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FOREWORD

Some time in the middle of the 17th century, Fermat wrote, somewhere, that for every n > 3,
the equation

a'l +bll — c'l (1)

had no solution in the set of strictly positive integers, and he asserted several times that he
had proved this result for r = 3 and n = 4 (see Chapter 1). Assuming this it is easy to
see that to prove Fermat’s assertion in general, it suffices to prove it for every odd prime
number n > 5. If we set

it is equivalent to showing that the only rational points on the affine curve
Y +1=0 @)

are the points (—1, 0) and (0, —1).

As we have known since the 19th century that the natural framework for solving prob-
lems in planar algebraic geometry is the projective plane, we need to show that the projective
curve F,, given by

X'+Y'+72"=0 3)

has exactly three rational points, namely (0, 1, —1), (—1,0, 1) and (1, —1, 0).
We will say that these points are the “trivial” points of F,, since they satisfy the equation

XYZ = 0.

Although the main theorem of this book is Fermat’s assertion, we may also introduce a
secondary theorem, which is very close to the main one. Let us state this secondary result.

Denes’ Conjecture: For every prime number n > 3, the only rational solutions of the
projective curve G, given by

X'+Y'4+2Z"=0 “

viii
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are the points
(1, 1,0, (1,1,-0).

This book was written at the very time when this conjecture had just been proved, by
H. Darmon and L. Merel.

In order to understand the meaning of Fermat’s assertion, let us first consider a funda-
mental result due to Faltings.

In 1983, Faltings succeeded in proving the famous Mordell conjecture, which stated
that every smooth projective algebraic curve defined over a given number field and of genus
>2 has only a finite number of rational points.

By this result, we see that for n > 5, the projective curve F, has only a finite number
N, of rational points.

However, it does not say whether the number N, is independent of n, and even less
that N, = 3. Furthermore, it can be applied just as well to the curves G,, and thus cannot
serve to show that the number M,, of their rational points is independent of n and equal to
2! Moreover, Faltings’ result disappears for n = 3, since the curves F, and G, are then of
genus one!

Although Faltings’ theorem is truly marvellous, it is not precise enough to attack
Fermat’s assertion decisively!.

This is not the case for the approach developed by A. Wiles, which is so precise that
it cannot even be applied without modification to the curves G,. This approach uses three
major notions:

(1) the absolute Galois group Gg and its representations of degree 2, of which we give a
fundamental example in Chapter 4,

(2) certain rather special elliptic curves, known as the curves E,4 p ¢, which are attached
to an ABC relation, i.e. a relation of the form

A+B+C=0

where (A, B, C) € Z are relatively prime integers such that ABC # 0.
The simplest of these curves is E; ; _», whose equation is given by

YV =x(x+Dx-1)

(3) certain functions of one complex variable, which are so extraordinarily rich in sym-
metries that their very existence would never have been suspected if they had not
actually been discovered. These functions are studied in Chapter 5; one of the simplest

! Note, however ([Hel 3]}, that if n is a large enough multiple of a prime number p > 5, then Faltings’ theorem
does imply that N, = 3 (see Chapter 6, Exercise 17).
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examples, called the modular invariant, which is defined for 37 > 0 by a series
; 1
T H—> q:ez”” — jlg) = —+ 744+ 196884g + - - -,
q

is invariant under the group of positive hyperbolic isometries of the tiling shown below:

Chapter 6 is devoted to describing the way in which these actors collaborate in a game
which, given the fundamental push by Wiles, ends up by proving the Fermat—Wiles theorem.

In this book, we can only give a superficial description of this “glass bead game”,
because our intention is not to write a book for specialists. However, even at this level, the
game displays a strange beauty which covers great depths and hard work.

Barring an unexpected surprise, this proof marks the conclusion of one of the great
conceptual cathedrals which the 20th century will leave to its descendants. On this topic, it
is difficult not to think of what Pascal wrote in the Preface to his Treatise on the Vacuum:

“... From this, we see that by a particular prerogative, not only does each man advance
day by day in the sciences, but all men together make continual progress as the universe
ages, because the same thing happens in the aging of mankind as a whole as happens during
the aging of a single man. Thus, the entire body of mankind, over many centuries, must be
considered as a single man, who lives forever and continues to learn [. . .]. Those whom we
call the ancients were truly new in all things, and form the childhood of mankind; as we
have added to their knowledge the experience of the centuries which followed them, it is in
ourselves that we should seek the antiquity which we dream of in others.”

Three hundred years after Pascal, Fermat’s theorem was proved, and we now perceive
Fermat and Pascal themselves as men who were “new in all things”. We are, indeed, old and
forgetful at the end of the 20th century! This book was begun in 1994, as a university course,
and I slowly became aware of the usefulness of transmitting all of these scattered, precious
results which are no longer taught (I am thinking particularly of the “analytic geometry”
of Fermat and Descartes), and I also saw that our students were happy to travel through
centuries of mathematics, following an idea as single as Ariadne’s thread, which served to
provide them with a synthetic and transversal vision. Alas, in doing so, I forgot that our
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ministers desire to attach their names to current reforms; the latest of these marked the end
of this experiment.

Throughout this text, the reader will perceive many traces of pedagogical choices con-
sciously made during this interrupted teaching experience. As I could always count on my
colleagues, or on books, to provide proofs of the general theorems, but as I was perfectly
aware that they never had time to give applications, I made it my principal business to show
the other side of the coin. This book introduces a host of mathematical objects each more
fascinating than the other, and . . . references for the proofs of the main structure theorems.

The book also contains non-classical proofs of certain results, using ad hoc ideas,
which make it possible to appreciate the depths of the classical proofs by looking at certain
suitably chosen special cases. This aspect is amplified in the problems contained in the
volume, problems which were often given in examinations. As for the exercises, their goal
is either to complete the text on certain minor points, or to attract the reader’s attention
to points of view not mentioned in the text which lead to new directions, or sometimes to
add to the historical culture of the reader by including original texts, many of which were
communicated to me by Didier Bessot and Jean-Pierre Le Goff.

This book is what survived of my interrupted teaching, and I must say that without the
encouragements of André Warusfel, without a particularly opportune sabbatical semester,
and without the patience and the talent of the secretaries of our mathematics department, it
would never have seen the light of day.



PATHS

The goal of this book is to give a brief description of the steps leading to the solution of a
problem which was first raised by Pierre de Fermat in the margin of his copy of Bachet de
Meziriac’s translation of Diophantus’ Arithmetica.

The question Diophantus asked was the following:

“Divide a given square into two other squares” (and he gave an example of his method).
Let 16 be the given square; I will call N? and 16 — N? the squares to be determined. It
remains to find N such that 16 — N? is a square.
Iset 16 — N? = (2N — 4)? and I obtain N = 16/5.

To quote from d’Alembert’s article “Diophantus” in the Encyclopedia of 1750,
“Diophantus’ method consists in reducing the situation to an equation in one unknown
via a sequence of substitutions”. In other words, Diophantus did not seek to give an exhaus-
tive solution to his problem. His methods were ad hoc, although they were very clever
methods nonetheless (see Exercise 1.1).

When the following famous remark by Fermat burst upon the scene, it represented a
real break with all that real been done before!.

“To decompose a cube into two other cubes, a fourth power, and generally an arbitrary
power into two of the same powers above the second power, is an impossible thing and
I have certainly found its admirable proof. This narrow margin would not contain it”.

This is the assertion which became known as “Fermat’s last theorem”; it is the only
one of his many theorems which remained unproven. In modern language, we state it as
follows:

For every n > 2, the equation

{ x4y ="
xyz #0
has no solution (x,y, z) € Z°.

! Diophantus gave a recipe, whereas Fermat stated a general property of integers, in accordance with the
Aristotelian concept stating that “there is no science except of that which is general”.
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1.1 DIOPHANTUS AND HIS ARITHMETICA

Diophantus is one of the great names of the “Silver Age” of Greek mathematics, and it is
thought that he lived in Alexandria, together with other scholars such as Pappus and Proclus,
between about 250 and 350 A.D.

He is known for his Arithmetica which contained 13 books: at Fermat’s time only six
were available, but Arabic translations of four more were discovered quite recently.

The mathematics of Diophantus’ Arithmetica appear quite foreign to the Greek math-
ematics of the “Golden Age” of Euclid; in some aspects, they actually seem more closely
related to the Babylonian tradition. However, unlike the Babylonians, Diophantus was
interested by exact rational solutions of determinate or indeterminate equations. As far as
we know, it was Diophantus who first introduced the indeterminate equations which led to
the development of “Diophantine analysis”, a domain of mathematics which lies within the
realm of “number theory”.

However, Diophantus also did the work of an algebraist, and he used notations close to
those of Viete.

For example, Diophantus would have written the polynomial

243 — A+ 50— 6
in the form
AA2 K3 x5 M A4 U6

where A denotes x2, K denotes x>, M denotes the minus sign and U is unity.
The following important identity, which was well-known in the Middle Ages, can be
found in the work of Diophantus:

(@ + b)(c* + d%) = (ac + bd)* + (ad — bc)?
= (ac — bd)* + (ad + bc)?.

However, as we noted, Diophantus seems to have been more interested by the compu-
tation of a particular solution than by the exhaustive analysis of a given problem.
An evaluation of Diophantus as a mathematician

The first algebraist? lacks generality . ..
The last Babylonian? too abstract . . .
The first number theoretician? doesn’t work in N . ..

1.2 TRANSLATIONS OF DIOPHANTUS

In the 16th century, Diophantus’ Arithmetica was an obscure text which, for all practical
purposes, had been forgotten, R. Bombelli? rediscovered the book in 1570 and incorporated

2 R. Bombelli 1526-1572, introduction to complex numbers.
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it into his book Algebra, written in Italian in 1572. Then W. Holtzmann (alias Xylander3)
gave a complete Latin translation of the Arithmetica in 1575.

F. Viete* transformed the book and incorporated it into his own works (Isagoge, 1591;
Zététique, 1593), emphasizing its algebraic aspects.

C.G. Bachet de Meziriac®, on the other hand, who was not a real algebraist, but the
author of a work called Pleasant and delectable problems to be solved by numbers and the
original discoverer of “Bézout’s identity” in Z (1624), prepared a bilingual (Greek/Latin)
edition of Diophantus’ Arithmetica in 1621: it was this excellent version which was studied
and annotated by Fermat.

1.3 FERMAT

Pierre de Fermat® was a jurist, councillor at the Parliament of Toulouse and known for his
facility in writing verses in different languages (Latin, Greek, Italian and Spanish).

But in this book, we are interested in Fermat as an amateur mathematician of such
extraordinary talent that professionals of the time bowed to his superior knowledge.

Although we are interested mainly in his number theoretic discoveries, we must mention
here that Fermat did not only work in number theory.

In geometry, one of his very first results was to reconstruct the planar loci of Apollonius
according to Pappus’ analysis: his first book on the subject appeared before 1629, the second
in 1636.

Then in 1636, independently of Descartes, Fermat invented analytic geometry and saw
that if he had known it in 1629 he could have saved a great deal of time. However, he
remarked that “there is, for science, a certain importance in not depriving posterity of the
works of the mind even when they are yet not completely formulated; work which is at first
simple and crude becomes stronger and grows by new inventions. It is even important, for
study, to be able to fully contemplate the hidden progress of the mind and the spontaneous
development of the art”.

In analysis, Fermat was a precursor of differential and integral calculus.

In combinatorics and probability, he was the equal of Pascal.

In optics he introduced the calculus of variations to justify the laws of Snell-Descartes
(nature always acts by the shortest paths).

Let us now turn to a detail of number theory, his favourite domain.

The work of Fermat concerned:

— Fermat’s small theorem:
For every prime number p and for every a € Z not divisible by p, we have

a”' =1 mod p.

3 Xylander 1532-1576.

4 Vite 1540-1603.

5 C.G. Bachet 1581-1638.

¢ Born in 1601 in Beaumont de Lomagne, died in 1665 in Castres, where he was a councillor in the Chamber
of the Edict.
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Fermat’s equation (usually mistakenly called Pell’s equation):
K —AyY =1,

The Fermat numbers

F,=2"+1.
— The representation of prime numbers by quadratic forms, in particular by
X2 +¥? and X} +X;+X;+X;.

— Fermat’s famous assertion or “last theorem”, stating that forn > 2 and (x,y,2) € 73,
we have

+y'=7" = xz=0.

A great number of individual Diophantine equations.

1.4 INFINITE DESCENT

Infinite descent was one of Fermat’s greatest discoveries. This technique allowed him to
prove many results on the integers by a device which could not extend to rational or real
numbers.

Superficially, the method of infinite descent resembles the induction method, or rather,
its negation is a descending sort of induction. But the “mystery” of Fermat’s method is
difficult to define. Here is what Fermat himself said of it:

“Since the ordinary methods which are in books were insufficient to prove such difficult
propositions, I finally discovered an altogether singular method to succeed.

I called this method of proof indefinite or infinite descent: at first I used it only to prove
negative propositions, such as for example:

That there is no number, less by a unit than a multiple of 3, which is composed of a square
and the triple of another square;
That there is no right triangle in numbers whose area is a square number.

The proof is done by reduction to the absurd in this manner:

If there were a right triangle with integral sides whose area was equal to a square, there
would be another triangle smaller than this one which would have the same property. If there
was a second, smaller than the first, with the same property, then by the same reasoning,
there would be a third, smaller than the second, which would have the same property, and
then a fourth, a fifth, and so on descending to infinity. However, given a number, there is no
way to descend from it infinitely (here I only speak of integers). Hence we conclude that it
is impossible to have a right triangle whose area is a square.

We infer from this that neither is it possible to have a triangle whose sides have frac-
tional (rather than integral) lengths and whose area is a square. Because if we had such a



PATHS 5

triangle with fractional sides, then we could construct one with integral sides, which is in
contradiction with what we proved above.

I do not add the reason for which I infer that if there were a right triangle of this nature,
there would be another of the same nature smaller than the first, because the discourse would
be too long and therein lies the whole mystery of my method. I would be greatly satisfied
if Pascal and Roberval and many other scholars sought it upon my indications.

I remained for a long time unable to apply my method to positive assertions, because
the proper angle to approach such questions is much more uncomfortable than the one
which I use for negative assertions. Thus, when I needed to show that every prime number
which surpasses a multiple of 4 by a unit is composed of two squares, I found myself in
a quandary. But finally, much-renewed meditation provided the light which I lacked, and
positive assertions became solvable by my method, with the help of some new principles
which necessity forced me to add to it. This progress in my reasoning on such positive
assertions runs as follows: if a prime number chosen at will, which surpasses a multiple
of 4 by a unit, is not composed of two squares, there will be a prime number of the same
nature, less than the given one, and then a third still less, etc., descending to infinity until
one arrives at the number 5, which is the least of all primes of this nature, which shows
that it cannot be composed of two squares, which yet it is. Hence we infer, by deducing the
impossible, that all primes of this nature are, consequently, composed of two squares”.

Letus try to illustrate this subtle difference between induction on # and Fermat’s method
of infinite descent, on a simple example of each.

(2) Induction

Definition 1.4.1 A number is said to be triangular of root n, if it is the sum T, of the
first n integers:

T, =142+ +n.

Formula 1.4.1 Inverting the order of the terms of the sum we have
Ti=n+@n-1)+---+1,
and adding term by term, we find
2hh=m+D+w+D+---+m+1)=nn+1),
hence

_n(n+1)

T,
2

Definition 1.4.2 A number is said to be pyramidal of root n, if it is the sum I, of the
first n triangular numbers:

I,=T+T,+---+T,.
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Theorem 1.4.1 We have the identity

I, = é nn+ D(n+2).

Proof. Let us proceed by induction on n.

(1) The property holds forn = 1.
(2) Assuming it holds for n, we have

1
Hapr = g n(n+ Din+ )+ Topr-

AsT, 1 = (n+ 1)(n+2)/2, we obtain
1 1
Oy = 3 n(n+ (n+2) + E(n +Dn+2)

1
=< (n+Din+2)(n+3),

so the property holds for n + 1.
(3) As the property holds for n = 1, it also holds for n = 2; since it holds forn = 2 it
also holds for n = 3, “and so on to infinity”, as Pascal would say. O

(b) Infinite descent
Theorem 1.4.2 /3 ¢ Q.

Proof. We give two different proofs.
(a) Let us first recall the classical solution due to Euclid.

If we had
\/3 = 29
d
we would deduce that
3d? = n?,

so the exponent of 3 in the decomposition into prime factors of this number should be
both odd (left-hand expression) and even (right-hand expression). This would contradict
the uniqueness of the decomposition into primes.
(b) We will now give a proof of the same result by the method of infinite descent.
Assume that +/3 = a, /b;, with (a1, b)) € N x N_.. Using the relation

1 V341
S-1 2
we deduce that
V341 b

2 _al—bl’
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hence /3 = (3b; — ay)/(a; — by) = az/b,, with

a2:3b1 — a
b2=a1 —bl.

From +/3 < 2 we deduce that a, < 2by, so

a,=3by—-a; >0 and b, < by.
From 3/2 < +/3 we deduce that

by=a—b1 >0 and a <aj.

Thus, we see that

Sl _@_ @
b] b2 b3
and the sequences of the numerators and denominators are strictly decreasing: this is absurd,

s0 /3 ¢ Q. O

A modern formulation of this descent argument

Let E denote the set of b € N, such that there exists a € N such that V3 =a/b. IfE is not
empty, then E contains a smallest element by, so V3 =a /by with a; € N.

Then the above argument shows that there exists a» /b, € E with b, < by; this gives a
contradiction, so E is empty. (]

Remark 1.4.1 Unfortunately, the example of +/3 is too simple to clearly reveal the
“mystery” of infinite descent. Indeed, the property +/3 ¢ Q is purely “local”’; what the proof
(a) really shows is that /3 does not belong to the field of 3-adic numbers (see Chapter 3).
Fermat’s method acquires its full importance when applied to theorems which are “every-
where locally true”, but “globally false” (on this subject, see the article by J. Coates in
[C-NI).

1.5 FERMAT’S “THEOREM” IN DEGREE 4

Let a Pythagorean triangle be a triple of natural numbers (a, b, ¢) such that
a* 4+ bt =

Since Euclid’s time’, it has been known that if (@, b) = 1, then there exist relatively prime
numbers p and g with p > g such that if a is even, we have

a=2q, b=p'—q¢, c=p+q.

7 Buclid’s Elements X29, lemma 1.
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In a letter to Huygens, Fermat stated the following theorem
Theorem 1.5.1 The area of a Pythagorean triangle cannot be a square.

Proof. (Fermat) This areais given by pg(p+¢q)(p — ), where the four factors are pairwise
relatively prime. Thus, we have

p=x, q=Y, ptqg=u, p—g=V,

where u and v are odd and relatively prime. We have
W= 42y = 2y = (u+v)(u—v);

as the greatest common divisor of u + v and u — v is 2, we see that

u+v=2r
u—v=4s>
or the contrary. Hence
u=r’+2s, v =r? - 25

and y = 2rs. Consequently,

x° =p= %(u2+v2) =r* 4 4s*,

and (r?, 252, x) forms a Pythagorean triangle of area equal to (rs)? and hypotenuse strictly
less than /x* + y*: we can apply the descent. o

A modern formulation of this descent argument

Let E denote the set of 2 € N* such that there exists a Pythagorean triangle of hypotenuse
h whose area is a square. If E is not empty, then E contains a smallest element /& = P +q°
withp > gq.

Then the above argument shows that ./p € E and ,/p < k, whichis a contradiction, so
E is empty.

Corollary 1.5.1 The equation

x4+y4=z4

xyz #0; x,y, zintegral

is impossible.
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Proof. Assume that x, y, z form a “primitive” solution of the equation, i.e. a solution such
that x, y, z are pairwise relatively prime. At least one of them must be even; let it be x. From

the equation
=@ -+,
we deduce that
— y2 = 8a*, 2 +y2 =2p*
with (a, b) = 1. We then have
4a* +b* =27,

which gives a Pythagorean triangle whose area is a square.
Remark 1.5.1

(1) We can compare corollary 1.5.1 to the equation

x* +yt =27

does it have any primitive solution other than (+1, £1, £1)?
The answer is no, since otherwise we would have

4 4 2
8 4.4 X =)
I —X = >
7 ( 2)

and the equation X* — Y* = Z? has only trivial solutions in Z> (i.e. solutions with

XYZ = 0) by Exercise 1.6.
(2) Clearly the same remark applies to the equation

Xyt =27

1.6 THE THEOREM OF TWO SQUARES

Like many others before him, Fermat became interested in the representation of an integer
as the sum of two squares, and he began to construct the rigorous theory of such integers.
More generally, he was interested in the representation of an integer by quadratic forms of
the type X 2 LAY’ with A € {1, 2, 3}. As the method is the same in the three cases, we
consider only the case A = 1. In this case, Fermat’s result is as follows.

Theorem 1.6.1 A positive integer n is the sum of two squares if and only if all the prime
factors of n of the form 4m — 1 have even exponents in the decomposition of n into prime
factors.
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1.6.1 A Modern Proof

The modern method for proving this theorem is to work in the ring Z[i] of “Gaussian
integers” 8.

Recall that the main property of this ring is that it is Euclidean. Indeed, if we define the
norm of an element in this ring by N(x + iy) = x> + y?, we obtain a homomorphism from
the multiplicative monoid Z[i]\ {0} to the multiplicative monoid N* of the integers > 1; this
follows from the fact that complex conjugation is an automorphism of Z[i], so we have

N(z122) = (i) 7i2) = (2121)(2222) = N(21)N(22),

which is exactly Diophantus’ identity.

The essential fact concerning Z[{] is that equipping it with the norm N, it becomes a
Euclidean ring, i.e. we can perform Euclidean division in Z[i]. Let x € Z[i] \ {0}; then for
every y € Z[i] there exist g and r in Z[{] such that

y=xq+r
with N(r) < N(x).

It follows that Z[{] is principal, and every element of Z[i] can be written in an essentially
unique way as a product of irreducible elements

ny

— m
X=ur; ---’,

where 7y, ..., 7, are non-associated irreducible elements of Z[{], and u is a unit of Z[i],
i.e. an element x of Z[{] such that N(x) = 1.
Apart from the prime number 2 in Z which can be written

2=i"M(1+i)?

(thus it is a prime number in Z which is “ramified” in Z[{]), the prime numbers in Z fall
into two categories:

(i) prime numbers of the form 4n — 1, which remain irreducible in Z[{] and which we
call the “inert” primes.
(ii) prime numbers p of the form 4n + 1, which split in Z[i], i.e. factor as

p=mn7a =N(),
where 7 denotes the number conjugate to 7.

This is precisely the delicate point of the theory, the one which gave Fermat so much
trouble. Let U and ¥ denote the kernel and the image of the homomorphism of monoids:

N :Z[i] — N.

The set U is precisely the group of units of Z[/], i.e. the group of the invertible elements
of this ring.

8 C.F Gauss 1777-1855.
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Theorem 1.6.2 (Crucial Theorem) Letp € N* be a prime. The following conditions are
equivalent:

D pek;
(ii) p is reducible in Z[i];
(iii) p =2 0rp = 1 mod 4.

Proof. (1) Let us first show that (i) <= (ii).
Indeed, if p € ¥, we have p = (a + bi)(a — bi) in Z[i], and this is a non-trivial decom-
position. Conversely, if p = zz; with z; and z; ¢ U, we see that N(p) = N(z1)N(z22), i.e.

p? = N(z)N(2).
As N(z;) > 1forj € {1, 2}, we obtain
p=N(z1) = N(z2),

sop € X.
(2) Let us show that (ii) <= (iii): this is the subtie point!
We know that p is reducible if and only if (p) = pZ{i] is not prime.
Consider the isomorphisms

ZIN = ZIX]/(XE+ 1)
ZIi)/(p) = ZIX]/(X* +1,p)

= (ZIX)/(p)/ (X2 + 1)
F[X1/(X* + 1).

I

e

If p # 2, we have

(p) reducible <= X? 41 factors in F,[X]
— -—-le (F;)"', the group of squares in F,
&= p=1mod(4) (Euler’s criterion)’. U
Proof of the theorem of two squares
Let n = n;n; be the decomposition of » as a product of

— its prime factors belonging to ¥, which gives #;;
— its prime factors not belonging to ¥, which gives n,.

Since ¥ is a monoid, n; € X, so if ny is a square, then n € Z. Conversely, suppose that
n € ¥ and ny is not a square; we will show that this leads to a contradiction.

Letn = a® + b%.

If ¢ is a prime number congruent to —1 modulo 4, which divides both a and b, then ¢?
divides n. Applying the same remark to 1/q%, we can suppose that none of the common
prime divisors of @ and b is congruent to —1 modulo 4.

° L. Euler 1707-1783.
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If n, is not a square, then it has a prime factor ¢ congruent to —1 modulo 4 whose
exponent is odd.

It follows that ¢ does not disappear in the reduction described above, and we are reduced
to the case

a* + b? = 0(mod q)

with a # 0 or b # 0 (mod g), which implies @ = 0 and b £ 0.
Thus, we have ab # 0 mod ¢, and dividing by b, we find that

(%)2 +1=0 (mod gq),

which is impossible since g is not congruent to 1 modulo 4. a

1.6.2 “Fermat-style” Proof of the Crucial Theorem

Lemma 1.6.1 Let N = a* + b? be an element of T, and let £ = x* + y* be a prime
divisor of N. Then not only is N /£ an element of L, but furthermore, there exist integers
u, v such that

Ne7l =2 02

a=ux+vy, b= |uy —vx|.
Remark 1.6.1 Naturally, we assume that a, b, x, y are positive.

Proof. The idea of the proof is that the division of N by £ can be done with the help of an
astute use of multiplication. Let us write

NL = (ax + by)? + (ay F bx)?, )

and let us show that the sign can be chosen so that each of the terms of the right-hand side
is divisible by £? (this is the “astute’”” multiplication).

If we start with the the last term, we must show that (ay — bx)(ay + bx) is divisible by
£. Indeed, we have

(ay — bx)(ay + bx) = azy2 — b’x*
= (@ + b))y — P+ )
=Ny* —b*¢ =0mod {.

Once the sign is correctly chosen, relation (1) shows that the first term of the right-hand
side is also divisible by £, so we have

ax £ by = tu, ay Fbx=4Lv 2)
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with # and v € Z. Hence
Ne™' = u? +4°.

But we can solve (2) for a (resp. for b) by multiplying the first relation by x (resp. y)
and the second by y (resp. by x). After simplifying by £, we find

a=ux+vy, b = t(uy — vx). U

Theorem 1.6.3 (Crucial Theorem) If a prime number p > 0 is congruent to 1 modulo
4, then it is a sum of two squares.

Proof. This proof is a simple reconstitution which follows Fermat’s (purely literary) text
step by step.

(1) If p = 1 modulo 4, then —1 is a square modulo p, so there exists a € N such that
@ +1=0 {mod p);
we can even choose a < p/2. Thus we have

@ +b*=Np, O0<N <p
(a,b) =1

where we simply take » = 1; it plays no role in what follows.

(2) We will now adopt Fermat’s reasoning by the absurd.

If p ¢ T, we apply the preceding lemma to N = N’p, assuming that all the prime
factors £ of N’ lie in X. We deduce that N/£ = (N’/£)p belongs to X, and we can keep
doing this as many times as necessary in order to obtain p € X, which is absurd.

Thus N’ has a prime factor £ < p which is not in X.

In this way, we construct a strictly decreasing sequence of prime numbers which do not
liein X.

Now, we started by assuming that ¢ and b were relatively prime, so all these prime
numbers must be congruent to 1 modulo 4, and the smallest such prime is 5. But 5 € Z,
contradiction! O

Remark 1.6.2 The last sentence is not actually necessary, since there cannot be an infinite
decreasing sequence of prime numbers < p. However, we put it in because it was part of
Fermat’s original argument.

1.6.3 Representations as Sums of Two Squares

Let r(n) denote the number of representations of # in the form a? + b*. Even if two rep-
resentations differ only by the order and the signs of @ and b, they are considered to be
distinct.
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Example 1.6.1

2= (+1)% + (£1)? r2) =4
1= (£1)? 4+ 0% =0°+ (£1)? r(l) =4
5=(£2)* + (1% = (£D* + (£2)* r(5) =38.

Using the fact that Z[i] is a principal ideal domain, we can prove the following result,
which we leave as an exercise.

Theorem 1.6.4 Let n € N* and let
n =2 npv,,(n) quq(n)

withp = 1 (mod 4) and g = —1 (mod 4) be the decomposition of n into prime factors. Then
we have:

(D) r(n) =0ifall the v,(n) are not even.
(i) r(n) =4 Hp(v,,(n) + 1) if all the v, (n) are even.

However, our main task is to count the proper representations of the odd numbers

which admit no prime factors congruent to —1 modulo 4. By this, we mean decompositions
of the type

n=a*+ b
(a,by =1,

up to exchanging a and b, or changing their signs.

Example 1.6.2
Let s(n) denote the number of proper representations of n. We have

s(H)=0 s(5) = 1.
If p is prime and p = 1 (mod 4), then s(p) = | (see theorem 1.6.5).

Lemma 1.6.2 Letn € N* and let p = x> + y? be an odd prime divisor of n.
Assume that n/p > 2 and n/p admits the proper representation

n/p = u* + 2.
Let

a = ux+vy, b=uy—vx

a = ux — vy, b = uy + vx.
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Then the representations n = a* + b* and n = a’* + b'? are distinct, and moreover:

() If p does not divide n/p, the two representations n = a* + b*> andn = a* + b2 are
proper.
(ii) If p divides n/p, then one is proper and the other is not.

Proof. (1) Wecheckthata # +a’, b # b, a # £V and b # +d'.
(2) Let us show that if p does not divide n/p , the two representations are proper.
Indeed, solving for u and v, we have

ax + by = up, dx+ Dby = up,
ay — bx = vp, ady—bx=—vp,

s0 (a, b) divides p (resp. (d’, ') divides p). But if (a, b) = p (resp. (&', ') = p), we see

that p? divides n, which is absurd. Thus (@, b) = (@', b') = 1.
(3) Finally if p divides n/p, we will show that p divides b¥'. Indeed, we have

bb = uty" —v?x? = z 2 —v2p.
p

Now, if p divides b (resp. ¥'), then p divides a (resp. @').
But if p divides a (resp. '), we have

ux = —vymod p (resp. ux = vy mod p)
SO
ux #£vymod p (resp. ux £ —vy mod p)

and p does not divide &’ (resp. a).

Thus one and only one of the two representations is proper. O
Theorem 1.6.5 Letn = p‘{”(n) o " be a number in X admitting only prime factors

congruent to I modulo 4. Then

s(n)y =2m71.

Proof.
(1) We know that s(p) = 1, because

p=7nn,

where 7 is unique modulo the units of Z[{].
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By lemma 1.6.2, we also have
() = s(p) = 1.
(2) Now, if (p, n) = 1 with n > 2, then lemma 1.6.2 shows that
s(p°n) = 2s(n).

(3) Thus we obtain the result by induction on m. 0

Corollary 1.6.1 Letn=1p be as in theorem 1.6.5, and let e > 1. If n® =
a® + b? is a proper representation of n° € X, then n has a proper representation u* + v*
such that

Vpy (1) Vi (1)
| .. Dm

a+ib=(u+iv)y.
Proof. Set
(u+iv) = P(u, v) +iQ.(u, v).
Then we want to show that by the theorem, the map

(u, v) ¥ (Pe(u, v), Qe(u, v))

induces a bijection between the proper representations.
Decomposing # in Z[i], we have

= ()" ()
= Nouyo@)
for every a € Z[i] of the form

e ,..nj;m Tt

o=
with Ay +py = v, (), ..., Ay + oy = vy, (n).
It is clear that if there exists an index v such that A, i, # 0, the representation of » in
the form X? + ¥? obtained using « (i.e. n = @) is not proper.
Moreover, « and o give the same representation, so we obtain at most 271 proper
representations. By the theorem we obtain only proper representations in this way.
The same criterion applies to n¢, hence the result. [

{.7 EULER-STYLE PROOF OF FERMAT’S LAST THEOREM FOR n =3

The proof we give here, which could easily have been Fermat’s very own, was actually
discovered by Euler'® in 1753; it makes use only of the theory of the quadratic form

10 Euler 1707-1783.
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X? + 3Y?, which is close to that of X2 + Y2. Later, in 1770, Euler gave a similar proof, in
the language of the arithmetic of Z[+/—3].
Consider the equation

x4 y3 =z, (D
We may assume that x, y, 7 are pairwise relatively prime and z is even. Setting
X=p+gq, y=r—4g
we obtain

P s NS
2043 =(5) . pa0. @)

and since x and y are odd, p* + 3¢ must be odd, which implies that p/4 € Z. We will
distinguish two cases according to whether or not z is a multiple of 3.
(1) If 3 does not divide
Then the two factors of the first term of (2) are relatively prime, so they are cubes:
p=4r PP +3g =5 .
By corollary 1.6.1 (adapted to Z[+/—3]), there exist u and v € Z such that
p = P3(u,v) = u(u+ 3v)(u — 3v)
g = Q3(u,v) = 3v(u’ —v?)

with (i, v) = 1.

Since g is odd, v is odd and u is even.

Since p/4 € Z, we see that u/4 € Z and since p/4 = r> and 3 does not divide p, we see
that u/4, u + 3v and u — 3v are cubes:

u=4a3, u+3v=p, u—73v=rc".
Thus we obtain
(=20 +b*+ =0 (3)

which is a second solution of (1), but in smaller integers (exercise).

(2) If z is a multiple of 3
Then p is divisible by 3, and as p and ¢ are relatively prime, we see that g is not divisible

by 3. We can write
S GIRON

sl +38) =)

and the two factors of the left-hand side are relatively prime cubes.

so p/4 1s a multiple of 9, thus
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Corollary 1.6.1 implies the existence of relatively prime # and v such that

p=36r,  g=Pyuv), §=&m»x
hence
—4r° = v(v + u)(v — u). 4)

Furthermore, we find that ¥ must be odd and v even since g is odd and
q = P3(u,v) = u(u + 3v)(u — 3v).

Multiplying the relation (4) by 2, we see that 2v, v 4 u, v — u must be cubes, hence we also
get a non-trivial solution of (3) in smaller integers (exercise). O

Remark 1.7.1 We will see in Exercise 1.7 that the equation
X4y =27 (G3)

can be treated in the same way, and its only non-trivial primitive solutions are (1, 1, 1).

1.8 KUMMER, 1847

Euler also introduced the ring Z[j], where j = e¢**"/? is a primitive third root of unity, in
order to study the Fermat equation of degree 3; he accepted the fact that the fundamental
theorem of arithmetic extends to Z[;] (fortunately for him, this is actually the case, although
it is not the case for the ring Z[+/—3]).

After him, other mathematicians (Lagrange, Gauss, Cauchy, Jacobi, Liouville) consid-
ered the possibility of generalising this idea to the rings Z[¢], where { denotes a root of
unity of odd prime order, and extending the fundamental theorem of arithmetic to these
fields.

In 1847, the Academy of Sciences in Paris was in a state of ferment over this question
(see [Ed] p. 76-80), when Liouville announced that Kummer had proved three years earlier
that the fundamental theorem of arithmetic did not extend to Z[¢], but that the theory of
prime factorisation could be saved by the introduction of “ideal numbers”.

This fundamental theory, published by Kummer!! in 1846 ([Kumy]), is essentially equiv-
alent to the theory of ideals in the ring Z[¢].

The following paragraph is devoted to a brief sketch of the latter.

1.8.1 The Ring of Integers of Q(¢)

For reasons of simplicity, we will assume that the primitive p-th root of unity ¢ lies in C;
we can, if we wish, represent ¢ by the number ¢2*/?, but the other primitive roots of unity
are just as legitimate.

I E E. Kummer 1810-1893.



PATHS 19

The minimal polynomial of ¢ over Q divides the cyclotomic polynomial

XP—1
G, X)=——=X"""4... 41,
p(X) X 1 + 4
so, if we prove that ®,(X) is irreducible in Q[X], then we will have proved that ®,(X) is
equal to the minimal polynomial of ¢. But the irreducibility of ®,(X) follows easily from
Eisenstein’s criterion!? ((VW1] p. 74). Indeed, the irreducibility of &, (X) is equivalent to
that of ®,(X + 1), but we have

X+ 1Y -1 .
‘b,,(X—i-]):L—%—:Xp_]+pX1’_2+...+(1;)XP“"‘l+...+p‘

As all of the coefficients of ®,(X 4 1) except for the first one are divisible by p, and the
last one is not divisible by p?, Eisenstein’s criterion implies that ®,(X + 1) is irreducible,
and thus, ®,(X) is irreducible, and it is the minimal polynomial of ¢.

It follows that the map

QIX]1 5 Q)
P(X) —> P({)

defines a homomorphism of Q[X] onto a subfield of C isomorphic to the quotient ring
QIX]/Ker ¢ = QIX]/(®p(X)),
so Q(¢) is an extension of Q of degree p — 1. We call it the field of p-th roots of unity.

Remark 1.8.1 Note that Q(¢)/Q is a Galois extension, as all of the roots of ®,(X) are
powers of ¢, so they belong to Q(¢); thus, every automorphism of C (continuous or not)
sends Q(¢) onto itself (see Chapter 3).

Let K/Q be a field extension and let « € K. The map

) K—K
“|x — ax

is an endomorphism of the Q-vector space K.

Definition 1.8.1 Forevery a € K, set

Normg g(a) = Nk g(a) = det(Ay)
Tracekq(a) = Trg,g(a) = trace(ry)

12 EG. Eisenstein 1823-1852.
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Example 1.8.1
Take a = ¢, and consider the following basis for Q(¢) as a vector space:

1,¢,..., 0072

The matrix of A4 in this basis is given by

0 O —1
1 0 -1
0 1 —1
0 O I -1
since Aq(¢) =Pl = —1—¢ — ... = P72 If p is odd, we then have

No@yp (6) =1
Troeygf) = —1.

Proposition 1.8.1 If K/Q(«) is an extension of degree s, then
Ngola) = (ajap - - o)’
Trgpp(@) = s(o + -+ + @),

where a1, .. ., oy denote the conjugates of a over Q.

Remark 1.8.2

(1) The conjugates of « are the roots in € of the irreducible polynomial of « over Q.

(2) For a proof of this proposition, see [Ca 1] appendix B.

(3) Ngk,q is ahomomorphism from K* to Q*, and Trk g is a homomorphism from (K, +)
to (Q, +).

Definition 1.8.2 Lerx € C. We say that x is integral if there exists a monic polynomial
F(X) € Z[X] such that F(x) = 0.

Remark 1.8.3 A polynomial is called “monic” when the coefficient of the highest degree
term is equal to 1.

Example 1.8.2

(1) Since ¢ is a p-th root of unity, we see that ¢ is a root of F(X) = X7 — 1,s0 ¢ is
integral.

(2) If x is integral and if o € Aut(C) is a (continuous or discontinuous) automorphism of
C, then o (x) is integral.

(3) If x € Q is integral, then x € Z.
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@) If x € Q(&) is integral, then Ngy,0(x) and Trg)q(x) are rational integers, so they
lie in Z.

In this text, we admit the following well-known theorem (cf [Sa] p. 35).

Theorem/Definition 1.8.1 Let K/Q be a field extension. The set of integral elements of
K forms a subring of K which we call the integral closure of Z in K, or the ring of integers
of K.

Example 1.8.3
The ring Z[¢] is the smallest subring (of C) containing Z and . As ¢ is integral, Z[¢] is
contained in the ring of integers of Q(¢). Let us now prove that Z[¢] is the integral closure

of Z'in Q(¢).

Lemma 1.8.1 Let p be an odd prime. Then the following families form Z-bases of Z[{]:

M 1,¢...,0072
@) ¢, 2% ..., ¢!
Gii) 1,7,..., 7P 2withn =¢ — 1.
Proof. To start with, note that 1, ¢, ..., ?~! forms a system of generators of Z[Z].
(i) Since 7! = —1 — ¢ --- — P72, we see that the family given in the statement is a
system of generators of Z[{].
If we have

ap+ail + -+ a2’ =0,

we deduce that ®,(X) divides the polynomial ag + a;X + - -+ + a,—2XP~2, which shows
that all the a; are zero.
(ii) The matrix of the new family in the old basis is given by

0 0 -1
1 -1
0 1 -1
0 0 1 -1
Since this matrix has determinant 1, the new family is also a basis.
(ifi) The same reasoning holds for the family 1, =, ..., P2, by computing the matrix
with respectto 1, ¢, ..., £P72. |

Lemma 1.8.2 Serm =¢ — 1. Then

() Ng)/olm) = p.
(i) All the conjugates of w are associated to 7 (i.e. products of T and a unit).
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(iii) p is associated to mP~\.
(iv) Ifn € Z, then & divides n if and only if p divides n.
(v) The ideal generated by  is maximal in 7).
Proof.

(i) As 7 is aroot of the polynomial ®,(X + 1), it suffices to note that the constant term
of this polynomial is equal to p.
(ii) The conjugates of 7 are

;_1’4-2_]’.‘.74‘17—]_1’

and we see that

{2—- l=uwm,..., 07" —1 = u, 7,
where u, ..., u,_; are elements of Z[{]. Furthermore, it is clear that the norms of
uy, ..., up_ are all equal to 1, so these elements are units.

(iii) Since ®,(X + 1) is irreducible, its constant term is the product of the conjugates of 7.
(iv) It suffices to show that if  divides n, then p divides n. To see this, it suffices to take
the norms of the numbers n and o to see that in fact p divides #”~!, so p divides n.

(v) By (iii) of lemma 1.8.1, we see that

ZiL) () =2/ ()N L,
but by (iv) we have () N Z = (p), so Z[¢]/(w) = F,, which is a field. 0

Remark 1.8.4 Recall that x € C* is a unit if and only if both x and x~! are integral. It
follows that the product of the conjugates of a unit x must be an integer in Z which divides
1;i.e.if x € K, then

N[(/Q(x) ==+1.

Conversely, if x € K is integral of norm 1, then x is a unit since x~! is a product of integral
numbers. If x is a unit, all of its conjugates are units. The units of Z[¢ ] form a group under
multiplication; it is the largest multiplicative group contained in Z[{].

Theorem 1.8.2 The integral closure of Z. in Q(C) is Z[Z].

Proof. Let A be the integral closure of Z in Q(¢). We saw that Z[{] C A, so it suffices to
show that A C Z[¢].
(i) Letx € A; we can write

x=ag+al+--+a, 20"
with a; € Q. It follows that

(1= Ox =ap+ (@ — )¢ + -+ (apa — ap-3)" % — ap_r¢7"
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Since A is aring and x € A, we have (1 — ¢)x € A, so
Troeyl ~Ox = (p— Dag + (ap —a) + - + (@3 —ap-2) + a2 € Z,

which simplifies to p ag € Z. Replacing x by ¢ ~'x, ¢ ~2x, etc., all of which lie in A, we
obtainpa, € Z,pa; € Z, etc.

(ii) To show that the g; actually lie in Z, we use a trick which goes back at least to
Kummer, and use the third basis of lemma 1.8.1 to write

px=by+ b+ +b, w2 (1)
Since p ~ P71, we see (successively) that 7 divides b, by, ..., bp—2, so by (iv) of lemma
1.8.2, p divides by, by, ..., b,_». O

1.8.2 A Lemma of Kummer on the Units of Z[(]

The goal of this paragraph is to prove the following lemma, in which p is assumed to be an
odd prime and ¢ is assumed to lie in the field of complex numbers C.

Lemma 1.8.3 Let e be a unit contained in Z[{], and let e be the complex conjugate unit.
Then we have

ele=1¢"
with) <r<p-—1.
Proof. Kummer’s proof can be separated into two parts. First, one shows that
e/é =",

and then that the sign is +.
(i) Kummer sets

efe=ap+al+-- +a, 1P =E©)

with E(x) =ag+ a1 X + - - 4+ g, XP ~!. Naturally, this expression is not unique!
It follows that we have

I =¢/e.efe = E(Q)EQC"™") = R(Q)

where R(X) = Ag+A X +---+ AP,IX”*1 is the remainder after dividing EX)EXP
by XP — 1.
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Replacing X by 1 in the identity of the division, we obtain

Ao+ +Ap 1 =(a+-+a 1) =L (1)

Replacing X by ¢ in the same identity, we obtain
Ag+ AL+ + A, =1, 2)
which gives
Ag—1=A=---=A4A,.
Let k denote this integer. Replacing Ay, ..., A,_| by their values as functions of & in (1),
we have
(@+-+a, 1)*=1+pk=1mod p,

)

ag+---+a,_ =xlmod p,

and, as the g; are only unique up to translation, we may assume that
o+ +apy =1, 3)
which implies that for this particular choice of the a;, we have k = 0, so
Ag=1 and A =---=A4, =0

But if we actually compute R(X), we find that

Ap :a(2)+af+~~+a,2,_|,
so one of the a? is equal to | and the others are zero. Thus

efe=+2;", 0<r<p-1.

(ii) To determine the sign, we write u € Z[¢] in the basis ¢, ..., ¢"! as
u=FQ@Q) =cit+- -+t
We have
u—i=ci (= )+ @t =,

so we see that ¢ — ¢ ' divides u — &, so 7 divides « — u.

Now if e/é = —¢" = —{"*P, we can assume that the exponent of ¢ is equal to 2s.

If wesetu = e¢™*, wesee thatu = —u € Z[¢].

It follows that u — u = 2u, so p divides the norm of 2u.

As this is equal to £27~! we obtain a contradiction. U

Remark 1.8.5 A more modern but less efficient method for proving the same result consists
in noting that every unit of Z[Z] is of the form p¢” with p € Z[¢] N R; for more detail see
[St.T] p. 208.
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1.8.3 The Ideals of Z[{]

The ring Z[¢] is not always factorial; in particular, it is not factorial when p = 23. However,

the theory of factorisation in this ring is not completely lost, since Z[¢] is what is known

as a Dedekind domain'3.

Definition 1.8.3 Let A be a commutative integral ring. We say that A is a Dedekind
domain if:

(i) A is Noetherian.
(ii) A is integrally closed.
(iii) Every non-zero prime ideal of A is maximal.

Explanations

(i) We say that A is Noetherian if every ideal of A can be generated by a finite number
of elements.
(ii) We say that A is integrally closed if any integral element of the field of fractions of A
is contained in A (here, we can assume that A contains Z).
(iii) We say that an ideal / of A is maximal when the only ideal of A which strictly contains
1 is A itself.

The set of non-zero ideals of a Dedekind domain A can be equipped with a multiplication
which makes it into a commutative, simplifiable monoid, whose identity element is A itself.
Curiously, the only thing we will need here is the definition of the multiplication of principal
ideals, which is exactly as in the case of a principal ideal domain, i.e.

(@)(B) := (aB).

In the general case, the product of two ideals I and J is the ideal generated by the products
ij of elements i € I and j € J (see [Sa] p. 57).

The essential theorem concerning Z{¢] is a special case of the following theorem, the
proof of which can be found in [Sa] p. 60-61.

Fundamental Theorem 1.8.3 In a Dedekind domain, every non-zero ideal can be written
as a product of prime ideals, in a unique way up to reordering the factors.

Now, we need to show that Z[¢] is a Dedekind domain.

Proposition 1.8.2 Let A be a Dedekind domain with field of fractions K. Let L be a
separable extension of finite degree of K, and let B be the integral closure of Ain L (i.e. B
is the set of x € L which are roots of some monic polynomial with coefficients in A). Then
B is also a Dedekind domain.

Once we know this criterion, we can take A = Z (which is principal, so a Dedekind
domain), K = Q and L = Q(¢). Then we see that B = Z [£] is a Dedekind domain.

13 R. Dedekind 1831-1916.
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Remark 1.8.6

(1) In fact, one can show that a Dedekind domain is much more than just a Noetherian
ring; for instance an ideal of a Dedekind domain is generated by at most two elements
[Hecl] p. 86.

(2) One essential articulation point of the theory is the equivalence of the two following
assertions:

(i) the (non-zero) ideal I divides the principal ideal (o)
(ii) « €1 (we say that I “divides” «).
(3) To Kummer, ideals were “abstract numbers”.
In fact, to each non-zero ideal b of A, we can associate an integral number b ¢ C
such that b is the set of x € A which are divisible by b (cf. [Hec 1], p. 107, 108).
This remark illustrates the banal fact that when speaking of a mathematical object
defined up to isomorphism, the properties of the object are more fundamental than its
particular nature.

1.8.4 Kummer’s Proof (1847)

To begin with, note that if x € Z[¢], i.e. if
x=ag+arl +-- +ap 0"
with a; € Z, then

W =af+ @Y + -+ (@2
=ap+a + - +a,_omodpZ[], )]

ie. x” is congruent modulo p to an element of Z.
Kummer needed the converse of this proposition when x is a unit, and he also needed
to know that if / is an non-zero ideal such that I” is principal, then [ is principal.
Unfortunately, these assertions do not always hold, and Kummer eventually realised
this. He then gave the following definition.

Definition 1.8.4 The prime number p is said to be regular if the following condition
(A) relative to the ring of integers 7{] of the field of the p-th roots of unity is satisfied:

(A) For every non-zero prime ideal I of Z[¢1, we have
(I? is principal Y == (I is principal).

Kummer showed that condition (A) implies the following assertion (B):

(B) Every unit of Z[{] congruent modulo p 1o an integer of Z is a p-th powerin Z [{].
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Theorem 1.8.4 (Kummer’s Theorem) [fp is a regular prime > 3, then Fermat’s asser-
tion for the exponent p holds.

Proof. 'The proof is divided into two cases.
(i) First case: assume that

X +yY+" =0
with x, y, z relatively prime and
xyz # 0 mod p.
In 1847, everyone was considering the possibility of writing
@ NG+ gy = =2 )

and Kummer was able to establish that the factors of the left-hand side were pairwise
relatively prime. Indeed, if two of them, say the first two, had a common “ideal” divisor D
in Z[Z], then we would have

C-DxeD

and as x and y are relatively prime, there exist # and v € Z such that ux 4+ vy = 1 by the
theorem of Bachet (usually known as Bézout’s theorem). It follows that w € D, so p would
divide the first term of (2), so it would divide z, which is impossible.

Since Z[¢] is a Dedekind domain, each of the principal ideals

G+, G+, )

is the p-th power of a ideal. In particular, (x + ¢y) = I?, where I is an ideal of Z[¢], and
by condition (A), the ideal / must be principal, so

x+y=et’ 3)

where e, ¢ € Z[] and e is a unit.
Complex conjugation transforms (3) into

x+iy=et.
Now, we saw in (1) above that
' = 1" mod pZ[¢]
and furthermore, we know by lemma 1.8.2 that e/e = ¢". Thus, we have

x4+ g:y =¢"el =7 (x+ ¢y) mod p.
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Multiplying by ¢” we have
¢'(x+¢7'y) = x+ ¢{ymodp. “
Note that » = 0 is impossible, since it implies that
(¢* = 1)y = 0 mod p.

So all the coordinates of the left-hand side in the basis (i) of lemma 1.8.1 must be divisible
by p, which implies that y = 0 mod p, contradiction!
If r = 1, we have

tx+y=x+ymodp,
which implies that p divides x — y. If r = 2, we have
L(&x+y)=x+¢ymodp.

This gives x = 0 mod p, contradiction!
Similarly, we see that the other values of r up to p — 2 are impossible. Only r = p — 1
remains; multiplying by ¢? we have the congruence

tx+y =¢34 ¢y (mod p),

which again gives x = 0 mod p by lemma 1.8.1. Thus, we must have x = y mod p, and by
symmetry,

x=y=zmodp.
It follows that
3x” = 0 mod p,

and as p > 3, we obtain a contradiction.
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(if) Second case: assume that z is divisible by p.
Then all the factors of the left-hand side of (2) are divisible by &, since we have

x+y=x"+y =0modp.
Hence, for example
x+¢y=(x+y)+nmy=0mod .

Moreover, we see that x 4 y (for example) is divisible only once by . Up to this difference,
we can apply the reasoning of (i), and we obtain

x+iy=me t;
x+§_1}’=”€—1 tp_l
x+y=m et

where e, e_, ¢ are units and #;, ¢_1, &, are pairwise relatively prime integers of Z[{ ] not
divisible by 7, and where k = n(p — 1) — 1 with n > 1. Eliminating x and y by using the
three linear equations, we obtain
eit] — eo(1 + )P 1f + ceat” = 0.

It is easy to see that « = 1 + ¢ is a unit since £2 — 1 = um, so we have

A +iler/e) ) =en’s
where e is a unit. But modulo p, we have

; +t(e_y/er) ) =0mod p,
and it follows from the considerations at the beginning of 1.8.3 that ¢ (e_;/e;) is congruent
to a rational integer modulo p. By condition (B) above, it is then the p-th power of a unit of
Z[¢], so we obtain an equation of the type

K+ =enP?, keN* &)
with x, y, z € Z[¢] pairwise relatively prime, and such that

xyz # Omod 7.

Equation (5) is a generalisation of the second case of Fermat’s equation, and can be treated
in the same way, replacing y by ¢y withj € {0, 1,...,p — 1}.
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Indeed, we have

x = ag + ay mod n?
yEbo+b17T mod 72

with ag, a1, by, by in Z. Hence

x+ ¢y = (ao + aym) + (1 + Y (b + by) mod 7
= (ap + bo) + [a| + b1 + jbo)m mod 2.

As by # 0 mod 7, there exists an integer j € {0, 1,...,p — 1} such that @) + b, +jby =0
mod p. As 7 divides

@+ )+ ¢y) -+ 877 y) = (ag + bo) mod 7,
we see that ag + by = 0 mod p. Thus, if we replace y by ¢/y, we have

x+ly=me ]
x+y=mgPhDHe i withptk — 1)+ 1>2
x+¢ly=me 1),

which implies that
k> 1. (6)
As above, we find a new equation of the type
xP 4y = emPhizp
with xyz # 0 mod 7 and k; = k — 1. After a certain number of steps, we arrive at
xP 4y =emPhig?
with &, = 1, which is is impossible by (6). a

Note that only the second part of the proof (second case of Fermat’s equation) uses
infinite descent.

Remark 1.8.7 It is more difficult to apply Kummer’s methods to the equation
Xy + 227 =0. (Gp)
However, Dénes [Den] established a general theorem for a family of odd regular p which

implies that (G,) admits only the primitive non-trivial solution (1, 1, —1) when p < 31
(see Chapter 6, Section 6.7).
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1.8.5 Regular Primes

Beautiful as it is, Kummer’s proof would serve no purpose if there were no regular primes.
Thus, Kummer immediately set to searching for a practical criterion to determine if a given
odd prime number p is regular.

Kummer’s criterion
The prime number p > 5 is regular if and only if p does not divide any of the numerators
of the Bernoulli numbers By, By, . .., B,_3.

A proof of this criterion lies beyond the scope of this book (see [Kum], [Ed] Chapter 6
or [B-CJ); we restrict ourselves to noting that among the primes less than 100, only 37, 59
and 67 are irregular.

Kummer thought that there existed an infinite number of regular primes, but no one has
yet been able to prove this conjecture. However, it is quite easy to prove that there exists an
infinite number of irregular primes [[-R], p. 241.

It is now time to recall the definition of the Bernoulli numbers, numbers which first
appeared in a treatise on probability entitled “Ars Conjectandi”, which was published in
1713, eight years after the death of its author, Jakob Bernoulli'*.

In Jakob Bernoulli’s treatise, the Bernoulli numbers are the universal coefficients
A, B, C, ... of a formula which must hold for every ¢ € N:

1 1 c _ clc— Dic—2) _
1¢ c c+1 ac _Acl Bc3
R e L L P
—Dc—2)(c-3)(c—-4
cle—De-D=3e-4) . s
2-3-4-5-6
A simple computation shows that
1 1 1
A=-, B=——, C=—,....
6 30 42

Modern notation leads to the following definition.

Definition 1.8.5 The sequence By, B, B,, ... of Bernoulli numbers is defined by
By =1and

1+2B, =0

1+3B, +3B,=0
1+4B,+ 6By +4B; =0

1+35B; +10B; + 10B3 + 5B, =0

where the coefficients which appear in the left-hand side are the binomial coefficients.

14§ Bernoulli 1654—1705.
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Proposition 1.8.3 We have

Proof. If we muitiply the two terms of the equation by ¢’ — 1, we obtain the induction
relation of the definition. O

Theorem 1.8.5 (Bernoulli’s Theorem) For m > 1, set
Sp(n) =1"+... 4+ (- D"

Then we have

m+ DSp(n) =Y (m: 1) By nHIk,

k=0
Proof. We start from the identity
00 m
ki m
e¥ = K"—, k=0,1,2,...,m—1,
,;) m!
and add to obtain
o0} tm
t 2t 4 . (n—Dr _ -
l+e+e’+---+e —ZSm(n)m!.

m=0

We next remark that the left-hand side is
ent -1 ent -1 t o0 X th_l x Zk
== (X T)(ZBE)

and taking the product, we find the resuit. .

Remark 1.8.8 (1) We easily show that for odd & > 1, we have B, = 0. Also, the number
(—1)"*!B,,, is positive and |Ba,| > 2(m/me)*™; this implies that the numerators of the
Bernoulli numbers of even index become very large as m tends to infinity.

(2) Certain identities concerning the Bernoulli numbers are much easier to memorise
by using the so-called “symbolic” notation.

If we suppose that f(X) = ag + a1 X + - - - + @, X" € C[X], then by definition we write

f(B) :=agBy +aB; + - -+ a,B,.

With this notation, Bernoulli’s theorem becomes

1
Sain) = m_ﬁ [(n +B)m+l _ (B)m+]] ,
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ie.

2‘: [<X+B)"'+'}
=0 m+ 1 o

More generally, if g(X) denotes an integral of the polynomial f (X), we have the summation
formula

n—1

> Fy =[eX + B

(3) A famous formula of Euler'® gives the values of ¢(2n) in terms of 72" and By,.
Indeed, recall that the Riemann'® ¢ function is defined by

Z(s) = Z —  whenRe(s) > 1.

n>1

Furthermore, a classical identity of Euler ([Va] p. 43) gives

TCOlg Mz = — 7
eniel s 3 2 "
It follows that
) 2inz x 72
wzeotg mz = imz + g 1 +22m,

ie.
00 " 0
: LI /] _ 2n
irz + mE=O(2m) Bmﬁ =1-2 "Ezo £ (2n)z",

which gives Euler’s famous formula

B (2in)2" e @O
C(2n)——2(2n), m = (—1) 20m)!

2n
) B, ®

1.9 THE CURRENT APPROACH

Let us give a point-by-point summary of the mathematical history covered in this Chapter.

(a) In 1.5, we explained how Fermat, using infinite descent, was able to prove his
famous assertion for n = 4, while remaining within the framework of the arithmetic of the
ring of rational integers.

15 L. Euler 1707-1783.
16 B, Riemann 1826-1866.
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(b) The case where n = 3 is more difficult (although Fermat did assert several times
that he had solved it). The proof we gave above in 1.7 (and which could easily have been
Fermat’s own) obliges us to extend the narrow framework of the rational integers to

— either the representation of the positive integers by the quadratic form X? + 3Y?
— or the arithmetic of the ring Z{~/—3],

and, as Euler understood, these two approaches are actually closely related.

(c) When n is a relatively large prime number p, the first approach, i.e. the one using
the representation of the rational integers by quadratic forms, does not give rise to any
conclusions, but Kummer managed to develop the arithmetic of Z[¢] deeply enough to
obtain a general proof of Fermat’s assertion for a large number of values of p (as we saw in
1.8), though not for all values of p.

(d) The current approach (which made its first appearance in 1969, at the Journées
Arithmétiques in Bordeaux, see the Appendix) consists in extending the framework for
studying Fermat’s assertion once again, by associating to every solution in relatively prime
integers a, b, ¢ of the Fermat equation

@+ +5=0
a certain elliptic curve Ey g ¢ of equation

Y2=XX—a’ X +b°) or
Y2 =XX+a" )X —-b)

(one of these curves is always a little better than the other).

In this way, one passes from the finite extension Z[¢ ] of Z to the infinite (and transcen-
dental) extension Z[X, VXX T a?)(X £ bP)].

In 1969, it was not possible to develop a deep theory of the curves E4 p ¢, because
the theory of elliptic curves was itself not developed enough to conclude (although it was
already quite possible to perceive that the curve E4 g ¢ was “very beautiful”). But in 1986,
K. Ribet showed that if a (relatively) old conjecture concerning certain elliptic curves was
known to hold, then applying that conjecture to the curve Ej4 g ¢ gave a proof of Fermat’s
assertion.

This last point shows us the direction we will next take: an introduction to elliptic curves.

COMMENTARY
This Chapter is essentially historical in nature; it follows the various attempts to approach
Fermat’s last theorem, by methods which can be described by the following list.

The pedestrian route
This route was taken by Fermat himself for the exponent 4, then by Lamé and Lebesgue for
the exponent 7.

The procedure consists in reducing the problem to the impossibility of finding integral
solutions to the equations f2 = r* + 4s* when n = 4, and f? = r* — (3/4) r%s> + (1/7) s*
when n = 7, using the method of infinite descent.
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Quadratic forms

Perhaps, for odd p, Fermat associated the quadratic form X?4(—1)?+1/2pY? to his equation.
In any case, it is certain that Euler did this for p = 3, and then Legendre and Dirichlet did
itforp =35.

Cyclotomic extensions

From De Moivre!? in the 17th century, we know how to factor x” + y? into a product of
first-degree factors in x and y, which makes it natural to consider the set of numbers deduced
from ¢, = €*™/? by addition, subtraction and multiplication, i.e. the ring of cyclotomic inte-
gers. Using this, Kummer succeeded in proving Fermat’s assertion for all “regular” primes.
Unfortunately, it is still not known whether there exists an infinity of regular primes.

The elliptic approach
This approach is much more recent than the ones described above; it dates back to 1969,
and the goal of this book is to describe it.

For details concerning “the pedestrian route” and “quadratic forms”, the reader should
study the book by A. Weil [Weil, the article by Christian Houzel [Hou 1], and the book by
Catherine Goldstein [Go). I would also like to indicate the intriguing theories developed by
Van der Waerden et al. (see [F-G] and [VW 1)), for those readers with prehistorical interests.

“Kummer’s monument” is described with talent in the book by Edwards, [Ed]; this
book provides a real introduction to algebraic number theory. We also refer to the book by
Samuel [Sa] for theoretical notions about Dedekind domains.

The elliptic approach is in fact the main object of the present text. A great many different
historical points of view on elliptic curves can be found in Chapter 4 and in the exercises
and problems. For a more systematic presentation of the contributions of Fermat and Euler
to this theory, we refer to Weil’s book. We should also draw attention to the Appendix at the
end of this volume, which reproduces the text of a lecture given in Cambridge, on November
28, 1995, explaining the circumstances which gave rise to the construction of elliptic curves
linked to hypothetical non-trivial solutions of Fermat’s equation.

Exercises and Problems for Chapter |

1.1 Give an exhaustive solution in rational numbers to the problem of Diophantus’ which Fermat
commented in the famous margin (see the introduction to Chapter 1).

1.2 Solve the following problem of Diophantus:
Find two (rational) numbers such that the square of each of them, augmented by the sum of
these two numbers, forms a square.
Comment on the following solution, proposed by Diophantus:
We assume that the smallest number is x and the largest x + 1, so that 2+ x+ D= 0.
But we also need (x + 12 + 2x+ 1) = 0.
We set:

P +dx+2=(x—2)>

and we find (1/4,5/4).

17" A. De Moivre 1667-1754.
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1.3 (A systematised version of Diophantus)
Consider the conic

Y2 =aX? +bX +c.

Find a rational point on this conicifa=0, c=Oora+b+c=0.
Parametrise the conic.

1.4 (A systematised version of Diophantus)
Consider the biquadratic curve

Y2 =aX? 4+ bX +c:= PXX)
Z2=adX*+ VX +c = 0X)

If P and Q have a common root on the projective line, this curve is of “genus 0 (parametrisable).
Otherwise it is of “genus 1” (non-parametrisable).

Show that if (as in Diophantus) P — Q has two rational solutions on the projective line, then
the quadric

Y2-72=pP-0Q

has a rational parametrisation over Q. Show that if @ and @’ (or ¢ and ¢’) are both squares, the
biquadratic equation has two rational points (even in genus 1) in projective space.

1.5 We propose to show that the surface of equation

Ayt =22
has no non-trivial integral points.

(i) Show that we can assume that (x, y) = 1.
(ii) Assuming that (x, y) = 1 and y is even, show that there exists g and b € Z such that

x%=d® — b, y2 = 2ab.
(iii) Deduce that there exists ¢ and d € Z such that
¥ = 4cd(c? + d*)

and that (c,d) =1, ¢d = 0 mod 2.
(iv) Deduce the existence of u, v, w € Z such that

C:uz, d:vz, 02+d2=W2.
(v) Conclude by using infinite descent.
1.6 Consider the equation in Z>
A oyt=2 (£)

(i) Show that (E) has no primitive non-trivial solutions for which y is even (this can be
deduced from Fermat’s theorem on the area of Pythagorean triangles).
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(ii) We propose to show that the equation (E) has no non-trivial solutions.

Show that if (a, b, ¢) is a primitive solution of (E) for which |a| is minimal and b is
odd, the equation (E) has one other solution of the same type for which 0 < [x| < |al.
Conclude.

