)✓(z)

i

|D1⇥
= 0 (⇤)

�s = �s(D1, . . . ,Ds) , e�s = �s(2D1, . . . , 2Ds)

e



Let V an irreducible component of D1⇥. Assume V reduced.

KP )
⇥
(D2

1 + D2)✓(z) · (D
2
1 � D2)✓(z)

⇤
|V = 0

) either (D2
1 � D2)✓(z)|V = 0, or (D2

1 + D2)✓(z)|V = 0, and (⇤)
follows easily.
Only di�cult case is when a) V non-reduced, and

b) V ⇢ {D
n
1 ✓ = 0 , n � 0} = ⌃(X ,⇥,AD1)

where AD1 = {abelian subvariety generated by D1}.

But the Corollary of the theorem on base loci says that
⌃(X ,⇥,AD1) is reduced.

D Q U Vi



Conclusion of the algebro-geometric approach: An i.p.p.a.v.
(X ,⇥) is a Jacobian of an algebraic curve () the Kummer
variety K (X ) admits one of the following:

X a) A third order germ of flexes () the KP equation holds.
(Relevant ⌃ = ⌃D1)

X b) One flex: ` · K (X ) = 3 (b).
(Relevant ⌃ = ⌃(X ,⇥, hai), a = 2b)

X c) One degenerate trisecant: ` · K (X ) = 2 (u) +  (b),
(Relevant ⌃ = ⌃(X ,⇥u, hai), a = 2b)

? d) One bona fide trisecant. ` · K (X ) =  (u) +  (v) +  (w).

Debarre Marini
Kri chever





Thank you Igor!