(iif) Using paragraph 1.5, show that all the primitive solutions of

Ayt =27 (E)
satisfy x2 = y2 = 72 = 1.
1.7 'We propose to show that the equation
24y =27 (G3)
admits only the primitive solutions +(1, —1, 0) and £(1, 1, 1).
(i) Proceeding as in 1.7, show that
x=p+q, y=pr—4g

with p and q relatively prime of different parity, such that

p(P*+3¢) =2, pg#0

(ii) Show that if 3 does not divide z, we have

p=r, P 437 = 5.

Deduce that there exist relatively prime u and v € Z such that
= =p=u(u+3v)(u—3v), qg= 3v(u2 —v).
Deduce a second solution of (G3) for which
a3=u+3v, b3=u—3v, S=u
and show that |¢| < |z] if the solution (x, y, z) is not (1, 1, 1).
Show that |c| > 1 and conclude.
(iii) Now assume that 3 divides z.
Show that 32 divides p, but not g. Set
p=3%, z=37.
Show that
P+ ="

and that

p’ = 27p'2 + q2 =5,
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Deduce that there exist relatively prime u and v € Z such that
g = u(u+ 3v)(u — 3v), = =p’ = v(u2 —vz).
Deduce a second solution of (G3) for which
@ =v+u, B =v—u, c=v
and show that |c| < |z|.

Show that |¢| > 1 and conclude.

1.8 Show that it is impossible to find four squares in an arithmetic progression.
1.9 Show that every divisor of x? + 2y is of this form.

1.10 Show that every odd divisor of x% + 3y? is of this form.

1.11 Show that every divisor of x> — 2y? is of this form.

1.12 Show that if N3 = a? + Ab?, with (a, b) = 1 and A = 2, then N = u® + Av? with (u, v) such
that

a=u’-34w?, b =3ty — A

Solve the same problem for A = 3 and N odd.

1.13 Mason’s Theorem (anticipated by Liouville, Korkine and Stothers).
For every non-zero P(t) € Clt], set

rad P(t) = ]"[ (t —a) € C[z].

a€Roots (P)

Note thatif P € C*, thenrad P = 1.

(i) Consider three non-zero pairwise relatively prime polynomials A, B, C in C(¢), such that

A+B+C=0.
Show that we have
A’ B’ B C C' A
A B|~|B C‘ ~c A"

(i) Deduce that if AB ¢ C, then

ABC
deg(—225 ) < deg(AB).
eg(rad(ABC)) < deg(dB)

(iif) Show that if deg(ABC) > 0, then
sup(deg A, deg B, deg C) < degrad(ABC).

(iv) Deduce that if n > 3, the curve X" + Y" 4+ Z" = 0 cannot be parametrised by elements
of C(z).
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1.14 Use Mason’s theorem to show that the biquadratic curve

Y2=X2+T7°
72 _x2_ 712

cannot be parametrised by elements of C(r) (giving a non-constant parametrisation).

1.15 Show that the area of a Pythagorean triangle with integral sides is always divisible by 6. Find a
Pythagorean triangle with integral sides whose area is equal to 6.

Let n be a square-free integer. We say that n is “congruent” if it is the area of a Pythagorean
triangle with rational coefficients.

What is the value of » if the sides of the right angle are 3/2 and 20/3? Can one find a triangle
with integral sides having the same area?

1.16 SetL = Q(~/-5) c C.

(i) Show that the integral closure of Z in L is Z[+/—5].
(ii) Show that the units of Z[+/—35] are the numbers +1.
(iii) Show that 2 and 3 remain irreducible in Z[+/—3] .

(iv) Show that 1 4+ +/—5 is irreducible in Z[+/—5]. What can one say of | — +~/—57?
(v) Using the relation

2.3=(1+V=35)(1 - V=5,

show that Z[+/—5] is not a factorial ring.
(vi) Knowing that Z[+/—5] is a Dedekind domain, give a decomposition of the principal ideal
(6) as a product of prime ideals.

1.17 Let us prove the following theorem of Bachet (1621): Every positive integer is a sum of four
(possibly zero) squares.

(i) Prove Euler’s identity:
@+ ++dDN?+ B +y? + 865 =A* + B2+ C? + D7,
with
A=ax+bB+cy +dé
B=oaff —ba+cs—dy

C=ay —ca—bs+dp
D=aé—-da+by —cB

(ii) Deduce that this suffices to prove the crucial theorem
Every prime number is a sum of 4 squares.
(iii) Show that if p is prime there exists n € N and four integers a, b, ¢, d such that
P+ +ct+d>=np O<n<p M
(a,b,c,d)y=1.

Let ¥ denote the set of integers of N which are sums of two squares.
When p € X, we will show that we can take ¢ = d = 0.
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When p ¢ ¥, we denote by
Loror, .o rp—n2
the set of quadratic residues of p (recall that —1 is not one). We set:
E={L1+1L1+r, ... t+rp_nel

Show that #E = (p + 1)/2, and deduce that E contains at least one non-residue. Deduce
a relation of the desired type with d = 0.
(iv) Divide a, b, ¢, d by n so that

=wnta, lol < 5
a=xn+uw, x| =< 2

n
b=yn+ 8, |B] < 5
=m+y, Iyl <3
e=zn+vy, Y= 5

n
d=m+68, |8 < =.

2

Show that
o+ B2y + 82 =nr withr <n. )

(v) Show that in the case where r = 1, we have n = 2, hence a® + b? + ¢ + d? = 2p.
Deduce that p is a sum of 4 squares (compare with (vi)).
(vi) Assume now that r < n.
Multiplying (1) by (2), we obtain

A+ B+ C* 4+ D? = pra%;
check that A, B, C and D are divisible by n. Deduce that
A?+B*+C*+D? =pr.
(vii) Show that we can divide A’, B, C’, D’ by their largest common divisor to obtain

AP+ +d =ps s<r<n<p
@,v.,c,dy=1.

(viii) Conclude using infinite descent.

1.18 The goal of this exercise is to study the ring

A=Z[V-3]={x+yvV—3; xe€Zandye Z} CC.
As in the main text, set
N +yd/=3) = x° + 3y2.

(i) Show that N is a multiplicative homomorphism from the monoid (A4*, x) to (N*, x).
(ii) Determine the units of A.
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(iii) Consider the relation

2x2=(14++=3)1 —~/—3).

Show that 2, 1 + +/—3 are irreducible and not associated. Is the ring A a principal ideal
domain?

(iv) Is the ring A Noetherian? (recall that every quotient of a Noetherian ring is Noetherian,
and that if R is Noetherian then so is R[X]).

(v) Is the ring A integrally closed in its field of fractions?

(vi) Determine the integral closure O of Z in Q(+/—3) (setj = (—1 + +/—=3)/2).
(vii) How can one interpret the relation in question (iii) in the Dedekind domain O?

(viil) Show that the set 24 + (1 + +/—3)A is a maximal (so a prime) ideal of A.
(ix) Let P = (2, 1 4+ +/—3) denote the ideal above. For every ideal Q, let PQ denote the ideal
generated by the products of elements of P and Q. Show that

Pr=()-P
where (2) denotes the ideal 2A.

(x) Deduce that A is not a Dedekind domain. Could we have foreseen this result?
1.19 We propose to establish the formula

2z
2 —m?

1 o0
meotgmwz = -+
& z 2_:
m=1
forze C\ Z.

(i) Show that the infinite product

f@= Z,!(L:[1 (1 — §>ez/njj (1 _ %)e—z/n

converges uniformly on every compact subset of C \ Z.
(if) Show that f is an odd integral function of period 1.
(iii) Set

1
sinmwz _f(z—).

Show that g is bounded in § := {z € C; 0 < Re(z) < 1, |Imz| > 1} and that g(z) tends
to zero when |Im(z)] tends to infinity.

(iv) Using Liouville’s theorem, show that g = 0.
(v) Conclude by taking the logarithmic derivative of (sinmz)/m.

g(@) =

Problem |
A. In the first part of this problem, we undertake to study the Diophantine equation
X2 +2rr=27%

(1) Give a rational parametrisation of the ellipse

(E)

)cz—i-Zy2 =1
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(2) Deduce that every solution of (E) in Z3 can be written
X =127 -5, Y=2us, Z=xr2%+5%),
witht € Z,s e Nand A € Q.
(3) LetM(A, s, 1) denote the solution described in question (2). Compare the solutions M (A, s, 1),

A t
M(—=A,s, 1), M(A,s, —t) and M<§,2[t|,ms> when st # 0.

(4) Show that every integral solution of (E) is proportional to a primitive solution (a, b, ¢), i.e.
to a solution such that

(b,0)={(c,a)y=(a,b)y=1.
(5) Show that every primitive solution of (E) in Z? is of the type
X=%QT?-$§%, Y=2TS, |Z|=2T*+§"

withS e N, T € Z and (2T, 5) = 1.
(6) What can one say about the converse?

B. We now consider the Diophantine equation
2x4 — vyt = 7%, (F)

(1) Show that this equation has a “non-trivial” solution (i.e. a solution such that XYZ # 0), and that
for every solution (x, y, z) € Z°, there exists A € Z and (a, b, ¢) € 73 such that

X = Xa, y=2b, z=1x%

and (a, b) = 1. Such a solution is called primitive.

(2) Show that the curve (F) is not unicursal (i.e. parametrisable in C(r)). This can be done using
Mason’s theorem.

(3) Let (a, b, ¢) be a primitive solution of (F), show that abc # 0 (mod 2).

(4) Setting V+c=2uandb? -c = 2v, show that there exists (m, n) € 72, with (m,2n) =1,
such that

a? = m? + n?

b2 =m? —n? +2mn = (m+n)? — 2n?

c=m?—n?—2mn=(m—n) —2n

(5) Deduce that there exist (g, #) € Z% and (s, 1) € Z? such that
pged(g, h) = pged(2t,s) =1 gh=0mod 2,
and

a2=g2+h2, m:gz—hz, n=2gh,
b=+ -s%, n=2st, mtn=27+5
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(6) Set(g,s) =D, g =Day, s =Dby.
Deduce from question (5) that

h=Eby, t=Fa with (D, E) = 1

and

E*(2a% + b?) — 2EDa;by = D*(a} — b?).

(7) Deduce from question (6) that
4 4 2
2a] — b =¢]
with

2 2
2a7 + by

ci=F
D

—apby.

(8) Show that |aj| < |a} if and only if (g, k) # (1,0), and deduce, that by infinite descent every

solution leads to the solution (1, 1, 1).

(9) We now want to “run the computations backwards” to find the solution (a, b, ¢) from the solution

(a1, b1, c1).
Set

Ky = pgeday + b2, arby +c1)

and

K> = pged(2a? + b3, arby — c1).

Show that we have either

D_2a%+b% E_a1b1+cl

s

K K
or
D_2a%+b% E_albl—cl
K, K

Then, choosing a system (D, E), show that

lal = (Da)? + E(b:)?
b= +(2(Ea))? — (Dby)?)

¢ = ((Day)? — (Eby)? — 2DEayby)? — 8D?E?a?b?.

(10) Show that the solutions of (F) form a tree (each solution has one or two “children”, ignoring the

signs of a, b and ¢) whose “root” is (1, 1, 1).

If (a1, b1, 1) = (1, 1, 1), then what is the value of (|a], |b], |c])? Does one obtain an infinite

number of solutions?
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Problem 2
Principal Quadratic Imaginary Fields

Let N denote the set of natural integers, Z the ring of integers and C the field of complex numbers. If
p is a prime number, let ¥, denote the finite field Z/pZ.

Let S be a subring of C, and denote by M,,(S) the ring of n x n matrices with coefficients in S,
and by GL(n, S) the group of invertible elements of M, (S). For every M in M,,(S), let M* (resp. ‘M)
denote the adjoint matrix (resp. the transpose) of M.

We say that a Hermitian (resp. a real symmetric) matrix A is positive definite if the Hermitian form
(resp. the symmetric bilinear form) associated to A is positive definite. We say that S is a principal
ideal domain if every ideal of S can be generated by a single element, and Euclidean if there exists
amap N from S — {0} to N such that if @ and b are two non-zero elements of S, there exists ¢ and r
belonging to S satisfying a = bg + rand r = O or N(r) < N(b).

1. Background
A. In this part, p denotes an odd prime.
(1) (a) Show that if u, v, w are three non-zero elements of F,, the equation
ux2 + vy2 =w

has a solution in F,,. (Consider the cardinal of the set of elements of the form ux? (respectively
of the form w — vy?).)

{b) Let n > 1 be an integer such that p does not divide 4n — 1. Show that there exist relative
integers a, b and an integer m > [ such that

a* +ab+nb*+1=mp.

(2) Assume that p is of the form 8k + 1 or 8k + 3, and let K be an extension of F, obtained by
adding a root of the polynomial t* + 1. Let b be a root of this polynomial in K, and set

x=b—b"l.

(a) Show the following relations: x? = —2 and x* = x. Deduce that x belongs to F),.

(b) Show that there exist integers a and m such that
28 +1=Qm- 1,

and prove that the matrix

0
1
2

[e~RESEAN
— 3 8

is a symmetric positive definite matrix of determinant equal to 1.
Determine all the pairs (a, m) whenp = 17.

B. Let D > 1 be a square-free integer. Set

ixD if D=1or2 (mod4)

PEV0+ivD)/2 if D =3 (mod 4).

Let Z[wp] denote the subring of C which is the set of elements of the form & + Bwp with o, B € Z.
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(1) Let p be a prime number not dividing D. Show that there exist integers a, b, m such that the

matrix
p a+ bwp
a+ bwp m

is a positive definite Hermitian matrix with determinant equal to 1.

(2) In the Euclidean plane with respect to an orthonormal basis, let A, B, C denote the images of the
numbers 0, 1, wp respectively, and T the triangle which is the convex hull of the points A, B, C.
Let R denote the radius of the circumscribed circle of 7.

(a) Show that for every point M of T, we have
inf(MA, MB, MC) < R.
(b) We set

k= sup( inf [z - u]2> .
2eC \u€Zlwp]

Prove the equality

k = sup (inf(MA?, MB%, MC?)).
MeT

(¢) Deduce that we have

D+1

1<=T+ if D=1 or?2 (mod 4)
D+ 1)?

PECASYS if D=3 (mod 4).
16D

(d) Let ¢, B be two elements of Z[wp], with 8 non-zero. Show that there exists an element y
of Z[wp] such that

le —yB1? < kB>

Deduce that Z[wp] is a Euclidean ring when D is equal to one of the following values: 1, 2,
3,7, 11.
Application: determine y when D =2, 0 =5+ 3wy, B = —1 + 3w;.

II. Hermitian matrices of the form B*B

In this part, S denotes the ring Z or one of the rings Z[wp] for D = 1,2,3,7 or 11. If S = Z, set
k= }T ,and if § = Z[wp], then let k be the constant defined in 1.B.2.b).

Two Hermitian matrices A and B of M, (S) are said to be congruent if there exists U € GL(n, §)
such that A = UBU*. The equivalence classes for this relation are called congruence classes.
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To an element x = (x|, ..., x,) of S”, we associate a one-line matrix whose coefficients are the
components of x; we use the same symbol x for this matrix. Let ‘x the transpose matrix, and x* the
matrix ‘x .

(1) Show that if A and B are two congruent Hermitian matrices, then det A = det B.

(2) (a) Let A be a positive definite Hermitian matrix belonging to M, (S). Show that there exists
an integer m(A) > 0 and an element z belonging to S" whose components are pairwise
relatively prime, such that we have

m(A) = In

f  xAx™ = zAZ".
xeSM\{0}

(b) Do we have m(A) = m(B) whenever A and B are congruent?

(¢) Determine m(A) when § = Z and
2 7
A= (7 25) '
A. Thecasen =2

Let A be a positive definite Hermitian matrix in M3(S), and let z be an element of 52 such that
m(A) = zAz*.

(1) (a) Show that 'z is a column vector of an invertible matrix Uy of GL(2,S), and deduce the
existence of a Hermitian matrix B = (b;) , 1 < i,j < 2, where bj3 = m(A), such that A and
B are congruent.
(b) Show that there exists s € S such that

lbris +bial < k'/2byy

and deduce the existence of a matrix C

=t 1)

congruent to A which satisfies the following two conditions

(i) a=m(A) =m(C)
) k7 12)b) < a <.

(c) Show thatif A € M»(S) is a positive definite Hermitian matrix of determinant equal to d, then
mA) < (1 — k)~ V2 a2,
(d) Deduce that the set of congruence classes of positive definite Hermitian matrices of order 2
with coefficients in S and given determinant is a finite set.
(2) (a) Assume that d is equal to 1 and S is one of the following rings:

S=7Z, S=7Zlwp] for D=1,3,7.

Show that m(A) = 1 and that there exists B € GL(2, S) such that A = B*B.
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(b) Deduce the following properties:

(i) Every prime number is a sum of four squares.
(ii) For every prime number p, there exist relative integers a, b, ¢, d such that

p=a2+ab+b2+cz+cd+d2.
(iii) For every prime number p, there exist relative integers a, b, ¢, d such that
p=a2+ab+2b2+cz+cd+2d2,

B. Symmetric matrices with integral coefficients

(1) (a) Letf : Z" — Z be a surjective homomorphism of Abelian groups, and let x € Z" be such
that f(x) = 1. Show that Z" is the direct sum of the subgroup generated by x and the kernel
of f.

(b) Letx = (x1,...,x,) be an element of Z". Show that the following conditions are equivalent:

(i) x belongs to a basis of Z".
(ii) There exists M € GL(n, Z) admitting ‘x as a column vector.
(iii) There exist relative integers a;, 1 < i < n such that

14

Zaixi =1.

i=1

(iv) There exists a surjective homomorphism of Abelian groups f : Z" — Z such that
f =1
(2) Let A be a symmetric positive definite matrix of order n > 1 with coefficients in Z. Show that
there exists a matrix B = (b;;), 1 <i,j < n, congruent to A and such that b;; = m(A).
(3) LetA = (@), 1 <i,j < n, be a positive definite symmetric matrix with coefficients in Z such

thatm(A) = ay; . Ifx = (x1, ..., xy) is an element of Z" , we define the elementy = (y1, ..., ¥n)
by the following relations:

n
yi=x+ Zaliaﬁlxi,
i=2
yi=x; for2 <i<n.

We set
2= (x2,.... %),
(a) Show that we have

XA'x = a“y% +a1_11zB Iz
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where B is a symmetric positive definite matrix belonging to M, (Z) and satisfying the two

relations
aip 0
A=" U
v ( 0 ‘11_113)
detB = (a;;)" "% detA.

(b) Show that we have

n—1)/2
m(A) < (g) (det A)!/".

Let us choose x so that we have
il <4 zB'z=m@®).

(4) (a) Assumen < 5andletA € M, (Z) be a symmetric positive definite matrix whose determinant
is equal to 1. Show that m(A) = 1 and deduce that there exist B € M,(7Z) such that A = 'BB.
(b) Show that every prime number of the form 8z + | or 8a + 3 is a sum of three squares.

III. Ideal classes and principal rings

Recall that two elements A and B of M,,(Z) are similar if there exists an element Q of GL(n, Z) such
that A = QBQO~!; the equivalence classes for this relation are called similarity classes.

A. Let P(X) be a monic polynomial of degree n > 1 with coefficients in Z, and irreducible over Q[X1.
If 6 is a complex root of P(X), let Z[#] denote the subring of C which is the set of elements of the
form

n—1
Za,ﬁi wherea; € Z for i=0,...,n— 1.
i=0

We say that two ideals I and J of Z{6] belong to the same class if there exist two non-zero elements
a and b of Z[6] such that al = bJ.
Let A denote an element of M,(Z) such that P(A) = 0.

(1) Show that every non-zero ideal of Z[0] is a free Abelian group of rank 7.
(2) (a) Show that there exists an element x = (x, ..., x,) of Z[8]"\ {0} such that A’x = §'x.
(b) Show that Zx; + --- + Zx, is an ideal of Z[#] whose class is independent of the chosen
eigenvector .
(c) Let Q be an element of GL(n, Z). Show that

Iy =Ippp-1-
(3) LetJ = Zy; + - - - + Zy, be an ideal of Z[6], and set
y=01. ).
Show that there exists a matrix B with integral coefficients such that

B'y =0y, P(B) = 0.
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(4) Show that there exists a bijection between the set of similarity classes of matrices A in M,(Z)
such that P(A) = 0 and the set of ideal classes of Z[8].
(5) Show that the following conditions are equivalent:

(i) Z[6] is a principal ring
(if) There exists a single similarity class in M,(Z) of matrices A of order n with integral coeffi-
cients such that P(A) = 0.

B. Let D > 1 denote a square-free integer; let Z[wp] be the ring introduced in 1.B.

(1) Assume that D = 1 or 2 (mod 4), and let

Ale, B.y) = (7 5)

denote a matrix with coefficients in Z whose characteristic polynomial is
PX)=X>+D.

Considering the values @« = 0 and @ = 1, show that Z[wp] is principal if and only if D = 1 or 2.
(2) Assume that D = 3 (mod 4), and set

D+1

4

Let A be an element of M»(Z) whose characteristic polynomial is
P(X)=X*-X+K.
(a) Let
—-a —b
B= ( c a+ 1)

be a matrix similar to A such that |a| is minimal.
Computing PAP~! when P is one of the following matrices:

1 n 1 0 0 1 1 0
0 1 n 1 I 0 0 -1
show that we can assume that the coefficients of B satisfy
a>0, c¢>2a+1, b>2a+1, 3@ +a+1<K.

(b) Leta, 8, v be three integers such that

O<a<K-1, 1< =y, ﬁy=K+(x2+(x.
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Show that for any element (x, y) of Z? \ {0}, we have
B + ¥y + Qa + Day > ¥

Deduce that the matrices
0 —-K —-a —y
A—<10> M—<ﬂ a+1>
are not similar.

(¢) Assume that Z[wp)] is a principal ideal domain. Show that either K = 1 or K 4+ a® +ais a
prime number for every integer a such that0 <a < K — 1.

(d) AssumethatK = lorthatK +a®+ais prime for every a > 0 such that 3@P+a)+1<K.
Prove that Z[wp] is a principal ideal domain.

(e) Assume that D < 200. Prove that Z[wp] is principal if and only if D = 3, 7, 11, 19, 43, 67,
163.

(f) Assume that D < 105. Write a program checking that the values you find are the only ones
for which the ring Z[wp] is principal.

C. Let S denote one of the rings Z{wp] for D = 19, 43, 67, 163, and assume that S is Euclidean

for a map N from S \ {0} to N. Let a be a non-invertible element of S \ {0} such that N(a) is
minimal.

(1) Show that S/aS is isomorphic to one of the fields [, or 3.
(2) Deduce that for D = 19, 43, 67, 163, Z[wp] is a non-Euclidean principal ideal domain.

Problem 3

I. Let us give a translation into English of the passage in Jakob Bernoulli’s text Ars Conjectandi
(1713) where the “Bernoulli numbers” first appear.

We give ourselves the sequence 1,2, ..., n and ask to compute the sum of these numbers, of
their squares, their cubes, etc.

As, in the table of combinations, the general term of the second column is n — 1 and we know
that the sum of these n — 1 terms, or [ n— 1, is

n(n—l)_nn—n
2 T2

nn—n
/n—/l: .
2
/ nn—n_{_/1
n= .
2

But [ 1 = n, so the sum of all the n is

/‘ nn—n+ 1 +1
= =-n-n+ —n.
=TT 2

the sum [n—1or

Thus we have
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The general term of the third column is

n—-DHn-2) _n'n—3n+2
1-2 B 2

and the sum of all the terms (i.e. of all the (n-n —3n+2)/2) is

nn—1)(n—-2) _n3—3nn+2n
1-2-3 N 6 ’

Thus
/n2—3n+2_/1 /3 +fl_n3—3nn+2n
2 =20 ) 3" = 6
and
/1 n3—3nn+2n+/3 /1
= — -n-— .
P 6 2
But
f3 _3/ 3 N
27!—2 n_4nn 4}’[
and

Substituting, we have

—nn = + —n

/ 1 n*—3nn+2n  3nn+3n
2 6 4

s, 11
= - —nn+ —n
6 "1 12

so the double [ nn (sum of all the squares) = (173 + (1/2nn + (1/6)n.
The general term of the fourth column is:

(n—Dm=2(n—3) n'-6nmn+1ln—-6
123 h 6

and the sum of all the terms is

nn—1)(n—2)(n—=3) n*—6n"+1lnn—6n
1.2.3.4 B 24 '

/n3—6nn+11n—6 /l 3 / +/11 /1
= -n — —n -
6 6 " 6

n* — 613+ 1lnn—6n

24

Thus we have
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hence

1 Y _6nd+ 1lnn—6 11
/gn3=n n—{2~4nn n+/nn—/—6—n+/l.

Earlier, we obtained fnn = (l/3)n3 + (1/2)nn + (1/6)n , f(l]/6)n = (11/6)fn =
(1/12)nn + (11/12)n, andf 1=n
After the substitutions, we find

+-n +=wn+-n———nm—-—n+n

/13_n4—6n3+llnn—6n 1y 1 11l
6" 24 3T T 2

L]
TRt T a™
or, multiplying by 6,

1 1 1
/n3 = Zn4 + 5n3 + Zrm.

Thus we successively obtain sums of higher and higher powers, and with little effort we obtain
the following table:

Sums of Powers

1

n= Enn—{— zn
1 3+ 1 n 1
nm= —-n —hnn—+ —n
3 2 6

[¥%)

1 1 1
=-—n*+ 0P+ -nn

n =
4 2 2
1 | 1 1
4 _ "5 _ 4 T
n_5n+2n +3n* 3011
| | 5
5 gnf’ + Ens + En“ * ~Enn

=)}

171615 13 1
n+2n +2n* 6n *+42n

7
1 1 7 7 1
3 +-n' + —n®x ——n*x +-—nn

=
I

~

n =
2 12 24 12
1 1 2 7 2
8 9 8 7 5 3
= — - pu - ok ——
n 9n —+—2n +3n * 15n *+9n 3On

=
=)
I

=
)
|

S, S, S, S, S S, S S S S
=
I

Anyone who carefully observes the symmetry properties of this table will easily be able to
continue and complete it (the symbol x means there is a term of coefficient zero).
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If we let ¢ denote an arbitrary exponent, we have

1 1 c _ clc—1)c—2)
c c+1 c c—1 c—-3
—_ 4+ —n+-A 42> "B
/n c+1n 2n 2 " 2.-3-4 "

clc— D —(c—3)(c—4)
2-3.4.5.6
clc— e —2)(c - 3)c—H(c—5)(c—6)
+ 2-3.4.5-6-7-8

CnC—S

Dn ...

etc., the exponents of n decreasing by multiples of 2 until n or nn is reached. The capitals
A, B, C... denote, in order, the last terms in the expressions of [ nn, [ n*, [ n®, [ n®, etc.,
namely A = (1/6), B = —(1/30), C = (1/42), D = (—1/30), etc.

These coefficients are such that each of them completes the other within an expression of
unity. Thus D = —1/30, since

! + ! + 2 ! + 2 +D=1

9 2 3 159 B
Using this table, it took me less than a quarter of an hour to compute the sum of the tenth
powers of the 1000 first integers; the result is

91,409, 924, 241, 424, 243, 424,241, 924, 242, 500

This example shows the uselessness of the book “Arithmetica infinitorum” by Ismael Bullial-
dus, which is entirely devoted to a tremendously large computation of the sums of the six first
powers — less than what I accomplished here in a single page.

In this problem, we ask you to:

— translate this text into the language of modern mathematics,
— name the points which need proofs,
— prove them completely.

To do this, you may make use of the following problem.

IL. The Bernoulli numbers By, (m > 1) are defined by the series expansion

t . Bn
=1 —", 1
el —1 +m2=:1 m! M

and we also set By = 1.

(a) Multiplying the two terms of (1) by ¢’ — 1, prove the the relation

m—1
1+Z(:;>Bk=0 )
k=1

form > 2.
(b) We use the following symbolic notation. Whenever

f) =ap + arx + apx® + - € C[[x]],
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we (symbolically!) set
fBy=ao+aBi+aBy +---

Naturally, when f (x) € C[x], we have f(B) € C.
Show that

(1+B)™ —B" =0.

(¢) Show that if 2m + 1 > 1, we have By,,+; = 0.
(d) Set

Semy =1F+28 4+ (- D, 3)
Show that the sums S (n) satisfy the formula
(k + DSpm) = (n + BT — B k> 1, )

and show that this formula is equivalent to

k
k+ DSk =3 (k M 1) Byn+ 10

h=0

(e) Consider the set
Zipy = [r=§e<@; a€Z, beN, pfb}.

Show that Zp) is a subring of @, called the ring of p-integers.
What are the units of Z,)?
What are the irreducible elements of Z,,?
Show that Z is factorial and principal.
(f) Let p be a prime number and m > 1.
Show that pB,, is p-integral.
One can use induction on m, using relation (4) with n = p and also the relation
(@) Ifk > 1, then p*/(k + 1) is p-integral.

(g) Show that if m > 2 is even, we have the congruence
p By = Sm{p) mod p.
For this, use the relation

(B) Ifk > 2, then p*/(k + 1) = O mod p.

What can one say of this congruence when m and p are odd?
(h) Prove the relations () and (8).
(i) Let p be a prime number. Show that:

* if p — 1 does not divide k, Si(p) = Omod p.
* if p— 1 divides k, Sy(p) = —1mod p.

To do this, consider IF; and note that it is a cyclic group.



EXERCISES AND PROBLEMS FOR CHAPTER | 55

(j) Letm > 1, and show that there exists Ay,, € Z such that By, = Ay — Zp71|2m 1/p.
(k) Define the Bernoulli polynomials B, (x) by the formula

ze% & 4
r— =ZOBn(x> =
n=|

Show that B, (x) = (x + B)" in symbolic notation.
(1) Show that the Bernoulli polynomials are given by the induction relations

B;(x):x—%

d
aBn(X) =nB,_j(x), By(0) =B,

{(m) Show that
By(x + 1) = B,(x) +nx" "L, ifn>1.

Deduce that we have

Biy1(n) — By

S0 ==

(n) Let B, (x) denote the function (of period 1) defined by B,(x) = B,(x — [x]). Show (by
induction on k < n) that
ak . -
@Bn(x) =nn—1)--(n—k+ D)B,_(x)

and
4 B ) =t (1 -3 :S(x—k)>
dxn " :
keZ

where § is the “Dirac measure”.
(0) Assume that @ and b are in Z, and prove, by induction on n, the Euler—-MacLaurin formula

b—1 b n B
> 0= [ rwace Y F 0 -4 VW]
4 k=1 7"

r=a

_1yn—1 b
+ 0 [(Buorw an

in which f is assumed to be sufficiently continuously differentiable on [a, b].
(p) Deduce that if f(x) € C[x] and if g is an integral of f, we have

b—1
Y fr)=gb+B) —gla+B)

r=a

in symbolic notation.



56 INVITATION TO THE MATHEMATICS OF FERMAT-WILES

(q) Assume that g € N is such that g is a generator of IFI*, Set

8t t o Bug" = 1)
F 1) = — = _—
® e —1 e —1 n; m!

F
u=¢ —1 and G(u):%).

Show that

e}
Gu) = Z ckuk,
k=0

where the ¢ are p-integers.
(r) Deduce that

o0

A
_ 1y — M m
G(u) = Gle 1)_m§:0 1",

where the A,, are p-integers such that
Amthp—1) =Ammodp forh > landm > 1.

(s) Show that we have

B
2@ = 1) =Ap1.
m

(t) Deduce the following statements, known as the Kummer congruences, from the preceding
questions .
Let m and m’ be two even positive integers such that

m=mmodp — 1.

Show that if m and m’ are not divisible by p — 1, then

B B,

— = = mod p.
m m
Problem 4

Extracts from some letters to Holmboé [Ab]

Read the following extract from letters written by Abel to Holmbog (dated August 3, 1823).

Copenhague, in the year /6064321219
(counting the decimal part).

You recall the little memoir which speaks of inverse functions of elliptic transcendentals,
and in which I proved an impossible thing; I begged M. Degen to look over it, but he could not
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find any defect in the conclusion nor understand where there could be an error. The devil if I
know how to solve this.
1 tried to prove that it was impossible to solve the equation

at=b"+c"

in integers, when n is greater than 2, but I only succeeded in proving the following rather curious
theorems.

Theorem I

The equation a” = b* + ¢, where n is a prime number, is impossible, whenever one or more of
the quantities a, b, ¢, a + b, a + ¢, b — ¢, Wa, ¥/b, 7T/c are prime numbers.

Theorem II
If we have
al=b"+c",
then each of the quantities a, b, ¢ will always be factorisable into two relatively prime factors,

in such a way that settinga = o -a’, b= 8-b, ¢ = y - ¢, one of the following 5 cases will
hold:

a/n + b/n + C/n a/n + b/n _ C/n a/n + C/n _ bln
1. a = _2—, b = 42——’ Cc = —2_
—1 a™ + "+ —1 amt + b~ -1 am + " —
2. a=——————— b= ——M— cC=—T""—"—"
2 ’ 2 ’ 2
3 am + nn—lb/n 4" b an + nn—lb/n —n am + on— nn—lbn
. = """, = = ————-—
2 2 2
4 nn—l(a/n + b/n) + b nn—l(a/n + bm) —n nn—l(a/n _ bm) 4+
. a = s = N Cc =
2 2 2
s 4o am + nn—l(b/n + C’") b at + nn—l(b/n _ C’") o an - n”_l(b/" _ C/n)
) 2 ' N 2 ' B 2
Theorem III

For the equation a” = b" + ¢" to be possible, it is necessary for a to have one of the following
three forms:

" XY+
. —72 N
) _xn +yn +nn—lzn
. —f’
3 a_xn+nn—1(yn+zn)
. ——2 s

where x, y and z have no common factors.
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Theorem IV

The quantity a cannot be less than (9" + 5" +4")/2, and the smallest of the quantities a, b, ¢
cannot be less than (9" — 5" + 4")/2.

Answer the following questions concerning Abel’s letter.

(1) Prove the first assertion of theorem II under the assumptions that n is prime, (a,b,c) =1

and abc # 0 mod n.
(2) Can you prove the same assertion when (a, b, ¢) # 1?7 What can you conclude?

(3) From now on, assume that n is a prime > 2, (@, b, ¢) = 1 and abc # 0 mod n. Furthermore,

setx = —a, y = b, 7 = c, so that we have
xn+yl2+zn:0.

Show that

y+z=a/n yn—l _yn—ZZ_i_“,_*_Zn*l ="
24+x=5b" Z”AI—Z"—2X+---+xn_I=ﬂn
x+y=c"‘ xn—l_xnv2y+”.+yn~1:yn

with new numbers @', «, &', 8, ¢/, y, which are pairwise relatively prime and such that

(4) Assume the existence of a prime number p # n such that
) xX"4+y'+72"=0modp implies xyz=0modp.

Show that we have a’b’c’ = 0 mod p.
(5) Show that if x = 0 mod p, then

a’ =0 mod p.

To do this, use the relations of question (3).
(6) Deduce from (3) and (5) that &”* = ny"~! mod p.
(7) Deduce from (3) and (6) that # is an n-th power modulo p.
(8) From now on, assume that

(ii) n is not an n-th power modulo p.

Show that conditions (i) and (ii) imply that abc = 0 mod ».
(9) Assume that n = 3, and give a value of p satisfying (i) and (ii).

(10) Show thatif 2n+ 1is prime and p > 3, then conditions (i) and (ii) are satisfied. Conclusion?

Remark: This result is due to Sophie Germain'8.

18 Sophie Germain 1776-1831.
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Problem 5

Recall thatif a(s) = (¢ = r)"V ... (¢t — ro)”s € C[t], we set
rada(ty =@ —ry)---(t —rs).

Consider a matrix

Yi,io Y12
Y21 V22
= . . € Mn.Z((C),
Yn,1  Vn2
and assume that the 2 x 2 minors of the matrix
1 0
0 1

Ynl Va2
are all non-zero.

(1) Show that if a; and a, are two relatively prime elements of C[¢], then any two elements of
the column of » + 2 polynomials
()
a

are relatively prime.

(2) Set
ap wi
az w2
MY e | w3
az . .
@Yn(v) Wn+2

where v denotes the vector (Z; )
Show that if @) /a; is not a constant (i.e. is not in C), then none of the determinants

I<i<j<n+2
wi W,

‘W,’ Wj
J

is equal to zero.
(3) Show that these determinants are all asssociated in C[¢] (i.e. all equal up to a non-zero
multiplicative constant). Let A(r) denote the monic element which represents them all.
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(4) Set
P(X1,X2) = X1X001(X1, X2) - . . 9n(Xh, X2),

and show that the polynomial P(x, 1) = x¢;(x, 1)...¢n(x, 1) is a polynomial of degree
n + 1 with no multiple roots.

(5) Set m(t) = P(ai(t), ax(t)). Show that if r € C is a root of m(t) of order p > 1, thenrisa
root A(¢) of order p — 1.

(6) Show that deg A(r) < deg (a1ap) — 1.

(7) Deduce that

deg m(t) — (deg (ajap) — 1) < deg rad m(t).
(8) Prove that if deg a; # deg ay, then
n sup (deg aj, degay) < deg rad m(t) — 1.

(9) Prove the same inequality in the general case.
If deg ¢;(v) < sup (deg a;, deg ap) foracertaini € {1, ..., n}, we can replace a; by
@i(v) as a basis element, and reduce to (8).
(10) Show that this result generalises Mason’s theorem, whose statement is as follows:
If (a1, a3) = 1 and a3 = ay + ap (with ap/a; ¢ C), then

deg rad (ajaza3) > sup (deg a;, deg ap).

(11) Letn be an integer > 1 and let x1, y;, x2, y2, x3, y3 be elements of C[¢] such that x1y1, x2y2
and x3y3 are relatively prime and not all in C.
Show that the relations

Xy} + eyl +x3y; =0
X{y1+x3y2 +x3y3 =0

are impossible whenever n > 5.
(12) Take a; and a; as above and assume that ¢ does not divide a; and 1 — ¢ does not divide
ay +az.
Applying Mason’s theorem from Exercise 1.13 above to suitable relations linking
a;, a;, a for all the possible choices of the indices, show that

4
deg rad (ajazazaq) > 3 Sup (deg a1, deg ap) + C*

when a3 = a) + az, a4 = aj + tas.
Give a value of the constant.

Problem 6
Notation and Goals of the Problem

Equip the Euclidean affine oriented plane P with an orthonormal basis R with origin O. To
every point M of coordinates (x, y) in R, we associate the complex number z = x + fy; in this
way we identify the plane with the set C of complex numbers.

An integral point of the plane is a point whose coordinates are integers. The set of all integral
points forms a lattice. The lattice can be identified with the subset Z[i] = a + ib; (a,b) € Z x Z
of C.
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The general goal of this problem is to find and study planar configurations subject to con-
ditions involving integers:

Theme A: find regular polygons whose vertices belong to the lattice.

Theme B: find and study subsets of the plane such that the distances between any two points
are integers.

Theme C: find and study configurations containing a fixed number of points of the lattice.

The notation and goals specific to each theme are given in their headings. The themes B
and C are independent and can be attacked in either order. Both, however, depend on the first
question of theme A.

Theme A: Regular Polygons with Integral Vertices

We propose to show that the only convex regular polygons with integral vertices are squares.
For this, we first establish a preliminary result which will be used again in themes B and C.
Throughout theme A, the coordinates of the points are defined in R.

A.L Preliminary question

A.IL1. Let6 be areal number, and # an integer greater than or equal to 1. Show that

cos(n + 1)6 = 2cos 8 - cosnf — cos(n — 1)8.

A.L2. Deduce that there exists a sequence (Py),>1 of polynomials such that for every n €
N*, P, satisfies the following properties:

e P, is a polynomial of degree n with integral coefficients, and P, is a monic polynomial
(i.e. the coefficient of X" is equal to 1).
e for every real number 8, P,(2cos8) = 2cosnd.

A..3. Let 0 be areal number such that § /7 is rational. Show that 2 cos 8 is a solution of an
equation of the form

X" +a, X"+ +ap =0, 65

wheren € N*andg; ¢ ZforO<i<n— 1.

A.L.4. Let 6 be areal number, and assume that 8/7 and cos § are rational numbers.
Show thatcosé € {—1,-1/2,0,1/2, 1}.
(Begin by showing that every rational solution of equation (1) is a relative integer.)

ALIL Application to regular polygons with integral vertices

In this part, n denotes an integer greater than or equal to 3. Recall that a sequence (A1, ..., Ay)
of n distinct points of the plane defines a convex regular polygon P whose vertices are exactly
the » points, if there exists a rotation r of angle 27 /n or —(27/n) such that r(4;) = A;41 for
1 <i<n-1,and r(A,) = A;. We know that such a rotation must be unique. Let us write
P =(A1,...,A;). The centre 2 of the rotation r is called the centre of P.
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AdLl. Let P = (Ay,...,Ay) be a convex regular polygon whose n vertices are integral
points. Let Q be its centre.

(a) Show that 2 is the isobarycentre of the set of vertices of P, and deduce that §2 has rational
coordinates.

(b) Let w denote the complex number associated to £2; recall the analytic representation of the
rotation r of centre 2 and angle 25 /n or —(27/n), using associated complexes.

(c) Write r(A]) = Aj, and show that cos(2x /n) and sin(27 /n) are rationals. Deduce using
Al4thatn = 4, i.e. that P is a square.

AJdIL2. Let A; and Ay be two distinct integral points. Show that the two squares C =
(A1,A2,A3,Aq) and C' = (A}, Ay, A, A}) admitting Ay and A, as consecutive vertices have
only integral vertices. Give the coordinates in R of A3, A4, A’3, A:t in terms of the coordinates
(x1,y1) of A1 and (x3, y2) of Ay.

Theme B: Sets with Integral Distances

A non-empty subset E of points of the plane is said to be a set with integral distances, if
for any points A and B belonging to E, the distance AB is an integer. Part B.I studies some
examples. Part B.II establishes that an infinite set with integral distances must be contained in
a line. However, part B.III shows that for every integer (n > 3), there exists a set with integral
distances, consisting of # points such that any three of them cannot lie on a line.

B.1. Some examples
B.I.1. Canthe vertices of a square, a rectangle, or a diamond form a set with integral distances?

B.L.2. Let ABC be an equilateral triangle of side 112.

(a) Justify the existence and uniqueness of the point D defined by the following conditions:
AD =73, BD = 57, D and C are on the same side of the line (AB). N

(b) Compute the coordinates x and y of D in the basis R' = (O, i, j ) where O’ is the
midpoint of [AB], and we have

—> —
> OA > 0c
PET e T T

| O'A | | O'C |

Observe that x is rational and write it as an irreducible fraction. Observe also thaty = y; V3
where y; is a rational number which we also express as an irreducible fraction.
(c) Show that E = {A, B, C, D} is a set with integral distances.

B.IL Infinite sets with integral distances
B.IL.1. Let H be a hyperbola and R” a Cartesian basis of the plane in which H has equation

xy=1.
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Let I be a curve in the plane, whose equation in R” is given by
ax2+bxy+cy2+dx+ey+f=0,

where a, b, ¢, d, e are not all zero.
Show that if ' N H is infinite, then I' = H, and give an upper bound for the number of
pointsin " " H when " # H.

B.IL.2. Let E be a set with integral distances containing three non-collinear points A, B, C.
Setp=AB, g=AC,andforje{0,...,p}andk € {0, ..., g}, set

Uy=MecP,|MA—-MB|=j] and Vp={MeP;|MA—-MC|=k}

(a) Describe the geometric nature of the set U; and Vi forj € {0,...,p}and k € {0, ..., q}.
Distinguish the case j = 0 and j = p (resp. k = 0 and k = ¢) from the case 0 < j < p (resp.
0 <k <g).

(b) Deduce from B.IL1 that for every j € {0,...,p}and k € {0,...,q}, U; NV is a finite
(possibly empty) subset of the plane.

(¢) Prove that E C (Jy<j<, Uj and E C U<k <4 Vk» and deduce that E is finite.

B.IL3. Given a point A and a vector ¥, let E| 4. denote the set of ail the points M of the

plane such that AM = xV with x € Z.
Let E be an infinite subset of the plane. Show that the following properties are equivalent:

(*) E is a set with integral distances;

(**) There exists a point A and a vector ¥ of norm 1 such that E C E, —.
P AV

B.III. Finite sets with integral distances
Let ¢ be the real number defined by cos¢ = 4/5, 0 < ¢ < . For every natural integer p, let
M), be the point whose associated complex number is e2ird,

B.IIL1. Show that the points M), with p in N are pairwise distinct.

B.IIL2. Let p and g be two natural integers. Prove that the distance MpM, is equal to the
quantity 2 | sin(p — ¢)¢ |. Deduce that M,M, is a rational number.

B.IIL.3. Letnbe aninteger greater than or equal to 3. Show that there exists a set with integral
distances, consisting of # points, contained in a circle of centre O.

Theme C: Configurations Containing a Fixed Number of Points of the Lattice

After studying some examples (part C.I), we propose to establish that for every integer n € N*,
there exists

e acircle containing exactly n points of the lattice in its interior (part C.II);
e a square containing exactly n points of the lattice in its interior (part C.III);
e acircle passing through exactly » points of the lattice (part C.IV).

Throughout theme C we assume that coordinates are defined in the basis R, unless we
explicitly assume otherwise.
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C.1. Some examples

C.LI.1. Without justification, construct four circles Cy, Cz, C3 and C4 such that for each
Jj € {1,2,3,4}, exactly j points of the lattice lie in the interior of C;; give their radii and
the coordinates of their centres.

C.L.2. Letnbelong to N*. Without justification, give the coordinates of the vertices of a square
containing n? points of the lattice in its interior.

C.IL A circle containing n points of the lattice in its interior
C.IL.1. Classification of the points of the lattice

(a) Let B be a bounded subset of the plane. Show that B contains only a finite number of points
of the lattice.
(b) Let A be the point of coordinates (+/2, 1/3). Show that there cannot exist two points of the
lattice at the same distance from A.
Deduce that we can classify the points of the lattice as a sequence (Mpy),>1 such that
AM, < AM,y for every n € N*.

C.I11.2. Application
Given an integer n € N*, deduce from C.II.1 b that there exists a circle which contains exactly
n points of the lattice in its interior.

C.IIL A square containing n points of lattice in its interior
C.II1.1. Definition of a function on the lattice
Let Dy be the line ofequationx-}-yf— % = O and D the line of equation x/3—y—(1//3) =0.

(a) Show that D1 and D; are perpendicular, and give the coordinates of their intersection point
Q. Draw these two lines.
(b) Set

X =(1/2) (xﬁ—y— 1/@), Y =(1/2) (x+y«/§——1/3).

Show that this defines a change of basis of the orthonormal basis, such that the new axes lie
respectively along D} and D;.

Let M be a point in the plane, and let (x, y) denote its coordinates in R and (X, Y) its
coordinates in the new basis. Set

FM) =X [ +1Y |=(1/2) xﬁ—y—l/ﬁ‘-{—l/Z‘x—}—y«/——l/S .

C.II1.2. Injectivity of the function f
Consider two points M and M3 of the lattice, of coordinates respectively (x1, y1) and (x2, y2)
in R, such that f (M) = f(M3).

(a) Show that there exist four real numbers «, B, y, § satisfying o®> = g% = y? = §% = 1 and
such thatex; +By1 —yx;—8y2+(y —@)/3 =0, Bxitayi—dx2—yy2+@6 —p)/3=0.
(Observe that for every real number x, we have | x |= Ax with A =1)

(b) Deduce that M| = M. (Begin by showing thaty —a¢ =8 — 8 =0.)
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C.II1.3. A new classification of the points of the lattice
Using the same method as in C.II.1, show that we can classify the points of the lattice as a
sequence (N, ), such that f(N,)) < f(N,4) for every n in N*.

C.II1.4. Letabeastrictly positive real number. Show that the set of points of the plane whose
coordinates (X, Y) satisfy |X| 4 |¥| < a is the interior of a square C,; give the vertices of the
square.

Deduce that for every integer n in N*, there exists a square C, whose interior contains
exactly n points of the lattice.

C.IV. A circle passing through n points of the lattice
C.IV.1. Number of integral solutions of the equation x> + y*> = 5"
Let n be an integer in N; and associate to it the following two sets:

En={(x,y) €Z x Z;x2+y2 = 5"
E, = {z € Z[i]; z]* = 5"}.

(a) Show that &£, and E,, are finite sets of the same cardinal.
(b) Determine Ey.
For every element @ in Ep and every integer p such that 0 < p < n, set

Zop=w@+)PQ2—H"P.

(¢) Prove that Z,, , belongs to E, and the map (w, p) — Z, p, from Eg x {0, ..., n} to Ep, is
injective. (One can show that if Z,, , = Z,s ; with  and o' elements of Ey and p and g
integers less than or equal to n, then (2 + §)/(2 — ))y*P=9 =1, and use (AL4.).

(d) Letz = x+iybeanelement of E,, withn > 1. Show that (x, y) satisfies one of the following
systems of relations:

2x —y=0mod 5 2x+y=0mod5
(1) or (2)
x+2y=0mod5 —x+ 2y = 0mod 5.

Deduce that one of the two numbers z/(2 + i) or z/(2 — i) belongs to E,,_1.

(e) Prove that the map (w,p) — Zyp from Ep x {0,...,n} t0 Ey, is bijective. Deduce the
number of elements of £,.

C.IV.2. A circle passing through an even number of points of the lattice
(a) For every integer n € N*, set

An = {(x,y) € E,; x even and y odd)}
and
By = {(x,y) € &y; x 0dd and y even}.

Show that A, and B, have the same cardinal and that £, = A, U B,, and A, N B, = 0.
(b) Let k € N*. Determine the number of points of the lattice belonging to the circle whose
centre is the point of coordinates (1/2, 0) and whose radius is (1/2)(5%~1D/2).
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C.IV.3. A circle passing through an odd number of points of the lattice
Let k € N* and Ty be the circle whose centre is the point of coordinates (1/3, 0) and whose
radius is (1/3)5.

(a) Show that the number of points of the lattice belonging to 'y is equal to the cardinal of the
set F defined by

Fr={z=x+iy;z€ Ey, x=~1mod 3, y=0mod 3}.

The goal of questions (b), (¢) and (d) is to compute the cardinal of Fj.
(b) Show that for any w € Eg and z € Ey, wz and wZ belong to Ey. Prove that the relation (R),
defined over Ey; by
“For z and 7’ in Ey;, we have z(R)Z' if and only if there exists € Ep such that 2’ = wz
or such that 7/ = w7 ", is an equivalence relation on Ey;.
Denote by (R)(z) the equivalence class of an element z of Ey;.

(c) Let z = x + iy be an element of Ey;.

— Assume xy # 0. Give the elements of (R)(z) in terms of x and y and show that (R)(z) N Fy
contains two elements.

— Assume xy = 0. Give the elements of (R)(z) and show that (R)(z) N Fj contains one
element.

(d) Deduce that Fj, contains 2k + 1 elements.

Problem 7
Legendre’s Theorem

Let a, b and ¢ be three non-zero integers in Z, and consider the Diophantine equation in x, y, z given
by
ax2 -+ by2 + 622 =0. (La,b,c)

We will establish necessary and sufficient conditions for this equation to admit a solution in
z3 \ {(0, 0, 0)}. Obviously we may assume that the greatest common divisor of a, b and ¢ is 1
and that they are square-free.

Show that we may also assume that a, b and ¢ are pairwise relatively prime. We make this
hypothesis from now on.

I Necessary conditions

(1) Show that a, b, ¢ cannot be all three positive or all three negative.

(2) Show that —bc must be a square modulo a, that —ca must be a square modulo b and that —ab
must be a square modulo c.

I We want to show that conditions (1) and (2) of I are sufficient. Assume that

lal < |b] < el
Then we have
lab| < lac| < |bel,

and we say that |ac is the index [ of the equation L, p, .. Let us reason by induction on /, assuming
that conditions (1) and (2) hold.

(1) Show that if I = 1, the equation L, . admits an infinite number of primitive solutions (i.e.
solutions such that x, y and z are relatively prime) in Z°.
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(2) Assume that I > 2, and that the theorem holds for all equations of index < I. Show that there
exists integers Q and r, with [r| < (1/2)|c], such that:

ar’ +b=cQ

and |Q] < 1.

(3) Show that if Q = 0, the theorem holds for L, p, ..

(4) If Q # 0, let A denote the greatest common divisor of ar?, b and ¢Q. Show that A divides r? and
@, and that A is square-free. Deduce that A divides r.

(5) Set
r ﬂ—b _Q
A PTa 974

where C is the square-free part of Q, and set B = «f.
Show that the equation L, 5 . satisfies all the necessary conditions of the statement.
(6) Show that

o =

-_—Cyz,

IAB| = |ab| <1
IAC] < |ACly? = Q] < I.

(7) Let (X, Y, Z) be a primitive solution of L, 5 . Set

x =AaX — BY
y=X+aaY
z=CyZ.

Show that:
ax® + by? + cz* = cCy*(AX? + BY? 4+ CZ?),

and deduce that (x, y, z) is a non-zero solution of the equation L, p ..



2

ELLIPTIC FUNCTIONS

Like many other mathematical objects, elliptic functions were born twice: the first time
in the 18th century and then a second time during the romantic period of the early 19th
century. We will try to give an idea of the circumstances of this birth and rebirth, and then
in Sections 2.4-2.8 we will use the theory of functions of one complex variable, a theory
developed around the time of the second birth of elliptic functions, to develop the standard
construction due to Weierstrass, which is very fashionable today.

From this point of view the essential results are the Liouville theorems (Section 2.4),
the theorem given in Section 2.5, those of Section 2.7 and Abel’s theorem (Section 2.8).
Finally, in Sections 2.9-2.11, we backtrack and give a second construction, which becomes
equivalent to the standard construction over the field of complex numbers. This construction
was developed in particular by Rausenberger, and has the advantage of passing meaningfully
to the ultrametric framework (see the exercises of Chapter 5). It leads to the construction of
a “universal elliptic curve” known as the Tate curve E,.

The Tate curve is a powerful tool in the modern theory of elliptic curves and we will
use it in a very typical manner in Chapter 5. From this point of view the essential results
are the theorem given in Section 2.10 and the formulae (27) and (28).

2.1 ELLIPTIC INTEGRALS

Around the time when Kepler’s laws!® became known, and integral calculus was in the air,
the natural desire arose to compute the path of the orbit of a planet or a comet.

The computation of an arc of an ellipse was attempted by Wallis?® in 1655, and series
expansions were given by Newton?! and Euler.

We will give this computation for the most general (non-decomposable) conic, given
by the equation

¥y =2px+ (- Dx?, p#0,

19 3. Kepler 1571-1630.
20 1 Wallis 1616-1703.
21 1 Newton 1642-1727.

68
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\ -
where e is the eccentricity (e = ¢/a) of this conic and p = b?/a is its parameter (following
the tradition that a is the large semi-axis and b the small semi-axis of the conic when it has

a centre).
‘We know that this conic can be parametrised by taking ¢t = y/x. We find

2p
X=—-—
2+ (1-¢€?)
2pt
YE R Ta ey
24 (1 —e?)

From now on, we set
D:=D@) =1+ (1 —é).
The arc element of the conic is given by
ds* = dx* + dy*

P+ A+ e+ (1 —e)?]

o dr*.

= (2p)

Thus, we have

me+u+@%m+a—a%m

OP = 2p (1)
1P D
It is an Abelian integral attached to the curve of equation
@ =17+ (1 + 17 + (1 - o). 2)

We assume that e > 0, so we see that the second term of the equation of this curve has
double roots only if e € {0, 1}.

Special case: (1) If the eccentricity e = 0, the conic is a circle of radius ¢ = r, and
we have

- dt
OP=2r/ —=2r(z—Arcth>.
HP) 1+t2 2 X
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The curve (2) decomposes into two parabolas
u=+@@+1).

(2) If the eccentricity e = 1, the conic is a parabola, and we have

—_ o t2 4
OP =2p / ;L dr.
wpy !t

This integral can be computed using “elementary transcendentals”, since the curve (2)
is unicursal; it is given by

=12 + 4).

Remark 2.1.1 (1) One can check thatif e ¢ {0, 1}, the arc of the conic is not computable
using elementary transcendentals. Check that the curve (2) is not unicursal, for example by
using Mason’s theorem (see Exercise 1.13 of Chapter 1).

(2) The change of variables

b [1+6
= ]——, 6e]-1,1
! aV1l1-@6 €] [

makes it possible to express the arclength in a more classical form in the case of the ellipse.
A simple computation gives

Sy

T a [(1-6)J/1-82
B /1+6

DO = = <1+T9)+(1—e2).

If we are dealing with an ellipse, then

b2
- ==
e =
and we have
D(t)—2b2 1
=1 g

It remains to compute the numerator.
We set

N(@) = V[2+ (1 +e2][2 + (1 —e)?].
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Note that
b’ /146 1 BPA+6)+a*(1 +e)?*1 —6)
2 2 2
t 1 = —f — 1 = —
+(1+e) 02(1_9) (1+e) " =3

whose numerator is equal to

O —a*(1 +e)®) + b* +a*(1 + o)™

3

As we have

b —a?(1+e)? = d*(1 — ) — a* (1 + e)* = —2a%e(1 + )
P+ a*(1+e)? = a*(1 — e¥) + d?(1 + e)* = 2a°(1 + o),

we see that

(1 =N =21 +e)(1 — e8)(1 — e)(1 + €b).

It follows that

~ 1 _2p2
op =a/ 1-¢¢ de.
o) /(1 —02)(1 — €262)

In the case of the hyperbola, we would obtain an analogous result.
(3) Because hyperbolic functions were introduced by J.-H. Lambert??, these integrals
could not be called “hyperbolic”, so they were called elliptic!

2.2 THE DISCOVERY OF ELLIPTIC FUNCTIONS IN 1718

Elliptic functions made their very first appearance in aremarkable work by Fagnano?®, dating
from 1718, on the rectification of the Bernoulli lemniscate (introduced by Jakob Bernoulli
in 1694).

Given two points Fy and F, of the plane, at a distance of 2¢ from each other, the Bernoulli
lemniscate is defined to be the locus of the points M in the plane such that MF; - MF, = ¢?.

If we set
ri=MF,, r,=MF,, r=MQ0,

22 JH. Lambert 1728-1777.
23 G.C. Fagnano 1682-1766.
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the point M lies on the lemniscate if and only if 773 = c*. Now, we have
rt =r?—2cx+c?
r; =r’+2x+c?
hence
r* 4277 = 4¢*x = 0.
To simplify, set
27 = 1.

Then the equation of the lemniscate becomes

-2t =0. 3)

Remark 2.2.1 In homogeneous Cartesian coordinates, equation (3) becomes
X2+ 1)’ + (- xHZ2 =0,

so we see that the lemniscate is a circular quartic; it passes through the cyclic points.

We can also note that it is the inverse of an equilateral hyperbola with respect to its
centre.

Here is its shape:

From now on we parametrise this curve using r, via

2 =rt 71t

2y =12 —rt.

We wish to express arclengths in terms of r. We have

d

2x hd): =r+2r
d

2y Y r—2r,
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therefore

2
() ==

and

s(r)—fr dr
Jo VT

Let us compare formula (4) with the classical integral

r dr
Arcsinr = /
0 A1 —r?

and recall that the circle

can be parametrised by

2t 1 —¢2
r=—, o .
1+12 1+12

Thus, for this circle, we have

dr201—-1) 20
d (1422 1+£

/dr_/ 2dt
o J 1+

Apparently Fagnano was inspired by this method, when he set

and

212 1—
2
= — = 1 —_— = .
’ 1+ ’ TTIEA
This gives
dr 21—t
r—=————
a1+
and
d dt
T2 ’
o V1414

“
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which gives the formula

r t(r)
A «/l—r4 /

If we now consider this last integral, we are led to set

2u?
t2=——1 7 s=Vi+t=
—u

It follows that

tdt _ 2u(l +u?)

du (1 —ut)?
and
dt du
Y,
s V1 —ut
hence

r d t(r) t u(r) d
/ Y 5 f LY R
0 VJ1—7 0o A1+ o 1-—u
Noting that r can be computed from u by the formula

' 4u%(1 — u*)
(I +uh?

we obtain the marvellous formula which enabled Fagnano to duplicate the arc of a lemniscate
using a ruler and compass construction.

Remark 2.2.2 To the above curve
1= =62, )
we can associate the Diophantine equation
PLIN 5"
which has no non-trivial relatively prime solutions (see Exercise 1.6 of Chapter 1).
To see this, we show that if (5') admits a non-trivial solution, then it admits a non-trivial
solution for which y is even (same exercise).

We will show that the Fermat descent which we are led to apply to (5') is analogous to
the procedure used to duplicate the arc of a lemniscate.
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Since x* = 7% + y*, we can set
y
2 =a? + b, y2 = 2ab, z=a*—b*

which gives (choosing b even)

We deduce the equation
=+ =ut+4*

which recalls the differential element dt/«/1+1* = (1/ ﬁ)(dr/o) since y/x =

Q/Jut v+ D (u/v).

We now set
w=a%-b? =2V

b’ is necessarily even, so

and we recover the form
u2 — x/4 _ y/4’ (5//)

which recalls the differential element du/~/1—u* = (1 /ﬁ)(dt/s) since v/u =
(/1= /X))y /x.

2.3 EULER’S CONTRIBUTION (1753)

Euler delved deeply into Fagnano’s work in 1751, and he realised that Fagnano’s formula
was the analogue of the relation

2uv/1—u? du u du
= =

0 V1 —u? o J1—u?
This formula conceals a trigonometric identity which generalises to
;o dr «  du vy dv
Jo 5 J =+ Jo >
V1—r V1I—u Vi-v

when r = u/T —v2 + v/1 — u?.

What could the analogous identity for elliptic integrals be? More precisely, how should we
choose r so that

/’ dr _/“ du +]v dv_ 0
o V1—r4  Jo V1—ut o J1T—*
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We could try

r=uvi—v4+vy1-—ut,
but we find that for ¥ = v, we have r = 2u /1 — u?, whereas we saw above that
NI
14wt
Thus we are led to correct the choice of r and try

uv91—vi4+vJ1—u?
r= . 2)
1+ u®yv?

In particular, we would like to show that the relation du/~/1 — u* = —dv/+/1 — v* implies
that r is constant.
Set

r=2u

U=+1-u, V=v1-v4
we want to show that if du/U 4+ dv/V = 0, thendr = 0, i.e.
(Vdu+udV +Udv+vdU) (1 + u*v?) — (uV + vU) Quv’du + 2vi*dv) = 0.
To obtain this result, we substitute

23 28
aV=-"y, dU=-Zau
% U

and order the terms in du and dv. We find
2uly 22 2
V——U— 1+ uv?) — WV +vU)2uv’ | du
2v3u 2 2 2
+ U——V— (I + uv®) — (uV +vU)2vu” | dv

- [(UV —263) (1 4+ 3% — 20 WUV + v(l — u4)):l “

QU
<z <!

2

+ [(UV —2%u) (1 + u¥?) = 2P (WUV + u(l — v4)]

and the two terms in square brackets are equal.
To conclude, we note that, at least for u and v near zero, dr = 0 is equivalent to
(du/U) 4 (dv/V) = 0. Thus, if r is constant, we have

f“du+fvdv_0
o U ., Vo7

1.e. s(u) + s(v) = s(r) when (2) is satisfied.
The equivalence

2) = s +sv) =s@),

which holds for 1 and v sufficiently small, is known as the theorem of addition of lemniscatic
integrals.
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2.4 ELLIPTIC FUNCTIONS: STRUCTURE THEOREMS

The idea of inverting elliptic integrals can be found in the notebooks of Gauss2* dating back
to 1796 (and 1797 for lemniscatic integrals), which were published only after his death.

Abel® rediscovered this idea around 1823 and published it in 1827 in his Recherches
[Ab] t.I, pp. 266-278. Then J acobi®0, probably inspired by an article by Abel, used the idea
in 1828 (complete works t.I, p. 43).

Since these functions are meromorphic and doubly periodic, only Cauchy’s theory?’ was
lacking in order to complete their study; this was done by Liouville?® (1844) and Eisenstein
(1847).

From the whole of Cauchy’s theory, we only use two tools — but what powerful tools
they are!

Liouville’s Theorem 2.4.1 Let f be a holomorphic function C — C which is bounded in
module in a neighbourhood of infinity (i.e. bounded in module in all of C).
Then f is a constant function.

Remark 2.4.1 This theorem is in fact due to Cauchy?®, who published it in 1844
(Comptes Rendus, XIX, pp. 1377-1378).

Proof. Assume that [f(z)| < K for every z € C, and let us show that if z and 7’ lie in C,
then f(z) = f(2')-

Let C be a circle of centre z and radius r > 2|z — 7’|. By Cauchy’s formula, we have

, _i 1 B 1
&) f<z>_2infc[§_z, ~—§_Z}f(§)d§-

Setting ¢ = z + re”, we obtain

’

1 2m _
@) ~f@) = ]2— [ : Z,f(C)del.
T Jo §—2
Since |¢ —Z|>|]¢ —z| = ]z—Z]| = r/2, we have
/ 1 (7 |7 -2
F@) =f@I = 5/0 " K do
=2|7 —z|Kr7".
It follows that [f(z) — f(z)] is smaller than any given positive real number. d

24 CF. Gauss 1777-1855.
25 N.H. Abel 1802-1829.
26 C. Jacobi 1804-1851.
27 AL. Cauchy 1789-1857.
28 3. Liouville 1809-1882.
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Theorem 2.4.2 If a sequence of holomorphic functions converges uniformly on an open
set, then the limit is holomorphic on this open set. Moreover, the order of differentiating
and taking limits can be exchanged.

Proof. See [W-W] p.91. U

Let w; and w, be two R-linearly independent complex numbers, and let A be a lattice

A=Zwi+ Zw,=Zw & Zw,.

Definition 2.4.1 A functionf : C — C U {oo} is called elliptic if f is meromorphic
in C and if there exists a lattice A such that

f@t+w)=f()

Jfor every z € C and every w € A.

Example 2.4.1 Every constant function is an elliptic function.

Remark 2.4.2 It suffices in fact for f to be meromorphic and such that f (z 4+ 1) = f(2) =
fz+ wy) forevery z € C.

Notation 2.4.1 Given w, and w,, the fundamental parallelogram I1,, ., is the par-
allelogram (0, w,, wy + w>, w;) from which we remove w1, w, and the sides adjacent to
wi + wy.

A translation of Tl := 11, ,, is a parallelogram of type o + TL.

Note that the elliptic functions with a given period lattice A form a field which contains
the constant functions (the constant functions, of course, form a subfield isomorphic to C).

Liouville’s Theorem 2.4.3 Every entire elliptic function is constant.

Proof. Let f be such a function. The function f must be bounded on IT since this set is
compact, so it is bounded on all of C. Thus it is constant by Liouville’s theorem. O

Corollary 2.4.1  If two elliptic functions of the same lattice A have the same poles with
the same principal parts in 11, then their difference is a constant.

Now, note that since an elliptic function of lattice A has only a finite number of poles in
a bounded domain of C, we can choose @ € C so that it admits no poles on the boundary
of o + I

Liouville’s Theorem 2.4.4 Let f be an elliptic function of lattice A which has no poles
on the boundary of « + T1; then the sum of the residues of f in a + I1 is zero.
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Proof. 'This sum is equal to

1
i /acf(z)dz

where C = o +I1.
The integrals along the opposite sides of « + IT cancel out since dz changes sign on two
opposite sides and f(z) takes the same values, so the integral is zero. |

Corollary 2.4.2 Let f be non-constant and elliptic of lattice A. Then for o + Tl chosen
as above, we can say that f admits either a multiple pole in « + I1 or at least two simple
poles of opposite residues.

Liouville’s Theorem 2.4.5 Let f and a + Tl be as in theorem 2.4.4. Let m, (resp. np)
denote the orders of the zeros (resp. poles) of f in a + 1. Then we have

Ym, = Ln,
and this number does not depend on «.

Proof. Note that

1 !
Zma—):nbz—.— f(Z)d
2in Jye f(2)
and g(z) = f'(z)/f (z) is still elliptic, of lattice T.
We now apply theorem 2.4.4 to g. O

Definition 2.4.2 The number n of poles (or zeros) of an elliptic function f of lattice A
which lie in a parallelogram « + T1 is called the order of f.

Example 2.4.2 If f is not constant, its order is greater than or equal to 2.

Liouville’s Theorem 2.4.6 Letf and o + 11 be as in theorem 2.4.4, and let n be the order
of f.

Ifay,...,a,(resp. by, ..., b,)denote the suitably repeated zeros (resp. poles) of f lying
inC=a+1I1, then

a+---+a,=b;+---+ b, mod A.

Proof. We have

: _ L[ e
;(“” P =5 e T ©
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But on two opposite sides of dC, the values of z{(f'(z)/f(z)) at corresponding points differ
by £ w; (f'(2)/f(2)), j € 1,2}, so we have

0 f@ LT[ flatm) D fla )
27 oS F ) BT 2 [/0 T2 et o d’+/0 ' F e+ 1an) “’zdt]
1
=5 {—wallogf 1L + w)[logf(2)I5 T} .

As f(a) = fo 4 wj) for j € {1, 2}, we see that the variation of logf(z) corresponds to an
integer multiple of 2ix, which gives the result. O

Corollary 2.4.3 Letf and a + I be as in theorem 2.4.6 and let c € C U {oo}. Then

(i) f(@) = c has n solutions z;, . .., z, in o + 1 or in a neighbouring parallelogram.
(ii) The sumz; + - - + z,, considered modulo A, does not depend on ¢ or on a.

Proof. Apply theorems 2.4.5 and 2.4.6 to g(z) = f(z) — ¢, and note that the poles of g are
the same as those of f. O

Naturally, Liouville knew of the existence of non-constant elliptic functions, but we still
need to prove it here; we give a constructive proof following the approach of Weierstrass?.

Remark 2.4.3 The existence of non-constant elliptic functions was known to Abel in 1823
(letter to Holmbog).

2.5 WEIERSTRASS-STYLE ELLIPTIC FUNCTIONS
If we want to construct a meromorphic function of period lattice A, we may first think of
1
f@:=) —, (1
2o

but this does not turn out to be a very good idea; f would be of order 1 and Liouville’s
theorem 2.4.5 shows that there exists no elliptic function of order 1. This shows that (1)
does not make sense.

A better idea would be to consider the function

s@=Y —— @

_ 2’
weA (Z w)

for which the above objection is no longer valid. Unfortunately, we see (taking z = w;/2
for example) that the right-hand series does not converge!

29 K. Weierstrass 1825-1897.
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An excellent idea is to take

h(z) = 1 3)

— 3’
weAN (Z w)

because now the series is uniformly convergent (starting from a certain rank) on every
compact subset of C. To see this, we need a lemma.

Lemma 2.5.1 Ifthe real number s is >2, the series
>
|}’

where Y . . denotesy . A\fop IS convergent.

Proof. Identify C with Rw; & Rw,, and recall that the norm on C and || ||« are two
equivalent norms.
Thus we have

o1 1

wEA (m,n)yeZ? [Sup(m’ n)]s

where C denotes a certain constant.
Now, if || || denotes the norm || ||, we have
1 8N 8

lols ~ Ns — N5

k]

lwll=N
50 Y met (Xjopen 1/llel*) converges if s > 2. O

Theorem 2.5.1 The series which appears in the right-hand side of (3) is absolutely uni-
Sformly convergent on every compact subset of C, and the function h is an odd elliptic
Sfunction of lattice A and of order 3.

Proof.

(i) The general term of the series is equivalent in module to 1/|w|?, and by the lemma,
the series is absolutely convergent. It is even absolutely uniformly convergent if |z| is
bounded above.

(ii) Since the functions 1/(z — w)® are meromorphic for every @ € A, it follows
from theorem 2.4.4 above that 4 is meromorphic on every compact subset, so in
all of C.

(iii) Since the series is absolutely convergent, it is also commutatively convergent ([Di, 1],
ch 'V, §3), so A is periodic of lattice A and is also odd.

(iv) The only pole of & in —((w| + w,)/2) + I is the origin, and it is a triple pole, so £ is
of order three.

O
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Corollary 2.5.1 The roots of h in I1 are the three points w, /2, w2/2, (w; + wy)/2.

Proof.
If z=w/2, withw € A, we have —z = —w/2 30 —z = z mod A.
If z ¢ A, then f(z) # 0o, and by periodicity, we have

(= =f.
But since f is odd, we also have
f(=2) = —f(2),
hence 2f(z) =
We thus find three roots: w; /2, w»/2, (w; + w2)/2 in 1. As there cannot be more than
three, we have obtained them all. |

If we integrate —2h(z) + 2/7z> term by term in the neighbourhood of zero, we obtain
a function H (z), holomorphic in this neighbourhood, which is the sum of the series of the
integrals

’ 1 1 1 1
HO =2 [(Z w)2_3} =2 [(z w)? -w—z] @

weA weA\{0}

By lemma 2.5.1, we know that this series is uniformly convergent on every compact subset.
It follows that if we set

1
oa(2) = z + H(2), &)

then 4, is a meromorphic function on C and g’ (z) = —2h(z).

Definition 2.5.1 The function g is called the Weierstrass function of the lattice A.

Remark 2.5.1 When A is evident from the context, we simply write g instead of 4.

Theorem 2.5.2
(i) The function g, is an elliptic function of lattice A.
(ii) If ). € C*, we have the homogeneity relation

oA @) = Ao (A2).

(iil) Moreover, g, is an even function of order 2.

Proof. To simplify the notation, let us write p := 4.

(1) We already know that g is meromorphic on C.

(2) The homogeneity relation is clear. Taking A = —1 and noting that —A = A, we
see that g is even.
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(3) Since p'(z) = —2h(z), we have

P+ =@

forevery w € A.
Choose a pair of generators of A w € {w, w,}, and integrate the preceding relation; we
obtain

pPE+w)=p+C

forj € {1, 2}.

Since the series on the right-hand side of (4) is uniformly convergent on every compact
subset, we see that the only poles of g are the points of A.

It follows that 0 is the only pole of g in IT; as it is a double pole, g is of order 2 if it is
elliptic.

It also follows that —w;/2 and —w,/2 are not poles of p. If we set z = —w;/2, we
obtain
wj wj
Y} = _ C.
o(3)=o(-%)+
and since g is even, C; = 0.
We have shown that g is periodic of lattice A. 0
Corollary 2.5.2

(1) For every u € C, the equation

) =u

has either two simple roots or one double root in I1.
(2) A necessary and sufficient condition for the second case is that

wy wy w +
celo()e(5) 2 (252))
Proof.

(1) The first point follows from Liouville’s theorem 2.4.5 and from the fact that & is of
order 2.
(2) Saying that z¢ is a multiple root of g (z) = u is the same as saying that

9 (20) = u, #'(z0) =0,

and corollary 2.5.1 then gives the result. O

Let o be the involution of C/A which associates to every element z its opposite —z. In
I, the involution ¢ can be represented by the map which associates to a point a of IT the
representative of —a modulo A which lies in I1.

Itis clear that the group {id, o } actson C/ A and thatifa ¢ {0, w/2,w:/2, (w1 + w2)/2},
the orbit of a contains two elements g and &’
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Lemma 2.5.2 Let f be an even elliptic function of the lattice A, and let a* = {a, a'} (resp.
a* = {a}) be the orbit of a under the action of {id, ¢}.

(1) Then f(a) = f(d') and f has the same order at a and a'.
(2) Ifa = d, the order of f at a is even.

Proof.

(1) The first assertion follows from the parity and the periodicity of f.

(2) The second assertion necessitates a Jocal study.
Iffla+z)=auz"+---,thenf(—a—z) = a,z"™ +--- sincef iseven.
Butf(—a—2)=fd —2) = a;n,(—z)m' + .-+, sof has the same order at a and at &',
ie.m=m.

(3) If a = a’, we have

anZ" + - =fla+z) =fla-2) =an(-2)" +---,

s0 m is even since we assume that a,, # 0.

Corollary 2.5.3 Every even elliptic function of lattice A is a rational function of p.

Proof. Letf be such an elliptic function and let a, (resp. b,) be representatives of the zeros
(resp. poles) of f in & + [T\ {0} modulo {id, o}, where || is assumed to be very small and
such that f has neither zeros nor poles on the boundary of o + 1. We denote by r,, (resp.
s,) the order of multiplicity of a, (resp. b,) divided by the order of its isotropy group (i.e.
by 1 or 2)in {id, o'}.

More precisely, the divisor is equal to 1 if and only if a, (resp. b,) is not in
{1/2, w2/2, (w1 + 2)/2}, otherwise it is equal to 2. The lemma shows that r, (resp.
sy) is an integer.

We then set

gz) == M[p(z) — p(a,)]™
C e @) — ekl

which comes down to constructing an elliptic function of order n which imitates the
behaviour of f at its zeros and its non-zero poles in o + IT.

Since g is of order n, it follows from Liouville’s theorem 2.4.5 that f and g have the
same order at the origin.

Thus f/g is an elliptic function of lattice A, holomorphic in « + I1. By Liouville’s
theorem 2.4.3, it is constant.

Thus if we setf /g = C and

X — p (@)™

X)=C ,
vX=C X oo

we have f = ¢(p). O
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Example 2.5.1 Consider p'2.
Since '? has no poles other than 0 in T, ¢ is a polynomial.
Since g'? admits the double zeros w; /2, w,/2, (w; + wy)/2, we have

o*=clo-o(3)] [ o(5)] [o-#(*52)]

Finally, 51)'(2)2 = 4/z6 +..- soC=4and

o= fo-o(3)] o] -5

Note that the polynomial ¢(X) has only simple roots, since otherwise w;/2, w,/2 or
(w1 + @,)/2 would be a zero of p’2 of order at least equal to four.

Theorem 2.5.3
(1) Every elliptic function f of lattice A can be written

f=oe®) + Vv (p),

where ¢ and \r are two rational functions.
(2) The field of elliptic functions of lattice A is C(gp, £').

Proof.
(1) The assertion follows from corollary 2.5.3 if f is even.
(2) Set

_J&+f(=2 B f@ —f(-2)
gi=——— =
it is clear that g and & are two elliptic functions of lattice A and that g (resp. k) is even

(resp. odd). O
Thus g = ¢(p) and h/p" = ¥ ().

2.6 EISENSTEIN SERIES

Given a lattice A of C, for each integer m > 3, we set

Gn(A) =) ﬁ: > L

m
weh wemvjo) @

Note that G,,,(A) = 0if m is odd.

Notation 2.6.1 Gy is called the Eisenstein series of index 2k (or k, according to the
author) of the lattice A.
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The Eisenstein series can be used to express the Laurent*®

Indeed, we have

expansion of g at the origin.

1 ' 1 1
ZSO(Z)_z_zzi: li(z—w)z_&]'

But
1 1 z 2
(z — w)? Pl i
Thus
1 2 4 6
P = Z_z +3G4z7° +5Gz" +7Ggz” + - - - (6)
We saw in the preceding section that
2 3 2
PT=4p  +ap” +bp+c 0

with a, b, ¢ € C. By Liouville’s theorem 2.4.6, we have a = 0.

We now propose to compute a, b, ¢ in terms of the Eisenstein series by formally identi-
fying the Laurent expansions at the origin of the two sides of (7), using the expression (6)
as well as the derived expression

2
p/(Z) - _ZT =+ 6G4Z + 20G623 + 42G8ZS 4 (8)

Remark 2.6.1
(1) We can show (exercise) that G,,, Z 0 when m > 2, i.e. that there exists a lattice A
such that G,,(A) # 0.
(2) The coefficients a, b, ¢ of the right-hand side of (7) are unique. This can be seen on
the Laurent expansion of 50’2 —4p° .

Theorem 2.6.1 Let G4 and Gg be the Eisenstein series of indices 4 and 6 associated to
A, and let  be the Weierstrass function of A.
Then p is a solution of the differential equation

Y'? = 4Y> — 60G,Y — 140Gs.
Remark 2.6.2 60G,4 and 140G are traditionally denoted g, and gs.

Proof. (1) If we replace A by e A («¢ € C*) and 7z by @z, then g, G4 and G become
a2, a7*G, and a~%Gg; we will say that p is of weight 2, G, of weight 4 and Gg of
weight 6, etc.

30 P A. Laurent 1813-1854.
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For relation (7) to be homogeneous, we need b to be of weight 4 and ¢ of weight 6.
We see that in fact we have

b=AGs; and c¢ = uGs.

(2) We can compute X and u by formal computation using (6) and (8).
Computing A: since Gy has to disappear from the result, we identify the z=? terms in
the expressions

2 2 1 2\ . Gy
——3+6G4Z and 4 —2+3G4Z +)\—2+,
b4 z Z

which gives —24 = 36 + A.
Computing p: since G4 must disappear from the result, we identify the constant terms
in the expressions

2 2 1 ’
(— =+ 20G613> and 4(—2 + SG6Z4) + uGe,
4 Z
which gives —80 = 60 + u. O

Remark 2.6.3 The theorem implies the following relations

(i) p(01/2) + o(@2/2) + p(w1 + w2)/2 =0.
(i) o = 6% — 30Gs.

Relation (ii) makes it possible to express Ga, as a polynomial in G4 and Gg (see
Exercise 2.3 and also [Se 1] p. 151).

2.7 THE WEIERSTRASS CUBIC

Keeping the definitions of Section 2.6, we say that the cubic
Y’ =4X° — g2X — g3 (E)

is the Weierstrass cubic associated to the lattice A.
This cubic is a special case of cubics of the type

Y2 =D(X) = aX’ + bX* +cX +d,

where D(X) is a polynomial of degree three without multiple roots; the homogeneous
equation of this cubic is

Y?Z — (aX? + bX*Z + cXZ? + dZ*) = 0. ()

Theorem 2.7.1 When the polynomial D(X) has no multiple roots, the cubic (I') is a non-
singular (or smooth) curve in the projective plane P,(C).
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Proof. Let F(X,Y,Z) denote the left-hand side of the equation (I"). It suffices to
prove that

Fy=F,=F,=0

implies (X, Y, Z) = (0, 0, 0), which is an impossible choice for a system of homogeneous
coordinates!
To simplify the notation, we again set

D(X,Z) = aX> + bX*Z + cXZ* + d7*;
then the system becomes
~Diy(X,Z) =2YZ =Y? — D,(X,Z) = 0.
If Z £ 0, it follows that Y = 0, so
Dy(X,2) = Dy(X,2) =0,

which is impossible since D(X, 1) has no multiple roots.
Thus Z = 0 and since a # 0, it follows that X = 0, and finally Y = 0! d

Since (E) has no multiple points, we do not know how to construct a Diophantus-type
parametrisation for this cubic.
However, for z € C/A, set

(@, 0@, ifz¢gA

== 010 ifz e A

we then have the following result.

Theorem 2.7.2 The map f : C/A — P2(C) is a bijective map from C/A to the set
E(C) of the points of the projective completion of E in the plane P3(C).
Moreover, this map is holomorphic.

Proof. (1) Let us show that f maps IT\{0} injectively to E(C).
We already saw that f(z) € E( C) if z € IT\ {0}. Assume that f(z1) = f(z2) and
§'(z1) # 0. Then we have

(1) = 9 (22), ©'(21) = p'(22).

The first relation implies z; € {zj, z}}, and with the second, we obtain z; = z;. (Recall that
7y = o(@)).
If now ’(z;) = 0, we have

’

w; wy w;+ oy
21 €Y T
22 2

and as the numbers g (w1 /2), © (w2/2), ©(w) + w;)/2 are distinct, we again have 2o = z;.
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(2) Let us show that f maps IT\ {0} onto E(C).
Let (a, b) € C? be such that

b =4a® — gra — g3. )]
Since g is of order 2, the equation
p)=a
has two solutions z; and z; in IT\ {0}. Relation (9) implies that
@) = p' @) = b

Now, we know that o'(z}) = —g’(z1), so we have f(z1) = (a, b, 1) or f(z}) = (a, b, 1).
(3) Clearly z +— f(z) is holomorphic on C\A.
Suppose now that zo € A; is f still holomorphic in the neighbourhood of z?
Since f (z0) = (0, 1, 0), we need to represent £ (z) in another affine chart of P»(C).
The equation of E is given by

Y2Z =4X3 — g, X 722 — g32°,

and since we want to study it in the neighbourhood of (0, 1, 0), we set ¥ = 1, which gives
the cubic

Z = 4X3 — g, X7 — g3 2°.

In this system of coordinates, we have
[21¢4) 1
fA=KX2)= (—— -—)
') 9@

and these are indeed holomorphic functions in the neighbourhood of z = 0. g

2.8 ABEL'S THEOREM

We saw in Section 2.7 that the map f is a bijection from C/A onto E(C).
Since C/A is a group, we can transport the group structure and define a group law
on E(C). Precisely, if P = f(u) and Q = f(v), we set

POQ:=fu+v)=fFf"(P)+f Q).

Now our problem is to characterise P & Q without making use of the bijection f!
Before considering the general case, we note that the identity element O of E(C) is the
point (0, 1, 0), and the opposite of the point (X, ¥, Z) is the point (X, =Y, Z).

Abel’s Theorem 2.8.1 A necessary and sufficient condition for three points P, Q, R of
E(C) to be colinear is that P®» O B R = O.
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Proof. (Modern style)

(1) Assume that P, Q, R all lie on the line aX + bY + ¢Z = 0; then their elliptic
parameters u = f~1(P), v =f~'(Q) and w = f ! (R) are the zeros of the elliptic function
g(z) =ap + by’ +c.

If b # 0, this function admits a unique pole of order 3 at z = 0 € C/A, so by Liouville’s
theorem 2.4.6,u +v+w =0 € C/A.

If 5 = O but a # 0, the line is aX + ¢ and it passes through the point (0, 1, 0) € E(©).

Thus we can assume that R = O, of elliptic parameter w = 0 € C/A. As g admits a
unique pole of order 2 in C/A, we again have u + v = 0 by Liouville’s theorem 2.4.6, so
u+v+w=0.

Only the case a = b = 0 and ¢ # 0 remains.

But the intersection of the Weierstrass cubic

Y27 = 4X3 — g,XZ — g32°

with the line Z = 0 gives the point (0, 1, 0) = 0 counted three times (Z = 0 is an inflection
tangent at O). Thus the result still holds.

(2) Conversely, if we have u + v + w = 0, we see that the line defined by f (1) and f (v)
intersects E(C) at a point f(w’) such that (by the first part)

u+v+w =0.

It follows that w' = w, and the theorem is proved. O

Proof. (Abel’s style) We will not attempt to give a complete and rigorous proof; the
argument here should be taken as essentially “heuristic”.

Let us change the notation and write (x{, ¥,), (x2, y2), {x3, y3) for the points P, Q and R; for
Jj€{l,2,3} we write

(5, ) =f(z), z € C/A.

Assume that P, Q and R lie on a line of equation y = mx -+ n; then we want to show
that when m and n vary, the sum z; + 7, + z3 remains constant. To see this, it suffices to
prove that

dzy + dz + dzz = 0.

Now, we have

d ’
©_0W g,
y '@
so it suffices to show that
d dx d
du  do dy o
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The elements x;, x3, x3 are the roots of the polynomial
P(X) =4X} — g,X — g3 — (mX 4+ n)*,
so since P(x;) = 0, we have

aoP JaP
P(x)dx, + —d —dn =0,
() j+8m m+3n "

ie.
P'(x;) dx; = 2(mx; + n) (x;dm + dn).

If the roots x|, x;, x3 are simple, this gives the relation

(10)

3 3 3
dx; dx; x;dm 4+ dn
=2 E —
= =1 n

; ; mx; + P'(x;)

J J j=1

Abel’s trick was to consider the rational function X(X dm 4+ dn)/P(X), with the

assumption that x;, x, and x3 are distinct, and to decompose it into elementary fractions.
We have

X(Xdm+dn) 23: x;(x; dm + dn)
P(X) - P'(x;) (X — x;)

=1

Plugging X = 0 into this relation, we obtain the desired result, i.e. dz;, + dzp +dzz = 0,
hence:

u+n+tn=C" (10)

If we now let z;, z2 and z;3 tend simultaneously to zero while respecting the conditions listed
above, we see that the constant in (10') is zero. |

Special case

(1) If P = Q, then the line aX + bY + ¢Z = 0 is the tangent at P to the curve E(C). The
parameter w of R is —2u.
If 2u = 0, the tangent at f (1) passes through the origin O, i.e. it is parallel to the
axis of the ordinates.
(2) If P = Q = R(whichis possible, as we have already seen) then the line aX +bY +cZ =
0 will be an inflection tangent at P of the curve E (©).
Thus the inflection points of E(C) are the points whose parameters satisfy the
equation 3u = 0 € C/A.
We easily see that there are exactly nine of these inflection points and that they
form collinear triples.
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Geometric Construction
We represent the group law in the following diagram:

P,O)— PBQ

Remark 2.8.1
(1) Let K denote a subfield of C. If (g2, g3) € K?, then the preceding construction puts
an Abelian group structure on E(K), making it into a subgroup of E(C).
(2) In Chapter 5, Section 5.4, theorem 5.4.2, we will prove that every curve of equation

Y?Z = 4X3 — aX7* - b7}

having no double points, i.e. such that a> — 27b% # 0, can be parametrised by elliptic
functions.

2.9 LOXODROMIC FUNCTIONS

We now give a second construction of the elliptic functions, which is much simpler than the
one given in Sections 2.4 and 2.5, and which furthermore has the advantage of generalising
from C to the case of an arbitrary complete valuation field (“Tate functions”).

The main idea is to note that every function g(z) of the form f (¢*%/®') admits the group
of periods Zw; . If moreover we have

fqe) =£@©) (11)

for every ¢ € C* and for a certain g = €?7*/1 with J(w,/w;) > 0, we see that g admits
the period lattice A = Zw; + Zw,. Finally if f is meromorphic in C*, then g is an elliptic
function of lattice A.

Definition 2.9.1 Let g € C* be a complex number of module < 1. We say that a map
f : C* - CU {oo} is a loxodromic function of multiplicator g if f is meromorphic
and satisfies equation (11).
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It is clear that the loxodromic functions of multiplicator ¢ form a field, which we call £,.
It is also clear that the loxodromic functions satisfy structure theorems analogous to the
theorems concerning elliptic functions.

Theorem 2.9.1 Every entire loxodromic function is constant.

Proof.  Indeed, letf € L,.

Equation (11) shows that f is defined by its restriction to the annulus
C,R) = {z € C;|qIR < |z] < R}. As C,(R) is compact, f is bounded in Cy4(R) so
in C*. A theorem from the theory of functions of one complex variable ([Va] p. 389) states
that f is holomorphic at the origin since f is holomorphic and bounded in the neighbourhood
of the origin.

Thus, we can apply the Liouville theorems of Section 2.4. |

Theorem 2.9.2 Assume that f € L, has neither zeros nor poles on the boundary of the
annulus Cy(R) = {z € C; [gIR < |z] < R}. Then the sum of the residues of the poles of
f@)/z lying in C4(R) is zero.

Proof. Let " and [V denote the circumferences bounding C,(R); we know that the sum is
equal to

1 F ) f@
2—”;( I-;Td{_ r+7d2)

Setting z = ¢¢ in the second integral, we recover the first one. O

Corollary 2.9.1 Every non-constant loxodromic function of multiplicator q has at least
two poles (and two zeros) in every annulus C,(R).

Theorem 2.9.3 Let f € L, and let C4(R) be an annulus chosen as in theorem 2.9.2. Let
mg (resp. ny) denote the orders of the zeros (resp. poles) of f in C4(R). Then we have

Ym, = Zny.

Proof. Indeed, Tm, — En, is equal to

1 ! !
f( 1€ o _ f(z)dz>’
2ir \Jr+ f(©) r+ f(2)
and we see as in theorem 2.9.2 that the two integrals are equal. O

Before proving theorem 2.9.4, we take a moment to give some examples of non-trivial
loxodromic functions.
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Example 2.9.1 For 7z € C*, set
o0 o0
s =[Ja-ga]Ja-qz.
0 |

We easily see that each infinite product is convergent, and that the map § : C* — Cis
holomorphic. A simple computation (absolute convergence) shows that

S(gz) = —z7'S(2), S(%) =—-z'$(). (12)
Now consideray, ..., a, € C*, by, ..., b, € C* (not necessarily distinct) such thata; # b;
and
ay - ay=>by by
If for z € C* not equal to by, . .., b,, modulo {g), we set

_ SG/ar). .. S(z/am)
" S(@/by) ... S(/bm)’

M)

then we see that M defines a meromorphic function on C* whose poles are congruent to
by, ..., b, mod {(g). Furthermore, the relations (12) imply that

_ Slai2) - - S(am2)

=l 13
Shz)- - S(bmz)’ 9

1
M(gz) = M(2), M(E)
so that in particular we see that M € L.

Theorem 2.9.4 For every R such that the boundary of C,(R) contains neither zeros nor
poles of f € L,, let A denote the quotient (a, - - - a,)/(b| - - - by,) of the product of the zeros
of f in C4(R) by the product of its poles in Cy(R). Then A € {q).

Proof. Keep the notation of the preceding example without assuming that a; - --a, =
by - - - by,. Then the first of the relations (13) must be replaced by

M(qz) = AM(2).

Now consider the function

82 = i(—Z)—
M(2)
By the construction of M, g has no poles or zeros in C,(R), and since f € Ly, it follows that
g is entire, as well as its inverse 1/g.
Let 3 c¢,z" be the Laurent expansion of g in C*. As Ag(qz) = g(z) and at least one
of the ¢, is different from zero, we see that (Ag" — 1)c, =0, hence A = ¢7" € {(g). (|
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Remark 2.9.1 The preceding proof also shows that ¢, = 0 if v # n, so we have the
following result.

Theorem 2.9.5 If » = q", the loxodromic function f of theorem 2.9.4 is of the form

e S(z/ay)---S(z/am)
S(q"z/b1)S(z/b2) - - - S(z/bm)

Let us now study a particular loxodromic function p.

2.10 THE FUNCTION 0

The function we will consider now is neither more nor less than a somewhat disguised
version of the Weierstrass g function (or perhaps g is a disguised version of p!)

Let M be the complex vector space of meromorphic functions on C*, and let A be
the map

M— M

The image of £, under A is contained in £,, which enables us to construct new loxodromic
functions.

However, we will be particularly interested in the image of the set of functions h
such that

higz) = =77 'h(2). (14)
This image is contained in the set S, of solutions of Abel’s equation:
v(gz) = v(z) — 1. (15)

Lemma 2.10.1 Set x (z) := z5'(2)/S(2). Then
1) S, is the affine C-space x + L.
(2) The map D : v(z) v 2v'(z) maps S, to L.

Proof. Indeed, S satisfies the relations (12). O
Remark 2.10.1
(1) A simple computation gives
[e9) n—1 o0 n
q"z q'z
7) = L . 16
x(@ Zl_qnz_l Xojl_q,,z (16)

(2) The second relation of (12) implies that

1
X(z)+x<z> =L an
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As it is particularly interesting to consider the function D(x), we are led to the
following definition.

Definition 2.10.1 Denote by p the function —D(x), i.e.

PO=) 5 a

(1 —g"2)*

Remark 2.10.2 Relation (17) implies that

1
p2) = p(;)- (18)

Expansion of p in the annulus I'={z €C; |gj<lzl<lg ]}
If we subtract from p(z) the term corresponding to n = 0, we obtain a sum of rational

functions whose poles lie outside of I', so for z € I', we can write
n

9z
(1—g"2)?

Ifn <0 q'z YA W L
n -1 = Z eeidm it
(1 — gmz)? i z q z

As these series are absolutely convergent in I, they form a summable family and we have

Ifn>0: =q' 7+ +mg"" 4

o

Z mq™ 1
_ — m_ . 1
PQ) =~ G Zl_qm (z +Zm) (19)

m=1

Note that the function p(z) — z/(1 — z)? is invariant under the symmetry z — 1/z (this
follows from (18) or (19)), one of whose fixed points is 1 € I". Thus it is natural to consider
the Taylor expansion of p(z) — z/(1 — z)* in the neighbourhood of the identity element of
the group {(g), i.e. of the point z = 1. Set z = 1 4+ ¢. Then by (19) we have

z [o.¢] mqm [o¢]
- =2 e 20
@)~ 77 ’;l_qm-FZZ:VC (20)

with y, = 3500 (m*q™) /(1 — ™).

We now wish to follow a procedure analogous to the one in Section 2.6 which we used
to find the differential equation of the Weierstrass g function. Set p;(z) = p(z) + ¢, where
¢ is a constant which we will determine later in order to state a simple result. By (20),
we have

P+ =074 e+ + )l @1
2

with yo =2 0 (mg™ /(1 — g™).
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If we apply the operator D to the two sides of (21), we find
o0
Dp)(1+¢) = =207 =372 ¢ 4+ Y " ny (6 + D (22)
2

If we compute [Dp; 1> — 4p? as in Section 2.6, we find
Do 1> —4p? =A™+ Bc 4 Ce?+ D7+
with
A=1-12(c+w), B=24, C=1-20p~12(c+wn) - 12(c+n)’.

If we determine ¢ by the condition A = 0, we find B = 0 and C = —(1/12) — 20y». Since
the loxodromic function [Dp;]> — 4pf — Cp; has at most one simple pole in I, it must be
constant by the corollary to theorem 2.9.2 of Section 2.9. We have obtained the following
result.

Theorem 2.10.1 The loxodromic function of multiplicator q:

@ =p@+~ 23 M
PO =PRT 1, T—¢q
satisfies the differential equation:
[2p1 () = 4p] — gao1 ~ g (23)

where
m

ENS L - 7§:
Ry T—gr 8T 216 3441

2.11 COMPUTATION OF THE DISCRIMINANT

We easily obtain the arguments z for which p](z) is zero, from the relation (18). Indeed,
differentiating this relation, we have

! 1 ’ 1
0@ =—=p (—)
Z Z

hence we deduce that p'(—1) =0
But since p(gz) = p(z), we also have

’ 1 7 1
qzp'(gz) = ——p (—)
Z Z

and taking z = ¢~'/2, we also obtain p’(¢'/?) = 0. As /g~! has two determinations, we
also have p’(—¢'/?) = 0. This shows that p’ admits at least three zeros in the annulus
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{ze C; lgl(1 +¢) < {z] < 1 + ¢} with ¢ > 0 sufficiently small. As it admits a single pole
of order three (at the point z = 1) in the same annulus, theorem 2.9.3 of Section 2.9 shows
that these are the only zeros of p’ in this annulus. Thus we see that the discriminant of the
right-hand side of equation (23) is, up to a factor, equal to

A =g —27g; = 16[p(—1) — p(VPPIp(=1) — p(—/PPlo(JD) — p(—VD I

Our goal is to simplify this expression of A.
Consider z and 7’ in C*. Since the function z = p(z) — p(Z) is a loxodromic function
in L,, Theorem 2.9.5 implies that

S(z/7)S(z2)

p@) — p(@) = u(z) SQ)?

with p(z") € C*, constant with respect to z. For more symmetry we will write

S(z/7)S(z2)

— () = A(g) Y] 24
p@) — p@) A(Z)S(z)ZS(Z’)Z (24)

with A(z') € C*, constant with respect to z. Setting the principal parts of the two sides
of (24) at the pole z = 1 equal, we find

LS/ (=1 M) -
1= = — 1 —
M= 12151(8(1)) - H( e

hence
MY =] —g"* (25)
1

Substituting these values of (o (z) — p(z')) into the expression of A given by the lemma,
we have

p— 2 2 _ _ 2
A=16{A(—1)2A(—ﬁ) SCva) S S(~=1)S(~q) }

S(/P*S(=1)2 S(—/*S(=D? S(JP*S(—/9)*
We easily deduce from (12) that
S(=gq) =S(-D),

SO

- 16f Jalld =g }
NEIVNWANCNAL
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Now, we have

S(=1) =2[[7°(1 + ¢")?
S(«/‘?) — Hgo(l _ qn+l/2)2
S(—ﬁ) — ngo(l + qn+l/2)2.

This gives

S(-DSWPS(—v =2]Ja+¢’[[Ja - =2,
! 0

o0
as we see by multiplying the right-hand term by 1—[(1 —q").
1

Finally, we obtain

Lemma 2.11.1 The discriminant A is given by the formula

A =qH(l — g%, (26)
0

2.12 RELATION TO ELLIPTIC FUNCTIONS

We saw at the beginning of Section 2.9 that if f is a loxodromic function of multiplicator

g= e2i7m)z/w17 Im(w,/wy) > 0,

then f(e~27*/*1) is an elliptic function of lattice A = Zw, + Zw,.
Conversely, if g is an elliptic function of lattice A = Zw; + Zw,, with Im wy/w; > 0
and if 7z € C*, the function

@
f@ = g(—.—l log z)
2in
is well-defined because log z € C/2inZ and g admits the period w;. And if we set

2iwy [w
q:e’“’2/ i

we have f(qz) = g((w1/2im) log(qz)) = f(2).
Moreover, it is clear that this correspondence preserves the analyticity of the functions.
Thus, we write

Qitu  2m2u?

w1 a)f

2imufwy =1+

z=e€



100 INVITATION TO THE MATHEMATICS OF FERMAT-WILES

With the notation of Section 2.9, we have

2

2im in 2n
§=Z—l=—u(1+—u——2-u+ )
w1 w1 a)l
—47? 2i 7
gZ:(Z_1)2=——72r u2(1+l—nu——n—2u +- )
j wy 3w

The function which corresponds to p; is an even elliptic function (since p;(1/2) = p1(2)),
of lattice A, which admits a double pole at the origin with principal part given by

LT . P
12 4r? ’
Thus, we have the following result.

Theorem 2.12.1 The loxodromic function p; of multiplicator q corresponds to
—wj 2/4n%gp, where  denotes the Weierstrass function associated to A.

It follows that

2 d f ,
20((0) = ==p1(2) = =159 (W),

S0
z2pi(2) = (2&;” ) "(u).

Finally if we plug the following expressions into equation (23):

p1 = ( o ) ., @)= (%)3@’@),

2ir
we pass from the differential equation (23) to the equation of the theorem of Section 2.6.
Thus we have
2im 2im\4 s 1
oo ()= () G 05 £25)
‘= w] &4 ( wh ) 12 -
2im\6 2im [ S
140G, = (__> - (_) ) 27
6 wq &6 wq ( 216
2im\ 12 2im\ 12
av=(=")"a= (%) 1—'"24.
: w1 (wl qml;ll( 1 )

We will study these functions in more detail in Chapter 5.

COMMENTARY

Certain (young) readers may be surprised by the general form of the equation of a non-
decomposable conic given in Section 2.1; it was taught in the last year of high school
forty years ago [M-M]!
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The double theory of elliptic functions which we gave in this chapter is contained in
the book by Valiron [Va]. But any other book on functions of one complex variable can
be used; cf. for instance the books by Siegel [Sie], by Whittaker and Watson [W-W], and
by Jones and Singerman [J-S].

Let us also indicate certain books on the subject of elliptic curves, such as for instance
those by Knapp [Kn] and by Silverman [Sil], which contain all of the essential material
concerning the classical theory of elliptic functions.

For the history of this magnificent subject, consult the article by C. Houzel in
[Hou 2] — and plunge into the complete works of Abel [Ab]!

Exercises and Problems for Chapter 2

2.1 Let e denote a primitive eighth root of unity (e = (1 + i)/ V2 for example), and make the
variable change

2 2(ev)? 2iv?

Tl (et 14

in Fagnano’s integral [ dr/v/1 —r4.
(a) Prove that

r dr . v dv
a0l 5=
(b) Using Fagnano’s duplication, deduce from paragraph 2.2 that
v dv % du
[N ] e

2.2 Take a “module” k € [0, 1]. Define the complete elliptic integral of the first kind by

712 1 dt
Kk) := - =
© A V1 —k2sin?9 A V=21 - k2?)

and the complete elliptic integral of the second kind by

72 1 22
E(k)—/ V1 —k2sin? OdG—/ — K

l—t2

To the module k, we associate the complementary module k' = /1 — k2 and the comple-
mentary integrals:

K'(k) :== K(k'), E'(k) := E").

(a) Show that K(0) =n/2, E(Q)=mn/2, E(1)=1.
(b) Show that the length of an ellipse with semi-axes a and b is given by 4aE’(b/a).
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(¢) Show thatif k¥ < 1, then

_Tp(] 2 _ 11 2
K(k)..z(zzlk) E(k)_zF( 221k>

where F'(a, b; c; z) is Gauss’ hypergeometric function defined by

ab ala+ Dbb+1) ,
Flabicig=1+422, 4 84T 20T 1)
@bic) =1+ 72+ =577

(d) Show that

dE._E-K
dk — k
dK _E-k’K
dk — kK
(e) Foraand bsuchthat0 < b < a, set
7/2 de 1 (b
I(a,b) = = —K'(—).
0 Va?cos2@ +b2sin2g 4 a

Taking ¢ := btg6, show that

I b= f (@@ + t2)(b2 )

then setting u := %(t — ab/t), justify that
b
I(a, b) —1( -; ,Vab).

(f) Keep the notation of (¢) and set

a+b an + by
Loy =
2 n+1 5

bo = b, b] = «/E, ...,b,H_] = »,/a,,b,,,...

Show that b,, < gy, that the sequence (a,) is monotone decreasing, that the sequence (b,,)
is monotone increasing and that (a, — b,)—> 0. Let M (a, b) denote the common limit of
these sequences (the arithmetico-geometric mean of ¢ and b.).

(g) Deduce from (e) and (f) that I (a, b) = (7r/2)/M (a, b), and obtain the following result due
to Gauss (1799):

ap:=a, aj :=

M, «/_) / \/1—t4

(h) Setc:=+a?— b2, k:=c/a, k' :=b/a. Deduce from (e) that

Ko = — K WEY_ 2 L (1=¥
T4k \14k/) 14k \1+k )
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Differentiating the first equality with respect to k and using the second differential equation
of (d), show that

1+k_(2vk k2 A Y 4 ,
E() = TE(m) +oK® =1+ )E(l +k,) _ KK,

(i) Set

/2 b
J(a, b) :=/ \/a200529+b2 sin 6d6 =aE’(—>,
0 a
and deduce from (h) the relation
2J(ay, by) — J(a, b) = abl(a, b).
(j) Show that
o0
Ja, b) = <a2 -3 2"—1c,§>1(a, b)

n=0

with ¢2 := a2 — b2.
2.3 Using the results of Section 2.6, prove the identity
2m— 1D2m —-2)2m -3
n Cm—-1)C2m-2)(2m - 3) Gom
6
2
= (1 +3Gsz* +5G62® + -+ @m — DNGouz®™ +--+)" = 5 Gaz*.

14 Gaz* + 10Ggz® + - - - 4

Deduce the following expressions of Gg, G1g in terms of G4 and Gg:

3 5
Gy = ~G2, Gio = —G4Ge.
8= 704 10 = 174400

2.4 Prove the result of Section 2.10:

5.m

1 7 S mOs
=313 1o

2.5 Using the expressions of g4, gg and A given in Sections 2.10 and 2.11, deduce from the relation
A= gi - 27gé the relation

00 3 00
<1 +24()Za3(n)q") - (1 - 504Zas(n)q">
1 1

From this deduce that

2 00
=1728s[ J(1 — g™
1

a3(n) = os5(n) mod 4
o3(n) = os(n) mod 3.

Check these congruences by a simple direct computation.
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2.6 Using exercise (3), show that for every integer n > 1, we have

Gap € Q[Ga, Gl

Giving weight 4 to G4 and 6 to Gg, what can we say about the weight of G,,,? Could this result
be foreseen?

2.7 LetS(z) = Ziooo a,Z" be the Laurent expansion of S(z) for z € C*.
(a) Show that

ap = (=1)q"" D24 ifn > 1.

We now propose to determine «g.
(b) Show thatif g and x € R, then

o
[T+ 4"
. 0
ag = lim
xX—> +00

o
Z qn(n—l)/an
1

(¢) Setting P(x) = [[5°(1 + g"x), show that

ORI

(d) Deduce from (c) that the Taylor expansion of P(x) at the origin is

o< [e 0]
1
P =) pux" mmm:ﬂ”wrhja
) j=1

(e) Deduce that the quotient of the coefficients of the same rank of Ziooo q”("_l)/ 24" and
387 Bux" tends to T2, 1/(1 — ¢).
(i) Deduce that o = []2; 1/(1 — ).
(g) Extend this result to every complex number g such that {g] < 1.
2.8 Let g be the Weierstrass function associated to a lattice A, and let x and y € C\ A be such that
x+y¢ A
(i) Show that

P x) (0 1
PO ©' ) 1|=0.
pax+y - x+y) 1

(i) Suppose moreover that x £y ¢ A. Show that

1(@%x)—&f@)
A\Npx)—pO)
(iii) With the hypotheses of (ii), show that

2
PO +y) = ) —pw-p0).

' (0’ )

@u+y%—@u—y%=—&551§i;§-
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2.9 Assume that g4 and gg are real and gi - 27g§ > (. Write
47 — gaX — g6 = 4(X — e)(X — e)(X — €3),

with e; > ¢; > e3.
(a) Let x > e and set

+00
7= f (41> — gat — g)"/? ar.
X

Show that if g is the Weierstrass function of invariants g4 and ge, then

x=piz+a)

where o is a certain real constant.
(b) Letting x tend to +o00, show that « is a pole of the function and deduce that

x = p(2)-

(c) Setw;/2:= feTOO(4Z3 — gat — g6) /2 dr. Show that w; /2 is a half-period of g such that
plw1/2) = e;.

(d) Setws/2:= —i [ (g6 +gat — 413y~1/2 gs. Show that w3 /2 is a half-period of g such
that o (w3/2) = e3.

(e) Show that

p(z+ ﬂ) _ = e —e3)
2 1 p@—e

(f) Show that

w]

@(T) —e1 = (e — e2)(e1 —e3)]'/2

(g) Show that if ¢; = g (w;/2), then

w , )
@’(z)ﬁ(z + f)p’(x + %)p (z + 73) = 16[g3 — 27g2].

2.10 Let g be the Weierstrass function of the lattice A = Zw| + Zw, with

Im(g) > 0.
w]

(a) Let ¢ denote the function defined by

i@
Tz‘ = -9 ()

lim [£(z) —z "1 =0.
z—0
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Show that

1 g1 1 z
f(z)=;+2[ w+5+—2]

weA - w

where Y0 2= Y ,eao) -
(b) Show that ¢ is a meromorphic odd function of z.
(¢) Show that we have

(it w)=¢@+m
{Gtw)=¢@+m

where n; and 7, are constants.

(d) Integrating ¢(z)dz along the boundary of a period parallelogram, prove Legendre’s
relation:

ne — no) = 2.
(e) Show thatifx +y+ z =0, then

O+ +L@QP + W+ +@ =0

(the pseudo-addition theorem!).

2.11 Let ¢ denote the function associated to the lattice A by the construction of Exercise 2.10, and
define the Weierstrass sigma function by the conditions

d
—logo () =¢(2)

dz
lim ﬂ =1.
0 Z

(a) Show thatifz € C\ A, then

’ 2
o0(z) = zl_[ [(1 - i) exp <é + ﬁ)jl

where [, := [Toeavio -
The analogy of this expansion with that of the sine function makes it natural to consider
o as a sort of pseudo-elliptic sine.
Show that this infinite product converges normally on every compact subset of C \ A.
(b) Show that ¢ is an odd entire function admitting simple zeros at every point of A.
(c) Show that for v € {1, 2}, we have

oz +wy) =cve™o(z), ¢, €C*,
where 77, := £(z + wy) — £(z) (see Exercise 2.10). Taking z = —w, /2, show that
cy = _eﬂku/Z.
Deduce that

oz 4 wy) = _env(l+wv/2)o(z).
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(d) Set g = ¢792/®1 (5o that |g| < 1). Show that the entire function g defined by

o0
g(z) = eMP) 21 gin (E) H [1 —2¢"" cos A q‘“’]
wi

@1 n=1

admits the same zeros as o, and that the function g/o is elliptic for the lattice A.
(e) Using (d) and the Liouville theorem (theorem 2.4.1), show that

e Tz
o(z) = ﬂe(ﬂlzz)/zw) sin (E) I—[ |:1 _ 2q2n COS —— +q4ni|.
T w1

@1 n=1

(f) Letf be a non-constant elliptic function for the lattice A.

Letay,...,a, (resp. by, ..., by) denote the (suitably repeated) zeros (resp. poles) of f in
a period parallelogram. We recall that we have n = m and that, up to adding a period to
b,, we have

ar+---+ap=by+---+ by

Show that the function / defined by

n

hp) = [ 224 ar)

=1 o(z—by)

is an elliptic function of lattice A.
Deduce that f = ch, with ¢ € C*.
(g) Show that foryand z € C\ A, we have

_o@+yokz—y)

KJ(Z) _50()’) = 0’2(2)0'2()1)
(h) Show that forz € C\ A, we have

') = 20(z+ w1/2)0(z + w2/2)0(z — (w1 + @2)/2)
B T S 0 @1/ 20 (@20 (@1 + @2)/2)

(i) Show that p'(z) = —0(22)/0*(2).
(j) Form € N, show that

1 ok @) " D)
1 p@@) @) 0" V)

1 oG O 0" Vzm

m'U(ZO+Zl +tzm) o — 20

= (=1ymm=D72y1pr .
=D omtl(zg) - oM™ ()
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Problem |

The text at the end of this problem consists of pages 7-11 of a text by Abel. Please read these pages
and answer the following questions.

(1) Briefly analyse the usage of functional notation in the text.
(2) Consider the lemniscate

2
@+ 4y -2 =0,

whose representation as a curve is given by

N _

1 1

For r € [0, 1], denote by s(r) the length of the arc of the lemniscate running from (0, 0) to
(V2 +9/2, /(2 = r%2).
How can we choose ¢, e and x in formula (2) so that @ = s(r)?
(3) Show that w and @ are finite.
(4) Using the formulae (10), show that if & and 8 are “indeterminates”, then
@ ¢+ )+ ¢la — B) = 20)f (BF(B)/R
(b) (e +B) — pla — B) = 20(B)f (@) F(a)/R
© fla+B) +fla—B) =2/ (@)f (B)/R
@) fla+ B) —fla — B) = —2c2p(@)p(B)F(@)F(B)/R
(€) F(a+B) +Fla — B) = 2F(@)F(B)/R
® Fla+p) - Fla - B) = 22(@)p(B)f @)f (B)/R.
(5) Using the results of paragraph 1.1 of Abel’s text, show how one can deduce, without any com-
putation, formulae (b), (e) and (f) from formulae (a), (c) and (d).
(6) Taking 8 = +w/2, deduce the following relations from the formulae (10):

o\ w\ fa)
"’(“ = 5) = i"’(5> F(a)
0\ __ F(@/2p)
/ (a * 5) =¥ @D F@

i

o
N
«
H-
N e

F(w/2)
) F(a) ~
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(7) Deduce that

¢<a+§)=¢(-a+§)
f<a+%)=—f<—a+%>
F(a+§)=F<—a+§).

(8) Show that

(a + w) = —p{a)
fla+w)=—f(a)
F(a + ) = F(a).

(9) What does Abel mean when he says that o and 8 are two “indeterminates”? Within what
framework does he prove the relations (10)?
Do you have any idea of the origin of this proof?
(10) Show that the choice of 8 = +(w/2)i leads to the relations

pla + i) = —p(a)
fla+ @iy =f(a)
Fla+ &) = —F(a).

(11) With the help of the results of (8) and (10) and the relations (10) of Abel’s text, show that we
can extend ¢, f and F to the whole complex plane.

(12) Show that A = 2wZ + 2iwZ is a period lattice for ¢, that A’ = 2wZ + iwZ is one for f and that
A’ = wZ + 2iwZ is one for F.

Research on elliptic functions (Abel)
Journal fiir die reine und angewandte Mathematik, herausgegeben von Crelle, Bd.2,3. Berlin 1827, 1828.

For a long time, logarithmic functions, and the exponential and circular functions were the only
transcendantal functions which attracted the attention of geometers. Only lately have we begun
to consider some others. Among these, we distinguish the functions called elliptic, both for their
beautiful analytic properties and for their applications in diverse branches of mathematics. The first
idea of these functions was given by the immortal Euler, who proved that the separated equation

dx " dy
Va+Bx+y2 +83 +ex*  Ja+By+yy2+83 + eyt

is algebraically integrable. After Euler, Lagrange added something, by giving his elegant theory of
the transformation of the integral [ (Rdx)/+/(1 — p2x2)(1 — q2x?), where R is a rational function
of x. But the first, and if I am not mistaken, the only person who profoundly investigated the
nature of these functions, is Mr. Legendre, who, first in a text on elliptic functions, and later in his
excellent Exercises in mathematics, developed a number of elegant properties of these functions,
and showed their applications. Since the publication of this work, nothing has been added to the
theory of Mr. Legendre. I believe that the further research on these functions presented here will
be welcomed with pleasure.
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In general, by the denomination of elliptic functions, we understand every function contained
in the integral

Rdx
Vo + Bx + yx2 + 60 + ext

where R is a rational function and «, B, v, 8, ¢ are constant real quantities. Mr. Legendre proved
that by suitable substitutions, we can always bring this integral to the form

/ Pdy

Ja+ byl + oyt

where P is a rational function of y*. By means of suitable reductions, this integral can then be
brought to the form

/A+By2 dy

C+Dy? \Ja+by2 +cy*

and this to the form

/ A+ Bsin?6 do
C+Dsin?6 /] — 2sing
where c is real and less than one.
It follows from this that every elliptic function can be brought to one of the three forms

o " de
—_— fdé) 1 —¢2sin%0, / ,
V1—¢2sin?6 (1 +nsin? &)v1 —c2sin? 0

which Mr. Legendre has called elliptic functions of the first, second and third kind. These are the
three functions considered by Mr. Legendre, particularly the first, which has the simplest and most
remarkable properties.

In this text, I propose to consider the inverse function, i.e. the function ¢«, determined by the
equations

sinf = g = x.

] do
o= —_—
V1=c2sin?o

d6 /1 —sin? 0 = d(pa) = dx,

The last equation gives

SO

/ dx
a= .
0 V(1 —x)(1 —c2x2)
Mr. Legendre assumes ¢? positive, but I noted that if we assume ¢’ negative, equal to —&2, the
formulae become simpler. Similarly, I write 1 — ¢2x? instead of 1 — x2 for greater symmetry, so
that the function pa = x will be given by the equation

dx

*= /o VI & + 42y
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or

Yo =1 - )1 + 2p2a).
For brevity’s sake, I introduce two other functions of o, namely

fa=4/1~c2¢%a; Fa =1+ é2p2a.

Several properties of these functions follow immediately from known properties of elliptic func-
tions of the first kind, but others are more hidden. For example, one can show that the equations
pa =0, fa = 0, Fo = 0 have an infinite number of roots all of which can be found. One of the
most remarkable properties is that ¢ (ma), f (ma) and F(ma) (for an integer m) can be expressed
rationally in ¢, fo, Fa. Also, nothing is easier than finding ¢ (ma), f (me), F(ma) when we know
pa, fa, Fa, but the inverse problem, namely determining ¢, fo, Fa in terms of p(ma), f (ma),
F(ma), is more difficult, because it depends on an equation of high degree (namely of degree m?).

The resolution of this equation is the main object of this text. First, we will see how to
find all the roots, using the functions ¢, f, F. Then we will consider the algebraic resolution
of the equation in question, and we will succeed in obtaining the remarkable result that
g(a/m), f — (a/m), F(a/m) can be expressed in g« , for , Fae , by a formula which, with respect
to a, contains no other irrationalities than radicals. This gives a very general class of equations
which can be solved algebraically. It is notable that the expressions of the roots contain constant
quantities, which in general cannot be expressed by algebraic quantities. These constant quantities
depend on an equation of degree m> — 1. We will show, using algebraic functions, how we can
reduce the resolution to that of an equation of degree m + 1. We will give several expressions of
the functions ¢ (2n + Ve, f(2n + 1), F2n + e in terms of ga, fa, Fa. We will then deduce
the values of g, fo, Fo in terms of . We will show that these functions can be decomposed into
an infinite number of factors, and even an infinity of partial fractions.

Section |
Fundamental properties of the functions ga, fo., Fo (by N.H. Abel).
1
Assuming that

po = x, (M
by virtue of what precedes, we find that
/ x dx
a= .
0 V(1 =22 + e2x2)
From this we see that «, considered as function of x, is positive from x = 0 to x = 1/c. Thus,
setting

)

l/c d
w x
Z = , (3)
2 Jo V(=) +eix?)
it is obvious that g« is positive and increasing from o« = 0 to @ = w/2, and we have
w 1
®© =0, w(—) =-. C))
2 c

As o changes sign, when we write —x instead of x, the same holds for the function g« with respect
to ¢, and consequently we have the equation

p(—a) = —ga. 5)
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Substituting xi for x in (1) (where i, for simplicity, represents the imaginary quantity ~/—1) and Bi
denotes the value of «, we obtain

. (Bi) d B / * dx ©)
xi = @(fi) an = .
0 V(1 +c2x2)(1 — 2x2)
B is real and positive from x = O to x = 1/e, so setting
@ /e dx
L. Q)

2 Jo Ja-&D(+ )

x will be positive from 8 = 0to 8 = @/2, i.e. the function (1/i)¢(Bi) will be positive between
the same limits. Setting 8 = « and y = ¢(ai)/i, we find

| 7=

a= ,
0 V1 —e2y2)(1 +c2y?)

so we see that if we suppose ¢ instead of ¢ and e instead of ¢,

plai)

becomes ga.

And as

fo=1-c2¢2a,
Fa =,/1+¢2¢la,

we see that by changing ¢ to e and e to ¢, f (i) and F(ai) become respectively Fo and fo. Finally,
equations (3) and (7) show that under the same transformation, w and @ become respectively @
and w.

By formula (7) we have x = /e for B = ®/2, so by virtue of the equation xi = ¢(Bi), we

obtain
wi 1
— ) =i-. 8
¢(2) L2 3)

By the above, we will have the values of ga for every real value of « lying between —(w/2) and
+(w/2), and for every imaginary value of the form Bi of this quantity, if 8 is a quantity contained
between the limits —(@/2) and +(@/2). We now need to find the value of this function for an
arbitrary real or imaginary value of the variable. To do this, we will first establish the fundamental
properties of the functions ¢, f and F.

Having

f2a =1- c2<p201,
Fla=1+ echza,
we find, by differentiating,
fa fla=—cpa-¢'a,
Fo - -Foa= e2<pa ¢
Now, by (2), we have

o= \/(1 — 2p2)(1 + 2¢2a) = fa - Fa,
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so substituting this value of ¢’« into the two preceding equations, we find that the functions ga,
fo, Fa are related by the equations

¢'a =fa-Fa,
flo = —c?¢a - Fa, )
Fla=épa-fa.
This said, I claim that letting & and 8 denote two indeterminates, we have
pa -fB-FB+¢p-fa-Fa
a+p)=
pla + ) = ezg2<p2a ey
fo -fB—cpa-pf -Fa-Fp
a+p)= , 10
fl@+p) R (10)
Fa-FB+e’ga- B -fo-fB
1+ e2c2pla - 2B '
These formulae can be deduced immediately from known properties of elliptic functions (Legendre,
Exercises in Integral Calculus), but we can also check them easily as follows.
Let r denote the right-hand side of first of equations (10). Then differentiating with respect to
o, we have

Fla+p) =

dr _¢la-fB-FB+¢p -Fa -flatep fa Fa
da 1+ e2c2p? - a - 928
_(pa-fB-FB+¢B fa-Fa)e’c’pa -9’ - ¢'a
(1 + e2c2p%a - ¢26)° '
Substituting for ¢’«, f'«, F’a their values given by equations (9), we find

dr _ fa-Fa-fp-FB  2e’c*¢’a-¢?B-fa-fp Fa Fp
de 1+ e2c2p2a -2 (1 + e2c2p?a - g2 B)?
+<poz ceB - (1 + e2c2pa - 9?2 B)(—e2F2a + €2f2a) — 2e2c%pa - B - 2B ~f2a - Flq
(r+ ezcz(pza . (pZﬁ)Z
hence, substituting for f2¢ and F2« their values 1 — Epla, 1+ e*¢?«, and reducing, we find that
dr/da =
(1 - &Pp’a - p*B)(e? — *)par - B + fo - fB - Fou - FB] = 2e°par - pp(9*a + ¢*B)
(1 +ec2pa - g2 6)? '
Now, a and B play symmetric roles in the expression of r, so we have the value of dr/dg, by

permuting « and g in the value of dr/da. This shows that the expression of dr/da does not
change value, so we have

)

dr dr

de ~ df
This partial differential equation shows that r is a function of & + 8, so we have

r=ya+p).
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The form of the function ¥ can be found by giving a value to 8. Supposing for example that 8 = 0,
and noting that ¢(0) = 0, f(0) = 1, F(0) = 1, the two values of r become

r=¢a and r=va,
S0
Yo = ga,
hence
r=yla+p)=gla+p).

The first of the formulae (10) thus holds. The other two formulae can be verified in the same
manner.
3

A number of new relations can be deduced from (10). Let me give some of the most remarkable
ones. To simplify, set

I+ &2c?%a - °B =R. an

First, changing the sign of 8, we obtain . ..

Problem 2

Begin this problem by reading the following excerpt from another text by Abel, published in 1823. [Ab]
Value of the expression @(x + y+/—1) + ¢(x — y/—1)

Solutions of some problems using definite integrals
When ¢ is an algebraic, logarithmic, exponential or circular function, we can always, as we know,
express the real value of ¢(x + y/=1) + ¢(x — yo/—1) in real and finite form. If on the contrary
@ preserves its generality, we have not, as far as I know, yet been able to express it in a real, finite
form. We can do this using definite integrals, in the following way.

If we expand ¢(x + y/—1) and ¢(x — y/—1) by Taylor’s theorem, we obtain

//x ///x
P +yv=1) = px + ¢'x - yv/=1 - %yz A

123
(p////x 4
T3 T
w//x ¢)///x
Pl —yV=D) = px = g'x - /=T = =" + yV-1
122 7123
(p////x
1234 ’

SO
QOHX
1-2

o0+ yV=T) + o(x — yv/—=1) = 2((px -

To find the sum of this series, consider the series

2 3

t
= t/ "
patn=extigxt oext 5
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Multiplying the two sides of this equation by e dr, and then taking the integral from t = —o0
to t = +oo, we find

+00 +00 +00 22
/ olx + t)e“’z’zdt = (px/ e dr + (p’x/ e rdr

—0o0 —00 -0

1 +o00
ot [ iy
2 —o0

Now, {2 ¢~ 222+l gy = 0, s0

Foo 22 TO 90 Ux YR 99
f (p(x+t)e‘v'dt=(px/ e_"’dt+¢—/ eV dr
—00 —00 1-2 —00

(p/mx f—sz 224
R £dt
+ 2.3.4 +

1 %
Consider the integral

+00 22 5
/ eV dt.
—00
22 2
Lett =a/v,wehave e ™" = e %, 120 = a®/y?" dt = da/v, so
+
Ooe—v t 2nd 1 oo —a2 an _ ((2n+ 1)/2)
2n+1 e a da= 2n+1 ’
_ y2ntl j y
o0 o0
ie.
oo 22 o g _ - Q2n—-1)/m J_
o € ony2n+l v2n+1

Substituting this value above, we obtain

/+°° ) _ﬁ( Ay ¢'x Ay <p””x+ )
. .

I — =
—00 plxt e ox+ 2 2 +2~3-4 vt

Multiplying by e“’zyzvdv and taking the integral from v = —o0 to v = 400, we obtain

/+00 y +00 2,2
v vdv/ ex+ne V" dt
«/_
oo 2 Arp’x [T _ 2 2 dv
=<Px/ e_vzy dv+ l(pr ey = +-
—60 2 —60 y

+00 22 _, Ine1 +00 2 3
/ e VY vy =y / e B g7 2map.

Letvy = 8. Then

—0oQ o
Now,
+00 _ _1ynnHn 1\
/ e-ﬁzﬂmdﬂ:r(l 2n>: SV Gl VAV
—oo 2 1-3-5...2n—1) An
SO

2n—1
/+°° gy DT

—Cc0 An
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and consequently
+o00 29
A,,/ ey gy = (— 1) YL T
—00
Substituting this value and dividing by /7 /2y, we obtain
2)’ +00 " i

+00
-2 f 22 ¢'x 5 x4
t dr =2 _— —_—).
~ _ooe vdv N p(x + e (ox Y s )

The right-hand side of this equation is equal to
px+yv=D +pkx—y~v-1),
)

2y +00 22 +00 2
px+yv-1+ox—yv-1)= —/ e " Y vay o(x + e dr.

T 00 —o0

Setting x = 0, we have

2 +00
eV —1) +o(-yv—1) = 4 / _"2y2vdvf @t - e_vzt2 dt.
14

—00 —0oQ

+00
e

Now, answer the following questions concerning Abel’s text.

(1) In this text by Abel, published in 1823, the author says on line 4 that he considers a function ¢
which “preserves its generality”.

Can you interpret the subsequent lines, to explain Abel’s conception of a general function?
(2) Show thatif v > 0, then

f Y o 135 @) o
—00

n . v2n+1

(3) Abel takes e(f) = €. Do we have the right to take ¢(r) = ¢’? Using the last formula of the

text, show that
x 22 o 2.2
cos y = 1/ V! f &V dt \vay
T J-0o —00

deduce that y > 0 when |y| < 7/2.
(4) Show that we have

[o0]

22 T 2
/ o g = VTl
o v

when v > 0.

(5) Show that the right-hand side of the equation in (3) does not make sense. Find an error in Abel’s
reasoning (this error was pointed out by Eric Brier).

1 O 2 242
cos y=—/ e YA gy,
NZN

(6) Recall that the Bernoulli numbers B,, are defined by the relation

o0 n
Z Z
et — 1 _’;Bnﬁ‘
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Show that
2n

o0
Z Z Z
Zcotgm —1=Y (=1)"By—
5 cotg 5 ,;( )'Bans

(recall that cotg u = cos u/ sin u).
(7) Show that

[°]

2
tg — — —
co g z Z (2 kT[)z
(8) Using the preceding question, show that

Bon (=1 1 1
ot = e\ttt )

(9) Using the expansion
1
el —1

show that if n > 1, then
00 t2"_1 x [o%s] 21
dt = e M gy
(=T

o k2n

=e 't H e 4., ifr>0,

(10) Prove that

(11) Deduce that

n oo t2n—1
— (_ 1\l
By = (-1 22n_1]0 i

(12) Letus admit the fact that the successive derivatives of the analytic function ¢ satisfy the condition
le™® ) < C*

for every n > 0 and for every x € [a, b]. Show that we have

b—1

b o] B
Y e = f p@det Y ")~ V@)
a k=1 "

r=a
(where it is understood that g and b lie in Z). Show that

/°° N U)W sy BTSN 7 W S S
0 2/-1 en —1

b—1 b 1
=Y o - f p0)dx + 51p(OL;.

a
(13) Taking ¢(x) = ¢*, deduce from (12) the relation
 sin(z/2 1 1
f sin(t/2) . _
0

et —1 T e—1 2

(This result is due to Abel).
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NUMBERS AND GROUPS

The aim of this chapter is to provide the reader with at least rudimentary notions of two
important mathematical objects: the field of algebraic numbers, and its automorphism group.

The goal to the chapter is a structure theorem which is algebraic in nature, namely
Steinitz’ theorem stated in Section 3.4. But as we go, we will use analytic methods to
construct an infinity of interesting fields (the p-adic fields discovered by Kurt Hensel®!
in 1902) which will enable us to construct as many distinct but isomorphic images of
“the” field of algebraic numbers. Like every mathematical object, this one is defined up to
isomorphism, and it should not be surprising that it keeps turning up in different disguises.

Finally, we will study the group of automorphisms of a field, and we will conclude the
chapter with an introduction to the representations of such a group, and to Galois theory?2.

3.1 ABSOLUTE VALUESON Q

Our goal here is to describe all the absolute values defined over (Y. However, in order to be
able to use the concept of absolute value in other cases, we first need an abstract definition.

Definition 3.1.1 Ler A be an arbitrary ring with unit. An absolute value on A is a map
A — R, written x > |x|, satisfying the conditions

(i) |x| = Oforeveryx € A and |x| = O if and only ifx = 0.
(i) |xy| = x| [yl
(iii) There exists a constant C (depending on the absolute value) such that for every
(x,y) € A%, we have

lx + y| < Csup{lx], |y[}.

31 K. Hensel 1861-1941.
32 E. Galois 1811-1832.
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Remark 3.1.1

(1) When C = 1, we say that the absolute value is ultrametric, and the inequality (iii) is
then called the ultrametric inequality.
(2) Certain absolute values satisfy the triangle inequality

(v) [x + y| < x|+ [yl

We will see in the exercises that this happens if and only if C < 2. We call these
absolute values “triangular”.

(3) Let | | denote an absolute value, and let « > 0. Then the map x > |x|* is also
an absolute value. This absolute value is said to be equivalent to the first one (see
Problem 1, page 164).

Thus, we see that every absolute value is equivalent to a triangular absolute value.
In particular, the “norms” introduced in Chapter 1 are equivalent to triangular absolute
values.

Example 3.1.1 (1) Every field k is equipped with the absolute value | |y defined by
|xlo = 1ifx # 0 and |0]g = 0. This absolute value is called the trivial absolute value on k.
(2) If A is equal to Z or F,[¢], the map x = |x| defined by

1)

IXloo = 0 ifx=0
xloo = Card(A/(x)) ifx # 0

is an absolute value on A. We extend it to the field of fractions k& of A by the formula

Yoo Me g

o IYlso

y

This absolute value is called the “absolute value at infinity” of QQ or of F, ().

To justify this terminology, consider the case where A = [F,{¢], and suppose that x =
amt™ + - -+ + ag with a,, # 0. As each element of A/(x) can be represented by a unique
polynomial of degree < m, we see that

xloo = ¢" = g*4 .
Now, if y = byt" + - - - + b with b, % 0, then
))_C/ - qm—n — qdeg,(x/_v)’ (2)
00

and we easily check that | | is an absolute value on I, (f). We can give a second expression
of |x/y| by noting that F, (t) = F,(0) with 8 = 1/¢ (“uniformising parameter at infinity”).
We then have

X am+...+009m_9n_m
v bt b
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where z is a rational function in 6 which admits neither zeros nor poles at 8§ = 0 (i.e. “at
infinity”). Thus, we see that n — m is the valuation of x/y at 8, and we set

X
n—m= voo(—>.
y

X

y

(3) P-adic absolute value on Fy(¢).

What we did in example (2) with 8 can be repeated with an arbitrary irreducible poly-
nomial P(¢) € Fg[¢]. Fix a monic irreducible polynomial P(r) € IF,[z], and for every
z € Fy(1)*, let v,(z) denote the exponent of P in the decomposition of z into prime factors.
We then set

Therefore

— q“Voo(X/)')' 3)

o0

IZ]P — qu'p(z)’ (4)

where n denotes the degree of P.
When z = 0, we write v,(0) = oo, hence |0]p = 0. Clearly relations (i) and (ii) are
satisfied by | |p. As for (iii), it follows from the inequality

vp(x +y) = inf{vp(x), vp(M}.

Thus we have the ultrametric inequality

V) [x + ylp < sup{lx|p, I¥lp}.

Remark 3.1.2 One may be surprised to see that the degree n of P occurs in formula (4). In
fact, this is due to a normalisation designed to ensure the validity of the product formula:
for every x € F ()%,

Wloo - [ ] -Ixlp =1, )
PeP

where P denotes the set of monic irreducible polynomials of F,[¢]. Applying (5)tox = P,
we understand the need to introduce # in (4).

(4) The p-adic absolute value on Q.

The construction of example (3) can easily be transposed to Q.

Fix a (positive) prime number p, and for every z € Q*, let v,(z) denote the exponent of
p in the decomposition of z into prime factors. We set

lzl, = p~", 0], = 0, (6)

and we check, as above, that | |, satisfies the relations (i), (i), (iv) and (v).

Remark 3.1.3 We can also check the product formula (5) for every x € %, where now
P denotes the set of (positive) prime numbers p in Z.
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The following result is immediate.

Lemma 3.1.1 Let a, B, y be three real numbers > 0. If for every n € N we have y" <
an+ B, theny < 1.

Proposition 3.1.1 Ler A be a commutative ring with unit 14, and let | | be an absolute
value on A. Then the following conditions are equivalent.

(1) The absolute value | | is ultrametric.
(2) Foreveryn € Z, we have |n - 14] < 1.

Proof. We may assume without loss of generality that the absolute value is triangular.
(1) If (i) is satisfied and if n € N, we have
in1al < sup{|1al, ..., [1al} = 1.

Furthermore, it is clear that | — 1| = 1, so this property extends to Z.
(2) Letx and y € A. If (i1) is satisfied, then for every n € N we have

ey =1+ =3 ()
i=0
< "+ T e+ I S (e DM,

where M = sup{|x], |y|}.
Thus we have

(|x;;y[)n <n+l,

soy :=|x+y//M < 1bylemma3.1.1. O
Corollary 3.1.1 Every absolute value on A which is bounded on Z - 14 is ultrametric.
Proof. Let M be the bound of |n1,4]. Then for every v € N, we have

[n".14] = |nls]” < M,
S0 |nlsl < 1. 0

Example 3.1.2

(1) Every absolute value on Q) which is bounded on Z is ultrametric.
(2) If kis a field of positive characteristic, every absolute value on k is ultrametric.

Ostrowski’s Theorem 3.1.1 Every non-trivial absolute value on Q is either | |3, or | }s
with 0 < «.
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Proof. Let| | be a triangular absolute value on Q.

(1) Forevery n € N, we have
nl=1+---4+1 <n
Now let a and b be two integers in N*. We can expand »* in powers of a, and we have
b =co+cia+-- +c,d”

with0 <¢; <aandc, # 0.
Since a* < b¥, we have n < v(log b/loga).
We deduce from the expression of b” in base a that
1b]” < leol + lctl lal + - - - + [eal lal”
<a(l +lal+---+lal") <a(n+ HM",

where M = sup{1, |a|}. Therefore, for every v € N, we have

logb v
b < a <v og 4 I) (Mlogb/loga) ’
loga

ie. vy’ < av+ B with

logb b
og f=a )= |5l

x=a " Milogb/loga’

loga’

The above lemma implies that y < 1, hence
Ibl S Sup [ 17 'allogb/loga}.

(2) If | | is not ultrametric, there exists b € N such that |b| > 1 and the inequality of
(1) shows that for every a > 1, we have

Ib'l/logb < lalllloga-

For reasons of symmetry, we deduce that

Ibll/logb — Ia]l/loga'

Thus if |b| = b*, we see that |a| = a®.

Furthermore, |n| < nforn € Nimpliesthat0 < o < 1.

(3) If the absolute value | | is ultrametric, then |a] < 1 for every a € Z.

We see easily that I = {a € Z; |a| < 1} is a prime ideal of Z. If the absolute value is
not trivial, this ideal is different from (0). Thus there exists a prime number p € N such
that I = (p). Now, if x € Q*, we can write

u
x:pvﬂ(x)o;, u,velz,

where 1 and v do not contain the number p in their prime decompositions.
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We deduce that u and v do not lie in /, so |u]| = |v| = 1.
Finally, we obtain

el = [p|"® = pl" = a8

Since {p| < 1, we see that o > 0. a

The proof of the analogue of Ostrowski’s theorem for I, (1) can be found in the exercises.
Here is its statement.

Theorem 3.1.2 Every non-trivial absolute value on ¥ ,(t) is either | |5 or| |§, with0 < «
and P monic irreducible in F ,[t].

3.2 COMPLETION OF A FIELD EQUIPPED WITH
AN ABSOLUTE VALUE

We know that the field of real numbers R contains the field of the rationals @, and that R is
equipped with an absolute value | | which induces the absolute value at infinity | |, on Q.

When a field X is equipped with a triangular absolute value | |, we can define a distance
d on K by the formula

d(xa)’)=|x—)’|7 (1)

and this distance, in turn, lets us define a topology on K (see [Di,1]).

If X is the field of real numbers, we know that () is dense for this topology (its closure
is K) and we know that K is complete. We now propose to find a field K possessing all
the above properties for every absolute value of Q. With this goal in mind, we introduce a
generalised form of the construction of R given by Cantor™*.

Definition 3.2.1 Let k be a field equipped with a triangular absolute value | | .

A sequence (a,) of elements of k is said to be a Cauchy sequence if and only if for
every £ > 0, there exists an integer N (&) such that p > N(¢) and q > N(¢) imply that
la, — a4 < &.

Example 3.2.1
(1) Every sequence of elements of k which converges to an element of k is a Cauchy
sequence.
(2) We know that the converse is false for the absolute value at infinity on Q; there exists
a Cauchy sequence of rationals which converges to +/2 € R\ Q.
(3) The same remark holds for the p-adic absolute values on @ and the P-adic ones on
IF, (1), see the exercises.

3 G. Cantor 1845-1918.
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Thus, we see that Q (resp. F,(¢)) is not “complete” for any of its non-trivial
triangular absolute values. Let us give the precise definition of this notion (which is
extremely useful in analysis) in the case which interests us (cf. [Di 1]).

Definition 3.2.2 Let k be a field equipped with a triangular absolute value.
We say that k is complete if every Cauchy sequence of elements of k converges to an
element of k.

Example 3.2.2 Every field is complete for the trivial absolute value.

Given a triangular absolute value | | on k, our goal is to construct a field K containing
k which is complete for an extension | | of the absolute value of k.
The following lemma is proved in Exercise 3.10.

Lemma 3.2.1 Let A be the ring of maps from N to k. Then

(1) the Cauchy sequences form a subring C of A,
(2) the sequences converging to zero form an ideal N of C,
(3) the quotient ring C/N is a field K.

Our next objective is to equip K with an absolute value | |¢ extending that of k.
Corollary 3.2.1 Let (a,) € C be a Cauchy sequence of elements of k.
Then (|a,|) is a Cauchy sequence of real numbers.
Proof. Indeed, the triangle inequality implies that
Iapl - |aq| < Iap - aql
Iaql - |ap| < la, —aq|-
Thus if p and g are greater than N(¢), we have
Hap|_|aq”§8- U
Since R is complete, the sequence (|a,|) has a limit; if (¢,) € C, we obtain the following
result.
Lemma 3.2.2 For (a,) € C, set
l(@n)le = lim(la,}) € R.
Then

(1) the map (a,) — |(a,)|. satisfies conditions (ii) and (iv) of Section 3.1;
(2) it induces an absolute value | |x on K.
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Proof. (1) Since |a, + b,| < [a,| + |b,|, we have
lim(la, + b,]) < lim(lan|) + im({by|),

so |la + b|. < |a|. + |b|., where a (tesp. b, ¢) means (a,,) (tesp. (bn), (Cm))-

Similarly, we have
lim(|anby|) = lim(las|) im(|by]),
$O
labl. = lalc|blc.

(2) If, in particular, a € N, then |a|. = 0. Thusif x = x+ N =y + N € K, then
y=x+a,witha € N, so

e < Ixle + lale = x]c.

By symmetry, |x|. < |y|., so |x|. = |y|.. It follows moreover that

X+ Yk =[x +yle < Ixlc + yle = IXlx + Yk
Xylk = byl = Ixlelyle = X[k ¥k

Finally, [X|x = O implies [x|, = 0, hencex € Nandx = 0 € K. ]

We can now state the main result of Section 3.2.

Theorem 3.2.1
(1) If we identify k with the set of constant Cauchy sequences, the image of this set by the
canonical map C—> C/N = K is a field k isomorphic 10 k.
(2) The field k is dense in K for the topology associated to | |k .
(3) The field K is complete for this topology.

Proof. (1) Letx € k, and let o(x) € C denote the constant Cauchy sequence equal to x;
clearly o (k) is a field k isomorphic to k.

Furthermore, o (k) "N = {0}, so the image of o (k) under the map C—> C/N is a field
k which is isomorphic to k.

(2) Letx = (x,) + N € K, withx, € k forevery n € N. We want to show that for every
& > 0, there exists y € k such that

K -0k <e.

Now, there exists N(g) such that p > N(¢) and ¢ > N(e) imply that |x, — x,;| < &, so we
can take y = xy(e).

(3) Let (%,) be a Cauchy sequence of K. We know that for every n € N, there exists
yn € k such that |x, —o(y,)|x < 1/n.
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Let us show that (y,) is a Cauchy sequence of k. Indeed let ¢ > 0 and N(¢) be such that

pandg 2 N(e) = | —Xl =<

W[ m

Then for p and g > N(¢g), we have
1Yo =Ygl S 1o (p) = Xplk + X — Xglk + 1% — 0 (g)lk < &

Now lety = G,S € K, forevery n € N, we have |x, — ¥lx < 1/n, solim, o0 X, =y. O

Definition 3.2.3 Let k be a field equipped with a triangular absolute value | |. A field K
containing k and equipped with a triangular absolute value | |k is called a completion

ofk if

(i) for every x € k, we have |x|x = |x|,
(il) K is complete for the absolute value | |,
(iii) k is dense in K for the topology associated to | |x.

Important Remark 3.2.1 When k = Q is equipped with the p-adic absolute value | |,,
the preceding construction gives us a completion K equipped with an absolute value | |x.

Since the set of absolute values of the elements of Q* is the discrete group (p), it follows
from the preceding construction that the set of absolute values of K* is the same group. In
this case, we say that the absolute value is discrete (even though o is an accumulation point
of (p)!).

In Chapter 6 and in the exercises, we will find other ways to construct a completion of
k. It is natural to ask if all these completions are isomorphic. The answer is given by the
following result.

Theorem 3.2.2 Let k; and k; be two fields equipped with triangular absolute values | |
and | |o. Assume that there exists an isomorphism ¢ . k| — k, such that |p(x)|2 = |x];.
Then if K| and K, are completions of ky and k,, there exists an isomorphism ¢ : K| — K>
such that

@ ol = ¢
(i) |p(¥)k, = x|k, for every x € K.

Proof. Letx € K.

To construct ¢ (x), consider a sequence (x,) of elements of k; such that |x —x,|; < 1/n
for every n (which is possible since k; is dense in K,). The sequence (x,) is then a Cauchy
sequence, so this is also true for (¢(x,)). Consequently there exists y € K, such that
lim, 00 @ (x,) = y.

Set ¢ (x) :=y.

We easily check that ¢ is an isomorphism of rings with unit, and also that assertions (i)
and (ii) hold. O
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3.3 THE FIELD OF P-ADIC NUMBERS

The notions introduced in the preceding paragraph now enable us to give a definition of
“the” field of p-adic numbers.

Definition 3.3.1 Let p > 0 be a prime, and let | |, be the p-adic absolute value of Q.
The completion of Q for the absolute value | |, is called the field of p-adic numbers,
and is denoted by Q,.

Thus, this field is defined (here!) as a ring quotient, the quotient of C/N. But we would
like to define each p-adic number by a unique representative modulo N, just as we represent
a real number by an infinite sequence of decimals; the idea of the latter is due to Stevin,
although its “uniqueness” is a little tricky!

First, we need to mention an important criterion of convergence of series.

Theorem 3.3.1 Let K be a field which is complete for an ultrametric absolute value | |.
In order for the series Zn>>_oo an, of general term a, € K, to converge in K, it is
necessary and sufficient that its general term a, tends to zero.

Remark 3.3.1 The notation ), a, means that there exists an integer N (depending
on the series) such that a, = 0if n < —N. Similarly, [] u, means that there exists an
integer N such that u, = 1 if n < —N.

n»—oo

Proof.

(1) The necessity of the condition is a general property of normed vector spaces.
(2) To show the converse, we consider the sequence of partial sums

we must show that (s,,) is a Cauchy sequence. So, let ¢ > 0. Since a, tends to zero,
there exists M such that n > M implies that |a,| < ¢. Now if ¢ > p > M, we have

Isg = Sp! = laps1 + -+~ + agl < sup {lapsil, ... lagl} <e. O

Definition 3.3.2 Let K be a field which is complete for an absolute value | |.
An infinite product [ |, _o. Un, of general term u, € K*, is said to be convergent in
K* if there exists £ € K* such that the products T, = []_ p<m n tend 1o £.

The preceding criterion admits an important analogue for infinite products.

Theorem 3.3.2 LetK be a field which is complete for an ultrametric absolute value | |.
For the product ], un of general term u, € K* to converge, it is necessary and
sufficient that u,, tend to 1.
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Proof. (1) The necessity of the condition follows from the fact that
T

= um»
Tm—1

and if w,, — £ € K*, the left-hand side tends to 1.
(2) Since m,, = up + Z,’:’zl (m, — m,_1), we are led to show that the series of general
term

Ay =Ty — M1 = A1 (Up — 1)

converges.
Setu, — 1 =v,.
Since v, tends to zero, there exists N such that n > N implies that [v,| < 1, hence
[un] = 1.
Thus, for n > N, we have

Inn—ll = I”n] = I”n+l] =
Denoting this number by A, we see that for n > N, we have
|@n| = Alva].

Since v, — 0, theorem 3.3.1 implies that the series of general term a, converges. ]

Definition 3.3.3 A local ring O is a commutative ring with unit which has a single
non-zero maximal ideal M. The field O/ M is called the residue field of O.

Example 3.3.1 Ifh > 1, the ring Z/p"Z is a local ring; in particular, if 2 = 1 it is a field
and its single maximal ideal is zero.

Theorem 3.3.3 Ler Z, := {x € Q,; |x| < 1}. Then

(1) Z, is a local ring whose maximal ideal is pZ,.
(2) The group of units of Z, is U, = {x € Z; |x| = 1}.
(3) The residue field of Z, is F, = Z/pZ.

Proof.  Properties (i) and (iii) (with C = 1) of the absolute value | | show that Z, is aring
with unit.

Let us show that U, = {z € Z,; |x] = 1}.

Indeed, if |u] = 1 we know that u # 0, so there exists v € Q, such that uv = 1. But if
[uf =1, then [v| = 1 sov € Z,,.

Conversely, if u € U,, there exists v € Z, such that uy = 1. It follows that |uv] = 1. As
Jul <1 and |v| < 1, we must have |u] = 1.

Now let I be an ideal of Z,. If I is not contained in pZ,, then I contains a unit  since
PZLy, = {x € Zy; x| < 1}, so there exists v € Z, such that uv = 1, butuv € I so I = Z,.
This shows that pZ is maximal.
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Clearly I, is a subfield of Z,/pZ,, since the image of Z under the canonical projection
Z, > Z,/pZ,

is isomorphic to (Z/ kerm N Z) = Z/pZ.

Thus, it suffices to show that #(Z,/pZ,) < p. For this we will see that the image of U,
contains at most p — 1 elements.

Indeed, if u € U, then u is the limit of a sequence of rationals r,, so we have

u—ry <1

for n greater than some fixed N.

Thus we have |r,| = 1 forn > N, so r, is congruent modulo p to a rational integer a
not divisible by p; this follows from Bachet’s theorem (usually called Bézout’s theorem).
But we also have

{lu—ryl<land [r,—al <1} = Ju—a|<l,

sou =a mod pZ,.
As #{a + pZ,; a € Z} = p, we are done. O

Definition 3.3.4 A system of digits S of Q) consists of zero and a system of repre-
sentatives of the elements of U, modulo pZ,,.

Example 3.3.2 (1) The most frequent exampleis S = {0, 1,...,p — 1}.
(2) Whenpisodd, S = {—-(p—-1)/2,...,—1,0,1,..., (p—1)/2} is more symmetric
and sometimes preferable.
(3) The best system of digits consists of the Teichmiiller digits
S =10, wp(D), ..., w,(p— D},

where wj(x) is the unique p — 1" root of unity of Q, which is congruent to x modulo p,
so that

F: -2 §* = 5\(0}

is an isomorphism of multiplicative groups.
The computation of @), (x) is easy; we note that if x = % with u € U, then

wp(x) = lim ().
n—o0
Indeed, we know by Fermat’s little theorem that x = x for every n € N, so

W = u+ pa;
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with a; € Z,. By induction on #, it follows that
W =u+pa,

witha, € Z,. Thus we see that (#”") is a Cauchy sequence, and passing to the limit, we have
wp ()’ = wp(x).

(4) When p = 2, the system S of example (1) is a Teichmiiller system. When p = 3,
the same holds for that of example (2). For p > 3, the three systems of digits are distinct.

Theorem 3.3.4 Let S be a system of digits of Q.
Every element x € Q, can be written uniquely in the form

x= Y ap' 1)

n»—0o0

with a, € S, and every series of the form > a,p" converges to a p-adic number.

n>>—oo

Proof. The second assertion follows from theorem 3.3.1 since
lim (a,p™) = 0.
R—> 0

Now let x € Q,. Up to dividing x by |x|,, we can assume that x € Z,.

We know that there exists a number ap € S such that x = g9 modulo pZ,, and this
determines the first term of the expansion of x.

Then, we set x; = x — g and we obtain the second term of the expansion of x since
[x1lp < 1/p. Proceeding this way successively, we see that |x,|, < 1/p" and

x=ao+ap+---+aip" + x,

We obtain the result by passing to the limit as n — oo. O

Remark 3.3.2
(1) We deduce from theorem 3.3.4 that Q,, like R, is not countable.
(2) In order to compute the sum of two series of the form (1), it suffices to know how to
write the sum of two arbitrary digits @ and b € S; to compute the product of these
series, it suffices to know how to write ab.

Example 3.3.3
1) IfS=1{0,1,...,p—1},weknowthata+b € Sifa+b < panda+b = (a+b—p)+p
ifa+b>p.
For the product, the expression of ab is a polynomial of degree < 1 in p with
coefficients in S. In particular, we have

p-bHlep-DH=1+@-2p.
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D UES={-p—-1/2,...,-1,0,1,...,(p— 1)/2}, wesee thata+ b € Sifaand b
do not have the same sign. If they do have the same sign ¢, then

a+b=(a+b—ep)+ep.

This system is useful to write the opposite of a number, for example (1), whereas in
the first system we get the horrible expression

~l=@=-D+@-Dp+@-Dp*+--
(3) For the Teichmiilier digits, we always have ab € S.

3.4 ALGEBRAIC CLOSURE OF A FIELD

In this part, the word “field” is always taken to mean “commutative field”.

Recall that if we are given an extension of fields K C L, an element x € L is said to be
algebraic over K if x is a root of a non-zero polynomial of K[X], and the extension K C L
is said to be algebraic if every element x in L is algebraic over K.

Recall also that a field K is said to be algebraically closed if every non-constant poly-
nomial in K[X] has a root in K (it follows that all its roots then lie in K).

Definition 3.4.1 Given a field K, we say that an extension L of K (i.e. a field L O K)
is an algebraic closure of K if

(i) the extension L/K is algebraic,
(ii) the field L is algebraically closed.

Example 3.4.1 The field of complex numbers C is an algebraic closure of R; the degree
of this extension (which is the dimension of C considered as an R-vector space) is equal
to 2.

It is natural to ask if every field K has an algebraic closure L. The answer to this
problem is positive, if we admit the axiom of choice; it is the object of the following
statement (see [Bou 1]).

Steinitz’3* Theorem 3.4.1

() Every commutative field has an algebraic closure. B
(ii) If there exists an isomorphism ¢ : K| — K, and if K, and K, are algebraic closures
of K1 and K3, then there exists an isomorphism ¢ : Ky—> K, such that ¢ |x,= ¢.

Example 3.4.2
(1) The field of rational numbers @ admits an algebraic closure Q.
Since the polynomial X —2 € Q[X] is irreducible for every n > 1 by Eisenstein’s
criterion, we see that [Q : Q] = oo.

3 E. Steinitz 1871-1928.
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(2) The field IF, admits an algebralc closure ]F Since for every n € N, the roots of the
polynomlal X" — X in ]F are distinct, ]F is infinite, so [F, : F,] =

(3) The field Q, admits an algebralc closure Qp Since the polynomial X” —-p e Q,lX]
is irreducible for every n > 1 by Eisenstein’s criterion, we see that [Q, : Q,] = oo.

(4) If K, and K, are two subfields of @ and if ¢ : K;—> K, is an isomorphism, then ¢
extends to an automorphism ¢ of Q. Indeed, Q is a common algebraic closure of K;
and K.
It follows that Aut(Q) is infinite since the group of automorphisms of the field gener-
ated by the roots of X" — 1 over Q is isomorphic to (Z/nZ)* for every n € N.

We often read that “the algebraic closure of (Q consists of the set of complex numbers
which are algebraic over Q. This statement can be explained as follows.

Definition 3.4.2 Let K C L be a field extension. We say that K is algebraically closed

inside L (or that L is regular over K) if every element of L which is algebraic over
K liesin K.

Proposition 3.4.1 Let K C L be a field extension. The set M of elements of L which are
algebraic over K is an intermediate field between K and L. Moreover, M is algebraically
closed inside L.

Definition 3.4.3 We say that M is the algebraic closure of K inside L.

Proof of the proposition. Since M C K(M) and K(M) is an algebraic extension of K, we
see that M = K(M).

Now, if x € L is algebraic over M, the extension M C M (x) is algebraic, so x is a root
of some polynomial X" + a,_1X"~' +--- 4 ay € M[X]. As each g; is algebraic over K, the

extension K (ay, ..., a,_y) is a finite extension of K. By the tower rule, we have
(K(ay,...,an-1,x) : K] =[K(ay, ..., an-1,%) : K(a1, ..., an-1)]
x [K(ay,...,an—1) : K] < 00,

so the degree of the extension K C K(x), which divides the degree of the extension K C
K(ay,...,a,_1,x),is finite, and x € M. O

Corollary 3.4.1 Let K C L be a field extension. If L is algebraically closed, then the
algebraic closure M of K inside L is actually an algebraic closure of K.

Example 3.4.3
1) ’I_'he algebraic closure of QQ inside C is an algebraic closure of QQ, so it is isomorphic to
Q. We show in Problem 4 that Aut(C) is infinite. If the complex number z belongs to
Q, then clearly its orbit under the action of Aut{C) is finite (its cardinal is the degree
of z over Q). Conversely, it can be shown that if the orbit of z under the action of
Aut(C) is finite, then z belongs to Q (again see Problem 4, page 167).
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(2) For every prime number p, th_e algebraic closure of QQ inside @p is an algebraic closure
of @, so it is isomorphic to Q. Thus we obtain an infinity of distinct constructions of
the algebraic closure of Q.

Remark 3.4.1 (1) A well-known reasoning (Exercise 3.17) shows that Q is countable. Tt
follows that

[C: Q] =00,
and for every prime p,
[Qy: Q) = 0.

(2) We saw earlier that [_Qp : @,] = 0o. One can also show that we can extend the p-
adic absolute value of (, to Q,. However, we note that (), is not complete for this extension
of | |,. We can thus also consider

Cp = @p?@ps

and ask ourselves if Qp is algebraically closed. The answer is “yes”! For all these results,
[Ca 1] p. 149-151 or [Sch] are good references.

(3) The same phenomenon occurs for the algebraic closure of the field Kp, where P
is an irreducible polynomial of F [¢] or P = oo and K = F, (). We can show that Kp is

not complete (see [Sch], pp. 43-44). However, its completion Cp := Kp is algebraically
closed.

Theorem 3.4.2 For every prime number p, the equation F, (resp. Gp) locally admits
non-trivial solutions, i.e. there exists a solution (x,y, 2) of this equation in Z; such that

xyz # O (resp. xyz # 0 and x # y) for every prime {£.

Proof. 'We start with the case £ = p.
Consider the equations
¥4y +2/=0 (Fp)
X+ Y+ 2 = 0. (Gy)
Choose x = 1 and z = p" with & > 1. Then we can take y = —(1 + p"")!/P ¢ Qp

(resp. y = —(1 + 2p”)!/?) and try to make sense of this expression by using analysis.
We easily check that the binomial series

1 11/1
(1+x)1/”:1+—x+——(——1)x2+~-
p  2p\p

converges for every x € Q, such that |x|, < p?/{' P (see Exercise 3.20).
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Taking x = pP* (resp. 2p”*), we see that the sum of this series belongs to Z,.

Now we pass to the case £ # p, which is actually the easier case. Take x = 1 and z = £.
Then we can take y = —(1 + £)'/7 € Q; (resp. y = —(1 + 2¢)!/?) and we see that the
binomial series converges in Z,. O

3.5 GENERALITIES ON THE LINEAR REPRESENTATIONS
OF GROUPS

Recall that the prime subfield Px of a field K is the smallest subfield of K. If the field K
is of characteristic zero, then Px = (@, and if K is of characteristic p, then Px = IF,.

When o is an automorphism of K, we will show that o (Px) = Px and o|p, = idp,.
Indeed, Px N o (Px) is a field contained in Pk, so Px C o (Px). Considering o', we now
see that o (Pg) C Pk, which gives the first assertion. The second comes from the fact that
o (1) = 1 and 1 generates thering Z - 1. As o'(z.1, = idz.1, we see that o|f = idr where
F denotes the field of fractions of Z - 1, i.e. Pg. Let us conclude these remarks with the
following definition.

Definition 3.5.1 Let F C K be a field extension. If an automorphism o of K satisfies
the conditions

(@) o(F)=F,
(i) olr =1idp,

then we say that o is an F-automorphism of K.

Proposition 3.5.1 Let K be a (commutative) field of prime subfield Pg. Then every auto-
morphism of K is a Px-automorphism of K.

In particular, Aut(K) C GLp,(K), where GLp, (K) denotes the group of the Px-linear
bijections of K .

Example 3.5.1 B .
(1) Every automorphism of @ belongs to GLo(Q).
(2) Every automorphism of I, belongs to GLy, (F,).

Understanding Aut(Q) is one of the great problems of number theory, and one of the
ways of studying it is to consider, not GLg(Q) which is too big, but rather the representa-
tions of degree n of Aut(QQ), i.e. the homomorphisms

0 Aut (Q) -2 GLp(V)

where V denotes a vector space of dimension n over some commutative field F.

Definition 3.5.2 Let G be a group and F a commutative field. A representation of G
defined over F is a homomorphism

G %5 GLr(V).
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Two representations p and p’ are said to be isomorphic if there exists an F-linear bijection
@ : V—> V' such that for every s € G, we have

p'($)op =gop(s).

The dimension of V is called the degree of the representation, and the character x, of
the representation is the map s +— trace (p(s)) from G to F.

Example 3.5.2 (1) If V is a line, we say that the representation is one-dimensional. Its
character x, is then a homomorphism

G — F*.

(2) If K = Q@) with i2 + 1 = 0, then Aut K = {c), where ¢ denotes the complex
conjugation defined by ¢(i) = —i.

Since Q(i) is a Q-vector space of dimension 2, we can take V = Qi) and F = Q. If
we consider the basis (1, i) for Q(i), we have

p(id)=((1) (1)) p<c>=(é _?)

so x,(d) = 2 and x,(c) = 0. We see in particular that x, is not a homomorphism of F
or F*!

Note that the image of p is the subgroup of GLo(Q(i)) generated by p(c), and that p(c)
has two distinct eigenvalues. Thus, we see that

Q@) =D & Dy,

where Dy = Vecg(1) and D, = Vecg(i) are two lines of V which are globally invariant
under the linear automorphisms of the image of p.
(3) If K = 4, then Aut (F4) = {idF,, o'} where o denotes the Frobenius automorphism
o (x) = x%. Since F is an F»-vector space of dimension 2, we cantake V = Fsand F = TF».
If we take the basis (1, &) of Fy4, where ¢ is a root of the (irreducible) polynomial
X? + X + 1 € F,[X], then we see that

p(id>=<(1) (1)) p(o>=((1) i)

and it follows that x,(id) = 0 and x,(c) = 0.

Moreover, we see that D = [, is the only line of F, which is invariant under the
image of p.

(4) Assume that Q(i) C Q (resp. F4 C F,). Then Q(i) (resp. Fy) is globally invariant
under every element of Aut @) (resp. Aut F)).

It follows that p lifts to a representation of degree 2 of Aut (Q) (resp. Aut IF,) by the
formula T — p(z|gy) (resp. T — p(t |g,))-
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Proposition 3.5.2 Ler x be the character of a representation p of degree n of G, defined
over the field of complex numbers C. We have

(i) x(e) = n, where ¢ is the identity element of G,
(ii) If o is of finite order in G, then x(c~!) = x (o),
(iii) x(rot™") = x(0) foreveryt € G.

Proof. Property (i) is obvious.
Property (ii) follows from the fact that o(o) is of finite order in GL¢(V), so it is
diagonalisable. Its eigenvalues A; are roots of unity and we have

X@ D =Trp@E ™) =A7" + 420 =X+ + 2 =Trp(0) = x(0).
(iii) We know that if f and g are in GLc(V), then

Tr(fef ™) = Tr(g),

so Tr(p(t)p(e)p(r)™") = Tr(p(o)), which gives the result. O

Definition 3.5.3 A representation G — GLp(V) is said to be irreducible if V # {0}
and if no subvector-space of 'V (except for the trivial subspaces {0} and V) is stable
under all the linear automorphisms of p(G).

Example 3.5.3

(1) Every representation of degree one is irreducible.
(2) The representations in examples (2) and (3) above are reducible.

The following result is a fundamental structure theorem in representation theory (see
[Se 2] p. 18 or Exercise 3.23).

Maschke’s Theorem 3.5.1 Let p : G — GLg(V) be a linear representation of a finite
group G defined over a field F whose characteristic does not divide the order of G.

If V has a subspace W which is stable under p(G), then there is a subspace W' in V
which is a supplement of W (i.e. V = W @ W’), and is stable under p(G).

Example 3.5.4
(1) Inexample (2), the field F = Q is of characteristic zero, and we saw that V = D, & D».
(2) In example (3), the field F = F, is of characteristic 2 and 2 divides the order of
G. We saw that D is the only invariant line inside V, so there is no supplementary

subspace.

Theorem 3.5.2 If the characteristic of F does not divide the order of G, then every
representation of G is a direct sum of irreducible representations. In other words, there
exist Wy, ..., W, in V, invariant under p(G) and irreducible, such that

V=W, & --0oW,.
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Proof. 'We prove this result by induction on dimg(V) < oo.

(1) If dimp V = 0, then V is a direct sum of the empty family of stable irreducible
subspaces.

(2) Suppose dimp V > 0.

If V is irreducible, we are done.

Otherwise, V contains a stable subspace V'’ such that {0} g v’ g V.

By Maschke’s theorem, V contains a subspace V” which is a supplement of V', and
invariant under o (G). Since

dimp V' < dimp V, dimp V" < dimp V,

we can apply the induction hypothesis to V' and V" and we are done. O

Definition 3.5.4 We say that the character of an irreducible representation is an irre-
ducible character.

Corollary 3.5.1 The character of a representation of finite degree of a finite group G
defined over a field F whose characteristic does not divide the order of G is a linear
combination with positive integral coefficients of irreducible characters.

Example 3.5.5 (1) In example (1), we had V = D; & D;. The representation
G = (c) = GLg(D)
is the unit representation ¢ + idp,, and the representation

G 2 GLy(Dy)

is defined by ¢ > —idp,.
Let x; and x; be the respective characters of these representations. Then

X =x1t+ x

(2) A particularly important example is the regular representation of G.
We construct the space V = @;cgF T, where ¥ is a non-zero vector symbolically
attached to s € G, and we define the action of G on V by the formula

PO =T15.
We thus obtain a representation
G % GLp(V)

of degree g = #G.
Assuming that the characteristic of F' does not divide g, we have

Xo=m)1+ - +mxn (1)

where x1, ..., xu are irreducible characters whose respective degrees we want to determine.
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Proposition 3.5.3
(1) The character X, of the regular representation is given by
Xreg(€) = 8 =#G  and  Ypg(s) =0 ifs#e.
(ii) If s € G\ {e}, then
i=h

d_nixi(s) =0.

i=1

Proof. (ii) follows from (i) and (i) follows from the fact that the matrix of o (s) in the basis
( 1 ):ec has no non-zero terms on its diagonal when s # e. O

When the base field F is the field of complex numbers C, we can embed the characters
in a vector space H equipped with a Hermitian product.

Definition 3.5.5 The vector space of central functions H is defined by
H={f:G—C;f(tst™") = f(s) for every s and t € G}.

Forf and g € H, set

1 R
.8 = 2= ) F(5)80).

seG

The essential results concerning H are collected in the following statement (see [Se 2]
or [J-L]).
Theorem 3.5.3

(i) The vector space H equipped with the above scalar product is a Hermitian space for
which the irreducible characters xy, ..., xn appearing in the decomposition (1) of the
regular character form an orthonormal basis.

(ii) Two representations having the same character are isomorphic.

Corollary 3.5.2 Let x be the character of a representation p of G. Then (X, x) is a positive
or zero integer, and x is irreducible if and only if (x, x) = L.
Proof. Letus write x =mx; + - -- + myxr. We have

0 =mi+ -+ mj, ¢)

which is a positive or zero integer.
If x isirreducible, then just one m; must be different from zero, and it must be equal to 1.
Indeed, if p’ is the representation

mp;®--- D mppy
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where p; admits the character x; and the direct sum means that the space of the representa-
tion is
V;’“ DV,

we see that p and p’ have the same character. By (ii) of theorem 3.5.3, o’ must be isomorphic
to p, so it must be irreducible, and the space of the representation must be one of the V;. [

Corollary 3.5.3 The number of irreducible characters of G (defined over C) is equal to
the number of conjugacy classes of G.

Proof. Indeed, corollary 1 shows that every irreducible characteris a x;, with 1 <i < h
and 2 = dim¢ ‘H. Moreover it is clear that the characteristic functions of the conjugacy

classes of G form a basis of H. il

Corollary 3.5.4 The degrees of the x; are equal to their multiplicity n; in the decomposition
(1) of the regular character.

Proof. We deduce from formula (1) that we indeed have

1
m=mwm=—23¢muw=§ma
seG

Thus x,(e) = n;. O

Corollary 3.5.5 The following properties are equivalent:

(i) G is commutative.
(ii) All its irreducible representations (defined over C) are of degree 1.

Proof. (i) Let g be the order of G, h the number of its conjugacy classes and ny, ..., ny
the degrees of the different irreducible representations of G.
By formula (1), we know that we have

(Xreg’ Xreg) = n% 4o+ ni'

But by definition, we also have

1 -
uw&bgzmmmm

seG

By Proposition 3.5.3, we see that the right-hand side of this equation is equal to g, so we
obtain

g:n%+~~-+n§. 3)

(ii) Since n; > 1 for every i, we see that we have the equivalence

g=h <+ m=m=---=mn=1 u
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Remark 3.5.1 (1) Thus, we see that the irreducible characters of G provide prectous
information about this group, since there are as many of them as there are conjugacy
classes of G.

In particular, corollary 3.5.5 shows how they can be used to characterise commutative
groups (without distinguishing between their isomorphism classes, when the orders are
equal).

More generally, the number of irreducible characters of degree 1 of G is equal to the
index (G : G'), where G’ denotes the commutator subgroup of G (see Exercise 3.26).

(2) The theory of linear representations of finite groups can also be presented as the
theory of modules of finite type defined over the group algebra of G.

The underlying F-vector space V of this algebra F[G] is the space of the regular repre-
sentation, and its multiplication table is given simply by

3.7 =
Thus, we see that ¢ is a unit of F [G] and that F[G] is associative.
The regular representation is just the representation of G by “left multiplication” in F[G];

G — GLp(FIG)

__)
tl———)(h—,»:?l—) t -7).

An arbitrary representation p is just an F[G]-module structure over its representation
space. This explains why the regular representation is particularly important (its space is
Jjust F[G]).

(3) When the characteristic of F divides #G, the theory is much more difficult
(see [Se 2]).

3.6 GALOIS EXTENSIONS

The goal of this second-to-last section is to determine and study the finite extensions of
Q contained in Q, which are invariant under every automorphism of @ It is obvious that
there exist a great many such extensions (it suffices to adjoin all the roots of any irreducible
polynomial P(X) € Q[X] to Q), but what are the representations of Aut (Q) which we then
obtain?

In order to obtain statements adaptable to a varied set of situations, we need to extend
our conceptual framework. Fix an extension K C €.

Definition 3.6.1 Ler K C 2 be a field extension. The Galois group Gal(2/K) of the
extension Q2/K is the group of K-automorphisms of Q2. Thus, we have

Gal(R2/K) = {0 € Aut(2); o(x) = x for every x € K}.

Example 3.6.1 If K = Pq, we see that Gal(2/K) = Aut Q.
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3.6.1 The Galois Correspondence

Let K (resp. G) denote the set of fields L such that K C L C 2 (resp. of groups H such that
{ide} C H C Gal(£2/K)). We propose to show that K and G correspond to each other via
a certain duality which resembles the theory of orthogonality in linear algebra.

Definition 3.6.2 LetH € G.
The field of invariants of H in Q2 is defined by

QA =(xeQ; o) = x foreveryo € H}.

Now consider the two following maps:
K-%g gLk
L+— L% = Gal(Q/L) H—H =QH.
Example 3.6.2
e(€) = {ide}, @(K) =Gal(Q2/K), y({ide}) =K, ¢(Gal(2/K)) =7
Proposition 3.6.1
(i) ¢ and  are decreasing maps for the inclusion relations in K and G.
(ii) For every L € K, we have °(L®) = v/ o ¢(L) D L, and for every H € G, we have

CH) =g oy(H) DH.
(iii) Moreover, we have porop =g and Yooy = .

Proof.  As the proof is the same for ¢ and ¥, we give it only for ¢.
() If L, C L,, then
L) = {o € Gal(Q/K); o(x) = x for every x € L} C LY.

(i) Let us show that L < °(L%).
It suffices to see that for every x € L, we have

o(x)y=x foreveryo € L.

But this follows from the definition of L°.
(iii) Let us show that ¢ o ¥ o ¢ = ¢, or that for every L € K, we have

o("(L7) = L.

By (ii), we have %(L°) > L, so by (i), 9(°(L%)) C o(L) = L°.
Now set L? = H; by (ii) we have

CH) > 1.

which is the inverse inclusion. O
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Corollary 3.6.1 Let K' and G' be the images of ¥ and .
Then @ and v induce mutually inverse, decreasing bijections of K' onto G'.

Corollary 3.6.2 A necessary and sufficient condition for H € G to lie in G’ is that

¢(W(H))=H.
A necessary and sufficient condition for L € K to lie in K' is that Y (¢(L)) = L.

Proof. These conditions are clearly sufficient, and they are also necessary by corol-
lary 3.6.1. 0

Definition 3.6.3 [fH € ', we say that H is a stationary subgroup of Gal(2/K).
IfL € K/, we say that L is a stationary subfield of /K.
We say that the extension Q/K is Galois if it is algebraic and K is a stationary
subfield of 2/K.

Remark 3.6.1 Thus, in order for the extension 2/K to be Galois, it is necessary and
sufficient for it to be algebraic and to have ¥ o p(K) = K. As ¢(K) = Gal(2/K), this
means that

QUK — (x € Q: o(x) = x forevery o € Gal(2/K)} = K.
This gives the following important criterion.

Criterion 3.6.1 The extension /K is Galois if and only if it is algebraic and if for every
x € Q\ K, there exists 0 € Gal(2/K) such that o (x) # x.

Example 3.6.3 We always have {e} € G’, but we do not always have K € K'. For example,
Q is not stationary in R/Q since Aut (R) = {idg]}.

Indeed, every o € Aut (R) is strictly increasing (if y > x we have y —x = 72 with
z € R*, soo(y) — o (x) = 0(z)? > 0). Now, for every x € R and every n € N, there exists
r € Q such that

r<x<r+10™.
Since Q is the prime field of R, it follows that
r<o(x)<r+107",
hence |0 (x) — x| < 107" for every n, so o (x) = x.
Proposition 3.6.2 Let K be a field of characteristic zero, and let Q an algebraic closure

of K.
Then the extension /K is Galois.

Proof. 'We will apply criterion 3.6.1.
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Let x € )\ K; then x is algebraic over K.

Let P(X) € K[X] be the minimal polynomial of x over K; then deg P > 1 (otherwise
we would have x € K) and all its roots in €2 are simple because the characteristic is zero.

Let y # x be a second root of P(x) in £2. We know that the map

o Q) — Q0),

where Q(X) € K[X], is a K-isomorphism of the field K(x) onto the field K (y).
By Steinitz’ theorem, ¢ extends to an isomorphism 7 of €2, and we have

T € Gal(2/K) and t(x) # T(y). O

Examples and counterexamples 3.6.4

(1) Although Q/Q is Galois, (R N Q) /Q is not, for the reason explained in the above
example.

(2) Although Q is stationary in C/Q, this last extension is not algebraic and cannot be
Galois (in the sense introduced above).

3.6.2 Questions of Dimension

Asinlinear algebra, this duality becomes much clearer when we make a finiteness hypothesis
on the degrees of the extensions or the indices of the groups.

Theorem 3.6.1 Let K C L) C Ly C Q be a tower of extensions with [L, : L1} =n < o0.
Then we have (p(L)) : ¢(L,)) < n.

Proof. 'We use induction on n.

(1) When n = 1, the property is obvious.
(2) Suppose that there exists an intermediate field L’ such that L, gLE L,. Then the

induction hypothesis gives

(p(Ly) r o)) <[L': L]
(L)1 @la)) <[Ly:L'],

and, multiplying these inequalities term by term, we obtain the result.
(3) Ifthere exists no intermediate field between L; and L,, we necessarily have L, = Li(a)
foreverya e [\ L;.

The isotropy group of a in the action of ¢(L;) on L, is equal to ¢(L,), since the
action of o € ¢(L,) is determined by the knowledge of o (a). Thus, we see that the
cardinal of the orbit of a, under the action of ¢(L;) is equal to (¢(L;) : ¢(L,)). Let
P(X) be the irreducible polynomial of @ on L;; we know that deg P(X) = [L, : L;].

But the orbit of a is contained in the set of roots of P(X), so

(p(L1) 1 ¢(L2)) < [Ly : Ly]. O
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Theorem 3.6.1 admits a symmetric statement which we give here.

Theorem 3.6.2 Let {e} C Hy C H, C Aut(Q) with (H, : Hy) = n < oo. Then we have

[ (H) 2 (H)] < n.

Proof. (1) Note first that the left cosets of H, modulo H; act on ¥ (H;).

Indeed, let C = o H| be a left coset, and let x € ¥ (H,); then for every T € C, we have
T = ochwith h € Hy, hence t(x) = o (h(x)) = o (x). We write C(x) for this common value
o (x).

(2) We reason by the absurd.

If [y (H;) : ¥(H>)] > n, there exist ay, ..., dy+1 € W(H}), linearly independent over
¥ (Ha).
Now consider the following equations in (A;, ..., Ayy1) € ¥ (H)™:

ACa) + -+ A1 Cr(any) =0
: : (1
AMCulay) + -+ + A1 Crlany) =0,

where Cy, ..., C, are the n left cosets of H, modulo H;.
The system (1) contains n + 1 unknowns and # equations: thus it admits a non-trivial
solution in ¥ (H;)"*!. Up to changing the notation, we can assume that it is

(1, A2,...,4,,0,...,0), 2)

with the smallest possible value for r.
The rest of the proof is based on the following trick: if we show that for every o €
Hy, (1,0(x2),...,0(A,),0,...,0)is asolution of (1), then we will have

o(A2) = A2, ...,0(h) = Ay

otherwise the difference of these solutions would also be a non-trivial solution of (1), and it
would admit a greater number of zeros than (2), which is impossible. Thus all the 1; would
be invariant under Hj, and ay, ..., a,+; would not be linearly independent over vy (H3),
which is absurd.

(3) Thus, it suffices to see that for every o € Hj, (6(Ay),...,0(Ayt1)) 18 a solu-
tion of (1).

Let us apply o to the equations of (1); we obtain

o(A)oCila)) +---+0(pg1)oCi(an) =0
: : )
U()‘-l)acn(al) +--- 4+ a()\n+l)acn(an+l) =0



NUMBERS AND GROUPS 145

Astheset {oCy,...,0C,} is exactly {C|, ..., C,}, we obtain the same system (up to the
order of the equations), and the proof is complete. 0
Corollary 3.6.3

() Le KCLiCL, CQ.
If Ly is stationary and if [L, : L] = n < 00, then L, is stationary and we have
(p(L1) 1 @(L2)) = n.
(i) Let {e} C H) C H, C Gal(Q2/K).
If H, is stationary and if (H, : H) = n < 00, then H, is stationary and we have

(W (H1) : Y (H)] = n

Proof. 'We only prove (i) here.
From the above theorems, we deduce that

(Lo 2 Lil = (o(L1) t (L)) = [Y o @(La) = ¥ o (L))
By hypothesis, ¥ o ¢(L;) = L1, so
(L2 Lil = [¥op(ls) : L]
As ¥ o ¢(Ly) D Ly, they are equal. (|

Corollary 3.6.4

(i) If the extension K C 2 is Galois, then for every finite extension L of K contained in
Q, L C Qis Galois and we have [L : K] = (G : ¢(L)).

(ii) All the finite subgroups of Gal(2/K) are stationary, and if H € G is finite, 2/ QH is
Galois of group H.

Proof. For (i), we take L; = K, and for (ii), H; = {e}. g

Fundamental Theorem of Galois Theory 3.6.3 Let K C Q be a finite Galois exten-
sion.

(i) Then we have
[Q: K] = #Gal($2/K).
(i) Let K C Ly C L, C 2 be a tower of extensions; we have
(p(Ly) : ¢(L2)) = [Lp : Ly].

(iii) Let {e} C H, C H, C Gal(2/K) be a tower of groups; we have

(W (Hy) : Y (H)] = (Hy : Hy).
Criterion 3.6.2 Let Q/K be a finite field extension.
The extension 2/K is Galois if and only if we have

[Q: K] =#Gal(Q2/K).
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Proof.
(1) The condition is necessary by the fundamental theorem.
(2) Let us show that it is sufficient. Set L := ¥ (G) with G := Gal(2/K); then Q/L is
Galois by construction. But we have [Q2 : L] = (G : {e}),s0 [ : L] = [ : K], which
implies that L = K. O

3.6.3 Stability

In spite of its admirable @sthetic qualities the above result does not really explain how to go
about finding all the subextensions of K ¢ €2 which are stable under every automorphism
of Gal(2/K).

Definition 3.6.4 Let K C L C 2 be a tower of extensions.
We say that L is stable relative to Q /K if for every o € Gal(2/K), we have o (L) = L.

Proposition 3.6.3 Let K C L C Q2 be a tower of extensions, and let G = Gal(£2/K).
(1) If L is stable relative to Q2 /K, then (L) is a normal subgroup of G.
(if) IfH is a normal subgroup of G, then 1 (H) is stable relative to Q2 /K.

Proof.

(i) Leto € @(L); we must show that forevery r € G, wehave tar~! € ¢(L). This means
that forevery x € L, tot~!(x) = x,orrather o (t7'(x)) = 77'(x). As ' (x) € L
by hypothesis, this is obvious.

(i) Letx € ¥ (H); we must show that forevery T € G, we have 7(x) € ¥ (H). This means
that for every ¢ € H, we must have o (t(x)) = t(x), i.e. t"lo7r(x) = x. But since
1~ lot € H by hypothesis, this is again obvious. .|

Proposition 3.6.4 Let K C L C 2 be a tower of field extensions. If /K is Galois and if
L is stable, then L/K is also Galois.

Proof. We need to show that ¢ o ¢(K) = K in the extension L/K, so that if x € L\K,
there exists ¢ € Gal(L/K) such that 6 (x) # x.

But since /K is Galois, there exists o € Gal(§2/K) such that o (x) # x; thus it suffices
to take 0 = 0|, which is indeed a K-automorphism of L, since L is stable. O

3.6.4 Conclusions

We will now give a more precise description of the Galois extensions.

Proposition 3.6.5 If Q/K is Galois and if P(X) € K[X] is an irreducible polynomial
having a root x € L, then P(X) decomposes into a product of distinct linear factors in Q[X].
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Proof. Let{xy,...,x,} be the orbit of x under the action of G := Gal(2/K): all the x; are
roots of P(X), so we have r < deg(P).

Set QX)) =X —x1)...(X —x,) € QX].

As the coefficients of O(X) are invariant under the action of G and /K is Galois, they
liein K.

Now, P(X) and Q(X) are two polynomials in K[X], both of which have x as a root. As
P(X) is irreducible, P(X) must divide Q(X), and r > deg P(x). 1

Corollary 3.6.5 IfQ/K is Galois and if P(X) € K[X] is an irreducible polynomial which
has a root in S2, then all the roots of P(X) are simple.

Corollary 3.6.6 Let K C L C 2 be a tower of extensions; assume L/K is Galois. Then
L is stable relative to 2 /K.

Proof. Letx € L and o € Gal(2/K); we must show that o (x) € L. This can be seen by
applying proposition 3.6.5 to the irreducible polynomial of x over K. O

Theorem 3.6.4 Let Q2/K be a finite Galois extension of fields with Galois group G, and
let L be such that K C L C Q. Then

(i) L/K is Galois if and only if Gal(2/L) is a normal subgroup of G.
(ii) In this case, Gal(L/K) = G/Gal(2/L).

Proof. (i) Since Q/K finite, L/K is as well; thus it is algebraic.

If L/K is Galois, corollary 3.6.3 shows that L/K is stable relative to /K, and propo-
sition 3.6.3 shows that H = ¢(L) is a normal subgroup of G.

Conversely, we know that L = v/ (H) since L is stationary (since $2/K is finite Galois).
If moreover H is a normal subgroup of G, then L is stable by proposition 3.6.3 (ii). And by
proposition 3.6.4, L/K is then Galois.

(ii) Consider the homomorphism # given by

G L5 Gal(L/K)
o ol

It is clear that Ker s = H, so Imh = G/H.
It remains only to show that 4 is surjective, which follows from the fundamental theorem
of Galois theory on the one hand, since

[L:K]=(p(K): 9(L) = (G : H) = #Imh,
and from criterion 3.6.2 on the other hand, since
[L : K] = #Gal(L/K).

Theorem 3.6.5 Let Q2 be an algebraic closure of K, andlet K C L C Qwith[L : K] < oo.
Then L/K is Galois if and only if L is generated by the roots of a polynomial Q(X) € K[X]
all of whose roots are simple (i.e. a “separable” polynomial).

O
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Proof. (1) Let us show that the condition is necessary.

Since L/K is finite, we have L = K(«y, ..., a,) with; algebraicover K. Let Py, ..., P,
be the irreducible polynomial of «;, ..., &,; we may assume that the s first Py, ..., P, are
distinct. We then see that L/K is generated by the roots of Py, . . ., Py, since these decompose
completely in L[X] by proposition 3.6.5 and their roots are simple (corollary 3.6.3). Thus
wetake Q = P, --- P,.

(2) We will prove that the condition is sufficient by induction on [L : K] = n, but
without assuming that X is fixed in €.

Note first that if L = K(«;, ..., «,), where the «; are the roots of Q(X) € K[X], then
L is stable in /K.

If [L : K] = 1, there is nothing to prove.

Assume that the assertion holds for all the K’ and L’ such that [L' : K'] < n, and consider
an irreducible polynomial P(X) = (X — «) - - - (X — «,) which divides Q(X) in K[X].

Ifs =n,then L = K(¢;) = --- K(a,,) and as there exists 0; € Gal(2/K) such that
oi(a) = o; for 1 < i < n, we see that #Gal(L/K) > [L : K]. Criterion 3.6.2 then shows
that L/K is Galois.

Ifs < n, weset K’ = K(ay).

Then [L : K'] = r < n, so L/K’ is Galois by the induction hypothesis: there exist r
distinct automorphisms 1y, ..., 7, of Gal(L/K") such that 7;(e;) = oy and 7j|x = idk.

But we also know (by Steinitz’ theorem) that there exist s automorphisms p; of €2 such
that p;(ar;) = a; for 1 <i <.

Since L is stable, they induce distinct automorphisms o; of L such that o;(a1) = a;.

Thus, we see that Gal(L/K) contains at least n = rs elements, namely the t; o o;, which
are all distinct.

Indeed, if i # 7, itis clear that 7, 0 0; # 7 0 0, and if i = i’ butj # j', it is also clear
that 7; 00 75 Ty © 0j.

Criterion 3.6.2 then implies that L/K is Galois. |

Counterexample 3.6.5 Let t be transcendental over F,. We take K = F,(1), 2 = F,(?)
and Q(X) = X? —t € K[X].

The polynomial Q(X) is irreducible, but has only one root in €2, since if &’ = ¢, then
OX) = (X — o)”. Proposition 3.6.5 then implies that K («)/K cannot be Galois.

Example 3.6.6 Lct p be a prime number. We saw in Chapter 1 that the cyclotomic
polynomial

Dp(X) =X 4.+ 1 €QIX]

is irreducible.

Let ¢ be a root of this polynomial in Q; then we know that ¢ generates the group Hp (@)
of the p-th roots of unity. Theorem 3.6.5 then shows that the extension Q(¢)/Q is Galois.
Furthermore, Gal(Q/Q) acts on (¢}, and ({) = {¢"; n € Z/pZ} can be considered as a line
D in the field F,,.
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We thus obtain a natural representation
Gal(Q/Q) %> GLg, (D),

whose character is called the cyclotomic character y,,.

The representation of the preceding example has kernel equal to the group ¢(Q(¢)) =
{o € AutQ; o (¢) = ¢}, which is a subgroup of finite index (equal to p — 1) in Gg =
Aut (Q). This suggests the following vocabulary.

Definition 3.6.5 Let K be an arbitrary field and K an algebraic closure of K.

A representation Gal(K /K) —f» GLr(V) is said to be continuous if its kernel is a
subgroup of finite index of Gal(K /K).

By the above, we see that if we let H denote the kernel of p, the group H is a normal
subgroup of Gal(K/K) and ¥(H)/K is a finite Galois extension: we say that p factors
through v (H).

3.7 RESOLUTION OF ALGEBRAIC EQUATIONS

The complete investigation of the resolution of algebraic equations falls well outside the
scope of this book. We restrict ourselves to simply stating some general principles which
we will then apply to equations of degree three.

3.7.1 Some General Principles

Let K be a commutative field of characteristic p, equal either to a prime number or to zero,
and let P(X) € K{X] be an irreducible polynomial of degree n. Take an algebraic closure 2
of K, and consider the smallest subfield L of €2 which contains K and all the roots of P(X)
in §2. If these roots are distinct, we saw (Section 3.6, theorem 3.6.5) that L/K is Galois; we
denote its Galois group by G.

Example3.7.1 (1) LetP(X) = X’ +a,X%+asX +as € K[X]beanirreducible polynomial
of degree 3. Then the roots xi, x3, x3 of P(X) are distinct if and only if P(X) and P'(X) =
3X? + 2a,X + a4 have no common root, i.e. if and only if P(X) does not divide P'(X).

This last condition would be possible only if P'(X) = 0, i.e. p = characteristic(K) = 3
and a; = as = 0. The last case occurs, for example, when P(X) = X3 4+ pX +q €
F3()[X] and p = O; Eisenstein’s criterion shows that P(X) is irreducible if ¢ € Fi|s]
and v;(q) = 1.

(2) In any case, [L : K] € {3, 6} since we have a tower of extensions K C K(x;) C L
and [L : K(x1)] € {1, 2}.

If L/K is not separable [L : K] = 3, but we will see that we can have [L : K] = 3 even
if L/K is separable.
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Theorem 3.7.1 Assume that L/K is Galois, and let S = {x,, ..., x,} denote the set of
roots of P(X) in Q. Let &,, denote the symmetric group of S. Then the map

G5 8,

o+ 0Jlg

is an injective morphism of G to &,. Moreover, the image of G acts transitively
on S.

Proof. The only non-trivial assertion is the transitivity of the action of ¢(G).
Let x; and x; be two elements of §. We know that

K(x) = K[X]/(P) = K(x)).

Thus, there exists a K-isomorphism from K (x;) onto K(x;). By Steinitz’ theorem, this
isomorphism extends to a K-automorphism of €2, and its restriction to L is an element o in
G such that o (x;) = x;. ]

Example 3.7.2 Ifn = 3 and if L/K is Galois, then G is isomorphic to a subgroup of order
3 or 6 of B3. Thus we have either G = &; or G = 2, (they both act transitively on S?),

where 203 denotes the alternating group of order 3.

Corollary 3.7.1 IfL/K is Galois, then n divides #G.

Definition 3.7.1 The discriminant of the polynomial P(X) is the product

D = —140=2 T ().
i

Remark 3.7.1 Since D is a symmetric function of the roots of P(X), the theorem of
symmetric functions tells us that

D € Pg[coefficients of P],

where Pk denotes the prime subfield of K.
If the characteristic of K is zero, we even have

D e Z[coefficients of P].

Example 3.7.3 If P(X) = X* + a,X? + a4X + as, then
D = P'(x))P' (x2)P'(x3) = —4ada + a2a? + 18ayasas — 4a; — 27a;. (1)

In particular, the discriminant of X* + pX + g is given by
D= —Q27¢* + 4p*). (2)
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Theorem 3.7.2 Assume that p # 2 and that L/K is Galois. Then 6(G) C U, if and only
if D € 2K* (i.e. D is a square in K*).

Proof. Set

E=]]xi-x) eL,

i<j
so that E2 = D.
Let o € G and let (o) be the signature of 8(c) € &,. Then
o(E) = ¢e(o)E,

s0 6(G) C XU, is equivalentto E € K. O

Corollary 3.7.2 Assume that p # 2 and P(X) = X® 4+ a,X> + asX + as is separable.
Then the following propositions are equivalent:

i) G =2,
(i) [L:K]=3
(i) K(x;)/K is Galois fori € {1,2,3)}.

Example 3.7.4 The extension Q(*v/2) /Q is not Galois, since the discriminant of X> — 2
is —108, which is not the square of a rational number (it was obvious anyway!).

Definition 3.7.2 Let G be a group. We say that G is solvable if there exists a chain of
subgroups

G=GyDG DG, D---DG;={e}

such that G;y, is nermal in G; and G;/G;, is Abelian, and this holds for all i €
{0,...,¢£—1}.

The next result is the core of this section.

Galois’ Theorem 3.7.3 Ler K be a field of characteristic zero. The equation P(X) = 0 is
solvable by radicals if and only if the Galois group G of L/K is solvable.

Remark 3.7.2

(1) This theorem can be extended to fields of positive characteristic as long as their char-
acteristic does not divide the orders of the radicals or the indices [G; : Git1]-
(2) For a proof, see [Kap] pp. 32-36 or [VW1] pp. 172-175.

Example 3.7.5 Every equation of degree three is solvable by radicals. Indeed, for P(X)
irreducible, it is enough to note that 23 and &3 are solvable groups.
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Corollary (Ruffini 3>-Abel®® Theorem) 3.7.4 Let K be a field and u,u, ..., u,
indeterminates. Then the general equation of degree n,

PX)y=X"+u X" '+ +u,=0,

is not solvable by radicals when n > 5.

Proof. Indeed, the Galois group of this equation, which is isomorphic to &, is not solvable
when n > 5 (see {Tau] p. 41). |

Remark 3.7.3

(1) What we give here is Galois’ proof of the Ruffini—Abel theorem. For the original proof,
see [Ab].

(2) Note thatif n < 4, then the general equation of degree # is solvable by radicals, since
®,, is solvable.

3.7.2 Resolution of the Equation of Degree Three

Let us give a brief presentation of the resolution of this equation by a method attributed to
Tartaglia®” and Cardan?, although apparently this resolution is really due to Scipione del
Ferro®.

This method can be applied to the general polynomial

X3+02X2+04X+a6 3)

when the characteristic of the field K is not equal to 2 or 3.
The translation X — X — a,/3 brings this equation to the form

X +pX +q. )

Since the characteristic of K is not equal to 3, K contains two primitive cubic roots of unity,
which we denote by j and j2.
Scipione del Ferro and his disciples remarked that we have the identity

X —u— )X —uj — X — i —vj) = X3 = 3wX — (& +°), (5)

35 P, Ruffini (1765-1822).

36 N.H. Abel (1802-1829).

37 N. Tartaglia (1500—1557).

3 G. Cardan (1501-1576).

39 Scipione del Ferro (1465-1526).
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and they were led to solve the equations
3uv = —p, W v =—q.

We see that 4* and v* must be roots of the equation
2 Py}
Y +qY—(§) = 0. 6)

Thus, if the characteristic of K is not equal to 2, we have

\stiJZq2+4<p/3>3 _p
: ,

3u’

U =

and we obtain the three roots of (5).

Remark 3.7.4 A priori, it seems that this method should give too many solutions. But the
indetermination of the root of «> only has the effect of cyclically permuting the three roots
of (5), and the indetermination of the & in (7) only permutes u and v and exchanges the last
two roots of (5).

Explanation of this resolution when the characteristic of K does not divide 6.
We saw in the first part of this section that if (3) is irreducible over K, its Galois group is
either 243 or B3, according to whether D is or is not a square in K*.

Let us begin by adjoining VDt K;setR = K(v/D) C K. The polynomial (3) remains
irreducible over R since [R : K] is equal to 1 or 2, and its Galois group is now As.

Letx;, x2, x3 denote the roots of (4) in K, and let us introduce the Lagrange resolvents*’

ro=xi+x+x3=0
rno=x +jx +jx €K
rn=xi+jx+px k.

We know that R(x;) = R(x;) = R(x3) because D is a square in R*, and we see that (3)

remains irreducible over R(j) since [R(j) : R} is equal to 1 or 2. Set M = R(j).
Let o = (x;, x2, x3) be a generator of Gal(M (x,)/M) = 5. Then we have

o (r) =x; + jxs + j2x; = j*ry
o () =x; +j2x3 + jx; = jra.

which shows that r} and 3 are invariant under o, so they belong to M.

40 1. de Lagrange (1736-1813).
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Let us define /D by
VD = (x) = x)(x1 —x3) (0 —x3) =5 — 1
with
s = x12x2 + x§x3 + x%xl, t= xlxg + xzxg’ + x3x12.
We then find that

ri = x4+ x5 + x5 + 3is + 377t + 6x1x0x3
= —3q 4+ 3js +3j*(s — VD) — 6g
= —9q — 35 — 3j*V/D.

Now, the equations

s+t=3g
S—t:x/ﬁ

give 2s = 3g + +/D, hence
2r} = =27q 4+ 3v/-3D.

But equation (6) implies that

2 = —q 7 /=DJ27.

Thus, we see that 7 € {(3u)*, (3v)*}].
Furthermore, we have

{2u3 = —q+./=Dj27

ryry =x% +X§ +x§ — (x2x3 + x3x1 + x1x2) = —3p,
s0 r; = (3u)® (resp. (3v)*) implies r3 = (3v)? (resp. (3u)?). As

3)61 =n —+ r
3x, = j2r +jr2
3x3 = jr +j°r,

we obtain the formulae of Tartaglia and Cardan.

Remark 3.7.5 This explanation goes back to Lagrange [Vui].

)
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COMMENTARY

It seems probable that Newton was delighted to be able to manipulate formal series as
though they were decimal expansions of real numbers (which were first introduced by
Stevin). It is an established fact that Hensel and Landsberg introduced the p-adic expan-
sions of algebraic numbers (in 1902), as analogues of the Newton-Puiseux*! expansions
of algebraic functions. Thus the theory made a full, and remarkably fruitful, circle!

Another fundamental idea, which was inspired in the mind of Hasse, in the 1920s, by
a postcard from Hensel, and which he named the “Hasse principle”, consists in asking if
a Diophantine problem (assumed to have no solution) admits p-adic solutions for every
p. If there exists a prime number £ for which the problem has no solution, we say that the
problem is “trivial”. We saw (theorem 3.4.2 of Section 3.4) that Fermat’s problem is a
“non-trivial” problem (as we may imagine!), since in fact Fermat’s equation admits non-
trivial solutions in every p-adic field, and in R, but not in the field of rational numbers.
We say that a given problem P satisfies the Hasse principle if the existence of solutions
to P in all the p-adic completions of a global field k implies the existence of a solution in
k (a global field is a finite extension of () or a finite separable extension of F,(z)). Thus
Fermat’s equation does not satisfy the Hasse principle.

The reader can find useful complements to Sections 3.1 and 3.2 in the books by
Cassels [Ca 1] and by Descombes [Des].

For Section 3.3, we should add the books by Schikhoff [Sch] and by Amice [Am].

For Steinitz’ theorem, the reader can consult Bourbaki [Bou 1], and Cassels [Ca 1].

Linear representations of groups form a vast and marvellous subject which was born
in the mind of Galois (“the last theorem of Galois™) before being taken up and studied by
the German school at the turn of the century (by Frobenius in particular). The books by
Serre [Se 2] and James and Liebeck [J-L] are excellent basic references for the subject.

For Galois theory, we recommend the books by Artin [Ar 1] or Kaplansky [Kap],
and for its history the books by Edwards [Ed] and by Verriest [Ve]. Note also that for
certain authors (see [Tau] p. 354), a “Galois extension” §2/K is only an extension in
which X is stationary. In this text, we have adopted a more classical point of view by
also requiring that ©2/K be algebraic.

Exercises and Problems for Chapter 3

3.1 Show that if a commutative ring with unit is equipped with an absolute value, then it is an
integral domain. Show that the absolute value of this ring extends to its fraction field.

3.2 Let A be a commutative ring equipped with an absolute value | | satisfying condition (iii) of
the definition of absolute value (Section 3.1) for a certain constant C.

(a) Show that if ¢ > 0, then the function | |* is an absolute value satisfying (iii) for the
constant C%.

(b) Show that if the absolute value is triangular, then we can take C = 2.

(c) We now want to show that if C < 2, the absolute value is triangular.

41 V. Puiseux 1820-1883.
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33

34

Show that for every h € N, we have
2 < ot <2t

Writing every positive integer n < 2" as a sum of n terms equal to 1 and 2" — p terms equal to
0, show that

In| < 2
Writing n = 251 4 p with 0 < r < 2", show that
In| < 2" < 2n.

Let x and y be any elements of A and n = 2" — 1. Show that

n
Z <’:) xiyn—i < ch sup H (’Z) xiyn=

i=0
Deduce the following inequality from the relation [m| < 2m:

x4+ »)" =

|

|G+ )" < C"sup [2 (’f) 'y | ]
Giving a suitable upper bound for the right-hand term, show that
0e+ )" < 27 (] + 1)
and deduce that
b+ 3] < 20D/ D (1 4y,

Conclude by letting # tend to infinity (a prototype of this kind of reasoning can be found in the
works of A. Cauchy).

Prove the product formula (5):

oo [ Ixlp =1

PeP

when x € Fg(1)*.
Start by checking the case where x is an irreducible polynomial O € Fy[¢], then extending by
“linearity”, writing every x in the form

x=2x I—[ Qre™
QeP
with A € ]F; and vg(x) € Z almost all zero.

Let F be an arbitrary commutative field and F (r) the field of rational functions with coefficients
in F. Let P denote the set of monic irreducible polynomials in F[t].
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(o)

)

»

Following the procedure given in the main text, show that every absolute value | | on
F(¢) which is trivial on F and bounded on F[¢] is associated to an irreducible polynomial
P(t) € Flt], via the formula
~vp(x)

il =pp "
where pp is a fixed real number > 1 and vp(x) is the exponent of P in the decomposition
of x as a product of monic irreducible polynomials.
Show that if | | is not bounded on F{t], we have

el = pog™™,
where voo (x) is the degree of x.
Consider the family of absolute values {| |p}pe(ocjup, associated to real numbers pp and
Doo greater than 1. Show that in order for this family to satisfy the product formula (5), it
is necessary and sufficient that for every P € P, we have

deg P
PP = P -

3.5 Let F be a commutative field; consider A = F[X, Y].

(o)

(B)

Let > indicate the lexicographic order on Z x Z defined by

!
m>m or
(mn)>@m',n) , ,
m=m and n>n.

For )~ ¢, 0y X*1Y%2 £ 0, set

v E Cal,azxal Y% | =inf{(ay, a2); Cay,ap 7 0}
a€ZxZ
almost all zero

and v(0) = oo. Show that if p is a real number > 1, the map
P= Z:co,lyoth‘"1 Y92 s pv P

is an ultrametric absolute value on A.
Same question, but now replacing the lexicographic order by

(m,n) > (m',n') = m+nv2>m +naV2.

3.6 SetQ()={a+bi,aandb c Q} CC.
Show that a + bi — |a + bi] = a® + b? is an absolute value on Q7).
Is it triangular ?
Same question for |a + b/ 75| = a® + 5b% defined over Q=5 cC.

3.7 Show that the sequence defined by

x1 =2
S (xn)

2xp

Xnt+t = Xn —
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with f(x) = x2—2isa Cauchy sequence of rational numbers for the absolute value | oo . Is it
convergent in Q?

3.8 Show that the sequence defined by

X} = 2
S ()

2xy

Xn+1 = Xn —

with f(x) = x? + 1 is a Cauchy sequence of rational numbers for the absolute value | |s . Is it
convergent in Q ?

3.9 Show that the polynomial P(r) = ¢? + | is irreducible in F3{z].
Consider the sequence defined by

x|y =1
f ()

2xy

Xn+l = Xn —~

with f(x) = x2 4+ 1.
Show that (x,) is a Cauchy sequence for the absolute value | |p. Is it convergent in F3(r)?

3.10 Let k be a field equipped with a triangular absolute value | |.
Let B denote the k-algebra of bounded sequences of elements of k, i.e. of maps

x:N— &k
for which there exists a constant C, € R such that
Ixa] < Cx
for every n € N.

() Show that the set C of Cauchy sequences in k for the absolute value | | is a sub-k-algebra
of B.

(B) Show that the set N of Cauchy sequences which tend to zero is an ideal of C.

(y) Show that if x is a Cauchy sequence which does not belong to N, then there exists a
Cauchy sequence y such that xy = 1. Deduce that N is a maximal ideal of C and that C
is a local ring.

3.11 We now proceed to state and prove a version of Hensel’s lemma .
Let f(X) € ZplX], and let f'(X) € Z,[X] be its derivative. If ay € Zp is such that

IF@nly, < If @l
then there exists a € Zy, such that

fanlp

d =0.
Fan, @

la—ailp <
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(o) Show that we have
FX+) =) +AHX)Y +-- -+ f(XOY"

(where n denotes the degree of f), that the f;(X) lie in Z,[X] and that fi (X) = f'(X).
(B) Setbi = —f(a1)/f (aD.
Show that by € Z, and that we have

[F(a1 + b1l < 10113 < [f(an)lp
[F'(a1 +b1) = f'(@)lp < b1lp < 1" @)lp-

Deduce that |f'(a; + b1)|p = |f'(a1)|, and that the number a; = a; + by still satisfies
the conditions of the statement.
(y) Define g, by induction on a.
Show that (a,,) converges in Z, to aroot a of f (X), and that this root satisfies the inequality
of the statement.
(8) Show that a is the only root of f(X) which lies in the closed ball

lf(al)lp}
[f(all)lp )

{erp§ e —ailp <

3.12 Using Exercise 3.11, prove the following assertions:

(a) Let p be an odd prime.
Assume that there exist b and ay in Up = Z; such that [a% — b| < 1. Then b is a square
in Zp.

(B) 1f p # 2, then Q}/2Q} = (Z/2Z)* where Q) == {x%; x € Q}}.

(») If b € Z, is congruent to 1 modulo 8, then b is a square in Z3.

@ Q3/°Q3 = (2/22)°.

(¢) Letb € Us. Then

(bisacubeinZs3) <= (b==x1mod9).

3.13 Show that the completion of F,(¢) for its r-adic absolute value is the field Fy((#)) of formal
series in ¢ with coefficients in [Fy.

3.14 Give a version of Hensel’s lemma (Exercise 3.11) in for the r-adic completion F,((r)) of Fy(2).

315 Letb=by+byt+byt> +--- € IF4{[#11 = A. Show that if n is not divisible by the characteristic
of IF,; and if by # 0, then we have the equivalence

(bisan n’hpower inA) <= (bgisan nh power in Fj)

3.16 Let | |oo be the absolute value at infinity of Fy[r]. What is the completion of F,(z) for the
extension of this absolute value to F,(¢) ?

3.17 We propose to show that Q is countable.
() Show that the set E,, of monic polynomials of Q[X] of degree n is countable.

(B) Deduce that the set A, of algebraic numbers x € Q of degree 7 is countable.
(y) Show that Q = | J,..; A and deduce that Q) is countable.
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3.18 Irrationality of w
Define the number 7 as the smallest real positive root of the function x > sinx. Let us show
that we cannot have 7 = a/b with a and b € N*.
Set

x"(a — bx)?

fn x) = al
Fa®) = f00) — 20 + P00 — -+ D .
() Show that £ (0) and £F () lie in Z, so F(0) and F, () lie in Z.

(B) Show that [ f(x) sinxdx = F,(rr) — F5(0) € Z.
(y) Show that for n sufficiently large and x € [0, 7], we have

1
0 < fu(x)sinx < —.
b4

(8) Obtain a contradiction.

3.19 The p-adic exponential

We propose to study the convergence of the series 3 oc f,—': for x € Cp, an algebraically closed

field of characteristic zero which is also complete for an absolute value | |, which extends the
absolute value p-adic of Q.

() Letn € N; write it in base p as
n=ap+ap+---+ap’
witha; € {0,1,...,p— 1} and a; # 0.
Set s, 1= Z;:O aj (sum of the digits of n). Show that
Xrn n— Sy
], = [—] )
? f; Pl p-1

(B) SetE = {x € Cp; x|, < p!/1-P}.
Show that the series exp x converges for every x € E.
() Show thatif x and y are in E, then x + y is in E and we have

exp(x + y) = exp(x) exp(y).

3.20 Binomial series
Assume that a € Z,, and set

a .__ = a n
(d+x) '_nX:(:)(n)x’
where (§) = 1and (&) =a(@—1)...(@a—n+ 1)/n.

(e} Show that for every a € Z,, we have

()

p<l’
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(B) Conclude that the series (1 + x)? is convergent for every x € B, where B denotes the
open ball

B={xeCylxlp <1}
(y) Show that the map

x— (I +x)4
B—C,

is continuous for the topology associated to | |, .

(8) Check that if a € Z and x € B, we recover the usual value of (1 + x)? (we say that we
have p-adically interpolated the function defined over Z).

(&) Take a fixed x € B.

Show that there exists a unique continuous function Z, — C, whose restriction to Z is the
usual value of (1 + x)? (use the fact that Z is dense in Z,).

3.21 Let n € N and let &, be the group of permutations of 1,2, ..., n.

() Ifo = (ai1,...,ap) isacycle of &, and if 7 is an arbitrary element of ®,,, show that
ot ! = (r@ap), ..., tlap)).

(B) Deduce a way of determining the conjugacy classes of &,.
(y) Show that B3 is the group of isometries of an equilateral triangle.
(8) Use (y) to determine the three irreducible characters of 3.

3.22 Schur’s Lemma

() Let G LN GLg (Vy), for i € {1, 2}, be two irreducible representations of finite degree
of the same group G.
Assume that ¢ : V] — V; is a K-linear map such that for every s € G, we have

@ o pi(s) = pa(s) o p.

Show that if ¢ # 0, ¢ is a K-linear isomorphism between p; and ps.
(B) Assume now that K is algebraically closed, and that Vi = V, = V. Show that ¢ is a
homothety (multiplication by a scalar) of V.

3.23 Proof of Maschke’s theorem

Let G be a finite group and K a commutative field whose characteristic does not divide the order
nof G.

() Reduce the proof of Maschke’s theorem to showing that if a K[G]-module V contains a

K[G]-submodule U, then there is a K[G]-module W in V which is supplementary to U
in the sense that

V=UoW.
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(B) Let U be a submodule, and let Wy be a K-subvector space supplementary to U in V. Let
7 denote the projection V—» U, which has kernel Wy. Show that if forx € V we set

I
00 ==Y s '[n(sg)l,
e

then the map 6 : V — V is a K[G]-endomorphism.
(y) Show that foreveryt € Gandy € U, we have

T(ty) =1y.

Deduce that #(y) = y and 82 = 6.
(8) Set W = Ker 8, and show that W is a K[G]-submodule of V such that

V=UoW.
3.24 Let p : G — GL,(C) be a representation of a finite group G.
(i) Show that for every g € G, we have
x@l=x{1)=n.
(ii) Show that if |x (g)| = x (1), then
p(g) = Ay = Ap(e)

with A € C*.
(ifi) Deduce that

Kerp = {g € G; x(g) = x(e)}.
3.25 Recall that every finite Abelian group G is a finite product of cyclic groups Cn, = Z/n;Z
G=Cy x---xCy,
(i) Let ¢; be a generator of Cy,. Set
gi=1,....ci...1)

where 1 represents the identity element of Cy, for every j.
Show that the set {g1, ..., g,} generates G,, i.e. that

G={1,--. &)

(i) Consider G = Hom(G,C*). Show that every element p € G is determined by
(p(g1), ..., p(gr)), and that for every i, p(g;) € pin,(C), where u,, (C) denotes the
set of roots of X — 1in C.

(iii) Show that G = 1, (C) X - -~ X 1, (C) = G.

(iv) Show that G is in bijection with the equivalence classes of representations of degree 1 of
G over the field of complex numbers.
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3.26 Let G be an arbitrary group.

(i) Let G 2 Abea homomorphism from a group G to an Abelian group A. Show that
the kernel of g contains the set of commutators of G, i.e. the set of elements of the form
[x,yl =xyx~1y~! xandy € G.

(ii) Let the commutator subgroup G' of G be the subgroup of G generated by the set of
commutators. Show that G’ is a normal subgroup of G, and that G/G’ is Abelian. Let
@ denote the canonical homomorphism G-—> G/G'. Show that ¢ has the following

. . 8 . . .
universal property : for every homomorphism G — A, there exists a unique homorphism

G/G ", A such that
¢ % G/6
g\ Lh
A

(iii) Show that if p is a representation of degree I of G, the kernel of p contains G’, and that
there exists a unique representation p’ of degree 1 of G/G’ such that p = p’ o ¢. Deduce
the existence of a bijective correspondence between the representations of degree 1 of G
and those of G/G'.

(iv) Assume now that G is finite, and consider the complex representations of G. Show (using
Exercise 3.25) that the number of equivalence classes of representations of degree 1 of G
(i.e. of “linear characters” of G) is equal to (G : G").

3.27 Hasse principle for conics
Let a, b and ¢ be three non-zero integers in Z, and consider the projective conic of equation

ax? + by” + ¢z (La,b.c)

We will establish a necessary and sufficient condition for this equation to admit a rational point.
We saw in problem 7 of Chapter 1 that we may assume that a, b and ¢ are square-free and
pairwise relatively prime.

I. Show that if L, 5 . admits a rational point, then it admits a real point and points in every
p-adic field (this is trivial!).
II. We want to show the converse, using problem 7 of Chapter 1.

(1) Suppose that p divides ¢ and that (u, v, w) is a p-adic point of L, p ..
Show that we can suppose that sup(|ulp, |v|,, [w|p) = 1, and show that then we have
fulp = vlp = 1.

(2) Deduce that —ab is a square modulo p.

(3) Considering all the prime divisors p of ¢, show that —ab is a square modulo c.

(4) Conclude.
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Problem |

Let | | be an arbitrary absolute value defined over a field k, and let a € k.
We say that a subset V of k is a neighbourhood of a for this absolute value, if there exists ¢ > 0
such that

VOoilxek jx—a] <egl.

(1) Show that this definition equips k with a topology (attached to | [).

(2) What is this topology when | | is the trivial absolute value?

(3) Let o > 0. Show that the topologies associated to | | and | |* are the same.

(4) Show that if the absolute values | {; and | |, defined over k induce the same topology, then there
exists @ > O suchthat | |, =] ]‘f. Show that we have the equivalence

xh <1 <& |x]p <l

Now, taking x = a™b", show that if ab # 0, then

loglal  loglblz

loglal;, ~ loglbl;’

(5) We say that the topology 77 is finer than the topology 75 if for every a € k, we have

(liqr_ln(xn) =a) = (liTrzn(xn) = a).

Show that if the absolute value | |; is not trivial and if it induces a topology 77 which is finer
than the topology 75 induced by | |», then there exists & > O such that | =] |} .

Deduce that the topologies 77 and 7, are the same.

(6) Two absolute values | |; and | [y defined over k are said to be “equivalent” if there exists & > 0

suchthat| =[ I .

Show by induction on # that if the absolute values | |1, ..., | |, are non-trivial and pairwise
inequivalent, then there exists a € k such that

laly >1 and Ja|; <1 for2 <i<n.

(7) We propose to deduce from question (6) the following result, called the “theorem of weak
independence of absolute values”.
Take n elements ay, . . ., a, of k and n non-trivial inequivalent absolute values | |1, ..., | |n.
Then for every ¢ > 0, there exists x € k such that |x —a;l; <& for i=1,...,n.
To prove this, use elements ¢; € k such that

feili > 1, ol < 1 if j #i.

For every v € N, set
n v

Z ¢
Xy = aj,
1+¢f

i=1

and then take x = x, with v sufficiently large.
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(8) Assume that £k = Q and take n distinct primes py, ..., p,.
Take n elements ay, ..., a, € Z and let ¢ > 0. Show that there exists x € Q such that
x—ailp, <e fori=1,...,n

Deduce the following property (known as the Chinese remainder theorem): there existsy € Z
such that

y—ailp, <e fori=1,...,n
The Chinese remainder theorem is a special case of the “theorem of strong independence of
absolute values” in global fields.
Problem 2

(Ostrowski’s Theorem)

Let k be a commutative field equipped with an Archimedean absolute value || |, i.e. an absolute value
which is not bounded on the subring generated by 1.

We propose to show that there exists an isomorphism j : k = C of commutative rings with unit,
and a real number « > 0, such that for every x € k we have x| = [j(x)|*.

A. We propose to replace || || by a triangular absolute value.
(1) Consider the special case k = Q(¢), where ¢ is a root of X2+ X+1,andforaand b € Q, set
la+ bg|l = a* —ab+ b°.

Show that || | is an Archimedean absolute value on k; find an isomorphism j and the value of «.
(2) Let us return to the general case.
Show that the prime subfield of k is the field Q of the rationals, that there exists a real

number o > O such that |lx]| = |x|% for every x € Q, and that the completion k of k for I/
contains R.
B. Replace || {iby || || He i e assume now that |l 1l is a triangular absolute value. Take x € k; let us

show that x is a root of an equation of degree two over R.

(1) Letx € k. If z € C, the numbers z + z and zZ are in R, so we can consider the map

72— X2 = (2 + Dx + 2z

hy
C—>R+.

Show that &, is a continuous function of C.
(2) Show that /1;(2) tends to infinity when |z} tends to infinity. Deduce that i, admits a minimum
m = hy(z9) in C.
(3) Show that hx_1 (m) is compact and that there exists z; € h;l (m) such that |z;| is maximal in
h; Ym).
We now propose to show that m = 0.
4) Set

¢X) =X2 — (21 + 72X + 2171 € RX]
h(X) = g(X) + %

Show that if m > 0, then A(X) has at least one root z; € C such that |z;| > |z;[. Deduce that
2 ¢ hyl(m).
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(5) Set

n
GX) = g(X)" — (Tm) e RX].
Show that G(z3) = 0.
Let#; i = 1,...,2n) be the roots of G in C. Writing
2n _
G =[] = @i+ WX +1:8)
i=1

and replacing X by x, show that
I = m** e (za).

(6) Show that we also have

1\2
IGCE@I = IG@I? < m™ (1 + 2—) .
(7) Deduce an upper bound for A,(z7) and obtain a contradiction by letting » tend to infinity.

C. We now want to prove the existence of j : & — C such that
llx|l = ol

(1) Show that [k : R] < 2.

(2) Construct j when E=R.

(3) Using Steinitz’ theorem, show that j exists when [lAc Ri=2.
How many possible isomorphisms j are there?

Problem 3

(Hermite’s Theorem)

We want to show that 7 does not satisfy any non-trivial algebraic equation with coefficients in Z. To
show this, we use Euler’s relation

e’ = —1.

(1) Letf(x) =Y 7" _oamx™ € C[X].
Set

Fx) =Y 5_of )
Q(x) = F(0)e* — F(x) € C[x]].

Show that for every x € C, we have

10! < ™Y Janllx™.

m=0

One can start by considering the case f(x) = x".
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(2) We will now obtain a contradiction, by assuming that i is the root &} of the polynomial
E@=a +ax" '+ +an € Zx]

such thata > 0.
Show that ax is then a root of a monic polynomial P(x) with integral coefficients of degree m.
(3) Set

R= ﬁ(l +e%) = ]m—[(eo + e,

h=1 h=1

where the oy, are the roots of E(x).
Show that R = ¢ +eP1 + - - - + ¢f, where ¢ represents the number of terms of the expanded
product whose exponent is zero and where the B; are (not necessarily distinct) sums of «,.
(4) Let p be an arbitrary prime.
Show that

1
@-D!

f@) = (@' [ Jtax —apny
h=1

can be written (A,—1xP ! + Apx? +---)/(p — D! with A; € Z.
(5) Show that for every & € {1, ..., r}, we can also write

Bpn(x ~ Bn) + Bpin(x — B)PH + -
@-nD!

where the By j are polynomials with integral coefficients in the roots of P(x).
(6) Assume now that p is strictly greater than sup{c, a, [[,_, (a|Bx])}. Writing

cF0)+ ) F(Bw) + Y Q(By) = F(0) (c + Zeﬁh) =0,
h= h=1 h=1

f =

)

1

show that cF(0) = cAp—1 # 0 (mod p).

(7) Show that ) ;_ F(Bs) = pcp + p(p + L)cpt1 + - - - where the ¢ are symmetric functions of
api, ..., aPy. Deduce that the ¢, lie in Z and that Y ;_, F(By) € pZ.

(8) Deduce from (6) and (7) that [cF(0) + ZZ:] F(Br)| > 1, and obtain a contradiction using (1)
when p is large enough.

Problem 4

The goal of this problem is the construction of an infinity of elements in Aut(C); such elements are
called involutions of C when their order in Aut(C) is equal to 2.

(1) Let t be an involution of C. Show that if £ (R) C R, then t is the complex conjugation o.
(2) Let 7 be an involution of C. Show that if  is continuous (for the usual topology on C), then
T=o0.
(3) Recall that an ordered set S is said to be inductive if every totally ordered subset of S is bounded.
We will admit Zorn’s lemma:
Every non-empty inductive set admits (at least) one maximal element.
Let S be the set of subfields of R which do not contain +/2. Show that S contains a maximal
element X s.
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(4) Show that for every x € R\ K /3> we have /2 € K(x). Deduce that R is algebraic over K.
(5) Show that C is an algebraic closure of K /3

(6) SetL=K ﬁ(ﬁ), and let 8 denote the automorphism of L such that

6 Ik 5= idk s B(v2) = —/2.

Show that there exists an automorphism 7 of C such that 7 L= 6.
(7) Considering T(%), show that 7 does not commute with the complex conjugation involution o.
(8) Deduce that o5 = ro v~ isaninvolution of Aut(C) different from o, and thataﬁ(ﬁ) =V2.
(9) Let R denote the field of invariants of {idc, aﬁ} (i.e. R .= ¢y ({idc, aﬁ}) in C/Q). Show that
[C:Rl=2andthatR > K ;(+/2).
(10) Let p be an odd prime. Show that there exists an automorphism 1, of C such that

rp(ﬁ) = /2, 7,(JP) = J/P.

(11) Show that Aut(C) is infinite.

(12) Let e and 7 denote two transcendental elements of C. Show that Q(e) is isomorphic
to Q(m).

(13) Let S, (resp. Sx) be the set of subfields of C which do not contain e (resp. 7). Show that S,
(resp. Sz ) contains a maximal element E (resp. P), and E(e) = C = P(mr). Deduce the existence
of an automorphism of C sending e to 7. What can one say about the orbit of a transcendental
element of C under the action of Aut(C) ?

Problem 5

(Newton—Puiseux theorem)
Let K be a field, and let K9 denote the set of maps from Qto K. If f € KQ, we set

Supp(f) = {o € Q; f(a) # O}
Let N(K) be the subset of K@ consisting of the elements f such that

i) Supp(f) C Zn:! for a certain ng € N*
(i) There exists B¢ € Q such that Supp(f) C [, ool.
Write

f= ) f@,
a€Supp(f)
and set
f+o@=f@+g@, @@= Y fBe.
B+y=a
A. (1) Show that N(K) is a field.
(2) We define a map N(K) 5 QU {oo} by
v(0) = 400, v(f) = smallest element of Supp(f) if f # 0.

Show that v is a valuation on N(K).
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(3) Let A € Q% , show that the map
m : N(K) — N(K)
defined by ny (f)(«) =f(k‘la) is an automorphism of N(K), and that

v(m.(f)) = Av(f).

B. Assume now that X is an algebraically closed field of characteristic zero. The goal of this part
is to show that N(K) is also algebraically closed.

(1) Let G(X) € N(K)[X] be a monic polynomial of degree n > 1. Show that using a suitable
automorphism of N(K), we can assume that

G(X) € K((0)IX],

and that we even have G(X) = X" + foX""%2 4 ... + f, with f; € K((2)).
(2) Assume that the f; are in K[[#]] and that there exists an index { such that £;(0) # 0.
Set G(X) = X" + H(0)X" 2 + - - + £,(0) € K[X].
Show that G(X) is not a power of a polynomial of degree 1 in X.

(3) Assume that F(X) € K[[r]][X] and that F(X) = pX)o(X) with p(X), 0 (X) € K[X],
(p(X),0(X)) = 1 and deg p(X) > 0. Show that F(X) = R(X)S(X), with R(X), S(X) €
KI[A1IX], RX) = p(X), S(X) = o(X) and degR(X) = deg(p(X)) (another form of
Hensel’s lemma).

(4) Deduce from (2) and (3) that G(X) has a factor of degree m in K[[¢]][X] with L < m < n.

(5) Our goal is to generalise the result of (4) to the case where G(X) = X" + sz”’2 4+t fu

is in K((£))[X] but not necessarily in K[[z]][X]. We assume that the f; are not all zero, and

we choose r € {2, ..., n} such that

-V—@ :inf[l)—()_:iz; 2§i§n].

r i

(5.1) Show that applying the automorphism 7, to the coefficients of G(X) and replacing X
by ") X, we obtain a polynomial

PIX" + g2X 2 4+ gl

withg; e K[[#]]for2 <i <n.
(5.2) Applying question (4) to the polynomial

HX) :=X"+ X" 24+,

obtain the desired result.

C. Now take an arbitrary prime number p, and assume that X is a field of characteristic zero having
the property

(P) Every non-zero polynomial of K[X] whose degree is not divisible by p has a root in K.

Applying the method of B, show that if K has the property P then N(K) also has the
property P.
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Problem 6

(Casus irreducibilis)

When an equation of degree three with rational coefficients admits three real roots, its discriminant
is negative. It follows that the first of the equations (7) of section 3.7 contains the cube root of an
“imaginary” quantity. Is it possible to avoid having recourse to “imaginary” quantities in resolving
equations by radicals? We will see that the answer is no when the equation has no rational roots.

(1) Let K be a field of characteristic zero. Take a € K, and show the equivalence of the conditions
(i) and (ii):

(i) aisacubein K
(ii) The polynomial X* — g is reducible in K[X].

(2) Consider the equation
X —6X+2=0. (E)

Does this equation have a root in Q7
(3) Show that (F) has three distinct real roots «, 8 and y.
(4) Do we have Q(a) ~ Q(8)?
(5) Set K = Q(+/21). Show that

K(a) =K(B) =K(y).

Letting L denote this field, show that [L : K] = 3 and determine Gal(L/K).
(6) Suppose that there exists a sequence of extensions

K=KycKicK;cCc---CcK,CR
such that K; | = K;(%/a;) with p; prime fori € {0,...,.n—1},a; € Kand g; > 0, @ ¢ K for
i<nanda € K,.
Show that then we have p,_| = 3.
(7) Show that K,,/K,,_ is a Galois extension, and deduce that j and j2 belong to K,,.
(8) Conclude.
Problem 7
(“Galois’ Last Theorem”)
A. Let F be a commutative field, and let GA be the set
GA={ax+b;, ae F*, beF}

of polynomials of degree 1, equipped with the composition law

(ax+b)o@x+b)=aldx+b)+b=adx+ @b +b).

(1) Show that (GA, o) is a group, and that the map

GA—>F*
det
ax+br+——a

is a group homomorphism.
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The group G is called the group of affine transformations of F, and T = Ker(det) is the
group of translations of F.
(2) Let A € F*, and let (1) denote the automorphism of (F, +) which sends b to Ab.
Show that 6 : F* — Aut(F, 4) is a group homomorphism, and that GA is isomorphic to
the semi-direct product F | F* = {(b,a) € F x F*; ¥} with

(b,a)* (b, a') = (b +0(@)(}),ad)

(3) Deduce that in order for GA to be commutative, it is necessary and sufficient that F = [F».
(4) Show that the isomorphism

Ga > (g ’1’) € M3, ,(F)

is the matrix given by a representation of degree 2 of GA over F. Is it irreducible?
Can we apply Maschke’s theorem when F is finite?
(5) Show that every subgroup of GA which contains T is solvable.

B. Let K be an arbitrary field, and P(X) an irreducible separable polynomial in K[X] whose degree is
a prime number p. Let K denote an algebraic closure of X, and L the smallest subfield of K containing
K and all the roots of P(X) in K.

(1) Show that the extension L/K is Galois.

(2) Letay, ..., oy denote the roots of P(X) in K, and G the Galois group of L/K. Recall that G acts
transitively on these roots, i.e. for every «;, there exists an element o € G such that o (@) = «;.
Let H = Stabg(a)) := {0 € G;o(x;) = a1}. Show that (G : H) = p and deduce that p

divides #G.

(3) Let N be a normal subgroup of G, and let S} = {o, «ay, ..., a5} the orbit of o1 under the action
of N. Show that every other orbit of § = {a), ..., ap} under the action of N is of the form
S; = {o(ay), ..., 0(as)} for o € G. Deduce that s = 1 or s = p, and that N acts transitively on

the roots of P(X) if N # {e}.

(4) Choose indices 1,2, ..., p for the roots «; in the field F,. Following Galois, we see that G is
isomorphic to a group of permutations of the elements of the field IF,,, where a permutation o
acts via

o(aj) = as@-

Show that if #G = p, then G = T.

(5) Show thatif G is Abelian andp > 2, then G = T.

(6) By induction on #G, show that if G is solvable, then G is isomorphic to a subgroup of GA
containing T'.

Assume that G is not Abelian, and consider a non-trivial normal subgroup N of G such that

N # G. Show that if o is given by x > x + 1, then for every t € G, ot~} is a cycle of order
p contained in N; determine its expression in GA by using the induction hypothesis. Finally,
show that 7 € GA.



4

ELLIPTIC CURVES

Opver the field of complex numbers, an elliptic curve is a curve which is isomorphic to a
Weierstrass cubic (this will be proved in Chapter 5). Such a curve is thus the quotient of C
by a lattice in C.

Now, however, we wish to define the notion of an elliptic curve over an arbitrary field, for
example over the field Q of rational numbers or over a finite field (of positive characteristic).

In such a context, it would be illusory to try to define elliptic, or even loxodromic
functions, and we are reduced to the resources afforded by algebraic geometry, which are
fortunately considerable.

It so happens, however, that in recent years algebraic geometry has developed into a
vast territory whose language takes years of study to master, and we do not wish to assume
here that the reader is familiar with it. Thus, we will adopt the more naive points of view
of the “analytic geometry” due to Descartes*? and Fermat, and the projective geometry of
Chasles*® and Poncelet*. We will take advantage of the fact that, in the projective plane,
an elliptic curve can be considered as a hypersurface, i.e. as an object given by a non-zero
homogeneous polynomial F(X, Y, Z) € k[X, Y, Z] of a certain type (modulo the constants
of k*), and we will study these hypersurfaces using the notion of an intersection product.

The main results of this chapter can be found in Sections 4.4-4.7, then Sections 4.9
and 4.15. The theorems in Sections 4.4, 4.5 and the first theorem of Section 4.7 are par-
ticularly interesting. As for Mazur’s theorem (Section 4.10), it will play a crucial role in
Section 6.6 of Chapter 6 (irreducibility of the representation using the p-division points of
the Hellegouarch—Frey curve).

4.1 CUBICS AND ELLIPTIC CURVES

We have already considered cubics and elliptic curves at length in the preceding chapters;
recall that in Chapter 1, we studied the third-degree Fermat equation, and in Chapter 2, the

4 R. Descartes (1596—1650).
43 M. Chasles (1793-1880).
44 ]V, Poncelet (1788-1867).
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Weierstrass cubic. In the first situation, we considered the curve as being defined over @, and
in the second case the Weierstrass cubics were defined over C: in fact, what we want is to
consider a general situation in which curves will be defined over an arbitrary field. Recall
that we saw that the most natural framework for studying the geometry of these curves was
the framework of projective geometry, which arises naturally in Diophantine problems, and
which is motivated by internal reasons in the study of Weierstrass cubics (in order to ensure
that the set of points of the curve forms an additive group, which in particular contains an
identity element).

In order to develop a precise vocabulary, we need to return to the notion of a plane
algebraic curve. This notion goes back to the invention of analytic geometry by Descartes
and Fermat, in the first half of the 17th century. For example, consider a conic I" having a
focus at the origin and for associated directrix the line given by the following homogeneous
equation in (X, Y, Z) : uX + vY + wZ = 0. This conic is the set of points of R? satisfying
an equation of the form:

[(X,Y,Z) = MX2 + YD) + pn(uX +vY + wZ)? =0,

with (A, ) € R?\ {(0, 0)}.

When (A, ) = (1, 0) and (0, 1), we obtain two limit cases of curves of the preceding
type: the “real point” of equation X2 + ¥? = 0 and the “double line” of equation (uX +
vY + wZ)? =0.

At the beginning of the 19th century, a certain number of geometers considered that
these two limit cases contained the very essence of the idea of a conic defined by focus
and directrix, but that in order to understand this idea, one should consider these conics as
objects inside P, (C). In other words, one should extend the field of scalars from R to C.

If I'y denotes the conic of equation X 2 4 ¥?2 = 0, we see that this curve is such that

To(R) := {(a, b, ¢) € P,(R); @® + b* = 0} = {(0, 0, 1)}

I'o(C) := {(a, b, ¢) € P,(C); a* + b* = 0} = A(C) U A(C),
where A denotes the line X — i¥ = 0 and A the “conjugate line” X + i¥ = 0, and where
we set

AC) :={(a,b,c) € P,(C)a+ib=0}
A(C) :={(a, b, ¢) € P,(C);a — ib =0}.

The extension of our field of vision from R? to C? makes it possible to “see” that the idea
of a conic with focus at the origin and associated directrix D can be identified with that of
a conic tangent to the “isotropic lines” (here A and A are called the isotropic lines at the
origin) at points situated on the line D (this definition is due to Pliicker*®).

The main idea which should be retained from this brief historical overview is that

the equation of a curve is a more fundamental notion that the set of its points (in
R?, P,(R), C2, P5(C), etc.).

43 J. Pliicker, 1801-1868.
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Definition 4.1.1 Let d be an integer > 1. A plane projective curve of degree d defined
over Kk is just an element of P(k[X, Y, Z],), where k[X, Y, Z), denotes the k-vector space
of homogeneous polynomials of degree d in X, Y, Z and P(k[X, Y, Z],) the associated
projective space.

Thus, a curve is given by a non-zero polynomial F € k[X, Y, Z],, of degree d > O,
determined up to a multiplicative constant. We will often write it as F'(x, y, z) = 0.
If K is a field containing k, we set

F(K) :={(a, b, c) € P,(K); F(a, b, c) =0},

this makes sense since F is homogeneous.
Thus, we see that the curve F defines a functor

K — F(K) € P(P2(K)),
where P(P»(K)) denotes the set of subsets of P, (K).

Example 4.1.1

(1) Curves of degree 1 are called lines.
(2) Curves of degree 2 are often called conics. A conic can sometimes be decomposed
as the union of two distinct or identical lines; this can be seen by taking

FX,Y,Z) = (X +viY + w2 X + vaY +wrZ).

(3) Curves of degree 3 are often called cubics. A cubic can sometimes be decomposed as
the union of a line and a conic; this can be seen by taking

FX,Y,Z) =X +vY +wZ)I'(X,Y,Z)
where I'(X, Y, Z) 1s a conic.

Definition 4.1.2 Ler k be an algebraic closure of k. If the homogeneous polynomial
F e k[X,Y,Z] is irreducible in k[X, Y, Z], we say that the curve F is absolutely irre-
ducible.

Let us now recall the definition of a singular point (or multiple point) of a curve F.

Definition 4.1.3 Let P = (a, b, ¢) € F(K). We say that P is a singular point (or a
multiple point) of F if

oF oF oF
a—X(a, b, c)= ﬁ(a, b,c) = ﬁ(a, b,¢)=0.

Ortherwise we say that P is non-singular or simple.
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Remark 4.1.1

(1) This definition is meaningful since F is homogeneous.
(2) When the degree n of F is not divisible by the characteristic of k, the conditions of
the definition are redundant since Euler’s identity says that

F X8F+Y3F+ZBF
nF=X— — —.
aX ayY YA

(3) A curve having no singular points in IP;(K) is said to be non-singular, or smooth.
Example 4.1.2 (1) The curves
X2, X2+ 72, Y7 - X3, Y2Z - X*(X - 7)

are singular.
(2) The cubic

L: Y?Z-XX-2)X-1Z), rek\{0,1}

is non-singular when the characteristic of & is not equal to 2. Butif k = F4 = {0, 1, A, p},
we see that the point P = (u, 1, 1) is a singular point of L.
(3) The cubic

F: X*+7v+27
is non-singular when the characteristic of k is not equal to 3, but if it is equal to 3 we have
FX,Y,2)=(X+Y +2)

and all its points are singular (it is a triple line).

(4) If the line D does not intersect the smooth conic C in P> (Q), then the cubic F = DC
has no singular point in P,(Q). However, it admits singular points in P,(Q), as shown by
the following property.

Property 4.1.1 Let F and G be two plane curves defined over k, and let (a, b, c) be a
point of F(k) N G(k). Then (a, b, ¢) is a multiple point of the curve FG.

Proof. Let u denote one of the variables X, Y, Z, and P the point (a, b, ¢) € k3. We have

oFG aF oG
——(P)= —(P)G(P) + F(P)_—(P),
du du du
so (3FG/9u)(P) = 0 for every choice of u. O

Corollary 4.1.1 If F(k) does not contain any singular points, then F is absolutely
irreducible.
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We can now give the precise conditions to be satisfied by a cubic in order for it to qualify
as an elliptic curve.

Definition 4.1.4 A cubic F defined over k is an elliptic curve defined over k if and
only if F(k) # ¢ and it is non-singular.

Example 4.1.3

(1) Y?Z — X3 and Y?Z — X*(X — Z) are not elliptic curves over any field.

(2) Y?Z - X(X — Z)(X — 2Z) is an elliptic curve over every field of characteristic not
equal to 2.

@) X3 +Y*+Z%isan elliptic curve over every field of characteristic not equal to 3.

(4) X3 +pY?+p?Z3, where p is a prime number, is not an elliptic curve over @, but is an
elliptic curve over Q and even over QWYp)-

When the projective plane curve F € k[X, Y, Z], is not absolutely irreducible, there
exist G and H in k[X, Y, Z] \ k such that F = GH. One can then ask whether they are
homogeneous.

Proposition 4.1.1 Letd > 1l and F € k[X,Y,Z]; \ {O}. If F = GH with Gand H €
k[X,Y,Z]\ k, then G and H are homogeneous, i.e. there exist integers g and h > 0 such
that G € kIX,Y,Z]l,and H € k(X, Y, Z], with F = GH.

Proof. Set K = k(X, Y, Z) and consider a new indeterminate 7. We have

F(TX,TY,TZ) = F(X,Y,Z)T? € K[T]
G(TX,TY,TZ) = Y ,a:/(X,Y,Z)T' € K[T]
H(TX, TY,TZ) = Zj bi(X,Y,Z)T € K[T].

From the relation
(X, Y, Z) . b, X, Y, Z2) .
T4 = Z-—“( ) i Z——’( ) 7
—~ F(X,Y,Z) — F(X.Y,2)
in K[T], we deduce that the first factor is associated to 7% for a certain g > 1 and the second
factor is associated to T*, for & > 1. Thus all the @; except for a, are zero and all the b;

except for by, are zero. O

Corollary 4.1.2 Let F be a projective plane curve. If

F= ﬁFff
i=1
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is the decomposition of F as a product of irreducible factors in k[X, Y, Z), then all the
polynomials F; are homogeneous, and we have

ﬂb:Uﬂ@.
i=1

Definition 4.1.5 Under the conditions of the corollary, the F; are called the irreducible
components of the curve F, and we say that e; is the multiplicity of the component F;.

Let P = (a, b, ¢) € F(k) be a point on the plane curve F(X,Y,Z) € k[X, Y, Z]; \ {0}.
As one of the three numbers a, b, ¢ is non-zero, we can assume, for example, that ¢ = 1
and F(a, b, 1) = 0.

Definition 4.1.6 The dehomogenisation of F in Z is the affine curve Fy(x, y) defined by

Fo(x,y) =F(x,y, 1).

We then have

Fx,y)y=Fikx—ax—-0b+---+F;(x—a,x—b),

where each F;(X,Y) € k[X, Y],.
We know that

(1) If P is simple, then F, (X, Y) # 0 and the equation of the tangent to F}, at (a, b) is
Fix—a,y—5b)=0.

(2) If Pismultiple, then F (X, Y) = 0. In fact, we easily see that a necessary and sufficient
condition for P to be singular on F is that F| (X, Y) = 0.

Definition 4.1.7 The order of multiplicity of P on F, denoted by m,(F), is the smallest
index i such that F;(X,Y) # 0.

Remark 4.1.2 The number m, (F) does not depend on the choice of a system of coordinates
in P, (k).

Definition 4.1.8 Consider two curves F and G defined over k, and take three homoge-
neous polynomials of the same degree d > 0in k[X, Y, Z]:

AX,Y,7), BX,Y,Z) and C(X,Y,Z).
We say that A, B and C define a rational map ¢ from F to G, defined over k, if for all but

a finite number of points (x,y, z) € Fk), (x, y,2) = (A(x, y, 2), B(x, y,2), C(x,,2))
is defined and lies in G(k).
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Example 4.1.4 (1) Let F be the line given by
FX,Y,2)=2Z,

and consider the conic

G(X,Y,Z)=Y*—XZ.
Then

o(x,y,2) = (¢, 19,5
is a rational map from F to G defined over every field (it is a rational parametrisation of the
conic).

(2) Take the cubics
FX,Y,Z)=X+Y’+dZ’ € Q[X,Y,Z}5
and
G(X,Y,2) =Y*Z - (X* - 2°3%d°Z) € QIX, Y, Z]5.
Then
o(x,y,2) = (=22 3dz,2* - 3%d(x — y), x +)

is a rational map from F to G defined over Q. Show that ¢(x, y, z) is defined for every
(x,y,2) € F(Q) whend # 0.

(3) Consider the following cubics defined over Q:

FX,Y,2)=Y>Z —X(X*+aXZ+bZ*  withb#0 and a®>—4b+#0,
G(X,Y,Z)=Y*Z — X(X? = 2aXZ + (a* — 4b)Z?).

Then
P(x.y,2) = 0%z, y(x* — b2®), x°2)
is a rational map from F to G such that ¢(x, y, z) is defined for every (x,y,z) € F (@).

The properties of the two last examples generalise, and we have the following result
([Fu] p. 160).

Theorem 4.1.1  [fthe curve F is smooth, a rational map F L Gis defined at every point
of F(k), where naturally, k denotes a field of definition of F, G and ¢.
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Remark 4.1.3 If F is singular, it can be shown that ¢ is defined at every non-singular
point of F(k).

Definition 4.1.9 Consider two curves F and G defined over k, and let ¢ : F — G be
a rational map defined over k.

We say that ¢ is birational if there exists a rational map  : G — F, defined over
k, such that for “almost all” the points of F (k) and G(k), the maps o ¢ and ¢ oy are
defined and equal to the identity.

We say that F and G are birationally equivalent over &, if there exists a birational
map @ from F to G defined over k.

Remark 4.1.4

(1) The phrase “almost all” means “all but a finite number’_’. B
(2) A birational map is bijective almost everywhere on F (k) and G(k).

Definition 4.1.10 Two elliptic curves defined over k are said to be equivalent over k
if there exists a birational map, defined over k, from one to the other.

4.2 BEZOUT’S THEOREM

A famous result usually attributed to Etienne Bézout*, although it was already partially
known to Maclaurin®’ and Cramer*®, states that two algebraic plane curves of degrees m
and n respectively, having no common compenent, “intersect” in exactly mn points.

In one direction, this result can be usefully restated as follows: if two curves of degrees m
and » have more than mn distinct intersection points, then they have a common component.

However, in the other direction, it needs to be made precise (who doesn’t know about
parallel lines or lines which do not meet a circle?). As we already noted in Section 4.1, the
adequate framework for this situation is that of projective geometry over an algebraically
closed field.

We will first define the intersection multiplicity of the curves F and G at a point
P e IP’z(IE), where k denotes an algebraic closure of a field of definition common to both
F and G.

Since we are working here with a local notion, we can choose a system of projective
coordinates in such a way that the homogeneous coordinates of P are (0,0, 1). Let F;,
and G, be the dehomogenised polynomials of F and G in Z (i.e., we set Z = 1), and let
Op = {Ux,y)/V(x,y), with U and V € k[X, Y] and V(0, 0) # 0} be the local ring of
Pin k_z. Then we know ([Fu], ch. VI) that the dimension of the quotient ring Op/(F}, Gy)
over k depends only on P and on the curves F and G (here, (F},, G,) denotes the ideal

46 E. Bézout (1730-1783).
47 €. Maclaurin, 1698-1746.
4% G. Cramer, 1704-1752.




180 INVITATION TO THE MATHEMATICS OF FERMAT-WILES

generated by F, and G, in Op), and not on the choice of a particular system of homogeneous
coordinates.

Definition 4.2.1 The intersection multiplicity of F and G at P, denoted by up(F, G),
is the integer defined by

pp(F, G) = dimg Op/(Fs, Gy).

Using this definition, we can state our desired result as follows.

Bézout’s Theorem 4.2.1 Let F and G be two algebraic plane curves in P, (k), of degree
m and n, having no common component in [P, (k). Then we have

Z up(F, G) = mn.

PePy(k)

Example 4.2.1 Let F be a cubic defined by a homogeneous polynomial of degree 3
of k[X,Y,Z]. Assume that A € P,(k) is a multiple point of F(k). Then, choosing the
coordinates as above, we have

Fy(x,y) = ax(x, y) +aslx, y),

where the polynomials a;(x, y) are homogeneous of degree i in k[x, y].

Up to making a projective coordinate change, we can assume that the equation of an
arbitrary line D passing through A is ¥ = 0. Thus we have D;, = y.

We have three possibilities for I := (F;,, D,) namely

o) 1)
o2 y) (i)
(3, y) ().
In the first case, we see that D divides F, so D is a common component of D and F.
We have
u(x)

OP/I=R={ (

— €
v{x)

k(x); v(0) # 0},

where u(x) and v(x) are polynomials in Iz[x]. Thus dimg(Op/I) = oo.
In cases (ii) and (iii), we have

Op/I = R/(x*) (resp. R/(x*)) and dimz(Op/I) =2 (resp. 3).

We can now see that if the cubic F has two distinct multiple points, then F is reducible.
Indeed if this were not the case, and if D denoted the line joining these multiple points
A and B, we would have s (F, D) > 2 and ug(F, D) > 2. Thus we would have

3= > up(F.D)z2+2=4,
PeP, (k)
which is absurd. g
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The preceding example shows that the direct computation of up(F, G) is quite difficult.
In practice, it is easier to use the following seven properties and a simple algorithm to
compute up(F, G).

List of the seven properties characterising u p.

(1) pup(F,G) € NU {oo} and up(F, G) # oo if and only if F and G have no common
component containing P.

(2) up(F,G) = 0ifandonlyif P is not a point lying on both F and G. Moreover, up(F, G)
does not depend on the components of F and G passing through P.

(3) wup(F, G) is invariant under change of coordinates.

@) up(F,G) = pup(G, F).

(5) up(F, Gy = mp(F)mp(G), and equality holds if and only if F and G have no common
tangents at P.

) IfF =T1F and G =T]G], then

we(F.G) =) risiup(Fi, Gy).
iLj
(7) Forevery A € k[x, y], we have
up(F, G) = pp(F, G + AF).

Algorithm 4.2.1 Assume that P = (0,0) (this is legitimate by property 3), and
up(F, G) < oo (which can be seen using property 1).

Property 2 tells us if up(F, G) = 0.

Letususeinductiononn = up(F, G), assuming that we know how to compute pp(A, B)
if up(A, B) < n.

Let r and s be the degrees of F(x, 0) and G(x, 0). By property 4, we may assume that
r<s.

First case: r = —oo.

Then F = yH and up(F, G) = up(y, G) + up(H, G) by property 6.
But

property 7 properties 5 and 6

up(y, G) up(y, G(x,0)) = up(y, x™)
Since P € G(k), we have m > 0, so up(H, G) < n, and we finish by induction.

Second case: r > 0.
We can take F(X, 0) and G(X, 0) monic, and set

H=G-X"F.
We then have
up(F,G) = pp(F, H),
and deg(H(x,0)) =t < s.
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Repeating this procedure a finite number of times, and possibly inverting the curves,
we reduce to the first case. a

Example 4.2.2 Computation of up(F, G) when

P=(0,0),
F=02+y)2 4 3% -,
G = (F +yH)? — 4x%y2.

In characteristic zero, we can draw the curves F'(R) and G(R) as in the following figure.

F(R) G(R)

Three-leaved clover Four-leaved clover

We have
ur(F, G) = up(F, G = (> + y")F) = pp(F, yH),

with H = (x? + y*)(»* — 3x%) — 4x?y. Let us compute up(F, H). We have

Fx,00=x%  H(x,0)= 3"
so, if the characteristic of k is different from 3, r = s = 4. We find that

3F + H = y(5x* = 3y* + 4y’ + 4x’y) = yE.

Hence

wp(F, G) = 2up(F,y) + pp(F, E).

But wp(F,y) = up(x*, y) = 4 and pp(F, E) = mp(F)mp(E) = 6 if the characteristic of k
does not divide 10, so up(F, G) = 14.
If the characteristic of & is equal to 5, we have
up(F, E) = pp(F, =3y + 4y’ + 4x7y)
= up(F.y) + pp(F, =3y + 4y* + 4x%)
=4+ pp(=3y +4y* + &4 F).
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For the last multiplicity r = 2 and s = 4, we consider

4F — 2(4x* + 4y% = 3y) = y’[(4x° + 4y%) — 4y],

SO
pp(=3y + 4y +4x%, F) = pp(F,y?) + pp(F, 4x* + 4y* — 4y)
=8+ pup(F, x> +y* —).
Now,
F— (2 +y)0 4y —y) =3x% ~ ' +y(? + ) = 4xy,
SO

up(F,x* +y* —y) = up(F,x*) = up(F,y) + 2up(F, x)
=44 2up(’,x) =4 +6=10.

Thus, up(F, E) =22 and up(F, G) = 30.
If the characteristic of & is equal to 2, we have

up(F,E) = pp(F, x> + ") = up(Py +y°, x> +%) = o0,

so up(F, G) = o0.
If the characteristic of & is equal to 3, we have

1p(F, G) = 1, (F,y*H) = 8 + p,(F, H)
with H = y(x* + y?) — x*. Now,
up(H,F) = up(H, yK) = pp(H, y) + pp(H, K)
with K = x2(x? + y*) — yx? +y> — y?. We also have
pp(H, K) = pp(H, K +x’H) = pp(H, y) + pp(H, L),

with L = x* —x2 + (y? + y)x2 +y? — y. Furthermore, up(H, L) = up(H, L+ (x*— )H) =
up(H, y). It follows that up(F, G) = 14. O

4.3 NINE-POINT THEOREM

Bézout’s theorem can be expressed in a particularly agreeable way if we introduce the
Abelian group of (dimension zero) cycles of Py (k). This is the free Z-module generated by
the points of P, (k), where k denotes an algebraic closure of k:

o i
z:= P zp =z®¥.
PeP, (k)

= .
A cycle is thus a sum ) _p.p, ¢, np P, where n, € Z and where all but a finite number of
the n, are zero.
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Definition 4.3.1 The homomorphism

Z— 7

de
8 an? > Y np

. . —
is known as the degree, and Y np is the degree of the cycle Y np P .

Let us define a partial ordering on Z by setting

(Zmp? > an_ﬁ) < forevery P € }P’z(l_c), mp > np.

A cyele is said to be positive if it is greater than or equal to the zero cycle.
Now, consider two plane curves F and G having no common component.

Definition 4.3.2 The intersection cycle of F and G, denoted by F - G, is the cycle

F-Gi= Y uF.G)P.
PeP(k)

Remark 4.3.1 With this notation, Bézout’s theorem (theorem 4.2.1) can be stated as
deg(F - G) = degF - degG.

Given this, we can now state the following consequence of “Max Noether’s fundamental
theorem™ ([Fu] p. 120); all curves here are assumed to be defined over k.

Theorem 4.3.1 Consider two curves F and G having no common component, and such
that all the points of F(k) N G(k) are simple over F.
Then if H is a third curve such that

H-F>G-F,
there exists a homogeneous polynomial A such thatA-F =H-F — G- F.

Corollary (Nine-point Theorem) 4.3.1 Let C be an absolutely irreducible cubic and let
C' and C" be two arbitrary cubics.

Assume that C - C' = 21‘9:1 ?’),- and that the points P; are simple (but not necessarily
distinct) on C.

. " g =2 —>
ThenlfCC :Zizl Pt+ Q,WehaVEQ:P9.

4% M. Noether, 1844-1921.
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Proof. 'We will reason by the absurd, by assuming that Q # Py.
Let D be a line passing through Pg but not through Q. We have
— - =
D-C=Pg+ R+ S.
Thus,
, - = > ,
(DC"y-C=C"-C+(@+ R+ S)>C-C.
The preceding theorem ensures the existence of a line D’ such that
, - = =
D . C = Q + R + S 3

but this is absurd since the line RS intersects C at Py! O

Remark 4.3.2 The nine-point theorem illustrates a situation which was remarked around
the middle of the 18th century by Cramer>® and which gave rise to the theory of determinants.

Let k[X, Y, Z], be the space of homogeneous polynomials of degree n. It is not difficult
to see that
n+2)(n+1)

5 .

“Cramer’s paradox” consists in noting that, in general, an algebraic plane curve of degree
n is determined by

dimg kX, Y, Z], =

n+2)(n+1) | = n(n+3)
2 2
points (“in general position”); however Bézout’s theorem (theorem 4.2.1) implies that two
distinct curves of degree n intersect, in general, in n? points. But n> > n(n+3)/2ifn > 3.
The solution of this paradox for plane cubics comes naturally from the fact that the nine
points of intersection of two distinct cubics are not “in general position”.

4.4 GROUP LAWS ON AN ELLIPTIC CURVE

Let us choose our elliptic curve in the form of a plane cubic C defined over k having no
multiple point in P, (k).

When £ is the field of complex numbers C and the curve C is given in Weierstrass form,
the theory of elliptic functions gives us a key to equip C(k) with a group structure (see
Section 2.8 of Chapter 2).

We will generalise this construction in two different directions: k will be an arbitrary
field, and the zero of the group will be an arbitrary point O of C(k) (rather than an inflection
point).

Rule 4.4.1 Let A and B be in C(k) and let R be the third point of intersection of the line
AB with C. Then the sum A @ B relative to the origin O will be the third point of intersection
of the line OR with C.

50 G. Cramer (1704-1752).
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Remark 4.4.1 We easily check that R and A @ B lie in C(k).

\/\,B

A®B

We then check that for every point A € C(k), we have A@® O = A. In particular we compute
O @ O by drawing the tangent to C at the point O. It intersects C at the point T, and the
line 7O gives back the point O. Thus, we have O & O = O.

Finally, A and B will be opposites in the group if and only if the line AB passes through T.

Theorem 4.4.1

(1) The addition law associated to the choice of an origin O is an Abelian group law on
C(k).

(2) If O and O' are two points of C(k) and if © and &’ are the corresponding laws, the
groups (C(k), ®) and (C(k), &) are isomorphic via a birational isomorphism defined
over k.

Proof. (1) Inorder to show that (C(k), @) is a group, it remains to show that the addition
law is associative. Let P, Q, R € C(k); we want to show that

POQ)DOR=PD(QDR).

To construct the point S := —[(P & Q) @ R], consider the following collinearities:

= A - =2 = - = =
L-C=P+Q0+U, M-C=0+U'+U, L,-C=U+R+S.
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To construct the point T := —[P @ (Q & R)], we consider the following collinearities:
b A - T = - = =
M, - C=Q+ R+ V, Ly C=0+V +V, M;-C=P+V +T.

It remains to show that S = T'. For this, we apply the nine-point theorem to the smooth
cubic C and to the decomposed cubics

C' = L1, C" = M\MM;.

(2) Let P and Q € C(k), and let P x Q = R denote the third intersection point of the
line PQ with C. We propose to show that

p:Pe(Ck),®)— Ox(0 *P)c(Ck),d)

is a birational isomorphism of groups defined over k.

Ifwesety : Q> O % (0OxQ),itisclearthat ¥ o9 = idand g oy = id, s0 ¢ is
birational and bijective.

Moreover, it is clear that ¢(O) = (¥ and the nine-point theorem shows that ¢(8P) =
©'@(P). Thus, it remains to show that o(P ® Q) = ¢(P) &' ¢(Q), and to see this, it suffices
to check that

0% (0 % (0% (PxQ)) =0 *(0(O'P)) x (0(0'Q)))

(we have omitted the * on the right for simplicity).
Let us temporarily admit the following lemma.

Lemma 4.4.1 For every quadruple L, 2, M, N of points of C(k), we have
Lx(QxM=xN)) =M= (Qx(LxN)).
For the right-hand term we have

O'((0(0'P)) x (0(0'Q)))
=0 % ((O(O'P)) * (O % (0'Q)) (here L = O(O'P))
=0 ((0(0O'P)) xQ)
=0 [(Q * (0(O'P))]
=0 [0 * (0O(QP)] (here we take 2 = O inside the square bracket),
which is indeed the left-hand term. O

Proof of the lemma. Since the law of origin €2 is associative, we have
Qk(Lx(2*x(MxN))) =Qx (2% (LxM))*N),

and simplifying by €2 (which is legitimate), we obtain the result. a
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Remark 4.4.2 When C is singular, let Cy(k) denote the set of non-singular points of C in
P, (k). Then if O € Cy(k), the above construction makes it possible to equip Cy(k) with an
Abelian group law and the theorem continues to hold mutatis mutandis.

When the singular point of C is a cusp, Cy(k) is isomorphic to the group (k, +), see
Exercise 4.11.

When the singular point of C is a point with distinct tangents in P, (k), Co(k) is 1somor-
phic to (k*, x), see Exercise 4.12.

When the singular point of Cy (k) is an “isolated point” whose tangents are in an extension
of k (which we can assume to be quadratic), then the group law group of Cy(k) is a little
more complicated; see Exercise 4.13.

Formulae 4.4.1 We restrict ourselves to the case where the curve is given by the long
Weierstrass equation

W y2+a1xy+a3y—(x3+a2x2+a4x+a6):O,

and where we choose O = (0, 1, 0). We say that W is a Weierstrass cubic if this cubic is
smooth.
Then if P = (x, y), we have

—P=(x,—y—ax—as).

IfPl @Pz = P3 with Pi = (xi,y,»), then
(i) If x; # xp, set

3= 2 )1 _ Yix2 — yaxy
X —x;’ X — X
(ii) Ifxl = X3 and P] = P2, set
_ 3xf 4 2apx1 +as — ayy _ —x} + asx1 +2a5 — asyr
2y; +aixy + a3 2y +aix; + a3 ’

in both cases, we have
X3 :)&24-(11)\—(12 — X — X2
3= —(A+a)xs — i — as.

Remark 4.4.3
(1) The line y = Ax + p is the line P P,.
(2) If a; = az = 0 (short Weierstrass form), the formulae simplify, and we have

x3=A2—a2—x1 — X2
y3 = —Axz — U
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4.5 REDUCTION MODULO P

It is clear that when we want to study the rational points of a projective plane curve of
equation

F(X,Y,2) e QIX, Y, Z],
we can assume that the polynomial F has integral coefficients whose greatest common
divisor is 1, and that the points of F(Q) are represented by triples (a, b, ¢) € Z*> whose

greatest common divisor is also 1 (“primitive solutions™). We can now consider the equation
modulo p:

F(a,b,¢) =0 €T,
Example 4.5.1 Consider the curve
X4+ y"—7" e QIX,Y, Zn.
If this equation admits a primitive solution (a, b, ¢) € Z>, we have
a®" + b = ¢ mod 3,
and as u?" € {(_), i} in [F5, we see that abc = 0 mod 3. .
Similarly, if 2n 4 1 is a prime number p (r = 5 for example), we have w? € {0, 1} in

F, and abc = 0 mod p.

Now consider a plane cubic which is smooth and rational over QQ, given by the long
Weierstrass equation

W =Y*Z + a1 XYZ + asYZ? — (X° + axXZ? + asX*Z + agZ?) = 0,

where a), a3, a;, a4, ag are rational numbers. When we make a projective transformation
of the type

with A € Q*, we find a new equation (in (£, n, £)) which is of the same type but where
a; becomes A'q;.

Thus, by choosing A suitably, we reduce to an equation with integral coefficients which
are “not too large” (in order to avoid systematically finding the uninteresting reduced
equation Y2Z — X3).

We now consider an arbitrary prime number p, and the following reduced equation:

W =Y2Z + a\XYZ + a3 YZ? — (X° + &XZ? 4 auX?*Z + asZ”) € F,1X, Y, Z].
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Our goal is to study the reduction map

Py (Q) > Py(Fy)
(a, b, c) —> (a, b, ),

where a, b, c are chosen relatively prime, and to show that it induces a homomorphism from
W(Q) to W(F,) when W is smooth.
Let us first note, by duality, that a line D of P,(Q) has an equation of the form

D: uX+vY+wZ=90

such that the greatest common divisor of (u, v, w) € Z3 is 1. Thus if Py, P,, P; are collinear
on D, the points 7 (Py), m(P;), n(P3) are collinear on the line

D: uX+7vY+wZ=0.
Let us state the following special case of a much more general result.

Proposition 4.5.1 Let C be a plane cubic defined over Q, and D a line of P2(Q). Assume
that C(Q) N D(Q) = {Py, P2, P3} where P; is repeated as many tintes as its intersection
multiplicity (in ]P’z((@)) Let C, D and P; denote the objects deduced from C, D and P; by
reduction. Then if D is not a component of C, we have

C(F,) N D(F,) = {Py, Py, P;}
with the same convention on the repetition of points.

Proof. (1) First consider the special case where the equation of D is Z = 0. Set P; =
(&;, m;, 0) with (£;, m;) € Z* relatively prime. Thus, we have

3
CX,Y,0)= cH(m,»X - 4Yy=cF(X,Y),
i=1

with ¢ € Q*.

Since mX — ;Y #0inF »[X, Y], we see that F(X,Y) # 0, so that p does not divide
all the coefficients of F(X, Y).

Since D is not a component of C(X, ¥, Z), we see that C(X, ¥, O) # 0 and that p cannot
divide either the numerator or the denominator of ¢ (written as an irreducible fraction). Thus,
we have

3
CX,Y,0)=cF(X,Y) =[] (mX - &),
i=1
which gives the result in this case.
(2) When the line D is arbitrary, we can reduce to the preceding case by a suitable
change of coordinates in P,(Q). But in order for this change of coordinates to “pass to the
quotient modulo p”, we need to make sure to choose it in SL3(Z).
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Let D = uX + vY + wZ,, where the greatest common divisor of (u, v, w) € Z* is 1. We
want a matrix of the form

Uy v wy | € SLy(Z),

so that if we take

X’ u Vi Wi X
Y} = U \ %) Ww»o Y .
z u o voow z

the equation of Dis Z' = 0.

Let d be the greatest common divisor of v and w. We know that there exists v, and w;
such that vyw —w,v = d, and v, and w are relatively prime. Now, we know that the greatest
common divisor (4, d) = 1, so there exists #; and x such that u;d + xu = 1. Finally the
greatest common divisor (v;, wy) = 1, and there exist v; and w; such that viw, —vow; = x.
‘We check that the determinant of the matrix

v w
V2. w2
u v w

is indeed equal to 1. O

Theorem 4.5.1 Let C be a smooth cubic in P2((Q)), and let O € C(Q). Let C be the
cubic reduced modulo p, and let O be the reduction of O.

(1) If the cubic C is smooth, then the reduction map

Py (Q) > Py(F,)

induces a homomorphism from C(Q) equipped with the addition law of origin O to
C (Fp) equipped with the addition law of origin 0.
(2) Ifthe cubic C admits adouble point S inP, (), let Co(Q) denote the set C(Q)\1 —1(S).

Then if O € Co(Q), the set of points of Co(Q) forms a subgroup of C(Q) and the
reduction map induces a homomorphism of this subgroup on the set of non-singular points
of C (F,) equipped with the addition law of origin 0.

Proof. Saying that P, @ P, = Ps is equivalent to stating that each of the triples Py, P2, R
and R, O, Ps is collinear. The preceding proposition then shows that these collinearities are
preserved by . O
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Vocabulary 4.5.1

~ When W is smooth, we say that W has good reduction at p.

— When W admits a double point with distinct tangents in PQ(I_F,,), we say that W has
multiplicative reduction at p.

— When W has a cusp in P, (H}p), we say that W has an additive reduction at p.

Remark 4.5.1 It is clear that the whole of this theory continues to hold if Z is replaced
by an arbitrary principal ideal domain A, and QQ by the fraction field of A.

4.6 n-DIVISION POINTS OF AN ELLIPTIC CURVE

Let E be an elliptic curve defined over , and let €2 be an arbitrary field containing k. It is
clear that E(k) is a subgroup of E(£2).

Definition 4.6.1 Lern € Nand P € E(Q). We say that P is an n-division point of E if

nP:=POP&® ---®P=0.
N—————————

n times

We say that P is of order n if nP = O and if mP # 0 for every m € N* smaller than n.

_ The goal of this paragraph is to show that all the n-division points of E lie in k (where
k denotes an algebraic closure of k), and that if the field k is a field of characteristic zero,
they form a group isomorphic to Z/nZ x Z/nZ.

Since the isomorphism class of the group (E(k), @) is invariant under birational trans-
formation defined over k (let us admit this point), we can replace E by a Weierstrass
cubic.

4.6.1 2-Division Points

In order for P € E(2) to be a 2-division point, it is necessary and sufficient that 2P =
POP=0.

It is clear that P = O is a 2-division point.

Suppose now that P 3 O, and take E in long Weierstrass form:

E: Y+axy+ay— (¥ + apx® + asx + ag) = 0.
By Section 4.4, the abscissa £ and the ordinate n of 2P are given by

E=M+ah—ay—2x
n=—(A+a)—p—as

But £ is infinite only if A is infinite, i.e. if 2y + a;x + a3 = 0.
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When the characteristic of k is equal to 2, we see that these points satisfy the equation
a;x + a3 = 0, and are thus contained in the intersection of E and of this line. If a; # 0, we
find a single point in k.

If a; = 0 and a3 # 0, then E has no points of order 2.

If a; = a3 = 0, then E admits a multiple point: it is not an elliptic curve.

Example 4.6.1 LetE :y*> +y— (x* + 1). We have
A =x, w= X+ y,
so (&, n) cannot be the point O. O

When the characteristic of & is not equal to 2, we can take £ in short Welerstrass
form (see Section 4.13):

E: y'— ( + apx® + asx + ag).

The curve is smooth if and only if the polynomial D(x) = x* + ayx? + asx + ae has no
multiple roots. The points of order 2 of E(k) are the three points (e}, 0), (e2, 0), (e3, 0) with
ordinate equal to zero. Thus ey, e;, 3 are the roots of D(x) in k. To summarize, we have
the following theorem.

Theorem 4.6.1 If E is given by a short Weierstrass equation, and if the characteristic of
k is not equal to 2, the points of order 2 on E(k) are the points with ordinate equal to zero.
Together with the origin O, they form an Abelian group isomorphic to /27 x 7.]2Z.

Indeed, we know that there exist only two isomorphism classes of groups of order 4,
namely Z/4Z and Z/27 x Z/2Z. Since all the points of Z/4Z are not 2-division points,
only the latter group is possible.

4.6.2 3-Division Points

Here we restrict ourselves to the case where E can be given in short Weierstrass form, and
where © = k. We set D(x) = x> + axx? + asx + as.

The condition 3P = O is equivalent to 2P = —P.

If P # O, this is again equivalent to saying that P and 2P have the same abscissa x,
which gives the equation

3x -4y’ = (3x? + 2apx + a4)2 — 4ayy?,
which can be rewritten as
Y3(x) = 3x* + 4arx® + 6asx? + 12a6x + (4azas — az) = 0.
When the characteristic of k is equal to 3, we have
Y3(x) = @x° + ara6 — a3,

so if a; = 0 but as # 0, E(2) has no points of order 3.
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Now assume that the characteristic of k is either zero or strictly greater than 3. We
check that

Y3(x) = 2D(X)D"(x) — [D' (0T,
which gives

¥ (x) = 12D(x).

Since D(x) has no multiple roots, we see that the same holds for 3 (x).

If B1, B2, B3, Bs are the roots of yr3 in k, and if v = £/D(B;) fori € {1,2,3,4}, itis
clear that y; # O for every i (otherwise P would be of order 2), so we obtain 8 points of
order 3, i.e. nine 3-division points.

Theorem 4.6.2 If the characteristic of k is either zero or different from 2 and 3, the
3-division points of E(k) form a group isomorphic to Z/3Z x Z/3Z.

Indeed, there are only two isomorphism classes of Abelian groups of order 9.

Remark 4.6.1 A moment of thought about the definition of 2P is enough to convince
oneself that the 8 points of order 3 of E(k) are the inflection points of E. As the point at
infinity of E is also an inflection point, we see that E has exactly 9 inflection points in
PP, (k). Note that the lines joining two of these points always contain a third such point
(Maclaurin’s theorem®").

4.6.3 n-division points of an elliptic curve defined over

Clearly, it is prudent to limit oneself to the case of characteristic zero if one desires to keep
to simple statements. Moreover, if £ = QQ, we can take Q2 = C and make use of the theory
of Chapter 2, as long as we admit that every elliptic curve can be parametrised by elliptic
functions attached to a period lattice A (see theorem 5.4.2 of Section 5.4, Chapter 5).
Let E[n] denote the set of n-division points of E(C). We see that E[r] is a group
isomorphic to (1/n)A/A E Z/nZ x Z/nZ.
Indeed, if w; and w; are generators of A, it is clear that

1 .
SAJA = {f’—‘wl + 20y % e 7nZ for j=1and 2}.
n n n n

Set m = n* — 1, and let (x;, y;) € C?, 1 < i < m, denote the coordinates of the points of
order n of E(C). These coordinates generate a field extension K, = Q(x1, Y1, ..., Xm, Ym)
of QQ, to which we now turn our attention.

Reminder of some notions of field theory

Let Aut(C) denote the group of all the automorphisms, continuous or discontinuous, of C.
In Chapter 3, Section 3.4, we noted that in order for a number z € C to be algebraic, it
suffices that its orbit under the action of the automorphism group of C be finite.

5t . Maclaurin 1698-1746.
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We saw that an extension L/Q is Galois if L is an algebraic field and if for every
o € Aut(C) we have o (L) C L. The Galois group of L/Q is then the image of Aut(C)
under the homomorphism ¢ + o /L of restriction to L.

Theorem 4.6.3 Let E be an elliptic curve defined over Q, and let n be an integer > 1.

(1) The group E(n](C) of n-division points of E is isomorphic to Z/nZ x Z/nZ.
(2) The extension K,,/Q generated by the coordinates of the n-division points of E(C) is
a Galois extension of Q.

Proof.

(1) Let E[n] denote the group of n-division points of E(C).

If P € E[n], ie. [n]P = O, it is clear that for every 0 € Aut(C), n[oc(P)] = O.
Indeed, o |p= llg, and since E is defined over Q, the automorphism o respects the
addition law of the points on E(C).

(2) Since #(E[n]) = n?, we see that the coordinates (x, y) of P € E{n] can only have a
finite number of conjugates under the action of Aut(C); thus they are algebraic, so K,
is algebraic.

(3) For every o € Aut(C), we have o (E[n]) C E[n], so o(K,,) C K,. This shows that
K,/Q is Galois. 0

Remark 4.6.2 Let E be an elliptic curve defined over , and let p be a prime number.
One can show ([Sil] p. 96) that E[p] is equipped with a non-degenerate “bilinear” form

eyt Ep] x E[pl— 1,(Q),

where up(@)_denotes the multiplicative group (isomorphic to (Z/pZ, +)) of the p-torsion
elements of Q*. To every pair (P, Q) of points of E[p](Q), this form associates a root of
unity e,(P, Q) by a construction which is algebraic (and nearly canonical), which shows
that 11,(Q) C K,. This Weil form is “bilinear alternating” in the sense that

e(m Py + myPa, Q) = e(Py, Q)™ e(Py, Q)™

e(P,n1Q1 +mPy) = e(P, Q)" e(P, 02)™

e(P, Q)e(Q, P) = L.

Furthermore, it is non-degenerate, and commutes with the action of Gy = Gal(@/ Q) in the
sense that if o € Gg, then

e(a(P), 0(Q)) = o (e(P), e(Q)) = [e(P, 917,

where x, denotes the cyclotomic character of Gg (see Chapter 3, Section 3.6).

4.7 A MOST INTERESTING GALOIS REPRESENTATION

Let Q denote the algebraic closure of Q in the field of complex numbers C, i.e. the set of
numbers z € C which are algebraic over Q.
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We saw in Chapter 3 that Q is a field and that Q/Q is a Galois extension.

‘We have also shown that the image of Aut(C) by restriction to Q is the Galois group
of Q/Q; we denote it by Gy and call it the absolute Galois group. One of the essential
problems of number theory is the study of this group Gg, and we have seen that an important
tool in this study is the notion of a representation of G in a vector space (or a module) V,
1.e. the notion of a homomorphism

Gg —> GL(V).

Example 4.7.1 Letn > 1,and let V = u,(C) = Z/nZ be the Abelian group of the
n-division points of unity in C*.
Let ¢ be a generator of V, and let L, = Q(¢). Forevery o € Gg, itis clear that

0(¢) =¢%)  with a(o) € Z/nZ,

and in order for o to preserve the order n of ¢, it is necessary and sufficient that a(o) €
(Z/nZ)*, in other words, it is necessary and sufficient that the endomorphism

Z/nZ —> Z/nZ

X+ a(o)-x

be an isomorphism.
Thus, we see that we have a surjective homomorphism (the surjectivity is non-trivial):

Go — (Z/nZ)* = GL(Z/nZ). O

Now, let E be an elliptic curve defined over , andletn > 1. Set V = E [n](@); we will
consider the action of Gp on V.

Since V is a free Z/nZ-module of rank 2 (and even a vector space over IF,, if n is a prime
number p), we see that if Py, P, is a Z/nZ-basis of V, we have

o(Py) =asPi+coPy as, ¢y € L/NZ
0(Py) = boP, +dyP> by,d, € Z/nZ

Le.
@ o) = e ().

Now if we take an arbitrary pair Q,, @, of points of V such that

Ql) (> v\ [P
Q) \n §)\P)’
then by linearity we obtain

(-6 DER)-C 6 D)
o(@)) \u §J\aP))  \n 8)\bs ds)\P2J’
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Finally a simple computation shows that

Goor  bgor {4 by a. b
Coor  door) \Co dg ¢ di)’
1 0 [ 4o ba Ag-1 b(,—x
o 1)=\ e, a4 )\e.. a4, )

This whole situation is summarised in the following statement.

and in particular,

Theorem 4.7.1 The action of Gg on V = E[n] defines a homomorphism
Go 2> GLy(Z/nZ),

so the image is isomorphic to the Galois group of the extension K,/Q generated by the
coordinates of the n-division points of E.

Proof. It remains to see that Imp, = Gal(K,,/Q). Now, it is clear that p, factors through
Gal(K,,/Q); thus it suffices to show that p, restricted to Gal(K,,/Q) is injective. So let
o € Gg be such that p,(0) = (} ). Then we have o(P;) = P; and 6 (P;) = P,, which
shows that o |g, = 1|, . O

Remark 4.7.1 Since E[2] is formed by four points of E(Q), it may happen that Imp, #
GL,(Z/nZ). However, this does not happen frequently, as shown by the following theorem.

Serre’s Theorem (1972) (Theorem 4.7.2) Let E be an elliptic curve defined over Q
which is not isomorphic over Qo any curve having complex multiplications. Then there
exists an integer N > 1, depending only on E, such that for every integer n prime to N, the
representation p, is surjective.

Remark 4.7.2

(1) This result is far from elementary, and even its statement is not really elementary,
since it uses the notion of an elliptic curve with complex multiplications, which will
be defined in the next section.

(2) One can show that if £ is a prime number > 163, then p, is irreducible; furthermore,
if E is also semistable, then it suffices to take £ > 7, see [D-D-T] p. 51.

4.8 RING OF ENDOMORPHISMS OF AN ELLIPTIC CURVE

Recall from Section 4.1 that two elliptic curves defined over k are equivalent over & if there
exists a birational map of one onto the other defined over k. One can show that if this is the
case, then the groups of points of these curves in PP, (k) are isomorphic.

In what follows, we will need a more general and more precise notion, which is analogous
to the notion of a homomorphism of abstract groups.
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Definition 4.8.1 Consider two elliptic curves (E1, Oy) and (E», 0,) defined over a
field k.

An isogeny E; A E, defined over k is a rational map from E to E;, defined over
k, such that ¢(0y) = O;.

One can show ([Sil] p. 75) that the isogenies are homomorphisms of (E;(2), ®;) in
(E»(2), @,), whatever the choice of the extension  of k. The theorem 4.9.2 shows the
importance to be accorded to the field of definition of an isogeny.

Example 4.8.1 (1) Let n be an integer >0. The multiplication by n:
Pr— [nj(P)=P&---BP
e ——
n times
is an isogeny (E, ®) — (E, ).
We say that this isogeny is an endomorphism of E; when n = 0, it is the constant map
P — O, and when n = 1, it is the identity.
The kernel E[n] of this endomorphism is the group of n-division points studied in

Section 3.6. When n > 0 and the characteristic of & is zero or large enough (i.e. if it does
not divide n), we have

#E[n] = n®.
(2) Assume that the characteristic of k is not equal to 2, and consider the curves
{E1 =Y — (P +ax’ +hx)
E;, = y* — (X + apx? + byx)
with
ay = —2a;, by=a}—4b,, 2bby #0.
Then the map ¢ : (E1, O) — (E;, O) defined by

y: oy —by)
R VA

is an isogeny.
Indeed, one checks that for almost all the points P of E;(£2), we have ¢(P) € E,(S2).
Moreover, we see that O — O, by writing ¢ in the form

(X.Y,2) — (Y?X, Y(Y* — a;X* - 25, XZ), (Y* — a;X* — b|XZ)Z).
If x(P) = o, we can use the form
X.Y,2) — (Y(X* + a/XZ + b, 2%), (X* — 01 Z*)(X* + a1 XZ + b, Z°), XZ?),
and we see that the point A = (0, 0, 1) gives the point O. Thus, we have
Kerg D {0, A},

so #Ker ¢ is even since {O, A} is a subgroup of Ker ¢.
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(3) If we define ¢ : (E3, O) — (E;, O) by
¥y — bz))

452’ 8x2

(x,y) — (

we see similarly that v is an isogeny, and that Ker ¥ O {0, A}, so #Ker i is even.
A simple computation shows that

Vop=2:E — E
oy =[2]: F, — E».

(4) Assume that the curve E is defined over a finite field ;. Then we know that the
map z > z7 is an injective IF;-endomorphism of the field IF, (x, y); we call it the Frobenius
endomorphism of the field [F,(x, y), and denote it by Frob,,.

If O denotes a point of E(IF,), it is clear that Frob, induces an isogeny of (E, O) to itself
which we call the Frobenius endomorphism’? of (E, 0).

Remark 4.8.1 Let Qbe afield containing F,. Since Frob, preserves collinearity in P, (2),
itis clear that Frob, preserves the group law of E(£2) of origin O when O € E(F,). O

Definition 4.8.2 Let (E, O) be an elliptic curve defined over k. An endomorphism of
(E, O) defined over k is any isogeny (E, O)—> (E, O) defined over k.

Note that two isogenies (E, O1) — (E;, O,) can be added using the addition law
(¢ +¥)(P) == o(P) &, Y (P).

It is clear that if ¢ and  are two isogenies defined over k, then ¢ + ¥ is again an isogeny
defined over k.

Finally, if ¢ and v are two endomorphisms of (E, O) defined over k, the composition
map ¢ o ¥ is again an endomorphism of (E, O) defined over k.

Definition 4.8.3 The ring of endomorphisms of E defined over k, written Endi(E),
is the set of endomorphisms of E defined over k, equipped with the addition and multi-
plication laws defined above.

In order to fully justify this definition, we still need to check that multiplication is
distributive with respect to addition.
It is clear by definition that

(p+yY)ob=¢pob+Yob,
so it suffices to see that
Bo(p+y)=0o0@p+0o01.

52 G. Frobenius, 1849-1917.
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Thus, for every P € E(k), we must show that

@P)®Y(P) =00¢(P) B0 y(P),

but this is nothing more than the group homomorphism property of 6.
We need one last definition in order to formulate the essential properties of End; (E).

Definition 4.8.4 Ler ¢ be a non-constant isogeny defined over k : (Ey, 0)) —
(E2, On), and let P € P(Q) be a point of E(2) whose coordinates are transcendental
over k (we choose 2 D k large enough for this).

Set Q = @(P) and let k(P) (resp. k(Q)) denote the extension of k obtained by
adjoining the coordinates of P (resp. Q).

Then one can show that the degree [k(P) : k(Q)] is independent of the choice of P,
and we call this number the degree of the isogeny ¢ (written deg(g)).

Remark 4.8.2 (1) It is clear that if ¥ is a second non-constant isogeny (£, Oz) —
(Es, 03), then by the tower rule, we have

deg(y o ) = deg ¥ - deg .

(2) If the extension k(P)/k(Q) is separable (in which case we say that the isogeny is
separable), and if ¢ is not constant, one can prove that

deg(¢) = #Ker ¢.

This important relation will enable us, later on, to compute #E(IF,) when E is defined over
the field I¥,.

Example 4.8.2 In example 2 above, we saw that ¥ o ¢ = [2].
We saw earlier that if the characteristic is not equal to 2, we have

#Ker[2] = #E[2] = 4,

which gives the relation deg([2]) = 4.
We deduce from remark 1 above that

degy - degop =4,

and since we noted that #Ker ¢ = deg ¢ and #Ker ¢y = deg v are even, we have
degyp =degy = 2. O

We refer to [Ca 3] or [Sil] for the proof of the following theorem.
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Theorem 4.8.1 Let (E, O) be an elliptic curve defined over k.

(1) Thering End; (E) is an integral domain with unit, which is not necessarily commutative
but is of characteristic zero.

(2) Set deg(p) = 0 if ¢ = 0. Then the map deg : End;(E) — (N, x) is a morphism of
multiplicative monoids.

(3) End;(E) is equipped with an anti-involution ¢ > @ such that

po@=0gog=I[degyp] = [deg].
(4) The map ¢ — deg(yp) is a positive definite quadratic form on End;(E).

Remark 4.8.3 (1) Recall that an anti-involution o of a (not necessarily commutative)
ring A with unit is a map A — A such that

ol=1, (involution)
ox+y) =0 +a(y)
o(h)=1 } (anti-morphism)

o(xy) =0 (y)o(x)

(2) Let n be an integer >0, then the isogeny [#] is a non-constant endomorphism of E.
The isogeny [1] = 1lg generates a subring of End, (E) isomorphic to Z since we have

[[m]+{n]=[m+n]

[m] o [n] = [mn].

(3) When (E, O) is defined over Q we show that in general End@ (E) is reduced to the
ring generated by [1], so that Endg(E) = Z.

However, there exist exactly 9 equivalence classes over Q of elliptic curves
(defined over @!) for which Endg (E) - 7. These elliptic curves were discovered by N.H.
Abel. The elements of Endg (E)\Z are called the complex multiplications of E.

When E runs through the set of curves with complex multiplications defined over Q,
the fraction field of Endg(E) runs through the set of 9 principal quadratic imaginary fields
(see Chapter 1, Problem 1) and Endg (E) itself runs through the set of maximal orders (rings
of integers) of these fields, i.e. Z[w] with

w=+-d ifd =1,2
_1++4~d
- ==

) ifd =3,7,11,19,43, 67, 163.
Example 4.8.3 E =3y> — (x> +x).

Leto : (x,y) — (—x, iy).

Clearly, ¢ € Endg;)(E) C Endg(E) and ¢ # %1

If ¢ was in the image of Z, we would have ¢ = [n], with n € Z, hence

#Kerp = n2.

But clearly, #Ker ¢ = 1, so n = +1. We already noted that this is impossible, so ¢ has
complex multiplications. As ¢?> = —1, we have ¢ = +i and Endp(E) = Z[i]. g
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(4) When (E, O) is defined over a finite field F;, End, (E) is never isomorphic to Z
(i.e. E always has complex multiplications, see [Sil] p. 137).

One then proves that End@q (E) is either an order of a quadratic imaginary field (of
characteristic zero!) or an order of a quaternion algebra (we then say that E is supersingular,
even though it is actually not even singular!).

4.9 ELLIPTIC CURVES OVER A FINITE FIELD

Let I, be a finite field of cardinal ¢ and characteristic p. We know that g is of the form .
Let E be an elliptic curve defined over F, by a long Weierstrass equation

y2 +aixy +azy = 2+ a2x2 + aqsx + ag.

Our goal is to explain that #£(F,) is not too far from g 4 1 (which is #IP; (IF,)).

Why g + 1?7 because this is what we find if £ has a double point with distinct tangents
when we add twice the double point to the simple points. It is also what we can hope to
find, on average, when a; = a3 = 0 there are as many quadratic residues in Iy as there are
non-residues . . .

The precise result was conjectured in 1924 by E. Artin>® in his thesis, and was proved
in 1934 by Hasse. It can be stated as follows.

Hasse’s Theorem 4.9.1 Let E be an elliptic curve defined over F,. Then the number of
points of E in P,(F,) satisfies the inequality

#E(F,) — (g + D] <2/q.
Proof. (1) Let ¢ be the Frobenius endomorphism

x,y) — (9,9
O+— O.

Since F, = {z ¢ H}q; 77 = z}, we see that
E(F,) = Ker(p — 1I);
consequently
#E(F,) = #Ker(p — ).

(2) Now, set y = ¢ — 1l € End(E).
In Section 4.8, we noted that if ¢ is separable (which we assume here), we have

#Ker ¢ = deg(y).
Thus, we have a way to compute this cardinal.

53 E. Artin 1898-1962.
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(3) Since the quadratic map
(m, n) — deg(mg + nyr)
is positive semi-definite, we have
deg(me + nl) = (deg @)m* + smn + (deg Dr?,

with s? < 4deg¢.deg Il = 4deg ¢.
Now, it is clear that if p > 2, we have deg ¢ = ¢. Indeed,

degp = [Fy(x, y) : Fo(x?, y)] = [Fy(x, ) : By, y)[Fyx, ) - Fox?, y9)].
The first factor is equal to 1 since y satisfies a quadratic equation over F,(x), so the degree
of y over F,(x, y9) divides both 2 and ¢. The second factor is naturally equal to g. Note that
this result can be extended to the case where p = 2 ([Sil] p. 30).
Thus, we have
st < 4q.
(4) Finally, #Kery =deg(¢ — ) =g —s+ 1, so
HEF,) — (g + DI <2/4. O
Remark 4.9.1 The inequality above is optimal. Indeed, consider the supersingular curve
E: y +y= x*
defined over FF,, and let us compute E(F,). We can write F4 = {0, 1, w, w*} with
W +w+1=0.
We find that
EFs) = {0,(0,0), (0, 1), (1, 0), (1, 0%, (@, ), (0, o), (&, ), (@, &)},
so #E(F4) = 9. It follows that s = —2,/g = —4 and

deg(mg +n 1) = 4m*> — 4mn + n*

= 2m — n)*.
Thus, we have

deg(p +21) =0,
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even though (1, 2) # (0, 0); thus the quadratic form
(m, n) —> deg(mep +n 1)

is not definite. But since deg : End;(E) — Z is positive definite, we have ¢ = -2 1.

Theorem 4.9.2 Consider two elliptic curves (E;, Oy) and (E,, O,) defined over ¥y, and
let 0 : (E1, O1) — (E,, O7) be a non-constant isogeny defined over . Then we have

#E|(F,) = #E,(F,).

Remark 4.9.2 In other words, if E; and E; are “isogenous” over [, they have the same
number of points in P, (F,), where two elliptic curves are said to be “isogenous” if there
exists a non-constant isogeny from one to the other.

Proof. (1) Let ¢ (resp. ¢2) be the Frobenius endomorphism of E| (resp. E»). We saw
earlier that

#E(F,) = deg(or — 1)
#E,(F,) = deg(y, — 1g,).

(2) Now, we also see that the following diagram is commutative, since ¢ is defined
over [

E] —<-M—>El

ol e
E —25E

A second commutative diagram follows naturally from this one:

-1
E] Pt E| E1

A little reflection shows that
degf - deg(p) — 1g,) = deg(g, — lg,) - deg 6,
SO

deg((pl - llEl) = deg(¢2 - ]IEz)

since deg6 > 0. O
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Example 4.9.1 (1) If g and b are in F, and
2b(a* — 4b) £ 0,
then the elliptic curves

E, : yz—x(x2+ax+b)
E;: y2 —x()c2—2ax+a2 — 4b)

have the same number of points in [P, (IF,).
(2) Consider the elliptic curves over [F; given by

Ei: Y- —x+1
E: Y- —x-=1.

These curves are isomorphic over Iy, but #E,(F3) = 7 and #FE,(F3) = 1, so they are not
isomorphic over F3!

Remark 4.9.3 We cannot move on without at least a brief mention of the famous result
due to FK. Schmidt, which states that every smooth cubic defined over a finite field F, has
a rational point over this field, and consequently can be equipped with the structure of an
elliptic curve over F,.

4.10 TORSION ON AN ELLIPTIC CURVE DEFINED OVER

We know that every Abelian group A contains a certain important subgroup, namely its
torsion subgroup, which we write T (A). By definition,

T(A) = {x € A; there exists n € N* such that nx = O}.

Example 4.10.1 If k denotes a commutative field, the torsion subgroup of (k*, x) is the
group (k) formed by the roots of unity lying in k.

When the group A is the group E (k) of points on an elliptic curve defined over a number
field &, the torsion group of A can be determined more or less easily. But when k = Q and
the elliptic curve E is given by its equation, this determination is even easier, since as we
will see, the Weierstrass coordinates of a torsion point are integral when the Weierstrass
equation has integral coefficients.

Now, we have the following very nice result at our disposal (note that here R denotes
an integral domain which is integrally closed in its fraction field K, i.e. such that if x € K
is a root of a monic polynomial with coefficients in R, then x is in R).
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Theorem 4.10.1 Let E be an elliptic curve defined by a short Weierstrass equation
¥ =2+ ax® + aux + as, (1)

with coefficients in a ring R, assumed to be of characteristic # 2, integrally closed in its
field of fractions K.

If P € E(K) is such that its coordinates and the coordinates of [2]P lie in R, then the
ordinate of P is either zero or a divisor (in R) of the discriminant

D= —4a§a6 + a%aﬁ + 18aasas — 4a‘31 — 27a§.
Proof. 'The quantity D is precisely the discriminant of
F(x) := %" + ax® + asx + ag = (x — e1)(x — e2)(x — e3),
with e; € K fori € {1,2, 3}, i.e. we have
D= (e) — &)’ (e —e3)*(e2 — €3)”.

Let us show that if the ordinate y of P = (x, y) is not equal to 0, then y divides D in R.
Indeed, we saw in Section 4.4 that if 2P = (&, ), then

F'(x)

2+ E=1"—a, withi=
2y

But the theory of the discriminant gives us the relation
D =UXFX)+ VX)F(X) with UX) and V(X) € R[X].

Since A2 € R and A € K, we see that A € R and it follows that y divides F'(x).
As y? = F(x), we see that y divides F(x), so y also divides D. O

Corollary 4.10.1 If the elliptic curve E is defined over Q) by a short Weierstrass equation
with integral coefficients, and if P and [2)P are integral points of E(Q), then the ordinate y
of P is either zero or a divisor of D.

Proof. Indeed, we know that Z is integrally closed in Q. O
Special case 4.10.1 When a, = 0, we traditionally write (1) in the form
y'=x+Ax+B, AandBinR, (1)

and we have D = — (443 + 27B%).

Then if P and [2)P have integral coordinates and 'y # 0, y* divides D in R.

Indeed, we can improve the expression of D using F and F’, by replacing F’ by F 2,
and we find that

D = (3X% + 4A)F (X)? + UX)F(X)
with U(X) € R[X]. 0
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We assume from now on that R = Z and (1) has integral coefficients.

Our goal is now to show that if P = (x,y) € Q7 is a torsion point of E(Q), then the
coordinates of P are integers. To obtain this result, we will show that if p is an arbitrary
prime number, then the p-adic valuations of x and y are positive or zero.

Recall the definition of the p-adic valuation of () (see Chapter 3):

v Q— ZU{+oo}.

Definition 4.10.1 Ifr = p"(u/v) € Q* withu and v € Z\ pZ, we set
vp(r) = n.

If r =0, we write v,(r) = +00.

Recall also the following proposition:

Proposition 4.10.1
(1) Foranyxandy < Q, we have
vp () = vp(x) + v, ()
vp(x +y) = inf (v, (x), v, ()  with equality if v,(x) # v,(¥).
(2) The set Zpy = {x € Q; [x], < 1} is a subring of Q called the valuation ring of v,. It

is a local ring whose maximal ideal is {x € Q; |x|, < 1}.

The absolute value | |, makes it possible to define a p-adic topology on Q by defining
the p-adic distance of two elements x and y in Q by the formula

dp(x’ )7) = lx —ytp'

Thus, the smaller the absolute value |x|,, the nearer the rational number x is to 0.

Since our goal is to study the points P = (x,y) € E(Q) such that v,(x) < 0, we are
led to consider the elements of E(Q) which are p-adically close to the projective point
0,1,0)=0.

For this, we dehomogenise the equation

Y’Z = X° + aX*Z + asXZ* + a2’
by setting ¥ = 1, and we find that
z=x + azxzz + agxz® + a6z3, with q; € Z for i =2,4,6. 2)
The origin of E is then the point
0 =(x2)=(0,0),

and the opposite of the point P = (x, 7) is OP = (—x, —2).
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The “Abel-style” construction of the group law of E(QQ) which we gave in Section 4.4 is
still valid: to construct P3; = P; @ P,, we first take the third point of intersection R of the
line (P P,) with E, and then take the point obtained from this one by a symmetry through
the origin. Let z = ax + B be the equation of this line. By (2), we have

g 27U X3 4 x0 + 17+ ax( + X1 + a2
xo=x1 1 —aux} —am(z+21) —as(z5 + 2122+ 27) 3
ﬂ =271 — X1,

The equation for the abscissae of the points of intersection of £ and (P P;) can be written
ax + B = x> + ayx*(ax + B) + asx(ax + B)* + as(ax + B)°
=@ —x)k&—x)x—r),

where r denotes the abscissa of the point R.
Thus, we have

(ap + 2as0 + 3aga®)B
I + ara + ago® + asa®”

X1+x+r=-—

G

Now, if v,(x) < 0, we must necessarily have v,(y) < 0 in equation (1), and in fact we
find that

vp(x) = =2v  v,(y) = —3v, with v € N*,

Thus, the points we wish to study are of the type (X, Y,Z) with ¥ = 1, v,(X) = v,
Vp(Z) = 3v.

Let E,» denote the set of points (x, z) of (2) such that [x|, < 1/p”and |z], < 1 /p*’: they
form a p-adic neighbourhood of the point (0, 0) = O, and we have the following result:

Lemma 4.10.1 E,. is a subgroup of E(Q) when v € N*.
Proof. Assume that Py and P, lie in E,; then we have
1
[xilp < > |zi], < for ie{l,2}.

v p3v
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From (3) and the fact that |a;| < 1 fori € {2, 4, 6}, we deduce that

|a|p§ﬁ I'Blf’—l}_\;'

Plugging this result into (4), we see that the absolute value of the second term is less than
orequal to |8, = 1/p*.
As x|, < 1/p¥fori e {1, 2} we deduce from the ultrametric inequality that |r| < 1/p”.
Next, we note that the ordinate s of R is equal to ar + §; we have

1
Islp = ler + B, < e

Thus, we see that R, and thus also P3 = P; @ P; lie in E». g
Remark 4.10.1 We obtain a sequence of nested subgroups,
E,,DEpz DEyD---

whose intersection is reduced to {O}. We say that this sequence forms a filtration of E(Q).
We will compare this filtration to the filtration of subgroups

PLiy D P*Lipy D P°Lipy D -+
of the valuation ring Z,, considered as an additive group.

Lemma 4.10.2 The group E,»/Ey» is isomorphic to a subgroup of p* L)/ P> L.

Proof. By the proof of lemma 4.10.1, we see that the map

P—> x(P) € p"Zy /P> Ly
Ep —> p* Ly /" Ly

is such that

x(P3) = x(P @ Py) = x(Py) + x(P2),

soitis ahomomorphism of additive groups. Clearly, the kernel of this homomorphism s E».

Indeed, if [x(P)|, < 1/p* and |z(P)|, < 1/p* we deduce from (2) that [z(P), < 1/p®"!
Thus, the isomorphism theorem implies that E,: / E,s. is isomorphic to the image of this

homomorphism. O

Lemma 4.10.3 When v > 1, the only point of finite order in E» is O.

Proof. Let P € E, be a point of order n > 1. Since P # O, there exists i > v such that

PE€Ey but P# Eps.
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(1) If » is not divisible by p, it follows that [n]P = O that nx(P) € p3"Z(p) hence
x(P) € p3“Z(p), which is absurd since 3 > u+ 1if u > 1.

(2) If n = pm, then we see that Q = mP is of order p. Then there exists A > p > 1 such
that Q € E, and Q ¢ Ep+. It follows from [p]Q = O that px(Q) € p”Z(p), hence
x(Q) € ps}‘_IZ(p).

Butas A > v > 1, wehave 3x — 1 > X + 1 so x(Q) € E+, which is absurd. [

Nagell-Lutz Theorem 4.10.2 Let E be an elliptic curve of equation
y2 =5 + a2x2 + aqx + ag,

witha; € Z forie {2,4,6}. Set D = —4a%a6 + a%ai + 18ara4a¢ — 441‘31 - 27aé.
Then if (x, y) is a torsion point of E lying in Q?, x and y are integers, and if y is non-zero,
then y divides D (and in fact, y* divides D if a; = 0.

Proof. We saw in lemma 4.10.3 that for every prime number p, E, does not contain any
torsion point apart from O.

It follows that the torsion points of E(Q) which are different from the origin O have
integral coordinates (x, y).

Since Z is integrally closed in @, it follows from the preceding theorem that if y # 0,
then y divides D. O

Corollary 4.10.2 Ar elliptic curve defined over Q admits at most a finite number of torsion
points in P(Q).

Proof. Indeed, we can choose for E a short Weierstrass equation with integral coefficients,
and D admits only a finite number of divisors. O

An infinitely more difficult problem is to inquire whether we can uniformly bound the
torsion of an elliptic curve defined over @ (or over an algebraic number field). The answer
is yes (Mazur, Kamienny, Merel), but we restrict ourselves here to stating Mazur’s result,
which concerns the field of rational numbers.

Mazur’s Theorem 4.10.3
(1) If an elliptic curve E defined over Q contains a point of order n defined over Q, then

1<n<10 or n=12.

(2) More precisely, the torsion subgroup of E(Q) is isomorphic to one of the following
groups:
(i) Z/mZ with 1 <m <10 or m = 12.
(i) Z/2Z x Z./2mZ with 1 <m < 4.

Remark 4.10.2 There exists no elliptic curve E defined over QQ such that E(Q) contains
a point of order 11.
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4.11 MORDELL-WEIL THEOREM

Conjectured by H. Poincaré at the beginning of the 20th century, the most important theorem
concerning the group E(Q) of the points of an elliptic curve defined over Q@ was proved
by L.J. Mordell®* in 1922. He showed that for every curve E, this group is generated by a
finite number of points. Some years later, in 1930, A. Weil extended this result to the group
E(K) of the points of an elliptic curve E defined over an algebraic number field K.

Mordell-Weil Theorem 4.11.1 Let K be an algebraic number field, and E an elliptic
curve defined over K. Then the group E(K) is generated by a finite number of points.

Corollary 4.11.1 Under the same conditions, the torsion subgroup of E(K) is finite.

Proof of the corollary. We say that an Abelian group with a finite number of generators is
of finite type, and a classical theorem shows that a subgroup of an Abelian group of finite
type is also of finite type [Bou 2]. But a torsion group of finite type is a finite group. [

Remark 4.11.1 We will see in the exercises that if, contrarily, the cubic E is singular and
has a simple rational point O, then E¢(Q) is not an Abelian group of finite type.

4.12 BACK TO THE DEFINITION OF ELLIPTIC CURVES

(a) Introduction
In Section 2.4 of Chapter 2, concerning Liouville’s theorem (theorem 2.4.5), we saw that
a non-zero elliptic function f € C(g, ') has as many zeros as poles in a suitable period
parallelogram I1, and that the number of these is called the order of the function f.

We also saw that a function of order O is a constant (f € C*) and that there exists no
function of order 1.

Definition 4.12.1 Letn € N and let O € 11 denote the origin of the complex plane.
Let L(n(0)) denote the C-vector space of elliptic functions f attached to the lattice A
admitting (at most) one pole at O of order < n, and let £(n(0)) denote the dimension of
this vector space.

Remark 4.12.1 If some non-zero f belongs to £(n(0)), then the order of f is < n since
f admits only the pole O in I1, and the order of this pole must be < n.

Proposition 4.12.1 For every n € N*, we have
£(n(0)) =n.

Proof. Let us use induction on n.

54 1.J. Mordell (1888-1972).
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(1) If n = 1, we saw that £((0)) = 1.

(2) Assume the property holds forn — 1, and let ¢ and 8 € N be such that 2a +38 = n.
It is clear that p%(p’)? is of order n and has a pole of order n at O.

It is also clear that

L(n(0)) D L((n — 1)(O0)) + Cp* (p")?,

and the sum of the vector spaces on the right is a direct sum.

Thus, it suffices to prove the inclusion in the other direction.

Letf € L(n(0)).

If the order of f is < n — 1, then f € L({{(n — 1)(0)). Otherwise, there exists » € C*
such that f(z) and Ap(2)*(p’(z))? are infinitely large quantities which are equivalent when
z tends to 0. Thus f — Ap*(p')? € L((n — 1)(0)), which was our goal.

Thus, we see that

L(n(0)) = L((n— 1)(0)) & Cp* (¥,
and as £((n — 1)(O0)) = n — 1 by the induction hypothesis, we see that

{(n(0)) = n. =
(b) Generalisation
We now propose to generalise the above considerations to the case of a curve I' defined
over k, irreducible over k and contained in projective space of dimension d. We assume
that " (k) contains a simple point O. Let k(I") denote the function field of the curve, i.e. the
extension of k obtained by adjoining the coordinates of a generic point of ' (i.e. a point
with transcendental coordinates over k).

Definition 4.12.2 Lern € N.
Let L(n(0)) denote the k-vector space of functions on C which admit (at most) a pole
at O of order < n, and let £(n(0)) denote the dimension of this vector space.

Definition 4.12.3 We say that the pair (I", O) is an elliptic curve defined over k if, for
every n € N*, we have £(n(0)) = n.

It is not at all obvious that a smooth cubic defined over k and equipped with a rational
point is an elliptic curve in the sense of definition 4.12.2. We need to admit the following
result.

Theorem 4.12.1
(1) Every smooth cubic defined over k and equipped with a rational point is an elliptic
curve in the sense of definition 4.12.2.
(2) Every curve which is birationally equivalent to an elliptic curve over k and equipped
with a rational point is an elliptic curve in the sense of definition 4.12.2.
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Example 4.12.1 (1) Let k € Q* and let B be the biquadratic

kX? 4+ Y? 4 2TY =0

kX?> - 27> —2TZ =0.
We see that Q := (0,0, 0, 1) € B(Q).

Eliminating 7', we obtain the projection of B in P»(Q). It is given by

r: ZU,X?+ YY)+ YkX?—Z%) = 0.

The curve I is a smooth cubic, and O := (1, 0, 0) € I'(Q). Thus (I', O) is an elliptic curve,
and (B, 2), which is birationally equivalent to it, is also one.

(2) Assume that I is Y2 = X* + k2, with k € Q*, and set O := (0, k) € T(Q).
We can write the equation of I" in the form

Y + XY - XD = k%
Setting ¥ + X?> = Sand Y — X = k?/S, we obtain

k2
2X* =8 — —.
S
Hence, after multiplication by S?, we have
2(XS)? = 8% — k8.
If we set XS = V /4 and 2S5 = U, we obtain the Weierstrass equation

W: VI=U®—4kU.
The rational map is

X,Y)— (U, V) = QY +X%),4X (Y + X)),
and the inverse map is

207 2U

Vo U4k
U V—XY=|—,—)
Thus, we see that (I", O) is an elliptic curve over @, since k& # 0 by hypothesis.

Theorem 4.12.2  Let (T, O) be an elliptic curve defined over k, with function field C =
k(T). Then

(1) There exist two functions x and y € C, such that the map

I — Pyk)
‘4
M — (x(M), y(M), 1)
is a birational map from (L', O) to a Weierstrass curve W of equation

Y’Z + a1XYZ + a3YZ? = X? + arX*Z + asXZ? + aZ® (1)
defined over k, and such that ¢(O) = (0, 1, 0).
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(2) Every other pair (X', y') satisfying the same conditions can be written

X =ulx+r

L @)
y=uwy+sx+t

withu,r,s,t € kandu # 0.
Proof. (1) Since £(2(0)) = 2 and £(3(0)) = 3, there exist x and y € C such that
LRO)) =kDkx, LBO) =k DkxDky.

Thus, x must have a pole of order 2 at O (and no other poles), and y must have a pole of
order 3 at O (and no others).
Consider the seven functions

1, x, y,xz,xy,yz,x:‘.

We easily see that these functions belong to £(6(0)).
Since £(6(0)) = 6 by hypothesis, these functions are linearly dependent over k, and we
have

Ao+ Aix + Ay + A3x2 + Agxy + )\.5_)’2 + Ao’ =0,

with (Ag, ..., Ag) non-zero.

We cannot have (s, A¢) = (0, 0), because the functions 1, x, y, x2, xy have different
orders at O (namely 0, —2, —3, —4, —5), and all the A; would be zero.

For the same reason, we also cannot have AsA¢ = 0. Replacing x by —AsA¢x and y by
A5A§y, we obtain an equation W of the desired form.

(2) To prove the birationality of the map I' — W defined by P — (x(P), y(P)), it
suffices to see that C = k(x, y), since the field of the functions of a curve determines the
curve up to birational equivalence.

Thus, we are led to prove that C = k(x, y). For this, we note that since x admits only a
double pole at O, we have

[C: k()] =2.
As y admits only a triple pole at O, we have

We deduce that {C : k(x, y)] divides 2 and 3, so C = k(x, y).
(3) For another choice of x and y, we necessarily have

X=wmx+r

Y = upy +sx +t,
with u uy # 0.
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In order for )/2 and x? to have the same coefficient in the new Weierstrass equation, it

is necessary and sufficient that u} = u2.

Setting u = u>/u;, we have
X =ulx+r
y =y +sx + 1,

which gives the result.
(3) Finally if W had a multiple point, C would be a field of rational functions, and we

would have £(n(0)) = n + 1, which is false. O
Remark 4.12.2
(1) The change of variables (2) is called an admissible change of variables for the Weier-
strass form.

(2) The entire “philosophy” of this paragraph concerns the famous Riemann—Roch theo-
rem, which is beyond the scope of this book. This theorem associates to every curve
I' defined over k and irreducible over k, an integer g called the genus of I'.
The genus can be defined in various ways, but what counts here is the following
definition.

Definition 4.12.4 An elliptic curve is a curve of genus one, defined over k, which has
a rational point over k.

Thus, saying that a Weierstrass smooth cubic is an elliptic curve comes down to
showing that it is of genus one: for this, we can either check that the differential
w = dx/(2y + a1 + a3) has no zeros or poles, or note that a plane cubic which is not of
genus one must be parametrisable in k(t), and use Exercise 4.2 when the characteristic of
k does not divide 6.

4.13 FORMULAE
If we start from a long Weierstrass form
Y 4 axy + asy = x* + axx® 4+ asx + ag (1)

defined over k, and if we desire to put this equation in “short” form by completing the square,
then the cube, a certain number of new coefficients (b;, bs, b, bg and c4, c¢) appear.
The coefficients b; are given by

b, = a% + 4a,
by = araz +2a4
bg = a% + dag

bg = a%a6 — ayazas + 4arae + azag - ai.
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If the characteristic of k is different from 2, then with adequate coordinates, we have
by be

by
2 _ 3 2 ] 2
e e 2

Remark 4.13.1
(1) The coefficient bg does not appear in (2), and we can compute it in terms of b2, by, b
by the formula

4bg = bybe — b?.

(2) The nice thing about this coefficient is that it greatly simplifies the computation of the
discriminant A of the cubic (1), the very discriminant whose non-vanishing expresses
the condition that the cubic is of genus one. Indeed, we have

A = —b3bg — 8b3 — 27b7 + 9brbabs.
The coefficients ¢; are
Cq4 = b% — 24b4
co = —b3 + 36byby — 216bs.

Then, with adequate coordinates, and if the characteristic of k does not divide 6,

C4 Ce
y2 =x3 — 2y

LN 3
48" 864’ )

Remark 4.13.2
(1) If we make an admissible change of coordinates by formulae (2) of the preceding
paragraph (see top of page 214), we find that

uc, = cq, uécg = cq.
(2) The discriminant A is given in terms of the ¢; by
12°A = ¢} — ¢k

After an admissible change of coordinates, we thus have

u?A = A.

Definition 4.13.1 The quantity

3
¢4

3 2
Cy — Cg

3
.G 3

= — = ]2
I= A

is invariant under an admissible change of coordinates: j is called the modular invari-
ant of the curve E and is written j(E).
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Remark 4.13.3
(1) Every number j in k is the modular invariant of an elliptic curve defined over k.
(i) Ifj = 0, we can take

E: y=x+1.
(i) If j = 1728, we can take

E: y=x+x
(iii) Ifj ¢ {0, 1728}, we can take

36 1
X — .
j— 1728 j— 1728

E: y2+xy=x3—

(2) E is singular if and only if A = 0. ~
When A = 0 and ¢4 # 0 E admits a double point in k.
When A = 0and ¢4 =0, FE admits a cusp.

Theorem 4.13.1 A necessary and sufficient condition for two elliptic curves E and E'
defined over k to be birationally equivalent over k is that they have the same modular
invariant j.

Proof. (1) If E and E’ are birationally equivalent over 12, then they admit the same
Weierstrass forms, so j(E) = j(E').

(2) We prove the converse only for a field k of characteristic # 2 and 3 (it is left as an
exercise for characteristics 2 and 3). We have

E: y'=x+Ax+B
E/: y/2:x/3 +A1x1+B/

and j(E) = j(E") can be written

1728 " = 1728 44"
4A3 4+ 2782 4A3 4 27B?°

Eliminating denominators, we obtain
A’B? = A”B?

(1) Ifj = 0, then A = 0 and B # 0. Since j = j', we then have A’ = 0 and B’ # 0; we
take u = (B/B’)"/® for an admissible change of coordinates.

(2) Ifj = 1728, then B = 0 and A # 0. Since j = j’, we then have B’ = 0 and A’ # 0;
we take u = (A/A")!/* for an admissible change of coordinates.

(3) Ifj ¢ {0, 1728) then AB # 0 and A’B’ # 0 and we take u = (A4/A")!/* = (B/B')\/5
for an admissible change of coordinates. O
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Remark 4.13.4
(1) A closely related question is to compute the order of the group Aut(E) of invertible
elements of End(E). If p is the characteristic of k, we find that

BAw(E) =2 if j ¢ {0, 1728}

$Auwr(E) =4  if J(E) = 1728 and p ¢ {2,3)
L#Aut(E) =6  if j(E)=0andp ¢ (2,3}
$Aut(E) = 12 if j(E)=0andp =3
#Aut(E) =24 if j(E)=0andp = 2.

On this topic, see [Sil] p. 103. _
(2) Whenk = @, we find that there are exactly 13 isomorphism classes (over Q) of elliptic
curves defined over Q@ which admit complex multiplication (i.e. End(E) # Z).

4.14 MINIMAL WEIERSTRASS EQUATIONS (OVER Z)

Suppose we are given the elliptic curve E : y* = x* + 1 defined over Q, and an arbitrary
prime number p. We saw that the elliptic curve E' : y? = x* + p® is isomorphic to E over Q.
However if p > 3, the first one has good reduction modulo p, while the second has
(bad) reduction of additive type (the curve has a cusp at the origin).
By what we saw above, it is clear that every elliptic curve E defined over Q is isomorphic
to a Weierstrass curve with integral coefficients of the type

y2+a1xy+a3y=x3+a2x2+a4x+a6, (1)

‘We then saw that the discriminant A of E is a non-zero integer (see Section 4.13). Now let
p an arbitrary prime, and recall that the ring Z;,, of p-integers is defined by the equality

Ly ={x € Q; Ixl, = 1}.

We say that equation (1) is p-integral if its coefficients a; are p-integers.

Definition 4.14.1 Fquation (1) is said to be minimal at p if

(1) This equation is p-integral.
(2) vp(A) cannot decrease because of an admissible change of coordinates with coef-
ficients in Q leading to a new p-integral equation.

Example 4.14.1 If v,(A) = 0, then equation (1) is clearly p-minimal whenever the g; are
p-integers. a
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From now on, we will write an admissible change of coordinates in the form

x=utx'+r
. - (2
y=uwy +sux +1
with u, r, 5, t in Q. We then have
ua; = a; +2s
uldy, = a3 — say +3r — 5°
u3a’3 =as+ra +2
u“aﬁt =ay — sa3 + 2ra, — (¢t + rs)a; + 3rF — 2st
ubay = ag + ras + r’ay + r° — tas — 1* — riay
317
ub, = by + 12r
2 3

u'b), = by + rby + 6r?
ubh), = bg + 2rby + r’by + 4r°

qu’g = bg + 3rbg + 3r2bs + r’by + 3r*
4

UCqy =04
u6cg =c¢
u?A = A,

Lemma 4.14.1 Assume that the coefficients of equation (1) are p-integers. Then:

O IfiAl, > p2or lealp > p*or leslp > p~8, the equation is minimal,
(i) Ifp > 3andif|Ap| < p~ 2 and leglp < p~4, the equation is not minimal.

Proof. (i) We will show thatif |A], > p~'2, then equation (1) is p-minimal. The reasoning
is analogous for the other two conditions: |c4|, > p~™* and |cg, > p~°.

Indeed, suppose that (1) is not minimal. Then there exists an admissible change of coordi-
nates of type (2), with coefficients in Q, such that the new equation (1)’ has coefficients a;
in Z,) and such that

IA,]/) > IA]/)-

Since |Al, = |A/|,lul,?, it follows that |u|}*> < 1, so 4, € Z). Now, we know that
[Al, > p~12 and A" € Z,) (since the @] are p-integers), so |A’], < 1. It follows that

1Al 12
lul)? = >p
P IA/lp
which implies that |u|, = 1. But this is a contradiction!
(ii) Suppose now that p > 3 and

AL, <P e, <p7
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Since 1728A = ¢} — ¢2, it follows that |cs|, < p~® (and conversely, |cs|, < p~® and
lcal, < p~* imply that |A,| < p~*2, etc.). Now, recall from Section 4.13, equation (3), that
after an admissible change of coordinates (if p > 3), we obtain

2 3 G4 Co
y =x Ex ~ %64
If we make the admissible change,
x=p’x
y=py,
we find
2 _ 3“4 6

X - ——x— ,
48p* 864p6

whose coefficients are p-integers and whose discriminant A’ = Ap~!2 is such that

(Al > |Alp.

The existence of this curve shows that, under these conditions, (1) is not minimal. O

Lemma 4.14.2  Consider an elliptic curve E defined over Q and a prime number p.

(i) The equation of E can be made minimal at p by an admissible change of coordinates
(with coefficients in Q).
(ii) If the coefficients of E are already p-integers, then the coefficients of this admissible
change are also p-integers.
(ili) Two minimal equations at p coming from E are related by an admissible change of
coordinates for which |u|, = 1 and r, s, t are p-integers.

Proof. 'We give the proof only for p > 3, and refer to [Kn] p. 292 for the other case.

(i) Since we can assume that the equation of E has integral coefficients, we have |A[, < 1.
Since |A|, > 0, there are only a finite number of possible |A’|, between |A|, and 1,
which proves the existence of a minimal equation.

(i) If the new equation is minimal, the twelfth equation of (3) shows that ju|, < 1.
Since the a; are in Zy,, the first, second and third equations of (3) show that s, r
and ¢ lie in Z, (if p = 2 or 3, we need other equations).
(iii) If the equation of E’ is minimal, we saw in (ii) that |u|, < 1, but the parameter u of the
inverse transformation is u™!, so if E was already minimal o™ I, <1,ie |ulp, = 1.
Thus, it follows that |u|, = 1.

We will now define a globally minimal model.

Definition 4.14.2 Equation (1) is said to be globally minimal if
(1) The equation has coefficients in Z.;
(2) At every prime p, the equation is minimal.
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Example 4.14.2 The equation y*> = x* + 1 is globally minimal by lemma 4.14.1. a

To show that every elliptic curve admits a globally minimal equation, we will need the
following form of the Chinese remainder theorem (see Problem 1 of Chapter 3).

Chinese Remainder Theorem 4.14.1 Letp,, ..., p, be a finite set of prime numbers and
£1, ..., &n be real numbers > 0. For every i € {1, ..., n}, take p-integers x; € L.
Then there exists x € Z such that for every i we have

Ix — xily, < €.

Néron’s Theorem 4.14.2
(i) Given an elliptic curve E defined over Q by a Weierstrass equation, there exists an
admissible change of coordinates, with coefficients in Q, such that the new equation
is globally minimal.
(i) Two globally minimal equations for the same curve E, are related by an admissible
change of coordinates such that u = 1 and r, s, t lie in Z.

Proof. Part (ii) follows immediately from lemma 4.14.2.
Thus, it remains to prove the existence of a globally minimal equation for £ (part (i)).
Up to changing the equation of E, we can assume that the ¢; liein Z, so A € Z. Letp be
a prime number dividing A. Then we can make an admissible change of coordinates, with
coefficients {u,, r,, sp, t,}, such that the new equation (having coefficients a; ;) is minimal
at p. By lemma 4.14.2, the coefficients u,,, r,, s, f, are p-integers. Furthermore, we know
that

12
|up|p |Ap|p = |A|p7

where A, denotes the discriminant of the new equation.
If we now set

up = p'r6,

with 6, € Z,), |6,], = 1 and A, > O (by lemma 4.14.2), and if we take u = l_[pmplp e N,
then if u is the first coefficient of an admissible change {u, r, s, t}, and if p divides A, we have

-12 -12
|Alp = lul, = [Al = {upl, " 1Al = [Aplp

As |A'|g = 1if € is a prime number not dividing A, we see that the new equation is globally
minimal insofar as its coefficients a; are integers. We realise this condition by suitably
choosing r, s, t using the Chinese remainder theorem (theorem 4.14.1).

Indeed, we take r, s, ¢ in Z such that

—61 —64A, —6,.
|r‘rp|p =p ”, |S—S[,|[, <p 7, |t_[p|p <p s

then the formulae (3) show that the a; are integers.
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To see this, we check that for every prime ¢, we have
laile < 1.

If £ does not divide A, there is no problem because the g; and r,s,t liein Z. If £ = p
divides A, we need to look more closely, comparing the global transformation to the local
transformation at p.

For example, let us show that [a}], < 1. By (3), we write

uay =ay +2s = ay + 2(s — s) + 2,
= upa/l,p —+ 2(S - sp)7
hence
|uayl, < Max{luya) 1, 12(s = 5p)1,}
< Max{lu,,l,,,p—m”} = |uplp

since [u,|, = p~* by definition.
As |uplp = |ulp, by definition, we obtain

)], < 1.

We leave the cases i = 2, 3, 4, 6 as an exercise for the reader. O

Definition 4.14.3 Let E be an elliptic curve defined over Q, and birationally equivalent
over Q to a Weierstrass cubic W whose equation is minimal. We say that the curve E is
(globally) semi-stable if and only if W has good reduction or multiplicative reduction
(see Section 4.5) at every prime number.

Theorem 4.14.3  In order for E to be (globally) semi-stable, it is necessary and sufficient
that A and c4 be relatively prime.

Proof. Let us show that the condition is necessary.

Indeed, if the prime number p divides both A and ¢4, we have A=2¢ =0in F,. Thus,
the curve W, is of additive type, by a remark from Section 4.13.

Let us show that the condition is sufficient.

Indeed, if pdoes notdivide A, W, is of genus 1 by a remark from Section 4.13. Moreover,
if p divides A, then p does not divide c. -

We then have A = 0 but Cq # 0, and a remark from Section 4.13 shows that W, is of
multiplicative type. 4

Remark 4.14.1
(1) It follows easily from (3) and Néron’s theorem (theorem 4.14.2) that the choice of
minimal equation W has no bearing on the question of whether E is semi-stable.
(2) We say that E is semi-stable at p if the reduction of W at p is good or of multiplicative
type; this condition can be seen “locally”, i.e. on an equation which is minimal at p.
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4.15 HASSE-WEIL L-FUNCTIONS

The zeta function of an elliptic curve is constructed on the model of the Riemann zeta
function (which was studied intensively by Euler in the 18th century). Let us rapidly recall
some properties of this function.

4.15.1 Riemann Zeta Function

We know that the Riemann zeta function is defined over C, for Re(s) > 1, by the formula

1
£Gs) = Z} — )
and Euler found that the zeta function can be decomposed into an “Euler product™:
1
= ) 2
to=[1 = @)
p premier

This equation tells us that every natural integer n > 1 can be decomposed in a unique way
as a product of primes.

Thus, the zeta function (often called the ¢ function) expresses, in a synthetic and hidden
form, important properties of Z. However, it is important to note that in (1), the only integers
n which appear on the right-hand side are > 1. Thus, the ¢ function can be considered to
be attached to the set of “norms” of the non-zero ideals of Z, i.e. the set of numbers

In| = Card(Z/(n)).

Since we know some rings which are, in some sense, “simpler” than Z, namely the rings
of p-adic integers Z,, all of whose non-zero ideals are of the form (p¥), we can construct
an analogue of the Riemann zeta function for these rings. Indeed, for Re(s) > 0, we set

1 1
Lp(s) = Zopn T T—p 3)
Then, equation (2) is quite simply
{(s) = H gp(s)  for Re(s) > 1. 4)
p premier

Moreover, if we set
Ap(s) = P2, (s),
we obtain the obvious functional equation
Ap(s) = —Ap(—s). )

We can then wonder whether the Riemann zeta function has analogous properties. In
Chapter 5 (or see [Og 1]), we will see the proof of the following result.
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Theorem (Riemann, 1859) 4.15.1 The Riemann zeta function defined by equation (1) for
Re(s) > 1 can be analytically continued to a meromorphic function of the complex plane.
The only pole of this function is at s = 1, and its residue is 1.
Moreover, the function A defined by

A(s) = rr‘s/ZF(%){(S) (6)
satisfies the functional equation
A(s) = A(1 —9). (N

Remark 4.15.1
(1) The function I" is the Euler gamma function, defined by

x0
I'(s) := / e dr
0

(it is the Mellin transform of ¢ — e™', see Chapter 5).
It admits a meromorphic continuation to all of C, and satisfies the functional

equation
s+ 1) =sI(s).

(2) The ¢ function vanishes at every even integer < 0. The famous Riemann conjecture
(“Riemann hypothesis”) asserts that all the other zeros of ¢ lie on the line Re(s) = %
(i.e. on the symmetry axis of the functional equation (7)).

4.15.2 Artin Zeta Function

Before defining the Hasse—Weil zeta function of of the minimal model of an elliptic curve
defined over Q, let us begin by considering certain fields which are in some sense “simpler”
than @, namely the finite fields F,. This is what Artin did in his thesis [Ar 2].

Artin took an elliptic curve over I, in affine Weierstrass form

E: Y’+aXY+aY — (X° +aX® +aX +a),
and associated to it the Dedekind domain
A=T,IX,Y]/(E)

which is the quotient of the polynomial ring [F,[X, Y] by the ideal generated by E.

Naturally, A is a quadratic extension of F,[X] and we know that F,[X] is analogous
to Z. As for the quadratic extensions of Z, we can define the norm of a non-zero ideal of
A by

N(a) =Card(A/a);



ELLIPTIC CURVES 225

thus we define the zeta function of A by

1
La(s) = E S "
a ideal of A N(a)
Qxo

when Re(s) > 1 (a proof of the convergence of the right-hand side of (8) when Re(s) > 1
can be found in [Ar 2]). The fact that A is a Dedekind domain proves the existence of an
Euler product for ¢4, i.e. of an equation of the form

1
lals) = n I———NW; . )]

% prime ideal ofA
H#0
However, the zeta function of A is not really the zeta function of the curve E, since this
curve is not really an elliptic curve: we have “forgotten” the point at infinity (0, 1, 0) of the
projective model of E'! This corresponds to an ideal of degree 1, so to the factor

Loo(s) =

’

l —-p~*

and we are led to the following definition.

Definition 4.15.1 For s € C such that Re(s) > 1, we set

Ce(s) = La(s).

l—ps

Artin shows the following result.

Theorem (Artin) 4.15.2  Set T = p~* and let Ng denote the cardinal of the group of points
of E inF,. Then

1 —agT + pT?

R T}

where ag is defined by the relation
ag=p+1—~Ng.

Corollary (“Riemann Hypothesis™) 4.15.1 The roots of the function g lie on the line
Re(s) =1/2.

Proof.  We need to show that the roots 6, and 6 of the polynomial pT* — agT + 1 are of
module p~!/2,

This is easily seen if we know that they are non-real or identical. Indeed, if 6> = 6;, we
know that |6;] = |0,], hence |6;] = [6162]"/% = (p=")'/? when j € {1, 2}.

Now, theorem 4.9.1 shows that |ag| < 2p'/?, s0 8, and 6 are non-real or identical. [
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As the polynomial 1 —agT + pT? will play an important role in what follows, we are led
to the following definition (which is not the same as that given by Silverman [Sil] p. 360).

Definition 4.15.2 The L-function of E is defined by the formula

Le(s) = (L —agp™ +p-p )7L

Corollary 4.15.2 Changing s to 1 — s, we have the functional equations:
(@ p~°Le(s) =p*'Le(1 —5),
(i) ¢e(s) = Le(l — ).

Proof. Clearly, (ii) follows from (i), and (i) is obtained by a simple computation. O

4.15.3 Hasse-Weil L-function

Now, let us take an elliptic curve defined over Q by a globally minimal equation E = 0
as in Section 4.14. We cannot proceed directly as in Section 4.15.2, since the norm of a
non-zero prime ideal of A = Q[X, Y]/(E) is always infinite. Then, instead of (8), we can
consider (4) and formally set

Le(s) = [ [ Ly(s), (10)
P
where
Lgp (s) if E has good reduction at p,
(1 —p~*)~" if E has multiplicative reduction

with rational tangents at p,
Ly(s) = sems Ay (1n

(1+p~~'  if E has multiplicative reduction
with irrational tangents at p,

1 if E has additive reduction at p.

In the formulae (11), the three last cases occur only for prime numbers p which divide the
discriminant of E, i.e. only for a finite number of p. In the first case, E, denotes the elliptic
curve over F, deduced from E by reduction modulo p.
By corollary 4.15.1 above, we have
_sy—1 = s —1
Lz () =(1=6,p~) (1—-6,p7°) ",

where 6, denotes an (arbitrary) root of 1 — ang + pTz. Thus, we see that, up to a finite
number of factors, Lg(s) is the infinite product

[T -6 TT(—60) "
pzc pzc

As |6,pF| = p~1/D7RS) e see that this infinite product converges if Re(s) > 3/2.
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Remark 4.15.2 Néron’s theorem (theorem 4.14.2) shows that Lg does not depend on the
choice of a globally minimal equation for the curve.

Hasse and Weil were the first to conjecture that, in analogy with the Riemann ¢ function
and the Artin L-functions, the functions Lg associated to elliptic curves E defined over Q
possess meromorphic continuations to the whole complex plane.

This conjecture is now proved, as a consequence of the theorems of Wiles and his
disciples.

Their second conjecture, which also follows from the results of Wiles and his disciples,
is that the function Lg satisfies a functional equation, but in order to write it down, we first
need to introduce the notion of the conductor of the curve E.

Definition 4.15.3 Let E be a globally minimal equation of an elliptic curve defined
over Q. The conductor N is the product

Ne= [] 7. (12)

pprime
where
0 if E has good reduction at p,
=11 if E has multiplicative reduction at p,

246, withd, = 0ifE has additive reduction at p.

Naturally, this definition is incomplete, since we have not yet defined 8, precisely. We
limit ourselves here to saying that §, = 0 if p > 3, referring the reader to Ogg, [Og 2]
p- 361, for the case where p € {2, 3}.

To write the functional equation of Lz, we will modify this series by multiplying it by
a normalisation factor containing the Euler gamma function and the conductor Ng. Set

N
AE(S) = (g

N
) [ (s) Le(s). (13)
The desired equation functional is given by
Ap(s) =wAp(2 —s)

with w = +1.

Remark 4.15.3 The famous Birch-Swinnerton-Dyer conjecture asserts that the rank r
of the Mordell-Weil group of an elliptic curve E defined over Q is equal to the order of the
zero of Lg(s) at the point s = 1 (note that this point is situated on the symmetry axis of the
involution s <> 2 — s which appears in the functional equation (14)).
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We can give a more down to earth aspect to this assertion by writing it as follows:

M Card(E,(F,))

P=<R
plA

~ C (logR)"

for a constant C.

COMMENTARY

The last ten years have witnessed an enormous explosion in the English-language liter-
ature devoted to the subject of elliptic curves. For the point of view which concerns us
here, the most relevant books are those of Knapp [Kn], Silverman [Sil], Cassels [Ca] and
Silverman and Tate {S-T]. But many others, for example that of D. Husemoller [Hus],
can be extremely useful.

Before that, there may have been a shortage of books, but there was certainly no lack
of excellent articles; we cite in particular those of Cassels [Cas 3] and Tate [Tat].

An introduction to the notions of algebraic geometry used in this chapter can be
found in “Fulton’s little book™ [Fu]. But for a veritable initiation into modern algebraic
geometry, the reader can consult the books by Hartshorne [Ha}], as well as Silverman
[Sil]. We also recommend the excellent book by D. Perrin [Per].

Curves of genus one are implicitly present in a large number of problems considered
by Fermat, as A. Weil showed in [Wei]. But the systematic study of cubics (of genus
zero or one) was apparently inaugurated by Newton. In the “divergent parabola” (which
is the Weierstrass cubic if the genus is one), he was able to recognize the archetype of all
plane cubics. Later, in his book Geometrica organica, his distant disciple C. MacLaurin
explained the basic principles (“Bézout’s theorem”, the nine-point theorem) which we
used to define a group law on a genus one cubic having at least one rational point. To
conclude, let us mention that E. Artin’s thesis [Ar 2] is a magnificent introduction to the
study of elliptic curves over finite fields.

For deep results which are not proved within this book, we refer to [Sil] for Mordell—
Weil, to [Se 3] for Serre’s theorem and to [M] for Mazur’s theorem.

Exercises and Problems for Chapter 4

4.1 Letk be afield of characteristic not equal to 2, in which every number is a square (for example
k = C), and take p and ¢ € k[7] such that there exist four distinct projective points (A;, u;) €
IP; (k) such that for every i € {1, 2, 3, 4}, A;p + wiq is a square in k[¢]. We propose to show that
p and g are constants.

(a) Uptoreplacing p and g by a1 p + b1q and aap + boq with (ay, by) # (a2, by) in Py (k), we
may assume that (A1, w1) = (1,0), Gz, p2) = (0, 1), (A3, u3) = (1, =1), (A4, pa) =
a, =x).

(B) Assume that max{degp, deg g} is minimal among all the possible relations such that
max{degp, degg) > 0. Show that setting p = u?, g = v, we find a new quadruple
of squares which contradicts the minimality of max{deg p, deg g}.

() Conclude.
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4.2

4.3

Let k be a field of characteristic not equal to 2, in which every number is a square. Consider the
cubic W, of the equation

Y =x(x—Dx = 1)

for some A € k. We propose to show that if A ¢ {0, 1}, then this cubic is not parametrisable in
k().

(o) Show that in the contrary case, there exist four polynomials p, g, r, s in k[¢] such that
x = p/q,y = r/s (irreducible fractions) and

r2~p(p — @ — rq).

() Deduce that p, ¢, p — g, p — Aq are associated to squares in k[¢].
(B) Conclude using Exercise 4.1.

Short Weierstrass form
An elliptic curve is said to be in short Weierstrass form up to a birational transformation if its
image under this transformation can be written

W: Y2Z =X+ aXZ* + asZ°

with a4 and ag € k, the field of definition of the cubic. The characteristic of k is assumed to be
different from 2.

(a) Assume that P is a rational point of the cubic C, and that it is not an inflection point. Let O
be the (other) intersection point of the tangent to C at P with C.

//

Pt

.

°N

Show that if we take the origin at O and OP for the y-axis, the affine equation of C is

Clx,y) = Ci(x,y) + Colx, y) + C3(x,y) =0,
where C;(x, y) is homogeneous of degree i (for i = 1, 2, 3), and that

C>(0, )2 — 4C, (0, 1NC3(0,1) = 0.
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(B) Cut C by the line y = tx and discard the fixed point O. Show that if we set
s :=2C3(1, nx + Ca(1, 1),
the point (¢, s) lies on the cubic
2 = Ca(1, 0% — 4C1 (1, nC3 (1, 1).

(p) Put this last cubic in short Weierstrass form W when k is of characteristic not equal to 3.
(8) Show that if C has a multiple point, the cubic W is “unicursal”, i.e. parametrisable in k(6).
(¢) Deduce that the polynomial

x> + agx + ag

then admits a double root in k (use Exercise 4.2).

4.4 Consider an affine quartic defined over a field k of characteristic zero, which admits the rational
point (a, b) and has equation

)’2 =ro+rox + rx* + r3x3 + r4x4.

(@) Setting u = 1/(x —a) and v = y/(x — a)? (this change of variables sends the point (a, b)
to infinity), show that we have
V= ap +ayu + a2u2 + a3u3 + a4u4
and that a4 is a square in k.
(B) Write the right-hand side of this equation in the form Gu)? + H(u), with G(u) = g2u2 +
g1u+go, H) = hiu+ hg.
() Sett =v+ G(u) and tu = 5. Show that

2g2s2 +2g1ts + 2g0z‘2 =9~ hys — hot.

(8) Put this cubic in Weierstrass form W.
(¢) What can we say about W if Q is unicursal? (use Exercise 4.2).

4.5 Consider two quadrics @) and Q5 of P3 (k) passing through the point (0, 0, 0, 1) which intersect
along a non-degenerate biquadratic.

(o) Show that Q) and Qj can be written

TL+R=0
™ + 8§ =0,

where L and M are in k[X,Y,Z]; and R and S in k[X, Y, Z],. _

(B) Show that if L and M are linearly dependent, then Q) N Q7 is unicursal over .

(») Show that if L and M are linearly independent, Q) N Q7 projects (eliminating T') onto the
cubic LS — RM, and that this cubic has a rational point.

(8) Deduce that Q; N Q> is either unicursal or birationally equivalent to an elliptic curve.



EXERCISES AND PROBLEMS FOR CHAPTER 4

231

4.6 InR?, draw the curves of equations
Cr: (* +y2)2 + 3x2y -2=0
Cy: (2 ~l~y2)4 - 4)c2y2 =0;
it may be helpful to use polar coordinates.
4.7 Let C and C’ be two plane cubics such that, in P2 (k), we have
9
c.C'=) P
i=1

() Assume that there exists a conic I" such that

6
C~F=ZP,~.
i=1

Show that Py, Pg and Pg are collinear.

)

on a conic

Take six points A, B, C,A’, B’, C’

Let C and C’ denote the decomposed cubics (AB") U (CA") U (BC’) and (B'C) U(A'B) U
(C’A). Show that the intersection points U, V, W of BC' and CB’, CA’ and AC’, AB' and

BA’ are collinear (Pascal’s theorem).

(p) Prove the same result when the conic I" decomposes into two lines (Pappus’ theorem, 4th

century A.D.).

(8) Show the converse of Pascal’s theorem, and deduce a way to construct each point of a

conic passing through five given points, using only a ruler.

(¢) Describe what Pascal’s theorem becomes when A = B’. Deduce a construction of the

tangent to a conic at a point using only a ruler.
(¢) Same question whenA =B, B=C'and C = A’.

4.8 Let C be an irreducible cubic and D a line. We assume that £ is algebraically closed.

(o) Let D - C = Py + P, + P3, P; be distinct.
Let T; be the tangent to C at P;, and set

T C=2P;+ Q.

Show that 01, 02, Q3 are collinear.
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(B) Show that if a line passes through two inflection points of a cubic, then it passes through
a third inflection point (Maclaurin’s theorem).

4.9 Desboves’ Formulae
Consider the cubic

FX) = aiX; + a2X3 + a3X3 + dX1 XX3 = 0.
Show that F'(X) is non-singular if and only if
27 ayayaz + & # 0.

Assume that F(x) = 0, and show that the third point 7 of intersection of the cubic and of the
tangent at x is given by the formulae

3 3 .
t =xi(ai+1x1+[ —ai+2x,»+2). i=1,2,3.

If x and y are two distinct points of F(X), show that the third point of intersection z of the line
(xy) with the cubic is

2 2
i =X Yik1Yid2 — Vi Xig1Xi42.

4.10 Starting from (2, —1, —1) on X + Y3 + 723 = 0, find 10 distinct points.

4.11 Let k be a field of arbitrary characteristic, and C the singular cubic y?> — x3. Let Co(k) denote
the set of non-singular points of C in P, (k).

() Show that Cy(k) can be rationally parametrised using the parameter ¢ = x/y.
(B) Give a necessary and sufficient condition for the points of parameters 1?1, f2, 13 to be
collinear.
(p) Let O be the point of parameter o and 1) and 7 the parameters of P; and P> € Eg(k).
Compute the value of the parameter of P| & P;.
What can we say about the group (Ep(k), 6)?

4.12 Let k be a field of characteristic not equal to 2, C the singular cubic y* — x?(x + 1) and Co(k)
the set of non-singular points of C in P, (k).

() Show that Co(k) can be parametrised using ¢ = x/y. What are the forbidden values of ¢?

(B) Sett = (6 — 1)/(® + 1), and give a parametrisation of Cy(k) using 8. What are the
forbidden values of 6?

(») Give a necessary and sufficient condition for the points of parameters 6, 6, and 83 to be
collinear.

(8) Let O be the point of parameter 1 and 6y, 6, the parameters of P| and P, € Cy(k).
Compute the value of the parameter of P; @ P>.
What can we say about the group (Co(k), ©)?

4.13 Let & be a field of characteristic not equal to 2. Assume that k contains an element a which is
not a square, and consider the singular cubic T of equation y* — x*(x + a) = 0.

() Seta = . Ja e k. Show that k{a)/k is a Galois extension of degree 2.
(B) Setx = ot y= oz3n, and show that (x, y) € I" is equivalent to (¢, ) € C, where Cisa
cubic whose equation we will determine.
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() Use the preceding exercise to give a parametrisation of Co(k{(x)).
(8) Set Gal(k(x)/k) = {id, o}.

Let P € Cy(k()) be of parameter 6.

Show that P € Cg(k) ifand only if N(@) =6 - o (8) = L.
(¢) Show that the map N given by

k(a)*—k(a)*

xt— x-0(x)

is a group homomorphism and that (Cy(k), @) is isomorphic to KerN.
(¢) Show that if k = 7, then Cy(k) contains 8 points.
What is the structure of this group?

4.14 Let C; and C, be two curves in the projective plane, with no common components and of
respective degrees d; and d.
Assume that C] and C; intersect at dd; distinct points and that C; is smooth.
Let D be a third curve in the projective plane of degree di + d, — 3, which passes through all
the points of C; N C, except for at most one. Show that D then necessarily passes through the
remaining point.

4.15 Let C be the affine quartic y* — xy — x>.

(o) Determine the tangents to C at the point O of coordinates (0, 0).

(B) Let D be the line x = 0, compute po(C, D).

(p) Let L be the line y = 0, compute po(C, L).

(8) Let A be a line passing through O not equal to D or L. Compute 1o(C, A).

4.16 Consider the elliptic curve C = y? — (x3 +x) € Q[x, ).

(o) Show that in order for (x,y) € C (Q) to be of order 3, it is necessary and sufficient that
46t —1=0.

(B) Compute the points of order 3 of C Q).
(¥) Show that the field K3 which is generated over Q by the coordinates of these points is

Q(b, i), where
| 2a [2/3-3
b= |— and a=, ——.
V3 3

4.17 Again consider the elliptic curve C = y* — (x> + x) defined over Q.

(8) Show that [K3 : Q] = 16.

() Show that in order for (x, y) € C(Q) to be of order 4, it is necessary and sufficient that
st -5 —1=0.
(8) Noting that 1 are roots of this polynomial, decompose this polynomial as a product of

irreducible polynomials in Q[x]. _
(y) Compute the points of order 4 of C(Q).
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(8) Show that the field K4 which is generated over QQ by the coordinates of these points is
QG V2).
(¢) Determine the Galois group of K4/Q.

4.18 Determine the Galois representations p; of Gg in GL2 (F) attached to the 2-division points of
the following elliptic curves:

(@) E; =y*> —x(x2 = D).
(B) Er=y*— (x> +x).
In this case, show that K» = Q(i), and take as a basis of E£3[2] the points

Py =1(0,0) and P> =(i,0).

W EB3=y"—(x*-2).
In this case, show that K» = Q(+/—3, \3/5) and that Gal(K,/Q) = 3. What can we say
about the image of p;?
Let j be a primitive cubic root of unity, and set

Pi=(V2,0),  Py=(jv2.0).

Take (P3, P3) as a basis of E3[2].
Compute py(c) when o € Gal(K»/Q) is defined by o (+/—3) = +/—3 and 0(3/5) =
V2.
4.19 Consider a field k of characteristic not equal to 2, and the elliptic curves

Ej: y2 =x(x2 +ajx + by),
E,: y2 = )c(x2 + arx + by),

withay = —2ay, by = a? — 4by, b1by # 0.

() Express the rational map E; — E; given by

g (¥ y&*—bD)
R VA

in homogeneous coordinates. What can we say about the image of the points (0, 1, 0) and
0,0, 1)?
(B) We know that ¢ must be defined everywhere over E (since E| is smooth).
Find a homogeneous expression of ¢ which is defined at (0, 1, 0). Use the fact that
X,Y,Z) € E;.
Deduce that ¢ is an isogeny.
(» Find a homogeneous expression of ¢ which is defined at (0, 0, 1). What is the image of
this point under ¢?

4.20 Assume that the map
PRRAN ad + a1+ tay,

is a homomorphism (C*, x) — (C*, x) and that ag # 0.
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() Showthatap+a; +---+ap=1.

(B) What can we say about the zeros of the polynomial ¢(z)?

() Deduce a simplified expression of ¢(z).

(8) Same question, replacing ¢(z) by a rational function in z.

(e) Same question, replacing ¢(z) by a meromorphic function in z.

4.21 Compute #E(F,) forp=3and 7and E = y* — (x> +x + ).
Determine the structure of the Abelian group E(F,) in the two preceding cases.

Problem |
(Congruent Numbers)

Consider the elliptic curves

E;: y%=x1(x%+a1x1 +b1),
E; y% = xz(x% +axx; + bz),

both defined over a field K of characteristic different from 2, and assume that
ay = —2ay, by = a% — 4by, 2b1by # 0.

Recall that E; and E are isogenous via the following isogenies of degree two:

2 2
{xy —b1)
G191 =5 (2, 3) = ((&) i %‘_)
X1 xl

2 z_b
(x2’y2) —1/,_) (Xl,y]) = ((y_Z) s M)

2x2 8x§

Recall that, if € denotes the point (0, 0), the kernels of ¢ and ¢ are just the group {O, 2}.

I. (1) Assume here that a% — 4b; is not a square, and show that

(x2,¥2) € Im ¢ = x3 is a square in K*,

which we denote by x; € 2K*.

(2) Show that if a% —4b; € 2K*, and if (x, y2) € Im ¢, then x; € 2K* or x3 = 0. In the latter
case, give o~ ().

(3) Show that if (x2, yp) = A2 = @(xy, y1) with & € K* and u € K, then we must have

1
X]——-Z:tﬁ
X1 A
by By
X+ —=A—-a
X1
y1=£Ax

(4) With notation as in question (3), compute ¢! (A2, 1) when (A2, u) € E>(K), and deduce
that (A%, ) € Im g.
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IL.

II1.

Assume that (a, b, ¢) is a primitive Pythagorean triple, i.e. that

a* + b2 =c2, abc#0, a even,
(a, b, ¢) € N, relatively prime.

Set

E,: y% = xz(xg —c*x +a2b2).

(1) Is E; an elliptic curve?

(2) Find a curve E; such that E; is related to E;| by the formulae of part L.

(3) Compute the 2-division points of E;.

@) SetA = (a2,0), B = (b%,0) and C = (c%, abc). Using a question from part I, show that
2, A, Band C belong to Im ¢.

(5) Show that ¢ ~1(C) is contained in the image of v (use question 3) of I for inspiration. Prove
the equations

V) =050 = {252y,
X

Compute the points Cy, C3, C3, C4 of E2(Q) which are such that [2]C; = C for i €
{1,2, 3, 4} (use the relation ¢ o ¥ = [2], and find points with integral coordinates).

(6) Taking a simple Pythagorean triple, show that C is not (in general) a point of finite order of
E, (apply the Nagell-Lutz theorem (theorem 4.10.2)). Deduce that (in general) the points
+C;, with { € {1, 2, 3, 4}, are not of finite order.

(7) Compute Q2 & C and show that C is never a point of finite order of E2(Q).

(8) Let p be a prime number not dividing ab(a® — b?). Show that if we reduce E, modulo p,
then the order of E, () is divisible by 4.

Take the situation of II, but now consider the curve E 7 ;> _ 2 given by

Ty : y% =x(x2 — bz)(xg - cz).

(1) Is I'; an elliptic curve?
(2) Find a curve I"; which is related to I'; by the formulae of part I.
(3) Compute the points of 2-torsion of I'5.
4) Set B = (b%,0),C = (%, 0).
Using a question from I, show that 2, B and C lie in Im ¢.
(5) Show (as in part IT) that (p_l (C) is contained in the image of ¥ (E1(Q)).
Compute the points Cy, Ca, C3, C4 of I'»(Q) which are such that [2]C; = C fori €
{1, 2, 3, 4}. Do they lie in the image of ¢?
(6) Is o~ (B) C y(I'(Q))?
Noting that o~ UB) C ¥ ((QO)), compute the points By, By, B3, B4 of T'2(Q())
such that [2]B; = B for i € {1, 2, 3, 4}.
(7) Compute all the points of T'3[4](C), and determine the smallest field K4 which contains
them all.
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(8) Show thatif (x, y) € I';[4], then if y is not zero, it divides the discriminant of the right-hand
side of the equation of I'y in Z[{].
(9) Assume that p is a prime number congruent to 1 modulo 4 and which does not divide abc.
Show that #; (Fp,) is divisible by 16.
Show that if p € {31, 47}, then

#0(Fp) =p+ 1.
IV. (1) Define a map
N: EyK)—K*/*K*
by the formulae

N(x2,y2) = 0 CK*)  ifx; #o0
N(Q) = (a? — 4b1)(PK*)
N(O) — 2K*.

Show that N is a group homomorphism (one can show that if x;, x3, x3 are the abscissae of
three collinear points of E»(K), then N(x1)N(x2)N(x3) = 1).
What is the kernel of N?
(2) Now assume that K = Q and that the equation of E, has integral coefficients, and let r
denote a square-free integer. Show that in order to have r(?Q*) € Im N, it is necessary and
sufficient that r divide b,. To do this, one may remark that

2

Xy =rt*, x% +ayxy +by = rs>

with 7 and s in Q*, and show that if the prime number p divides r then it divides b>.
(3) Deduce from question (2) that E5(Q)/Im ¢ is a finite group, then that E1(Q)/[2]E1(Q) is
finite (recall that ¢ o ¢ = [2]).
Problem 2

I. (1) In an affine Euclidean plane, consider a point S and two lines A and A".
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Prove the relation

WA MA SN SA

M'B MB SB SB
whenM, A, Blieon A and M’, A’, B’ are the points on A’ deduced from them by projection
from the perspective of the point S.

(2) Deduce from the preceding question that every product & of quotients MA/MB, NB/NC,
etc, in which M, A, B; N, B, C; etc. are (respectively) collinear and in which A, B, C, etc.
occur an equal number of times in the denominator and in the numerator, is an invariant of
perspective.

(3) Check that if A, B, C, D are collinear, the cross-ratio

CA DA
[A,B,C,D]=:Z:
CB DB

is an invariant of perspective.
(4) Let & be an algebraically closed field and F(x, y) an affine curve of degree » in the plane
k2, given by
F(x,y) = Fp(x,y) + - + Folx, y),
where F;(x, y) is homogeneous of degree i.
Show thatif A = (a, b) and U = (u, v)ir)e twoﬂ)stinct_goints of k2, and if z € k\{—1},
then the point M on the line AU such that MA + zMU = O has coordinates
a+ zu b+zv
= N y= .
[+z l1+z
Assume that A and U do not lie on the curve F, and that AU meets F in n distinct points

M, ..., M, of parameters zi, ..., Z.
Show that

F(a, b)
F(u,v)

FA
., aquotient to be noted carefully (~1)" —F((U)) .

2= (=1"
Deduce that
MiA MoA M.A _ FA)

MU MU~~~ MU  FWU)

WA =

(5) LetAy, Ay, ..., Ay, r be distinct points of k2 not lying on the curve F. Set
D) = DAAy> @2 = DpyAy,  -oes O = WAA|-

Show that @ = @; - - - @, is an invariant of perspective and check that & = 1 (result dating
back to 1806).

(6) Give details in the special case where n = 1 (Menelaiis, + 100), n = 2 and n = 3. Give a
generalisation of this result in k™ with m > 2.

(7) Assume that the cubic C intersects the transversals A| and A5 as follows (distinct points):

ANC={My, M2, M3}
A NC={Myy, Myp, My 3},

and for i = 1, 2, 3, let M3 ; denote the third point of intersection of M} ; M, ; with C.
Deduce from the results of (5) and (6) that the points M3 |, M3 2 and M3 3 are collinear.
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(8) Using (5) and (6), show that if six of the nine intersection points of a (plane) cubic with
three transversals lie on a conic, then the three others are collinear.

(9) Suppose that a transversal A meets a cubic " in three distinct points F', G, H, and that the
tangents to I at F and G cut T" at A and B (Fig. 4.1). Let C denote the point where the line
AB meets I'. Show that the tangent to I at H passes C through C when none of the points
occurring here are singular on I,

Figure 4.1.

(10) Let A be a given point on " (Fig. 4.2), and let AF, AG be tangents to I" at F, G. If we join
F to G, this line meets I" at / and the tangent at H meets I" at C. Show that the tangent to
I" at A passes through C when I” is smooth (pass to the limit in (9)).

(11) Let A be a given point on I (Fig. 4.2), and let AF, AG, Af be tangentsto I" at F, G, f.

Figure 4.2.

If we join G to f, this line meets " at N, and NF meets I" at g. Show (using (9) and
(10)) that the tangent to I" at N passes through C and that the tangent at g passes through A.
(12) From (11), deduce a construction of a fourth tangent coming out of A, given three of them.
Show that it is the last one when I" is smooth.
(13) Show that if A is an inflection point of T, the point C is equal to A. Show that the points
F, G, f arecollinear. In the case where I is smooth, take A as the origin of the group of points
of " (k).
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IL. (1) Consider the statement of theorem [1 of Article 13 of the text by Colin Maclaurin reproduced
below. What is the geometric framework of this statement, projective or affine geometry?
and over what field? What is meant by a “geometric line”? Is it possible to give a similar
statement in characteristic p?

(2) In theorem I of Article 8 of the same text, what is meant by the “dimensions” of a line? Can
we give a similar statement in characteristic p?

(3) Explain the Lemma of Article 8.

(4) When the line is defined over a field k of positive characteristic, how can we adapt the
computation of the fluxions in Article 8? (One could consider studying I' in the space
kle] x k{e] where k[e] denotes the ring k[X]/(XZ)).

(5) Check the assertion of line 6 of Article 13: “the point M will be in a right line”.

(6) Recall (I, (13)) that if A is an inflexion point of a plane cubic T', the points of contact F, G, H
of the tangents to I' coming out of A are collinear, i.e. lie on a line L (Fig. 4.3). Let Abe a
transversal passing through A, which meets I at Band C,and L at P.

Figure 4.3.

EIOW that_the divisi_og (A, P, B, C) is harmonic (one can show Descartes’ relation
(1/AB) + (1/AC) = (2/AP)).
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CONCERNING THE GENERAL PROPERTIES OF
GEOMETRICAL LINES (BY COLIN MACLAURIN [ML])

Concerning the lines of the second order, or the conic sections, the ancient and modern geometers
have written very fully, concerning the figures which are referred to the superior orders of lines,
little has been delivered before Newton. That most illustrious man, in his tract concerning the
Enumeration of Lines of the Third Order, has revived this subject, which had long lain neglected,
and has shown it to be worthy of the geometer’s notice. For the general properties of these lines,
which he has laid down, are so consonant to the known properties of the conic sections, that they
seem to be conformable to the same law, and from his example many others have since been induced
to make this subject their study, and have clearly comprehended and explained the analogy which
there is between figures of such very different kinds. The pains which they have been at in the
illustration and further investigation of these matters, have deservedly met with applause, since
there is nothing in pure mathematics which can be called more beautiful, or that is more apt to
delight a mind desirous of investigating truth than the agreement and harmony of different things,
and the admirable connection of the succeeding with the preceding, where the more simple always
open the way to those which are more difficult.

Most of the general properties of lines of the third order, delivered by Newton, relate to
segments of parallels and asymptotes. Some other of their properties, of a different kind, I have
briefly pointed out in my Treatise of Fluxions, lately published, Art. 324, and 401. The famous
Cotes formerly discovered a most beautiful property of geometrical lines, hitherto unpublished,
which has been communicated to me by the Rev. Dr. Robert Smith, Master of Trinity College,
Cambridge, a gentleman not less remarkable for his learning and works, than for his fidelity and
regard for his friends. While I had these under consideration, some other general theorems offered
themselves; which, as they seem to conduce to the augmentation and illustration of this difficult
part of geometry, I have thought fit to throw together, and briefly expound and demonstrate in order.

SECTION |

Of Geometrical Lines in General

(1) Lines of the second order are defined by the section of a geometrical solid, viz. a cone,
where their properties are best derived by common geometry. But the nature of the figures which are
referred to the superior order of lines, is different. To define and draw out their properties, general
equations must be applied, expressing the relation of the coordinates (Fig. 4.4). Let x represent the
abscissa AP, y the ordinate PM of the figure PMH, and let a, b, ¢, d, e, etc. denote any invariable
coefficients; and having the angle APM given, if the relation of the coordinates x and y are defined
by an equation which, besides the coordinates themselves, involves only invariable coefficients,
the line FMH is called a geometrical one which indeed by some authors is called an algebraical

Figure 4.4.
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Figure 4.5.

line, by others a rational line. But the order of the line depends upon the highest index of x or y in
the terms of the equation freed from fractions and surds, or upon the sum of the indices of both in
a term where that sum is the greatest. For the terms xZ, xy, y? are equally referred to the second
order; the terms x>, x2y, xy2, y° to the third. Therefore the equationy =ax+b,ory—ax—b =0,
is of the first order, and denotes a line or the locus of the first order, which indeed is always a right
line (Fig. 4.5). For let there be taken in the ordinate PM the right line PN, so that PN isto AP as +-a
is to unity; let AD, parallel to PM, be made equal to +b, and DM, drawn parallel to AN, will be the
locus to which the proposed equation will answer. For PM = PN +NM = (a-AP+AD) = ax+b.
But if the equation be of the form y = ax — b, or y = —ax + b, the right line AD, or PN, is to be
taken on the other side of the abscissa AP for the contrary situation of right lines answers to the
contrary signs of the coefficients. If the affirmative values of x denote right lines drawn from A4,
the beginning of the abscissa, to the right hand, the negative values will denote right lines drawn
from the same beginning to the left; and in like manner if the affirmative values of y represent
the ordinates constituted above the abscissa, the negative ones will denote the ordinates below the
abscissa, drawn the opposite way.
The general equation for a line of the second order is of this form,

yy—axy—{—cx2
—by—dx ¢ =0
+e

and the general equation for lines of the third order is
3 2 2 3 2 _
Yy —(ax+b)y + (cx* —de+e)y—fx' +gx* —bx+k=0.

And by similar equations geometrical lines of superior orders are defined.

(2) A geometrical line may meet a right line in as many points as there are units in the number
which denotes the order of the equation or line, and never in more. The number of times that any
curve will meet its abscissa AP is determined by putting y = 0, in which case there remains only
the last term of the equation into which y does not enter. For example, a line of the third order
meets the abscissa AP in three points, when the equation fx®> — gx? + hx — k = 0, has three real
roots. In like manner in the general equation of any order, the highest index of the abscissa x is
equal to the number which denotes the order of the line, but never greater, and of course expresses
the number of times that the curve will meet the abscissa or any other right line. But since one root
of a cubic equation is always real, and the same is true of an equation of the fifth or any odd order
(because every imaginary root has necessarily its fellow) it follows that a line of the third or any
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other odd order cuts any right line, not parallel to the asymptote drawn in the same plane, in one
point at least. But if the right line is parallel to the asymptote, in this case it is commonly said
to meet the curve at an infinite distance. A line therefore of any odd order has necessarily two
branches which may be produced in infinitum. But of a quadratic, or any other equation of an even
number of roots, all the roots may be sometimes imaginary, therefore it may be that a right line
drawn in the plane of a curve of an even order may never meet it.

(3) An equation of the second, or of any higher order is sometimes compounded of so many
simple ones, freed from surds and fractions, multiplied into each other as often as the proposed
dimensions of that equation express, in which case the figure FMH is not curvilinear, but is made up
of so many right lines as described by the simple equations this determined as in (1). In like manner
if a cubic equation be compounded of two equations multiplied into each other, one of which is
a quadratic and the other a simple one, the locus will not be a line of the third order, properly
so called, but a conic section joined with a right line. Now the properties which are generally
demonstrated of geometrical lines of higher orders are to be affirmed also of geometrical lines of
inferior orders, if the numbers denoting their orders, taken together, make up the number which
denotes the order of the said superior line. Those which, for example, are generally demonstrated
by lines of the third order, are also to be affirmed of three right lines drawn in the same plane, or of
a conic section together with one right line described in the same plane. On the other hand, there
can scarce be any property of a line of an inferior order be assigned sufficiently general to which
some property of lines of superior orders do not correspond. But to derive these from those, not
everyone can take the trouble to derive the latter from the former. This doctrine in a great measure
depends upon the properties of general equations; which it is here only proper to mention.

(4) In every equation the coefficient of the second term is equal to the excess of the sum of the
affirmative roots above the sum of the negative ones; and if that term is wanting, it is an indication
that the sums of the affirmative and negative roots, or the sums of the ordinates constituted on
different sides of the abscissa, are equal. Let the general equation be for a line of the order n,

y"—(ax+b)-y"_1+(cxx—dx+e)~y”_2—etc.=0,

suppose u = y — (ax + b)/n, for y let us substitute its value u + (ax + b)/n; and in the transformed
equation the second term u"~! will be wanting; as appears from the calculation, or from the doctrine
of equations, everywhere delivered: and from hence it also appears, that by hypothesis every value
of u is less than the corresponding value of y by (ax + b)/n; whence it follows that the sum of the
values of u (whose number is n) falls short of the sum of the values of y (whose sum is ax + b)
by the difference [(ax + b)/n]n = ax + b, so that the first sum vanishes, and the second term is
wanting in the equation by which « is determined, or that the affirmative and negative values of u
make equal sums. If therefore PQ be taken = (ax + b)/n, so that QM may = u, right lines on both
sides of the point Q, terminated at the curve, will make the same sum (Fig. 4.6). Now the locus of

Figure 4.6.
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the point @ is the right line BD which cuts the abscissa, produced beyond its beginning A, in B, so
that AB = b/a, and the ordinate AD, parallel to PM, in D, so that AD = 1/n - b: for if this right
line meets the ordinate PM in the point @, PQ will be to PB (or b/a + x) as AD to AB,ora to n;
so that PQ = (ax + b)/n as it ought to do. And hence it appears, that a right line may always be
drawn which shall cut any number of parallels, meeting a geometrical line in as many points as
the dimensions of the figure express, that the sum of the segments of every parallel, terminated at
the curve on one side of the cutting line, may always be equal to the sum of the segments of the
same on the other side of the cutting line. Now it is manifest that a right line which cuts any two
parallels in this manner is necessarily that which will cut all other parallels in the same manner.
And hence appears the truth of the Newtonian theorem, in which is contained the general property
of geometrical lines, analogous to that well-known property of the conic sections. For in these a
right line which bisects any two parallels, terminated at the section, is a diameter, and bisects all
others parallel to these, and terminated at the section. And in like manner a right line, which cuts
any two parallels, meeting a geometrical line in as many points as it has dimensions, so that the
sum of the parts standing on one side of the cutting line and terminated at the curve may be equal
to the sum of the parts of the same parallel standing on the other side of the cutting line terminated
at the curve, will in the same manner cut all other right lines parallel to these.

(5) In every equation the last term, or that into which the root y does not enter, is equal to the
product of all the roots multiplied into each other; from whence we are led to another property of
geometrical lines, not less general than that above. Let the right line PM meet a line of the third
orderin M, m and 1, and it will be PM - Pm - Py = fi® — gx? + hx — k. Let the abscissa AP cut the
curve in the three points I, K, L; and Al, AK, AL will be the values of the abscissa x, the ordinate
being put = 0, in which case the general equation gives fx> — gx? 4+ hx — k = 0 for determining
these values. Therefore of the equation

3_% hx k

+——-=0
f f f
the three roots are Al, AK, AL; and so this equation is compounded of the three x — Al, x — AK,
x — AL multiplied into each other; and

S8 Lk A AR - AD)
gy T

= (AP — Al) - (AP — AK) - (AP — A])

1
=IP-KP-LP:J—P-PM'Pm4P/L.

Therefore the product of the ordinates PM, Pm, Pu, terminated by the point P and the curve, is
to the product of the segments /P, KP, IP, of the right line AP, terminated by the same point and
the curve, in the invariable ratio of the coefficient f to unity. In like manner it is demonstrated, that
having given the angle APM, if the right lines AP, PM, cut a geometrical line of any order in as
many points as it has dimensions, the product of the segments of the first, terminated by P and the
curve, will always be to the product of the segments of the latter, terminated by the same point and
the curve, in an invariable ratio.

(6) In the preceding article we have supposed, with Newron, that the right line AP cuts a line of
the third order in three points I, K, L; but that this famous theorem may be rendered more general,
let us suppose that the abscissa AP cuts the curve in only one point, and let that be A (Fig. 4.7).
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Figure 4.7.

M

A a P

Figure 4.8.
Therefore because y vanishes, let x vanish also, the last term of the equation, in this case, will be

2
g R ogg
#=a =i (= ) f"[( -3) +f‘4’ﬁ]

(if Aa be taken towards P equal g/2f, and at the point a be erected a perpendicular ab =
VA —gg/2f) = f - AP - (aP* +ab*) = f - AP - bP%; when PM - Pm - Py is equal to the
last term fix> — gx® + hx, as in the preceding article, PM - Pm - Py will be to AP - bP? in the constant
ratio of the coefficient f to unity. Now the value of the right line perpendicular to ab is always
real, as often as the right line AP cuts the curve in one point only, for in this case the roots of the
quadratic equation fx?> — gx + h are necessarily imaginary, so that 4f% is greater than gg, and the
quantity \/4fh — gg real. When therefore any right line cuts a line of the third order in one point A
only, the solid under the ordinates PM, Pm, Py will be to the solid under the abscissa AP and the
square of the distance of the point P from a given point b in a constant ratio. Ab, being joined is to
Aa, as radius to the consine of the angle bAP, as \/AW to g, and Ab = \/W . But the same point b
always agrees to the same right line AP, whatever be the angle which is contained by the abscissa
and ordinate.

(7) Let the figure be a conic section, whose general equation is yy—(ax — b)-y+cxx—dx+e =0
as above; and if the roots of the equation cxx — dx + e = 0 be imaginary, the right line AP will
not meet the section (Fig. 4.8). Now, in this case the quantity 4ec always exceeds dd; when
cxx —dx+e = c(x —d/2¢)* + e — dd /Ac (if Aa be taken = d/2c, and ab be erected perpendicular
to the abscissa at a, so that ab = /dec — dd/2c) = ¢ - (@P? +ab*) = ¢ - bP?, and PM - Pm =
cxx — dx + e, then PM - Pm is to bP? as c to unity. Therefore in any conic section, if the right line
AP does not meet the section, the angle APM being given, the rectangle contained under right lines
standing at the point b and terminated at the curve, is to the square of the distance of the point P
from the given point b, in a constant ratio, which in a circle is that of equality. Now it is manifest
that the same method may be applied to a line of the fourth order which the abscissa cuts in two
points only, or to a line of any order which the abscissa cuts in points less by two than the number
which denotes the order of the figure.
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Figure 4.9.

(8) This being premised, I proceed to explain the less obvious properties of geometrical lines
almost in the same order in which they occurred to me. Now I used the following lemma, derived
from the doctrine of fluxions, and which I have demonstrated in my treatise on that subject; yet I
have since observed that some of them may be demonstrated by common algebra.

Lemma If, of the quantities x,y, z, u, ..., flowing together, and also the quantities X, Y,
Z,V,...,the product of the former be to the product of the latter in any constant ratio, then
x+y+z+ + —X+Y+Z+ +
X y z X Y Z 'V

Moreover, for brevity’s sake, I call those quantities mutually reciprocal, when being multiplied
into each other, the product is unity, so 1/x I call the reciprocal of x, and 1/y of y.

Theorem I  Let any right line, drawn through a given point, meet a geometrical line of any order
in as many points as it has dimensions; and let right lines, touching the figure in these points, cut
off from another right line, given in position and drawn through the same given point, as many
segments terminated by this point; the reciprocals of these segments will always make the same
sum, if the segments lying on the contrary side of the given point be affected with the contrary
signs.

Let P be the given point, PA and Pa any two right lines drawn from P, of which both meet the
curve in as many points A, B, C, and a, b, ¢, .. ., as it has dimensions (Fig. 4.9). Let the tangents
AK,BL,CM, ..., and ak, bl, cm, ..., cut off from the right line EP, drawn through the point P,
the segments PK, PL, PM, ... and Pk, Pl, Pm, .. .; I say that

1 | 1 1 1 1
PRI T TR TR e T
and that this sum always remains the same, the point P remaining, and the right line PE being
given in position.
For let us suppose the right lines ABC, abc to be carried by motions parallel to themselves, so
that their concourse P proceeds in the right line PE given in position; since AP - PB- CP ..., is
alwaystoaP-bP-cp... ina constant ratio, (5), let AP represent the fluxion of AP, BP the fluxion
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of BP, and CP, EP, ..., the fluxions of the right lines CP, EP, ..., respectively, that a useless
multiplication of symbols may be avoided, then (8)

AP+BP+CP+ _aP+bP+cP+

AP~ BP  CP “aP  bP P '
But when the right line AP is carried by a motion parallel to itself, it is well-known that AP, the
fluxion of the right line AP, is to EP, the fluxion of the right line EP, as AP to the subtangent PK,
and so

AP _EP
AP~ PK’
In like manner
BP EP CP EP aP  EP bP  EP cP EP
—_— = — —_— =, —_—= — = — an —_— =
BP PL cCP PM aP Pk bP Pl ¢cP Pm
where
EP+EP+EP N _EP+EP+EP
PK ' PL PM " Pk Pl Pm
and
1+1+1+—-1+1+1+
PK  PL PM TPk Pl Pm ’
Things are so whenever the points K, L, M, ..., and k, [, m, ..., are all on the same side of the

point P, and so the fluxions of the right lines AP, BP, CP, ..., aP,bP, cP, ..., all have the same
sign (Fig. 4.10). But if, other things remaining the same, some points M and m fall on the contrary
side of P, then while the rest of the ordinates AP, BP, ..., increase, the ordinates CP and cP are
necessarily diminished, and their fluxions are to be accounted subtractive, or negative; and so in
this case

1 1 1 1 1 1

PKTPL M TR TR Pm

Figure 4.10.
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da L M P
F

Figure 4.12.

and in general, in collecting these sums, the terms are to be affected with the same or contrary
signs, as the segments fall on the same or contrary side of the given point P.

(9) If a right line PE meets a curve in as many points D, E, I, .. ., as its dimensions express;
the sum

1 1 I
PKPL TP T

b

which we have shown to be constant or invariable, will be equal to the sum or aggregate

i.e. to the sum of the reciprocals to the segments of the right line PE, given in position, and
determined by the given point P and the curve; in which, if any segment is on the other side of the
point P, its reciprocal is to be subtracted.

(10) If the figure (Fig. 4.11) be a conic section, which the right line PE nowhere meets, let the
point b be found as in (7), and Pb joined, and at right angles to this let bd be drawn, cutting the
right line PE in d; then will 1/PK + 1/PL = 2/Pd. For PA - PB is to bP? in a constant ratio, and
so (8)

AP BP  2bP
ap "B T WP

)

whence (because AP is to EP as AP to PK , BP 10 EP as BP to PL, and bP to EP as bP to dapP)
1/PK +1/PL =2/Pd.

(11) In like manner if the right line EP meets a line of the third order in only one point D, let
the point b be found as in (6), and let the right line bd, perpendicular to bP, meet the right line EP
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in d, and because AP - BP - CP is to DP - bP? in a constant ratio (ibid.)

1 1 1 1 2
Pk PLYPM T PD T Pd
But if Pb be perpendicular to the right line EP, 2/Pd will vanish (Fig. 4.12).

(12) The asymptotes of geometrical lines are determined from the given direction of their
infinite branches, or legs, by this proposition; for they may be considered as tangents to the legs
produced in infinitum (Fig. 4.13). Let the right line PA, parallel to the asymptote, meet the curve
in the points A, B, ... and the right line PE cut the curve in D, E, I, .... Let PM be taken in this
so that 1/PM may be equal to the excess by which the sum 1/PD 4+ 1/PE + 1/PI + - - - exceeds
the sum 1/PK + 1/PL + - - -, and the asymptote will pass through M but if these sums are equal,
the curve will be a parabola, the asymptote going off in infinitum.

Figure 4.13.

(13) Theorem I1  About the given point P let the right line PD revolve which meets a geomet-
rical line of any order in as many points D, E, I, . .., as it has dimensions, and if in the same right
line be always taken PM so that

1 1 1 1
PM - PDTPETRIT
(where we suppose the signs of the terms to keep the rule repeatedly given) the locus of the point
M will be a right line (Fig. 4.14).

For let there be drawn from the pole P any right line given in position PA, which let meet the
curve in as many points A, B, C, ..., as it has dimensions. Let there be also drawn the right lines
AK, BL, CN touching the curve in these points, which meet PD in as many points K, L, N, .. .;
and by (9)

1 1 1 1 1 1
FDTPET R T TPKTRLTENT
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Figure 4.14.

Where 1/PM is equal to this sum, and when the line PA is given in position, and the right lines
AK,BL,CN, ..., remain fixed, while the right line PD revolves about the pole P, the point M will
be in a right line, by the preceding Article; which may be determined by what has been shown
above from the given tangents AK,BL, . ...

(14) As the right line Pm is a mean harmonical between the two lines PD and PE, when
2/Pm = 1/PD + 1/PE; in like manner Pm may be called a mean harmonical between any right
lines PD, PE, PI, . .., whose number is n, when

no 1 1 1
Pm _ PD " PE " PI

And if any right line drawn from a given point P cuts a geometrical line in as many points as it has
dimensions, in which let Pm be always taken an harmonical mean between all the segments of the
drawn line terminated by the point and the curve, the point m will be in a right line. For 1/PM will
=n/Pm, and therefore Pm is to PM as n to unity; and since the point M is in a right line, by the
preceding, the point m will also be in a right line. And this is Cotes’s theorem, or nearly related to it.

(15) Leta, b, c, d, ..., be the roots of an equation of the order n, v its last term into which
the ordinate y does not enter, P the coefficient of the last term but one, M the harmonical mean
between all the roots, or

n I 1 1 1

M~a b ctat

Therefore since v is the product of all the roots a, b, ¢, . .., multiplied into each other, and P is
the sum of the products when all the roots, one expected, are multiplied into each other, P will
=v/a+v/b+v/c+v/d+--- = nv/M, and therefore M = nv/P. So, if the equation be a quadratic,
whose two roots are a and b, M will = 2ab/(a + b) (having assumed the general equation for
conic sections given in (1)) =(2cxx — 2dx + 2e)/(ax — b). In a cubic equation, whose three roots
are a, b, ¢, M will = 3abc/(ab + ac + bc) (if there be assumed the general equation for lines of
the third order there given)

3fc2 — 3gx2 + 3hx — 3k
cxx —dx+e ’
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Figure 4.15.

(16) Let any two lines Pm and Pu (Fig. 4.15), drawn from the point P, meet a geometrical line
inthe points D, E, I, ...,and d, e, i, .. .; and let Pm be an harmonical mean between the segments
of the former terminated by the point P and the curve, and Py an harmonical mean between the like
segments of the latter line; let ;um, being joined, meet the abscissa AP in H, then will PH = nvx/v
or PH is to Pm as P to v/x. For let the abscissa cut the curve in as many points B, C, F, ..., as it
has dimensions; and since the last term of the equation (i.e. v)isto BP- CP- FP - ..., in a constant
ratio, as we have shown above (5) it will be (by 8)

—:—q:—:F—:F,

and therefore

PH=BPTCPTRPY T

and PH = nvx /v (because the line PM = nv/P)= PM - (Px/v). In conic sections it is PH to Pm
as ax — b to 2cx — d; and in lines of the third order as cxx — dx + e to 3fxx — 2gx + h.

(17) If a demonstration of the preceding proposition be desired from principles purely alge-
braical, it may be had with the help of the following.

Lemma Let the abscissa AP = x, the ordinate PD =y, V the last term of the equation defining
the geometrical line = Ax" + Bx"~! + Cx"=2 4 ..., P the coefficient of the last term but one
=ax" b 234 andletQ=nAx"'+(n—1)-Bx" 24+ (n~-2)- Cx" 4.
(which is the quantity we call V /%). Let there be drawn the ordinate Dp which makes any given
angle ApD with the abscissa, and let the right lines PD, pD, and Pp be as the given ones 1, r and
k; let pD = u, Ap = z; and let the proposed equation be transformed into another expressing
the relation between the ordinate u and abscissa z; and since 7 = AP, the last term V of the new
equation will be equal V, but p the coefficient of the last term but one, will be equal to (FQk+Pl)/r.

For since PD (= y)istopD (= u) as [ to r,y = lu/r; but let Pp be to pD(= u) as k to r, then
Pp = ku/r, and AP = x = Ap &+ Pp = 7 & ku/r. Now these values being substituted for y and
x in the proposed equation of the geometrical line, there will come out an equation determining
the relation of the coordinates z and u. To determine the last term of this v and the last but one pu,
it is sufficient to substitute these values in the last V, and in the last but one Py, of the proposed
equation, and to collect the resulting terms in which the ordinate u is either not found, or of one
dimension only; for the sum of these gives pu, and of those v. Let for x be substituted its value
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Z + ku/r in the quantity V or Ax" + Bx"~! 4+ Cx"~2 + - - . ; and the resulting terms

CZ" 3 ku

AZ"
ey +Cz"‘2i(n—2)-—r~——+---,

r

BZ" 2k
AL + 2z

B 'tm—1).
will alone serve the purpose we are about. Then let be substituted for x the same value, and for y
its value lu/r, in the quantity

Py=(ax"""+bx" 2+ ex" 2 4 )y

and the resulting terms alone

l
@+ b2 e
,

are to be retained. Let it be supposed now that z = x, and the sum of the first be equal V & Qku/r,
and of the latter the sum = plu/r. From where it is manifest that the last term of the new equation
v =V, and the last but one pu = [(Pl £ Qk)/r] - u.

(18) Let Pm be an harmonical mean between the segments PD, PE, PI, ..., and Py an har-
monical mean between the segments Pd, Pe, Pi, ..., as in (16), let wm, being joined, cut the
abscissa in H; and let us suppose P to be parallel to the ordinate pD. Let ws be drawn parallel to
the abscissa, which meet the right line Pm in s; and Ps will be to Pu as PD to pD or as [ to r, and
usto Pu as k to r. And since P = nN /p (by 17) = nvr/Pl £+ Qk, ms will equal

nv  nQl nv vl nvQk
Pm—Ps=—— —=—= = .
P pr P Pl Qk PPILQk)

Now ms is to sp as Pm to PH, i.e. nvQk/[P(Pl & Qk)] to nvk/(Pl & Qk) as Pmto PH; and so Q is
to P as Pmto PH, or PH = Pm - P/Q or nv/Q. Since therefore the value of the right line PH does
not depend upon the quantities /, k, and r; but these being changed, is always the same, the point
@ will be at a right line given in position, as we have otherwise shown in Theorem II. Moreover
also the value of the line PH is that which in (15) we have determined by another method; and
the right line Hm cuts all right lines drawn through P harmonically, according to the definition of
harmonical section given in general in (14).

Problem 3
Consider an integer a > 2 not divisible by the cube of an integer > 1, and let (C,) be the affine cubic
Pty =a (Ca)

(1) Let P = («, B) be arational point of (Cy,), and show that «f # 0 and « # B.
(2) Show that the abscissa y of the third intersection point of (C,) with its tangent at P is given by
one of the equations

2o + 3o
o = —
V=g
6_ 2
(Xz)/ = ‘8 —a
ﬂ3 — a3

(3) Show that we cannot have & = y.
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(4) Without computing, give the ordinate 5 of the third point of intersection of (C,) with its tangent
at P.
(5) Assume that o and B are written as irreducible fractions
X N
o = — = —
21 22

B

with (x1,21) =1 =(1,22), 1 >0, 22 > O.
Show that 7; = z;.
(6) Show that

X1 xf + Zy?
e x -y
1 y? + 2x?
2y, —x

(7) Let A be the positive greatest common divisor of the numbers xl(xf + 2y%), ¥i (y% + Zx%),

21663 — y}).
Show that A € {1, 3}.
(8) Set
x (5} +257) n(7f +2x) 21(1 —¥7)
Xy = ——2=25, Yy = ———" = |——722
A A A

Show that (x2/z2, y2/z2) is a rational point of (C,), and that we have zp > z; (there are two
cases to consider: A = 1 and A = 3).
(9) Deduce that the number of rational points of the cubic (C,) is equal to zero or infinity.
(10) Give an example of a cubic (C,) which has an infinity of rational points (i.e. give a).
(11) Show that (C3) contains no rational points.

Problem 4
(Congruent Numbers)

We say that an integer n > 1 is a congruent number if there exists a right triangle whose sides have
rational lengths and whose area is equal to n.

(1) Show that if the sides of the above triangle are a, b, ¢, then there exists 2 € Q% such that
a_1-¥ b_ %
c 1422 ¢ 142
Show that the point (—nA, (1 + A2) /c) lies on the cubic
(Cp) : y2 = x(x2 — nz).

(2) Conversely, let (x,y) € C,(Q) be a rational point of the curve (C,) such that y £ 0. Show that
a=|(n*— xz)/yl, b = |2nx/y| and ¢ = [(n* + x2)/y| are the sides of the right angle and the
hypotenuse of a right triangle.

(3) Given an arbitrary n > 1, we know that the curve (C,) can be parametrised using Weierstrass
functions (g (1), 1/2g’(u)). Consider the group law on C,(C), and determine all the points
{(x, y) € Cy(C) such that (x, y) ® (x, y) = O, where O denotes the identity element of the group
(the point at infinity of C,(C)).



254 INVITATION TO THE MATHEMATICS OF FERMAT-WILES

Let C,[2] denote this set, and show that C,{2] is a group. What is its order? Is it cyclic?
What can we say about y if (x, y) € C,[2]?
(4) We propose to determine the torsion subgroup T of the group C,(Q), i.e. the set of points of
finite order of the group C,(Q). For this, we will use the following result of Nagell: if a point
P = (x,y) # 0 is a point of finite order of C,(Q), then x and y are integers and y2 is zero or
divides 4nS.
Show that T is a finite group whose order m is divisible by 4.
(5) Let p be a prime number congruent to 3 modulo 4.
Show that —1 is not a square in Fp.
Set

PX) = X(X* — %),

where n denotes the class of » modulo p.
Show that for every x € I, either P(x) or P(—x) is a square of F,.
(6) Using (5) and not forgetting the point at infinity, show that the curve

Y2 = X(X? — i?) (Cn)

has p + 1 points in P (F,,).
(7) Let Z,) denote the ring Zy) := {c¢/d € Q ; p does not divide d}.
For (x, y) € C,(Q) \ {0}, prove the relation

{x e Z(p)}  {ye Z(p)}.
(8) Let us define amap ¢ : C(Q) — E’,,(]Fp) as follows. If P = (x,y) € (Z(p))z, set
o(P) = (+.3) € (Fy),

where x and y are the classes of x and y modulo p.

Otherwise, set ¢(P) = O where O denotes the point at infinity of homogeneous coordinates
(0,1,0) of Cu(Fp).

Assume the fact that ¢ is a group homomorphism when C,,(F,) is equipped with an “Abel-
style” group structure, which is possible if p does not divide 2n.

Show that if p is sufficiently large, the restriction of ¢ to T is injective, and show that #C, )
is divisible by 4.

(9) Assume that m = 3" - m’ with r > 0 and (3, m’) = 1. Recall that there exists an infinity of

prime numbers in the arithmetic progression 3 + m’'Z. Show that if p is a prime belonging to
this progression and not dividing 2n, then

p=—1modn’
p=3modn,

and deduce that m’ = 4.
Use questions (4), (6) and (8).
(10) Show that r > 0 is impossible, by considering the arithmetic progression 7 + mZ, which also
contains an infinity of prime numbers. Conclude.
(11) Show thatif n > 1 is a congruent number, then there exists an infinity of right triangles whose
sides have rational lengths and whose area is equal to n.
(12) Do you know a congruent number?
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Tyger ! Tyger ! burning bright

In the forests of the night,

What immortal hand or eye

Could frame thy fearful symmetry?
(William Blake)

The originator of the famous wisecrack about the five operations in arithmetic — addition,
subtraction, mutltiplication, division and ... modular functions — would appear to have
been the mathematician M. Eichler. As we will see, the fifth and last “operations” are
actually functions, which have so incredibly many symmetries that one may really wonder
how they can possibly exist!

5.1 BRIEF HISTORICAL OVERVIEW

The first publication of fragments of theta functions appeared in 1713, with the posthumous
appearance of the Ars Conjectandi by Jakob Bernoulli, a book in which one encounters
expressions such as

oo o0 o0 5
Z m(1/2)n(n+3)’ Z m(l/2)n(n+1)’ Z s
n=0 n=0 n=0

Thirty-five years later, theta functions reappeared in another form in the Introductio in
Analysin Infinitorum by L. Euler (1748, Volume I, Section 304). In Chapter X VI of his book,
Euler considered the problem of partitions of the integers, i.e. the problem of expressing
every number n € N using integers belonging to a certainset A = {«, 8, 7, ... }.

Euler noted that when we take the infinite product

A+x)0 + DU +x77) - =1+ Pz + Qe +---, (1)

P is the sum of the powers x*, x#, x, ... Q is the sum of the powers x**# x*+7 ... xf*7,
. and so on. Thus, the coefficient of z” is a polynomial in x in which the term Nx" has a

255
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coefficient N equal to the number of times that we can write n as a sum of m distinct terms
of A.

Rule 5.1.1 [fthe term Nx"7" appears in (1), this means that there are N different ways to
represent n as sum of m distinct terms of A.

Next, Euler noted that when we take the infinite product

1
(1 -2 —xP)(1 —x77) - 2+ Q2 )
P is the sum of the powers x®, x#, x, ... Q is the sum of the powers x*+%, x**#, ___ and so

on. Thus the coefficient of z” is a polynomial in x in which the term Nx" has a coefficient N
equal to the number of times that # can be written as a sum of m equal or distinct terms of A.

Rule 5.1.2  [fthe term Nx"7™ appears in (2), this means that there are N different ways of
representing n as sum of m equal or distinct rerms of A.

Finally, Euler passed from theory to practice, by taking the sequence ¢, §, ¥, ... tobe
the sequence N* of the natural integers, and using a simple but efficient trick to establish
the following result.

Euler’s Theorem 5.1.1 The following identities hold in the ring of formal series Z|[[x, z]]:

el " o] x(l/2)n(n+1) n

nl;[1(1+x Z)_Z(Z(l—x)--.(l—x")z’ 3)
a _ ml S x" n
E(l x"2) _;(I_X)_”(l_xn)z. @

Proof. Euler’s trick consists in obtaining a functional equation for the infinite products by
substituting xz for z.
(1) Let F(x, z) denote the first product. Then

F(x,2)
1+xz°

o0
Fox) =[]+ =
m=1

so we obtain the functional equation
F(x,z) = (1 +x0)F(x, x2).

If we set

F(x,2) =) (02" € EIxDILz1],
n=0
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we obtain the induction relations
colx) =1

(I —x")ep(x) = X"cp1(x)  ifn > 1,

which give the result.
(2) Let G(x, z) denote the second product. Then

Gr,x2) = [ [0 = 2" = (1 - x)G(x, 2),
m=1

which gives the functional equation
G(x,xz) = (1 — x2)G(x, 2).

If we set

G(x,2) = ) dy(x)2" € (ZIXIDIL2]],

n=0

we obtain the induction relations

do(x) =1
(I = xMdn(x) = xdp-1(x),

which give the result.

(3) Convergence questions.

Until now, we used exactly the same reasoning as Euler. But in order for infinite products
and the series to make sense, we need to define the topology of Z[[x, y]l.

For this, we note that if m denotes the ideal of Z[[x, y]] generated by x and y (which is
a prime ideal), then

DL

m’ = {0}.

1%

By taking the {m"},cn for a fundamental system of neighbourhoods of zero, we put the
structure of a topological ring on Z[[x, y]]. We say that a sequence (s,),en Of elements of
Z[[x, y]1 is a Cauchy sequence if for every v € N, there exists N such that mand n > N
implies s, — s, € m”. Then one of the essential features of this topology is that it makes
the topological ring Z[[x, y]] complete, i.e. every Cauchy sequence of elements of Z[[x, y]]
is convergent (see [Bou 3}).

Since in the identities of the statement of the Euler’s theorem, the partial products of the
infinite products (on the left) and the partial sums of the series (on the right) form Cauchy
sequences, both sides are meaningful, both in (3) and in (4).

Moreover, points (1) and (2) of the proof show that these two sides are congruent modulo
mY for every v € N. Thus, they are equal. O
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Remark 5.1.1 The reader familiar with the topology of the complete local ring Q[[x, y]]
will recognise that the topology of Z[[x, y]] is induced by that of Q[[x, y]].

Corollary (Euler) 5.1.1

(i) The number of different ways of expressing n € N as a sum of integers between 1 and
m (inclusive) is equal to the number of different ways of expressing n+ (m(m—+1))/2
as a sum of m unequal numbers > 1.
(ii) The number of different ways of expressing n € N as a sum of m integers between 1
and m (inclusive) is equal to the number of different ways of expressing n +m as a
sum of m numbers > 1.
(ili) The number of different ways of writing n as a sum of m numbers is equal to the number
of different ways of writing n + (m(m — 1))/2 as a sum of m unequal numbers > 1.

Proof.
(1) Assertion (iii) follows formally from assertions (i) and (ii).
(2) In formula (3), the coefficient N of the term Nx°z™ is equal to the number of different
ways of expressing ¢ as a sum of unequal numbers > 1. Butif e = n4 (m(m+1))/2,
we see that this term comes from the expansion of

1/ 2ym(m+1)
x/mm .

T=—x)-(d—xm"

Consequently, N is also equal to the coefficient of x" in the expansion of
1/((1 = x) - -- (1 — x™)), so to the number of ways of expressing n as sum of numbers
between 1 and m (inclusive).

(3) In formula (4), the coefficient N of the term Nx¢z™ is equal to the number of different
ways of expressing e as a sum of m numbers > 1. But if e = n 4 m, we see that this
term comes from the expansion of

m
X M

A—x - (U=xm"

Consequently, N is also equal to the coefficient of x" in the expansion of
/(1 =x) - (1 =2m). =

Remark 5.1.2 When z is replaced by 1 in the second identity of the preceding theorem,
we obtain

00 . 00 o B . n
rl;:[l(l—x ) lzg(l—x)...(l_xn) _;P(H)X.

Thus p(n) represents the number of ways of writing » as a sum of integers > 1, with no
restrictions on these integers.
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Definition 5.1.1 The function n — p(n) is called the partition function, and its
generating series y .-, p(n)x" is written P(x). Thus we have

P() = [Ta —x"~" e ZIix1.
m=1

The partition function satisfies strange congruences called Ramanujan congruences>”.

For example, we have

p(5n+4) =0mod 5
p(7n+5) =0mod 7
p(1ln+5) =0 mod 11

(see exercises).

Euler’s true follower was Carl Gustav Jacobi >, who in his Fundamenta Nova Theoriae
Functionum Ellipticarum (1829), gave a modern theory of the theta functions. On April 24,
1828, Jacobi discovered the surprising formula

oo 4 o0
(Zz"z) =1+8Z(Zd)z”', )
—00 m=1 \ dim

Hd

from which he deduced the equally surprising following corollary (which is equivalent to
formula (5)).

Jacobi’s Theorem 5.1.2  The number of representations of an integer n > 0 as a sum of
four squares is eight times the sum of its divisors if n is odd and twenty-four times the sum
of its odd divisors if n is even.

Proof. The left-hand side of (5) can be written

2 2 2 2
Z Zn]+"2+n3+n4 — ZAA‘(”)Z",

ny,np,n3,na €% neN

where A4(n) denotes the number of representations of n as a sum of four squares (taking
the order and sign of the n; into account).
If n > 0, then by (5), we have

As(n) =8 Z d.
s

35S, Ramanujan 1887-1920.
5 C.G. Jacobi 1804-1851.
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Thus, if # is odd, the theorem is proved. But if n is even, we have

Yd=>d+2) d=3) d

dln din dln din
Md d odd d odd d odd

which concludes the proof. U

It remains only to prove formula (5), which is done below.

Modular forms also appear in the writings of Abel’’, Gauss®, Hermite®® and many
others. However, it was above all F. Klein%® who, beginning in 1877, originated the study
of the field of modular functions, considered as a function field of a Riemann surface,
providing fundamental domains for the different levels n (see Section 5.3). Then, in 1881-82,
Poincaré®! developed the general study of the discrete subgroups of SL,(R).

5.2 THE THETA FUNCTIONS

We saw in Chapter 2 that every entire function which is doubly periodic for a period lattice
A is constant. Thus, if we want to obtain non-constant, entire functions, we must weaken
the requirement of periodicity.

(a) Definition of the theta functions
We would like to define functions which are entire (i.e. holomorphic on all of C) and
semi-periodic for the period lattice

AN=7Z+ 7T,

where 7 denotes a complex number in the Poincaré upper half-plane H = {z € C; 3z >
0}.
The properties of “semi-periodicity” we take here are

Oz+1)=0(2)

(1)
Oz+1)=F(2)0O(2),

where F(z) is a factor to be determined.

Remark 5.2.1 If the function © is not identically zero, then clearly F(z + 1) = F(z). The
usual choice of F is

F(z) = ceC,

ceint’
and this is the choice we adopt from now on. O

57 N.H. Abel (1802-1829).

3% K.F Gauss (1777-1855).
59 C. Hermite (1822-1901).
60 F Klein (1849-1925).

6! J H. Poincaré (1854-1912).
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Since @ is holomorphic of period 1, it can be developed as a Fourier series®>and we have

00
@(Z) — ZaneZng’
—00

where the a,, are the Fourier coefficients of ©.
The expansion of © as a Fourier series expresses the first condition of (1).
The second condition leads to

00 00
F(Z) Zanemﬂnz — ZaneZmn(H—r)'
—o0 )

With the above choice of F'(z), and by the uniqueness of the Fourier coefficients of ©®, we
obtain the relation

a1 = ce™a,, )
hence the expression
®(Z) =q cnemn(n—l)r+2mnz. (3)
~00
It is traditional here to set
g = einr’ (4)
and to note that since T € H, we have
0<lql <1
Thus, we see that
0 .
0(z) = ag Z qun(n41)62mnz (3/)
-0
and in particular,
o0
®0) = qq Z g™, (3"
—0oQ

Conversely, if we take ap = 1 and ¢ = g, we see that the right-hand side of (3") converges
uniformly on every compact subset C, so it defines an entire function.

Definition 5.2.1 Letr g € C be such that 0 < |q| < 1. The function 63 is defined by

oo
03) =) "™ =142 ¢ cos(2mnz). 5)
—00

n>1

62 . Fourier (1768—1830).
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Thus, we also have the following result.

Proposition 5.2.1 65 is an entire function satisfying the properties

B3(z+1) = 63(2)
O3(z + 1) = g e H™05(2).

Another classical choice of ag and ¢ is given by
ag =1, c=—q,

which gives

o0
; 2 1
04() = Y _(~1"q" e = 142 (~1)'q" cos@ng) = 63(z+3). (5
-0 n>1

Jacobi also introduced the functions 8, and 8, defined by

. 1
01(2) = —ig"*e™ 6, (z n er T)

_ 1/4 7z T
6(Z)=q"' € 93(z+2).

Thus, we have the expansions

o0
6i(zx) = —i Z(_1)"q("+1/2)2e(2n+1)i7rz
—00

=2 Z:(—l)”q('““l/z)2 sin(2n + Dmz
n>0

1 5"
00 " )
02(1) — E q(n+1/2) e(2n+l)u‘rz

—o0

=2 Z ¢t cos(2n + Dmz.

n>0

Naturally, the functions 6, and 6; do not have the same multipliers as &5 and 6. Let us
summarise the elementary properties of these functions.
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Relations 5.2.1 Set A = g~ '/4¢~™, then we obtain the table:

| z+ % z+3 z+ HTT
01 6:(2) iA04(2) 185(2) (6)
& | —61(2) A03(2) —iA04(2)
63| 04(2) A0s(2) A0 (z)
94 93 (Z) i)»gl (Z) )\92 (Z)

Multipliers 5.2.1 Set u = g~!'e~%"%, then

lz+1 2+t z+1+7
0| =612 —161(2) wh(z)
62 | —62(2) 1u6,(2) —p62(2) (6"
6| %) w3 (2) u83(z)
04 04(2) —p64(2) —1b4(2)

Remark 5.2.2

(1) 6, and 6; actually belong to the lattice Z2 + Zz, but the squares of the theta functions
all belong to the lattice Z + Zt, and all have the same multipliers.

(2) It follows that the quotients of squares of theta functions are elliptic functions for the
lattice Z + Zt. We will see below that these functions are of order 2. It follows that
three functions of this type are linearly dependent (see Chapter 2).

(3) The notation adopted here goes back to Jacobi, except that he wrote 6 instead of
04. This notation appears to have become universal now, although it is not optimal.
Indeed, the symmetries of the set of four theta functions are those of the Klein group
Z/2Z x Z/2Z., and not those of the cyclic group Z/4Z. Hermite and Weber used the
(preferable) notation:

[o¢]
5 .
Ou,v(z) — E :(_l)nvq(l/Z)(Zn-HL) em(2n+u)z

—00

for (u, v) € {0, 1}?, which leads to the multipliers

eu,v(z +1) = (_l)ueu.v(z)
Ouv(z+1) = (_l)vq_le_zngu,v(z)-

(b) Relations between theta functions

We noted earlier that the squares of three theta functions must be linearly dependent.

There exists a marvellously simple method to prove these relations: it consists in noting
that the series which define these functions are absolutely convergent and that the terms of
a product can be rearranged according to the powers of g.

So we need to prove the relation

01(x, 901, 9) = O3(x + 3, ¢ (x —y, ¢ — r(x + ¥, 4 (x —y. 47, (D
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where x and y are two arbitrary elements of the field of complex numbers, and where we
need to make the “mute variable” g appear.
Using (5"), we have

6,(x, )61 (v, @) = — Z Z(_1)m+nq(m+1/2)2+<n+1/2)2ei(2m+1)xn+1(2n+1)yn_

m n

Setm +n = r and m — n = s; then (r, s) runs through the pairs of integers of the same
parity. We have
+12+ +12 Lo+ 1?4 i
m+ = n+t=-] == =S
2 2) T2Y 2

@m+Dx+2n+ Dy =(r+Dx+y) +sx -y,

and

SO
6,(x, 9)0,(y, @) = _Z’(_ 1) gD+ D248 i+ D) sty

where Y denotes the sum extended to the (r, s) of same parity. We deduce that

2 2 5 —
6, (x, q)91(y, q) - _ Z ZqZ(H—l/Z) +2s et[(2r+1)(x+))+25(x S04
r N
+ Z Zq2r2+2(s+I/Z)Zei[Zr(x+_V)+(25+1)(x—y)]7r
r 5
- _ ZqZ(r+l/2)zei(2r+I)(x+y)7! quz ei25(.\'-—y)7'r
r 5
+ Z q2r2 2rletyim Z qZ(s+l/2)2 ei(2s+l)(.x—y)rt
r s

= —0(x + Y, ¢)0(x — y,¢1) + 6:(x + ¥, ¢)0(x — ¥, 4%). O
Making the translations by 1/2, /2 and (1 + 7)/2 on x and y, we obtain a complete
system of relations deduced from (7):
01 (x, PO, @) = 63(x +y, )62 (x — y, ¢*) — 62(x + ¥, 403 (x — ¥, ¢°)
01 (x, P62y, @) = 61 (x +y, ¢)04(x — ¥, ¢*) + 04(x + y, 4101 (x — , ¢7)
16205 96,0, ) = 02(x +, g)03(x = ¥, ) + 05(x +5, 402 (x — v, 4°)
03(x, P63, @) = 05(x + ¥, )03 (x — ¥, ¢*) + 62(x + ¥, 402 (x — , ¢*)
B3(x, )64y, @) = 64(x + ¥, §*)0a(x — y. ¢*) — 61(x +y, 4101 (x — ¥, ¢*)
04(x, )04y, @) = 63(x + ¥, ¢)63(x — y, ¢*) — b2(x + ¥, 4102 (x — y, ¢°).

If we take y = 0 in this last identity, we have

B4(x, 9)64(0, @) = 63 (x, ¢*) — 63 (x, ). )

)
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If we subtract the square of the first identity of (7') from the square of the last one, we
obtain

03(x, 907 (v, @) — 6}(x, )62 (3, q)

(7///)
=[03(x +y.4) = 63 (x + 3, H][63(x — ¥, ¢°) — 65(x — y, ¢7)],
and taking (7") into account (omitting the argument g), we have
04(x + )04 (x ~ )83 (0) = 6;(0)6; 0) — 67 (WE ), ®)

which is the prototype of a series of relations which we obtain by making the canonical
translations on x and y

61(x + )01 (x — )67 (0) = 67 (x)63(y) — 63 (X)63 () = 67()6; () — 63 (O} ()
62(x + y)62(x — y)67(0) = 07 (x)63 () — 62(x)63 () = 63(x)0; () — 63(x)67 ()
63(x + y)03(x — y)67(0) = 87 (x)0; () — 62(x)63 (y) = 03067 () — 65 ()67 (¥)
Ba(x + )0a(x — 1)62(0) = 02 ()63 (y) — B2 ()67 (3) = 62 ()02 () — 2 ()63 ()
8"
Other relations analogous to (8') can be deduced, by the same procedure, from another
choice of the equations. We leave this as an exercise.
Replacing y by 0 in these relations, we obtain the predicted linear relations between the
squares of the theta functions. For example, (8') yields
07 (x)6;(0) = 65 (x)63(0) — 67 ()65 (0)
65 (x)67(0) = 67 (x)63(0) — 6} (x)63(0)
62 (x)62(0) = 62(x)62(0) — 62(x)63(0)
62 (x)02(0) = 62(x)82(0) — 63 (x)63(0).

8"

The order three minors of this system of linear equations with respect to the OIZ(x) with
i = 1,2,3,4 must all be zero. In fact, if we replace x by 0 in the last relation of (8”),
we find a fundamental relation between the constants (which implies that the determinant
vanishes). This famous Jacobi relation is

65 (0) = 65(0) + 6;(0). 8"

It follows from (8") that the system (8") is of rank two; every relation is a linear combination
of two others.

Remark 5.2.3 It follows from (8") that we have

4 . 4 4
(1 +22qn2> — <2q1/4 Zq;ﬂ—i—n) + (1 +22(_1)nqn2>

n>1 n>1
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for every ¢ € C* such that |g| < 1. If we now set g = z*, we see that the holomorphic
functions in the interior of the unit disk defined by

oo
X(2) =22 ) 24" = 6,00, 2%

1Y@ =142 (-D"2" = 6,0,2%

n>1

Z@) =142 2" =6,0,7%

n>1

form a non-trivial solution of Fermat’s equation
X4yt =24

Nevanlinna theory (see the problems of Chapter 6) shows that these three functions cannot
be extended to C, because if n > 4, there exist no solutions in non-trivial entire functions
to the equation

X' +Y'=2Z"
(c) The identity 6,(0) = 76,(0)03(0)04(0).

Differentiating the second equation of (7") with respect to x, and replacing x and y by zero,
we have

61(0, 9)6>(0, 9) = 26(0, g")64(0, ¢*). €)

But the relations (7’) also give

65(0, g) = 26,(0, ¢*)6:(0, ¢*)

200, o2 )
63(0, ))64(0, q) = 6;(0, ¢°).
From (9) and (9’), we deduce the relation
6.(0, g) 3 6,(0, ¢%)
6200, 9)63(0, 9040, )~ 6>(0, ¢*)63(0, ¢>)04(0, g%)’
and by induction on 1, we obtain
6;(0, 9) _ 6,(0, ¢*)
62(0, 9)63(0, 9)04(0, ) 62(0, ¢*)63(0, 4*)64(0, ¢*")
Since |g| < 1, the limit of g*" as n tends to infinity is 0, so we have
610, 9) . 6,0, q) ")

= lim .
62 (O’ q)93 (O’ q)94(07 Q) q—>0 02 (Ov Q)GB (07 Q)94(O’ q)
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The series expansions of part (a) give

o0
610, q) = Yy _(=1)"@n+ g"*"/?" ~ 2mg'*
OO_OO )
02(0, q) — Zq(n+l/2) ~ 2q1/4
—00

o0
60.9=Y " ~1
-0

840,9) = Y (=D)"q" ~ 1

as q tends to zero.
The right-hand side of (9”) thus tends to 7, and we deduce the relation

61(0, g) = 76,(0, 9)65(0, 9)04(0, q). (10)

(d) Expression of the theta functions as infinite products
For0 < |g| < 1and ¢ € C*, set

o, =[]0+ +g"Eh. (11)
n=1

We see easily that if |¢g] < p < 1 and if ¢ belongs to a compact K of C*, then
A4+ "1™ = 1+ (),
with
un(©)] < p™ M (p),

which shows that the infinite product (11) converges uniformly on K, to a holomorphic
function in ¢ (see Chapter 2, Section 2.4). Since K is arbitrary, we obtain a holomorphic
function on C*.

The obvious “symmetries” of the function z —> ®(e*7%, q) are the following:

¢ g) =0, 9

1
P(q*¢. q) = q—gw, q).

If we set ¢ = €2 and ¢ = €77, we see that ©(z) = P (e*7?, €7 7) satisfies equations (1),
with

(12)

F@) = gerne

It follows from the computation of part (a) that ® = ay8s, hence

absz @) = [ [+ DA +4""¢7h,
n=1
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and making the translations

1 T 14+t
—> _|._.’ [— +_’ — + s
z ¢ 2 z z 2 z ¢ 2

we obtain

apb(z,q) = —iv@(—qui”Z, q)
a0b2(z, q) = v®(ge*™, g)
aph3(z, ) = P4, g)
apb4(z, ) = P (—€*™2, )

withv = q1/4e”iz.
To determine ag, we will use the formula (10):

61 (0) = 76,(0)65(0)64(0)

which was proved earlier.
Taking z = 0 in (13), we obtain

oxX
af,(0) = 24 [ [ + ¢)*

n=1
o0

apts(0) = [ (1 + ¢*71)?

n=1

aofs(0) = [ T4 =g 1%
n=1

Furthermore, the first equation of (13) can be written

o0
aod1(z) = 294 sinnz ﬂ(l —2¢*" cos 2wz + g™,

n=1

hence

01(2) _

ap—
SINTZ

9]
2¢'/4 1_[(1 —2¢”" cos 2z + ¢™).

n=1

Letting z tend to zero, we obtain

o0
ag6; (0) = 2¢'* T ]l — 47",

n=1

13)

(13)

(13")
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Plugging (13’) and (13”) into (10), we obtain
2

[Ta+aHa+aHa—gh
n=1

[Ta-4m

n=1
[Ta+#a+aHa-¢ma—-4¢""h
n=1

l—[(l _ q2n)2
n=1

2

2

[Ta+amHa—-qm
m=1

ﬁ(l - ¢’
n=1

2

1
[Ta-4
n=1

Since aq is positive when ¢ is real, we deduce from (13’) that
1

[Ja-a
n=]

agp 14

and finally,
o0
61(z) =2q"*sinnz H(l — (1 = 2¢*" cos 2z + ¢*")
=]
o n
62(z) = 2¢'/* H(l — g™ (1 + 2g* cos 2z + ¢*")
o ! (15)
650 = [ (1 = ¢™)(1 +2¢"" " cos2mz +4*"%)
n=1
o
64(z) = n(l — ¢ = 2¢*" ' cos 2z 4 ¢*" 7).
n=1
Corollary 5.2.1

(i) All the zeros of the theta functions in C are simple.
(i) The zeros of 8, (resp. 6,, 03, 84) are congruent to 0 (resp. 1/2,(1 + 1)/2,7/2) modulo
A=7Z+7Zr.

Proof. Tt suffices to give the proof for 6.
By (13), we see that these zeros are those of 27 — g*" = 0, forn € Z.
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These zeros are obviously simple and equal to zero modulo A, so we see that

z=0mod A. U
Remark 5.2.4 Naturally we can recover this result by the methods of Chapter 2, taking
the integral of 6/(z)/6;(z) dz along the boundary of a (translation of a) period parallelogram.

(e) The heat equation

One of the important roles that theta functions play in physics comes from the fact that they
provide solutions of a partial differential equation called the heat equation. Indeed, we saw
in (a) that our functions are of the form

®(Z, T) — i(_1)vne(n+u/2)2nir+2iﬂ(n+/t/2)z’
—0Q
with (i, v) € {0, 1}2.
This series is infinitely differentiable in z and 7 on every compact subset, and we can
differentiate it term by term. Thus, we see that the functions 8y, 8,, 63 and 6, satisfy the
heat equation

3’0 90
— =4mi—. 16
e mie (16)
Application 5.2.1  Setfor o € {2, 3,4}, 6, := 6,(0), 6, = 6;(0) and
6] 8a(z, 7)
Je& T = g )

The function z — f,(z, ) is a meromorphic function on C which admits a simple pole of
residue equal to 1 at every point of the lattice A = Z + Zt. By Chapter 2, it cannot be
doubly periodic, and in fact we have the table

z z+1 Z+T z+1+1
S f P ~f
BE —f ~f S
Ja —fa Ja —fa.

It follows, nonetheless, that the functions fzz, f32, f42 are elliptic of lattice A, and as their
Laurent expansions at z starts with 1 /zz, we have

22T —f@ 1) =cqp €C. (17)
The computation of the Laurent expansion of these functions begins with
6, 1 «9{”)

1
2 —_— —_— —_———
fa(z’ t) - 22 + (9(1 3 91,

Cap = = . (18)
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Now, the equations (8”) imply that

63 (x) 02 07 (x) , 2
67(x) 85(0) — 62x )93 0) =06;(0)
(x) 62(0) — 92(x) 2 _ a2
92( ) 65(0) 52x) 8;(0) = 6;(0)
(x) 02(0 93( ) _n2
PO GO =60,

and taking (10) into account, we see that

32 = 200,

ie.

42 = 1265 (0),

9// 9//

%03 -2
5 (0) = % o
9// 0//
%©_———
2 0; 03

0// 9//

2 2

72030 2,

O =5 "%

Remark 5.2.5 Adding the last two equations, we recover (8")!
Plugging the heat equation (16) into equations (19) gives

418
T ot
4 9

04
65(0) = gﬁ_z(o)

04
65 (0) = _8_1 —3(0)

4 3
%@:;Emé@'

Now, 9/0t = 3/0q - dq/dt = miq(3/dq), so

0 64
0¥(0) = —4g— log — (0
5 (0) qaq OgOZ()

d 64
#4(0) = —4g— log —=(0
2() qaq 0g93()

3 8
mm=4%T%£@.

cs3 = w205 (0),

(19)

(20)

3y
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Using the infinite products of the preceding part, we obtain from the first relation of (21) that

= (L) =l S S )

m=1 qm

which gives the identity (5) of Section 5.1 (see Exercise 5.8).

(f) The Jacobi Transform
This transform establishes a fundamental link between 8, (z/7, —1/1) and 6, (z, t) fora = 1
and 3. That such a link can exist is not too difficult to see, if we consider the quotient
6,(z/t, —1/7)

6i(z.T)
Indeed, this quotient has multipliers for the lattice A, as follows:

H\(z) =

Z z+1 z+T
H(z) vH | (z2) uH,(z)

with 1 = ge?™2, v = ¢™/T+272/T Since the zeros of 6, (z, T) and of §,(z/t, —1/7) belong
to the lattice A and are simple, we see that H, has no poles (or zeros) in C, and one can
easily check that H*(z) := e #/TH,(z) is an entire elliptic function of lattice A, so a
constant C by Liouville’s theorem 2.4.3 of Chapter 2.

Thus, we have

|
01(5» —’> = Ce'™ "0 (z, 7)
T T
1
92(2’ “—) = iCe™0,(z, T)
s (22)
035, — =) = iCe™ P03z, 1)
T T
1 ;
02, —=) = iCe ™0z, 1)
T
We will use relation (10) for 6(z, —1/1)
06, 1 1, 1
8z <_ _;> =0 20 (0’ B )
hence
, 1 b4 1 1
(0. -7) = o0 D)o (0.~ )os(0. 7).
and by (22),
€8/(0,7) = —%0394(0, 0630, 7)6:(0, 7).
Still using (10), but for 8(z, t), we have
C? =it (23)

It remains only to give the determination of the square root of it.
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For this, we assume that 7 € iR, and we set T = it with7 > 0.
The third equation of (22) for z = 0 gives

oC

Z e~ﬂn2/r

6:0.i/t) =
6:(0,ir) &

§ :e—rmzr

—00

iCGr) = e Ry,

so we see that C(it) is equal to —i/7.
Let /7 /i denote the determination of the square root which is positive on iR, . We have

1 .
0 (E’ _—) - _,'\/Zem:z)/rgl(a )
T T {
1 .
92(5, ——) = \/Ze(”'~’2>/f94<z, T)
T T 1
4 (24)
1 2
o3 --) = ﬁe”“z 0z, 1)
T T 1
1 >
94<£’ __) = [Zem (2, 1),
T T 1

and in particular,

92(0, —%) = \@94(0, )
« 93(0, —%) = \@93(0, 7) (25)
94(0, —%) = \@92(0, 7).

Remark 5.2.6 The Jacobi formulae (formula (24)) can also be obtained using the theory
of Fourier series.

Theorem 5.2.1 For t € H, we define the function ¢(t) by the relation
o(1) = 68(0, 1)6%(0, 1)65 (0, 7).
Then, we have
oC
o(t) =257 [Ja - (26)
n=1
and

1
o+ =0,  ¢(-=) =1
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Proof. By relation (10), we have

0/(0)\*
p(1) = (ﬁ) :
T

By the first formula of (15), we have
8, (0) g l—[(l &?

which gives equation (26).
It follows from (26) that ¢(t + 1) = ¢(1).
It follows from (25) that ¢ (—1/7) = r]2¢(t).

5.3 MODULAR FORMS FOR THE MODULAR GROUP SL,(Z)/{1, -1}

From now on, we will make use of a new parameter g which will be the square of that of

the preceding section:
2imT .

qg:=e

In this way, we can write 8(t) := 65(0, 7) in the form
8(z) = anZ/z, q= e2i7rr'
Similarly, the function ¢ of theorem 5.2.1 can now be written
o(r) =2%qN(1 — g™
Thus, we have

p(t+1) = (1)

w( — %) = 1%9(1).

M

(1)

2

We now propose to establish properties analogous to (1') and (2) for the Eisenstein series

of the lattice A = Z + Zrt.

5.3.1 Modular Properties of the Eisenstein Series

We saw that the elliptic functions of the lattice A are attached to the cubic

Y? = 4X° - gX — ge.

(E)

where g4 = g4(A) = 60G4(A), g¢ = gs(A) = 140G¢(A) (see Chapter 2, Sections 2.6

and 2.7).
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The formulae of Chapter 4, Section 4.13, give
A(A) = ga(A)® — 27g6(A)?

o ga(A)?

When we scale the lattice A by a factor of @ € C*, we obtain the homogeneity relations
Gu(aA) = a *Gy(A)
A(aA) = a"PA(A) (3)
JaA) = j(A).

The relations (3) enable us to always use a lattice A of the type
AN =Z+Zt=7Zt+ 7,

with 7 € H = {z € C; Iz > 0}, and the true Eisenstein series are the functions 7 +
Gu(Ag).

Definition 5.3.1 From now on, for an integer k > 2, set

Gu () = Gu(Ay)
A(T) := A(A)
J(@) = j(AL).

Suppose we now make the change of basis

w2 _f(ab)(rt
o] \ed/\1
in A, keeping the orientation of the basis. Then we have

, wy at+b

/== =

T w ct+d
ad —bc =1,

and we see (by conservation of the orientation) that T’ € H. Moreover, we have
Al- = sz + ZCI)I = Cl)lAr’s

and we deduce from the homogeneity formulae (3) that

b
2 (220) = Gu(e) = (v + dP*Gu(o)
at + b _ " 12
A<cr+d> = A(T)) = (ct + )2 A(D) )
qat+b N
J(Cr+d) =j(r") =j(r).
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In particular, we have

1
Gu(r +1) = Gu), G — =) = 7*Gu(®)
A+ =a@, A= %) = t2A() @)
l
j+ 1) = o), i(==<) =i

Let us summarise the results above in a statement.

Proposition 5.3.1 Let H denote the Poincaré upper half-plane and SLy(Z) the group
{(29) € Mao(Z); ad — be = 1.

(i) SL2(Z) acts on H via the formula
a c\_ _at+b
b d)' T crvd
(ii) The functions Gy, A, j are holomorphic on 'H of period 1.
(iii) These functions satisfy the functional equations

atr +by\ 2%
GZk(cr—i-d) = {cT + d)" Gy (1)
ar +by\ 2
A(cr—i—d) =(ct +d)"A(1)
qsat+b )
J(cr +d> =J@.

Remark 5.3.1 For the proof of (ii), we refer to Chapter 2 (uniform convergence on every
compact subset of H).

To complete our study of the resemblance between the function ¢ and Eisenstein series,
it remains to find the g-expansions of the latter.

Lemma 5.3.1 Let f be a function defined in H, holomorphic and periodic of period 1.
Then there exists a unique holomorphic function g, definedinC = {z € C; 0 < |z] < 1},
such that

g™ = f(1).
Proof. (1) Note that the map

H—C

7 e2int

is holomorphic, locally invertible, and that its image ¢ (H) is contained in C.
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Thus, it suffices to complete the diagram

by a holomorphic function g.

(2) To construct g, we use two “charts” which cover C, and we construct local
inverses of ¢.

The charts are given by

O1={zeCyz¢]1-1,0[}
0, ={z€C;z¢]10,1[}.

In Oy, we choose as the inverse of ¢ the function

s L os @)
2 £112),

with log,(z) := log |z} + i arg,(z), where we take arg,(z) € | — 7, 7[.
In O, we choose as the inverse of ¢ the function

¥ 1
21 ’
SR 2im 082(2)

with log,(z) := log |z| + i arg,(z), where we take arg,(z) € [0, 27 {.

Thus, we see that ¥ (z) = ¥»(z) when z € H N C, but that ¥,(z) = ¥;(z) + 1 when
Jz < 0.

But since f is periodic of period 1, we have

fovi(@ =fov()
forevery z € C, sof oY1 = f o 9, is the desired function g, holomorphic on D. O

Theorem 5.3.1
(1) Let f be a complex-valued function defined over H, holomorphic, periodic of period
1, and having a uniform limit ay when 37 tends to +00. Then f admits a g-expansion

of the type

o0
f(t) — g(eZmr) —_ Zanqn, q — eZUTT'
n=0
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(2) Ifk = 2, then

2Qim)* &

Gau(t) = 2¢2(2k) + 2% =D Zoﬂc—l(n)qn»

n=1

where o,(n) = Z d".

d=0
d|n

Proof. (1) We know by the lemma that
f(x) =),

where g is holomorphic in C.

Since f(7) tends uniformly to ap as J7 tends to infinity, we see that g(g) tends to ag
as |q| tends to zero. The function g is thus holomorphic in the open ball of centre 0 and
radius 1.

The function g admits a Taylor expansion at the origin whose radius of convergence is
greater than or equal to one. Thus,

o0
@) =™ =Y aq".
n=0
(2) Starting from Euler’s identity (see Chapter 1, formula (7) of Section 1.8), we have

. 1+§:( 1 + 1 )
ncotg T = — s
& T T+m T—m

m=1

where the right-hand series converges uniformly on every compact subset of C.
If g = %" with T € H, then

+1
Teotg T = inq =im — =im —2in qu,
q

SO

1+i( 1 4 1 ) ) 5 i B
— =T — 2 .
T oyt T4+ m T—m d:oq

Differentiating this equation (2k — 1) times, we have

[e¢] 1 [eo]

. 1 . 2k 2k—1 d
Z TR S (2k_1)!(2m) Zd q°. 5)

m=—00 d=1
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Furthermore, we have

1

Gou(t) = m

(£,m)#(0,0)

_Z 2k+Z Z (gr_l_m)Zk

m;éO ££0 m=—00

1
_2;(2k)+2z Z G

=] m=-0o0

Replacing 7 by £7 in (5), we easily obtain

2k o0 o0
Gt (v) = 26 (2K) + 22T Wl
Ck=DV= T

and setting d¢ = n, we obtain
2Q2im)* &

Gul(r) = 22K + 5= Zazk 1.

Remark 5.3.2 (1) If we define E5; (1) by

2(2im)*
G = ——Fu(r), 6
%(T) 2k~ 1! 2%(T) (©
then, using the expression of ¢ (2k) in terms of 7% and the Bernoulli numbers (cf. Chapter 1,
formula (8) of Section 1.8.4), we easily see that Fy () € Q[[g]].
Here are the series expansions of the first Eisenstein forms.

1
Ey(t) = — +q +9¢* + 284° + 73¢* + 126¢° +252¢° + -

240
1
Eo(t) = —zx +q+33¢7 + 244q" + 10574" +
1
Eo(r) = o5 +q+129¢7 +2188¢" +
1
Ey(r) = ~ %64 +g+513¢° + -

691
Ep(r) = 65530 +q9+ 2049q +-

1
Eu(® =-2,+q+ 8193¢° + - - -

The constant term of E, is equal to —B, /2k.
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(2) Recall that in Chapter 2, formula (27), we gave a proof of Jacobi’s formula
A(r) = 2m)?q] [ — g™ ®)

Definition 5.3.2 If we set

o0

Y tg =g ﬁ(l — g%,

n=1 n=I1

the function n +— t(n) is called the Ramanujan function.

A computation shows that

n 1 2 3 4 5 6 7 8

(n) ' 1 —24 252 —1472 4830 —6048 —16744 84880
We can show that 7(n) = O(»®) and
t(mn) = t(m)t{n) if (m,n) =1
(@) = ()t (@*) — plr(p*~!) for p prime and k > 1.
We express the property of t(mn) by saying that the function 7 is multiplicative.
The 7 (n) satisfy remarkable congruences modulo 212 36 53 7 23 and 691. For exam-
ple, we have
7(n) = no(n) mod 33
t(n) =n o3(n) mod 7
t(n) = o(n) mod 691.

The Ramanujan—Petersson conjecture states that

@) <2p".
This conjecture was proved by Deligne in 1974.

5.3.2 The Modular Group

We saw earlier that SL,(Z) acts on the Poincaré upper half-plane H, but this action is not
“faithful” since the matrix (;; l_?) acts trivially. One can check (exercise) that conversely,

if (‘; Z) acts trivially on H, then it belongs to the subgroup {I, —I} of SL,(Z).

Definition 5.3.3 The group G = SL,(Z)/{I, —1} is called the modular group.

Remark 5.3.3
(1) The modular group G can be seen as the group of homographies v
(at + b)/(cTt +d), with (2‘2’) € SLy(7Z). The group SL,(7Z) is sometimes called
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the homogeneous modular group. We use Greek letters to denote the homogeneous
groups (e.g. ' = SL,(Z)), and Latin letters to denote the non-homogeneous groups
(e.g. G =SL,(Z)y/{I, —1}).

(2) One can show ([J, S]) that the group PSL,(R)/{I, —I}, which acts faithfully and
transitively on H, is the group of analytic automorphisms of H. Thus the group G is
a subgroup of PSL,;(R).

Definition 5.3.4 Let H be a subgroup of G, and let k be an integer.
A weakly modular form of weight k for the group I is a meromorphic function f defined
over H which satisfies the functional equation:

ar +by X
f(5g) =+ atfe

for every automorphism © +— (at + b)/(ct + d) of H belonging to H. A function is
said to be weakly modular if it is a weakly modular form of weight zero.

Example 5.3.1
(1) If kis odd, then f = 0.
(2) The formulae (4) show that Gy is a weakly modular form of weight 2k for G. Similarly,
A and j are weakly modular forms of respective weights 12 and 0 for G.
(3) The formulae (2) show that ¢ is a weakly modular form of weight 12 for G. Similarly,
we see that 68 is a weakly modular form for the group H generated by 7 > 7 + 2 and
T > —1/7 in G (see formulae (24) of Section 5.2).
Thus, we see that if f is weakly modular for G, it is periodic of period 1; thus it is given
by its restriction to a vertical band of width 1. In fact, we can do much better.

Definition 5.3.5 A fundamental domain of H for the group H is an open subset D of
‘H which meets every orbit of H at exactly one point and whose closure D contains at
least one point of each orbit.

The first condition means that if ; and 7, are two points contained in D which are
equivalent under the action of H, then 1, = 1,.

Lemma 532 Lett =x+iye H,withxandy € Randy > 0. In the orbit of T under
the action of H, there are only a finite number of points “above” t.

Proof. Let t/ = X' 4+ iy = (ar + b)/(ct + d) be a point of the orbit of 7. An easy
computation gives
;Y
et +d)?
Thus, the condition y’ > y is equivalent to

y

lez+d)? <1,
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s0 ¢?y? < |ez +d|? < 1, which gives a finite number of ¢ € Z such that |c| < 1/y. Then
the condition (cx + d)? 4 cy? < 1 gives a finite number of d. ad

Theorem 5.3.2
(1) The subset D of H defined by

D={rteH;|Ret| <3, |t] > 1}

is a fundamental domain for G.
(2) Two distinct elements of D cannot be equivalent unless they both lie on the

boundary of D.

Here is a representation of D; it is in the interior of the “triangle” marked D.

i
7-1|D P opl i P T|D
7-1SD slp 7|sD
5 3 11 112 4 3
o -2z T 0 - L= | > 22 2
3723 73 3 2 3 3 2

Proof. (1) We wili begin by showing that D is the same set as
D, = {1: € H; |Ret| < % and |ct +d| > 1if (¢,d) # (0,0) and (c, d) # (0, 1)}.

Clearly, Dy C D (take (¢, d) = (1, 0)).
Conversely, if r € D, then

let +d? = (ex + d)? + &Y?
= (x? +y2) +2¢cdx+d* > ¢ —|ed| + d* > 1.

2) SetS = ((1) _(1)). By lemma 5.3.2, there exists 7 € H having ordinate maximal in its
orbit; we can translate it into {7 € H, |Re(7)] < %} and we must have |t| > 1, otherwise
J(S(r)) > It! Thus t € D.

(3) Let v and 7’ € D be such that T’ = (at + b)/(ct +d). Since 7 and T’ € Dy, we
must have I/ < 7 and It < J1/, so It = Jt'. This gives

l=(r+d)’=(x+d)?+* > —|ed| +d* > 1.
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But ¢? — |ed| + d? = 1 implies that (¢, d) = (0, £1) or (¢, d) = (%1, 0), hence

(£ 2)==6 ) = ¢ 9-=07)

If, in the first case, n # 0, then t and v/ must belong to the vertical boundaries of D.

If t' = S(r), then |7’ > 1, and |7} > 1 implies that [t| = |t/ = 1, so T and 7’ belong
to the unit circle. )
If T or 7/ is not on the boundary of D, then we have 1’ = T°(t) = 7. |

Corollary 5.3.1 The map D — ‘H/G is surjective and its restriction to D is injective.
Corollary 5.3.2 When o runs through G, the set of subsets o (D) forms a tiling of H.
Corollary 5.3.3 Let H be a subgroup of finite index of G, and let Hg, . . . , Hg, be a system

of left cosets of G modulo H. Then A := gyD U g,D U -.- U g,D is a fundamental domain
for H.

Proof.
(1) Let © € H. Then there exists ¢ € G such that o(7) € D. As Ho is a left coset,
there exists i € {1,...,n} and y € H such that 0 = yg;. Thus, we have o (1) €

y(g:D) C y(B).
(2) Now, if 7 and 7’ are two H-equivalent points of A, we can say that 7 € g;D and
T’ € gD, so gi'l(r) = gj_l(t’). Thusi=jandt =7’ O

Theorem 5.3.3 Letn € N be such that 1 < n < 4, and let T be the subgroup of SL,(R)
generated by ( (1) ‘/f) and ((1) _é ). Then U consists of all the matrices of SL,(R) of the form

(e 20 )

To prove the theorem, we will need the following lemma (exercise).

Lemma 5.3.3
(1) IfeeN*andif 1 <n <3, thenwe have R = U,ez]a(t — l/ﬁ), a(t + 1//n)f.
(2) If w is odd and if n = 4, then Z is contained in this union of intervals.

Note that this lemma is false when n > 5.

Proof. (1) Let I be the set consisting of the matrices described in the statement. We easily
see that T is a subgroup of SL,(R) and that the generators of I" belong to this subgroup.
Thus, I C .

(2) We will now prove that ' C I. Since

() e )
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it suffices to consider a matrix of the type (cf/z bﬁd)‘

We use the method of infinite descent on |a|. Assume that |¢| is minimal for the matrices
of "\ T.

We cannot have a = 0, otherwise n = 1 and :l:(ol _dl) = i(? _10)(10 ld) erl.

Nor can we have b = 0, otherwise a = d = *1 and

(e Do D6 6 e

Now, if t € Z, we have

(6 )~ )
NG NG

withd =b+at,d =d + cin.

We apply the lemma with ¢ = |a|, and we see that there exists ¢+ € Z such that
|b'\/n| < |a. Since (Zjﬁ“{f,) ¢ ', we know that b # 0. Now, if s € Z, we have

0 —1\(a bm\(0 —1\(1 s/n\_[(-d cvn
I 0 c/n d 1 0J\0 1) \Wy/n -4
withc =c—d's,a =a — nb's.
Taking ¢ = |nb'|, we see that there exists s € Z such that |@’| < |b’|4/n. Thus we obtain

a byny (0 =1\(-d /n\[(0 -1 eI\ T
d\n d ] \1 0 vyn —d 1 0 ’
and we have |@| < |b'|\/n < |a|, which contradicts the minimality of |a. a

Corollary 5.3.4  The modular group G is generated by S := (0 ")y and T := ({ ).

Proof. This is just the special case n = 1 of the theorem. O

We saw that the symmetries of the function 6 are generated by S and 72. Let I'y denote
the group generated by S and 72.

Corollary 5.3.5 Let 7, be the homomorphism
a b . a l:a
c d ¢ d)’

where X denotes the reduction of x modulo 2. Then 1, passes to the quotient modulo {1, —I}
and defines a homomorphism

@2 1 G—>SLy(F»).

Moreover, Ty is the inverse image of the subgroup of SL,(F,) generated by w1(S) = S.
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Proof. This is just the case n = 4 of theorem 5.3.3. d

The construction of corollary 5.3.5 can be generalised so as to construct subgroups,
called “congruence subgroups” of G; these groups were considered by F. Klein starting in
1877.

Let N be an integer > 1, which we call the level (German “Stufe”) of the groups we will

construct. As above, we associate to N a reduction homomorphism of the homogeneous
modular group:

SLy(Z) - SL,(Z/NT)
a b b
> -1.
c d d
Definition 5.3.6

(1) The kernel of my is called the principal congruence subgroup of level N; it is
written I'(N). Thus

T(N) := {(‘C‘ Z) € SLy(Z):; (‘C’ 2) = (é ?) mod N}.

(2) The Hecke subgroups® of level N are given by

o Q1

To(N) = {(‘Cl Z) € SLy(Z); ¢ =0 mod N} .
rO(N) = {(‘C‘ 3) € SLy(Z): b=0 mod N}.

(3) Generally speaking, a subgroup T of SL{(Z) is called a congruence subgroup if
there exists N > 1 such that " O T'(N).

Example 5.3.2 We easily check that if T = ( (‘) ; ), then
TTeT™' =T°02),

which shows in particular that [y is not a normal subgroup of G.

Remark 5.3.4 Since all the Hecke groups contain {I, —I}, we allow ourselves to use the
same notation for a homogeneous group and the non-homogeneous group which corre-
sponds to it by passing to the quotient modulo {7, —I}. This is no longer possible for I"(N)
when N > 2.

63 E. Hecke (1887-1947).
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Proposition 5.3.2 Let N > 1 be an integer. Then T'(N) is a normal subgroup of SLy(Z),
and the quotient group SLy(Z)/ U(N) is isomorphic to SLy(Z/NZ).

Proof. It suffices to prove the surjectivity of . Let M = (Z 3) € MZ(Z) be such that

detM =1 mod N. We want to modify a, b, ¢, d in such a way that( ) = (C d,) mod N
and a'd — b'¢’ = 1. We know that there exist U and V € SLz(Z) such that UMV is

diagonal, i.e.
_ aj 0
UMV = (O az) .

_ a 1 _ 1 —as o 1 0 .
W_(az—l l)’ X—<0 1)’ M_(l—al 1/

then we ~have WUMVX = M (mod N) since aja, = 1 mod N. If we take M’ =
(WU 'M(VX)™!, then M’ = M mod N and M’ € SL,(Z). O

Set

Remark 5.3.5 We will see in Exercise 5.5 that the index of I'(V) in SL,(Z) is equal to

1
I -5)
[0=5
Theorem 5.3.4 Let p be a prime.
A system of representatives of the left cosets of SLy(Z) modulo T°(p) is given by
IT,...., T land S.

Proof.
(1) Clearly, the cosets I'°(p)T/ are disjoint. Moreover, they are also disjoint from I'%(p)S
since 7/S™1 = (7 ) ¢ [°(p).
(2) Let us show that every matrix ( Z) € T'(1) belongs to one of these classes.
(2.1) If p divides a, then (~ b ") € I'’(p) and we have

©0=(2 9C Yeros

(2.2) If p does not divide a, we can apply Bachet—Bézout to (a, p); there exists j and
x € N such that ja + xp = b, and we can take 0 <j < p — 1. We then have

b—a 0
(c d—cj)er )

a by _ [(a b—a\ (1 i
(c d)—<c d—cj)(O 1)€F0(”)T1' O

)

and
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Corollary 5.3.6 Let p be a prime. A system of representatives of the left cosets of SLy(Z)
modulo Ty(p) is given by

1 0
p—1 5 _
S, 8T, ..., 8T ,I_<0 1).

Proof.  Since Fg(n) = ST%(n)S~!, we have
SLy(Z) = (S™'To(P)HAI U - - U (ST o)) Ap+1,

where the system Ay, ..., Ap4 is the system of theorem 5.3.4. Multiplying by S on the left,
we have

SLy(Z) = To(p)SA U - - - UTo(p)SAp11. O

Corollary 5.3.7 A system of representatives of the left cosets SLy(Z) modulo Ty is given
by the three matrices I, T™', T~'S.

Proof. We have
SL,(Z) =T°2)ur’)rurls,
and as ['%(2) = TTT~!, we have
SLy(Z) = TTyT ' UTT4I UTTo(T™'S).
Multiplying the two terms on the left by 7!, we obtain the result. O
Example 5.3.3 We deduce from corollary 5.3.7 that a fundamental domain for I'y is given

by DUT-(D)UT~'S(D).

5.3.3 Definition of Modular Forms and Functions

We give the definition of modular functions only in the case where these functions are
associated to a congruence subgroup of level N, i.e. functions which possess invariance
properties relative to a subgroup H of SL,(Z) containing I"(N). In this definition, the cusps
are the different orbits of Q U {ioo} modulo H.

Definition 5.3.7 A meromorphic function f : H — C is called a modular form which
is meromorphic of weight & relative to H if the following conditions hold.

(i) Modularity condition: For every t € H and every (0 Z) € H, we have

at +by %
1(5o) = e + . ®)
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(ii) Condition of meromorphy at the cusps: For every (Z 3) € SLy(Z), the function

(ct +a’)"‘f(%)

admits an expansion in powers of g*/N, convergentin C = {qg € C; 0 < [q] < 1},
in which there is only a finite number of terms with strictly negative exponents.

Remark 5.3.6 We have proved the existence of an expansion in g only when N = 1.
However, the proof of theorem 5.3.1 (and that of lemma 5.3.1) generalise easily to
arbitrary N.

Definition 5.3.8
(i) A modular form is a meromorphic modular form which is holomorphic every-
where, including at infinity.
(ii) A parabolic form, more usually called a cusp form, is a modular form which
vanishes at the cusps.
(iili) A modular function is a meromorphic modular form of weight zero.

Examples 5.3.4
(1) Theorem 5.3.1 shows that Gy (7) is a modular form of weight 2k for SL,(Z).
(2) Theorem 5.2.1 shows that () is a cusp form of weight 12 for SL;(Z).
(3) Relations (1) of Section 5.3 and (24) of Section 5.2 show that #3(z) is a modular form
of weight 4 for I'y, a group which contains I"(2). O

Let H be a congruence subgroup of SL;(Z), and let M (H) (resp. S;(H)) denote the
complex vector space of the forms (resp. the cusp forms) of weight k relative to H.

Notation 5.3.1 The following notation is often useful.
Letf € Mi(H) and y = (°5) € GL,(R), and set

fley@ = dety(ct + ) (y (1)) ©
The modularity condition on f can be written:

flky=f foreveryy € H. ®)
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The map y +— f | ¥ has the following formal property:

fleviva=¢ v e v, (10

which can easily be checked by direct computation.

5.4 THE SPACE OF MODULAR FORMS OF WEIGHT & FOR SL,(Z)

The quotient space ﬁ/\G, whichis H /G compactified and which is equipped with an analytic
structure, is a Riemann surface on which the functions are modular functions. However,
we will not develop this aspect of the theory here, as it would lead us too far afield (see
[Gu] and [Sh]); we restrict ourselves to giving a traditional presentation, using the theory of
residues.

Let f be a meromorphic modular form on H, not identically zero and of weight k. If g is
a point of H, the order of f at 74 is by definition the unique integer n such that f/(r — 7)"
is an invertible holomorphic function in the neighbourhood of 7y; we denote this order
by vy, ().

The modularity condition satisfied by f shows that if y € G, then

Vi (f) = Vy(w) (f)

Denote this number by vp(f), where P denotes the projection of 74 (or y(10)) to H/G.
Finally, if rp € Q U {ioo}, then we call v, (f) the degree in g of the expansion of the
function g of theorem 5.2.1 Section 5.2, and theorem 5.3.1 Section 5.3.

Theorem 5.4.1 Let f be a non-null meromorphic modular form of weight k relative to
the group SLy(Z). Then

1 1 R _k
Voolf) + ¥l + 3o () + D vr(D) = 1,

PcH/G

where the asterisk indicates that we limit this sum to the points of H /G different fromiand p.

Remark 5.4.1
(i) In this formula, i (resp. p) denotes the projection of /2 (resp. ¢2"/3) to H/G. The
reason for which we divide the order of f at i (resp. p) by 2 (resp. 3) is that the order
of the stabiliser of i (resp. p) in G is equal to 2 (resp. 3).
(ii) Note that vp(f) is almost always zero.
Indeed, the fundamental domain D of G is contained in {t € H; Jt > V3 /2}.
Thus, the image inverse of D in {g € C; |q| < 1} is contained in the compact set
K ={qeC; |gl <e?}. Asf(r) = g(e¥**), where g is meromorphic in K, we
see that g can have only a finite number of zeros or poles in K; a fortiori f has only a
finite number of zeros or poles in D.
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Proof. (1) Assume that all the zeros and poles of f in D lie strictly below of the line of
ordinate o (we can always assume this), and let D,, denote the compact set

{r € D; Imt < «}.
Assume furthermore (in the first part) that f has neither poles nor zeros on the boundary of
D,. We apply Cauchy’s theorem, integrating df /f on this boundary:

1 daf "
il P DR e DL

PeH/G PeH/G

It remains only to evaluate the integral on the left.
Since f has the period 1, the integrals over AB and DE vanish.
The integral over EA can be computed simply by writing

f(o) =g.

We obtain
1 fAdf 1 d
— [ o= Z@=-valn
2im Jg 2in Jo- &
There still remains the segment BD, which we divide into BC and CD. We have

Jo7 b7 L7

The functional equation of f gives

f( ~ %) = *f (1),
df df /1 d(t"f (1))
Lyo=L5C0=1 %

g _ 1 / (o k
2im BD f 2im cg T 12 '
(2) If f has poles or zeros on AB (and DE), we deform D by making a little detour to
avoid them, following a classical procedure in complex analysis.

hence

Finally, we have
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The same holds if f has several poles or zeros on BC (and CD).
(3) If the pole or zero is at e™9/2 ¢0/3 or ¢@27D/3 we are led to the decomposition

A=—% +ia

I,
5+13-E

)

W/

) -—
./

p p+1
ﬁ . .
When CC’ tends to the point i, we see that

1 (¢ df 1 ¢ dr 1
2ir Jo 7 2 Jo 0T T2

— — .
When BB’ (resp. DD') tends to the point p (resp. —p), we see that

1 [%ar 1 [F dr 1
), T ), O T = e

1 (Pdr I dr 1
2 )y 12w )y T T e
Corollary 5.4.1
(i) The modular invariant
3 3
ji=17285 = 172884
A 81— 278
defined in Section 5.3.1 is a modular function.

(ii) Ir is holomorphic in H and admits a simple pole at ico, of residue equal to 1.
(iii) It induces a bijection H/G—» P;(C) = C U {oc}.

Proof. (i) This assertion comes from the fact that gi and gé are both modular forms of
weight 12,

(ii) We saw in formula (8) that A(t) does not vanish when t € H.



292 INVITATION TO THE MATHEMATICS OF FERMAT-WILES

Furthermore, we saw in Section 5.3.1 that

4
g4 =60Gy = Zm*(1+240g +---)

8
g6 = 140Gg = ﬁn(’(l ~504g + - --),

hence

6

2
g — 278 = 3w (1 +240g + )’ = (1 = 504q +---)’]
26
=_7"%(1728¢+---)
33
which gives the result.
(iii) Let A € C. The equation j(r) = A is equivalent to

fu(r) = 1728g3 (1) — AA(1) = (1728 — Mg (t) + 27rgé(r) = 0.

Since fj is of weight 12, theorem 5.4.1 leads to solving the equation

n/ n//
nt—+—+ Y w)=1

2 3 peH/g

with n, n’, n” > 0, which gives the solution
(n,n',n") €{(1,0,0), 0,2,0), (0,0,3), (0,0, 0)}.

Thus f; of H/G vanishes at one and only one point of H/G, in the sense of the analytic
structure. 0

Remark 5.4.2 o
(1) This result shows that if we want to construct a suitable analytic structure on H/G
(i.e. such that j induces an isomorphism of analytic varieties), we are led to choose
(tr — i)* as a local parameter at i, and (t — p)> as a local parameter at p.
(2) The coefficient 1728 is chosen on purpose in order for the residue of j at infinity to be
equal to 1.

Corollary 54.2 ?7/\G is a Riemann surface of genus zero.

Proof. Indeed, it is isomorphic to P, (C) by corollary 5.4.1. 0
Now, we are ready to prove the important result which we have already used several

times.

Theorem 5.4.2 Every smooth Weierstrass cubic defined over the field of complex numbers
is parametrisable by elliptic functions.
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Proof. LetC = Y? = 4X3 — AX — B be our cubic. Assume that A> — 27B% # 0. Then the
modular invariant j. of this cubic is not infinite, and there exists 7 € H such that

J(®) =Je.

Let A, be the lattice Z + Zt. Then the Weierstrass function g of the lattice A, satisfies the
equation

W: 9'(2)* =4p @)’ — gap (@) — ge-

Since the cubics C and W are isomorphic, there exists 4 € C* such that A = A*g4 and
B= X6g6. As

ga(AAL) = M*ga(Ar) and  ge(AA;) = A%gs(As),
we see that if o denotes the Weierstrass function of A~' A, then

©'(2)* = 4p*(2) — Ap (2) — B. O

When we now consider a subgroup H of finite index u in G, the space 77/7-1 isH/H
compactified and equipped with an analytic structure; it is a Riemann surface, whose genus
g can be computed in any of several different ways (see [Gu] Chapter I, Section 4). In
particular, this genus is the dimension over C of the vector space S>(H) of modular cusp
forms of weight 2 relative to H. When H = [o(N)/{I, —I}, the genus g is given by the
formula (see [Sh] p. 23-25)

V2 V3 Vo

"
I R Yoo 1
8=t n 77373 M

where

j = [SLy(Z) : To(N)] = N [Tyn(1 + €71,
vy = l_[ (1 + (_—1>) if 4 does not divide N, zero otherwise,
£

(N
£prime
-3
Vv = l_[ (1 + <7)) if 9 does not divide N, zero otherwise, 2
EIN

Eprime

N
Voo = Z(p((d, E)) where ¢ is the Euler function.

diN
d>0

The Legendre symbols (—1/£) and (—3/£) can be defined as follows:

0 ife=2 0 ife=3
(_—1)= 1 iff=1mod4 (ﬁ)= | iff=1mod3
; ¢
1 iff=3mod4 ~1 iff=2mod3.
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Example 54.1 (1) f N < 11, we find that g = 0.
(2) When N is an odd prime p, the dimension of S;(Fy(p)) is given by

g:p—l-;—l if p=—1mod 12
g:p—l_z—5 if p=35mod 12
g:p—l_2—7 if p=7mod 12
g:l%% if p = 1 mod 12.

5.5 THE FIFTH OPERATION OF ARITHMETIC

In this section, we will show how the results of the preceding section provide remarkable
arithmetic identities, such as for example Jacobi’s identity (Section 5.1, formula (5)).

Let M; (resp. Sx) denote the complex vector space of modular forms (resp. of cusp
forms) of weight k for the group G = PSL,(Z). Clearly, the map M, — C which associates
to a modular form its value at infinity is a linear form on M;, whose kernel is Si. Thus,

M =5 & CGy

where k is even and > 4, and where G, denotes the Eisenstein series of weight k; indeed
Gap(ioo) = 2¢(2h) # 0O by theorem 5.3.1.

Propeosition 5.5.1
(1) M, is zero if k is odd, negative or equal to 2.
(2) Ifk =0, 4, 6, 8, 10, then M, is a vector space of dimension I which has basis (respec-
tively) 1, Ga, Gg, Gg, G1o. Moreover, under these conditions, S; = {0}.
(3) Multiplication by A defines an isomorphism My — Siy12-

Proof. All this follows from theorem 5.4.1 and the fact that A € Sy, does not vanish on
H. O

Corollary 5.5.1 We have

[k/12] ifk=2mod 12, k>0

dika =
[k/121+ 1 ifk #2mod 12, k > 0.

Proof. Tt suffices to check these formulae for 0 < k < 12, and then to see that both sides
increase by 1 when k increases by 12. O

Corollary 5.5.2 A basis of the space My is given by the family of monomials G Gg , where
o and B are integers > 0 and 4a + 68 = k.
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Proof.  We use induction on k, checking first that the property holds for k < 6.

If k > 8, then we see that that there exists a pair (@, 8) € N? such thatda + 68 = k. As
the modular form G§ Gg is non-zero at infinity, all f € M, can be written f = LG} ij +g
with g € Sy and 1 € C.

By (3) of Proposition 5.5.1, there exists & € M;_;, such that g = Ah. Applying the
induction hypothesis to Mj_;», we see that the monomials G Gg generate M.

It remains to see that they are linearly independent; if we assumed the contrary, Gi / Gé
would satisfy a non-trivial algebraic equation with coefficients in C, so it would be constant.
But this is absurd. Indeed, G4 € My implies n + (n'/2) + (n”/3) = 1/3, 50 (n,n’, n") =
(0,0, 1), and G, vanishes only at . Similarly, Gs € Mg implies n+ (n'/2)+ (n"/3) = 1/2,
so (n,n',n") = (0,1, 0), and G vanishes only at i. Thus we have a contradiction by
considering the values of G;/G% in H. O

Some applications
(1) Since dim Mg = 1 and E3 and Eg belong to Mg, we have

Eg = AE: withx € C.

Considering the expansions of Section 5.3.1 (Remark 5.3.2), we obtain
= A
T 120

for the coefficients of ¢, hence A = 120.
Now considering the coefficients of ¢", we obtain the identity

n—1

o7(n) = 03(n) + 120 Y _ o3(m)as(n — m).

m=1

(2) Since dim M1y = 1 and E4F¢ and E/q belong to My, we have
E\g = ME4Es.
Similarly, we obtain A = 5040/11 and the identity

n—1
110g(n) = 2105(n) — 1003(n) + 5040 Y o3(m)as(n — m). O

m=1
Let us now turn our attention to the magnitude of the coefficients of a cusp form.
Theorem 5.5.1 Iff is a cusp form of weight k, then

a, = 0(n"'?).

Proof. (1) Sinceay = 0, wehavef(t) = gh(r) with |h(z)| bounded in the neighbourhood
of infinity. Thus,

[F(0)] = O(g) = O(e™*™)

when g — 0.
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(2) Now consider the function ¢(7) = [f(1)|y*/2. We have
e(yt) = let +dlIf (D)y*?
12

= let +dff V(T)I—IW

(1),

where we set y = J(r) and y' = J(y1).

Thus ¢ is invariant under G.

As ¢ is continuous in the fundamental domain D and tends to zero at infinity by the first
part, we see that ¢ is bounded in D, so that

o) = fOW* <M

for a certain constant M.
Since ¢ is invariant under G, this inequality holds in all of H.
By lemma 5.3.1, we have

f(0) = g™,
where g is holomorphic in B = {z € C; |z] < 1}. We have
1 8(2)

an = 77
21” Zn+1

d—/fa+mq

taking for C the circle of radius e ~#"” described in a counterclockwise direction, and making
the variable change z = ¢*™* = g(t). Noting that |f(r)| < My~*/2, we obtain

lanl S A4y—k/2627'[n.\7

for every y > 0.
Taking y = 1/n (to make the exponential disappear), we obtain

la,| < M'n"7?,
with M’ = " M. O
Corollary 5.5.3 Iff € My\Sk, then we have
lan] = 0" ™).
Proof. We can write f = AGy + h with A € C* and h € S;.

Since the Fourier coefficient of G is O(ox_(n)), and furthermore we have

o l(ﬂ)

< <¢k—1,

1

we see that theorem 5.5.1 implies that

la,] = O(n*™1). O
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Remark 5.5.1 Deligne proved in 1969 that for cusp forms, we have
la(m)] = O(n*~D27%),
In particular, for the coefficients t(n) of A (the Ramanujan function), we find the result
T(n)} = O@'/*¥).

But Deligne did much more since he succeeded in proving the famous Ramanujan—Petersson
conjecture: if p is prime, then

lt(p)| < 2p''/2.

5.6 THE PETERSSON HERMITIAN PRODUCT

The space of cusp forms of a given weight for a given group is equipped with a Hermitian
product which is of major importance in Hecke theory. Let H be a congruence subgroup of
G, and let Dy be a fundamental domain of H for the action of H. Recall (definition 5.3.2
of Section 5.3) that a cusp form for H is a modular form for H which vanishes at the cusps
of Dy . Let S5 (H) be the space of cusp forms for the group H of weight 2k > 0, and let d
denote the invariant measure on H defined by

-2
du(t) =y 2dx Ady = y—2 dr AdT).
— 4Ll

For f and g € Sy (H), we define a new measure by

. &) :=f(r)g() (S *du(2).

Propeosition 5.6.1 The exterior form (f, g) satisfies the relations

f.&) =&f) (D
f,./) =0 and (f,f)=0 implies f =0 2)
. 9)yt) =(f,9)(r) foreveryy € H. 3

Proof. (1) and (2) are obvious, so let us prove (3).
We know that if y (t) = (at + b)/(ct + d), then

T

J(yr) = m,
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and we easily see that
du(yt) =du(r) (invariance of du).
Furthermore, we know that if y € H, then

FlyT) = (ct + dy*f (1)
g(y1) = (ct + d)*g(x),

SO

FrogyO)S(yeN*dulyr) = (f, )(1).

O

Theorem 5.6.1 The space Sy (H) of modular forms of weight 2k > 0 for H is a Hilbert

space of finite dimension for the Petersson Hermitian product:

o= ¢o@= / PO dx A dy.
Dy Dy

Proof. 'We want to show that the integral converges.

4

(1) Since H is of finite index in G, the fundamental domain Dy can be taken to be a
union of finite copies of the fundamental domain D of G which we studied earlier (at least

up to a set of measure zero).

Let T(t) = t + N be the “smallest” translation of H; we can also choose Dy in the
vertical band 0 < x < N. We cut Dy into two pieces in such a way that Dy = D}, U D3

Dy:={treD;0<x<N; y>1}
Dy :={treD; 0<x<N;y<l}

(2) We know (definition 5.3.7 of Section 5.3.3) that we have
f(l') — Z;X;I aneZiﬂnr/N
g(r) — Z:il bneZinnt/N

and that these series converge uniformly in Dy,. It follows that

o0 00
[f(t)g(r)yZ(k—l)l 5 Z Z IambneZIﬂmr/N—Zlﬂnt/Ny2(k—l)I

m=1 n=1
00 _
iambnIe—2HY(m+n)/Ny2(k_l)

IIP/\18

m=1 n=1

e—vay/NyZ(k—l),

o

Cy

1
~

v

withe, =3 |amby,|, and this last series converges uniformly on Dy.

®

(6)
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It follows that

\ / f(@)g@)y** D dxdy
-

[e'e] xX
< Nf dy(zcue—vay/Nyﬂk—l))'
y=1 v=2

Now, if v > 1, we have

00 oo
/ €_2ﬂvy/Ny2(k'l)dy — e—27rv/N/ e~2nu(y—1)/Ny2(k—l)dy
y=1 0

o0
— e—ZJTU/N/ e—ZHQJ—l)/NyZ(k—l)dy — Ke—Zﬂv/N
0

for a certain constant K.
Thus, the integral is bounded above term by term by

oo
N Z Kcve—ZJTv/N’
v=2

which is a convergent series since it is essentially the right-hand side of (6) with y = 1.

(3) It remains to study the convergence of the integral in Dy,.

Outside of the cusps of Df,, there is no problem of convergence since if we remove the
cusps by removing small neighbourhoods containing them, we are dealing with the integral
of a continuous function in a compact set.

Because there is only a finite number of cusps, we are reduced to studying the integral in
a neighbourhood V of a single cusp P. Let S € G be such that S(P) = oo, and letfo =f [
and go = g |s. We have

FE7 @) = (et + (1)
g(S~1(1)) = (ct + d)*go(7)

if S71(t) = (at + b)/(ct + d), hence

f F@g@y** Vdx Ady = / fo(Dgo(@y* ® D dx A dy.
1% N%

As f and g vanish at P, f and gy vanish at infinity and we are reduced to the case of part (2).
O

5.7 HECKE FORMS

It was noted long ago that the modular forms found in nature have a certain curious property:
the Fourier coefficients a(n) of their expansion in powers of g are either multiplicative
functions or simple linear combinations of multiplicative functions.

For example the Ramanujan tau function is such that t (mn) = t(m)t(n) if m and n are
relatively prime (multiplicative function).



300 INVITATION TO THE MATHEMATICS OF FERMAT-WILES

Consider an integer m > 0 and a modular form of weight & for the group I'o(N), f(1) =

i a(n)q". Set

n=0

Vaf(x) = mf |, <’(')’ ?) (1) =f(mr) = Y aln)g™
n=0

00

Unf(@)=m™21% " f s (0 r’n ) () =) _almn)q".
j=1

n=0

Then V,, and U, are linear maps from M, (T'y(N)) to My (To(mN)). But if m divides N, then
U,, is a linear endomorphism of My (I'¢(N)).

Supposing that U,, were an endomorphism of S12(SL,(Z)) for every m > 0 (which is
not the case!), we would have

UnA =2, A

with A,,, € C.
It would follow from this that

t(m) = Aut(1) = Ay
for every m > 0, and
T(mn) = Apt(n) = t(m)t(n).

This would prove that 7 is multiplicative!
This idea can be made to work by replacing U,, and V,, by a sort of average of these
operators, so as to obtain endomorphisms of the M, and of the S;.

5.7.1 Hecke Operators for SL,(Z)

Let n be an integer > 1.

Let M, denote the set of matrices ( Z 3) € M, (Z) such that ad — bc = n.

Clearly, I'1 = SL,(Z) acts on M, on the left, so it is possible to decompose M, into
orbits; let I'; \ M, denote a system of representatives for these orbits. The system is obviously
finite.

Then, the sum > uer i, S 1e e does not depend on the choice of this system of repre-
sentatives, since if y € I';, then

flevw =l W b =Sl 1,

because f |y y =f.
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We now set

Tf@)=n""" " flen (1

pel\M,

Clearly, if f is holomorphic on H, then T,f is also holomorphic. Moreover, if y € I'}, then
Tfley =n>" 3" (Flew) ey

pel \M,

=n N Flowy) =T,

nel \M,

since the py form another system of orbits of M, modulo the left action of I';. Thus, it
appears that T,,, which is known as the Hecke operator of index r, is an endormorphism
of M, and S;!

Theorem 5.7.1
(i) Let n be an integer > 1 and f (1) = Z;’;O a(h)g" € My. Then we have

ni@ =y ( > dla (Z—?)) ¢ @

h=0 \d|(n.h)

Thus, we see that My and Sy are stable for T,.
(if) If m and n are two integers > 1, then

TnTw= Y d 'Tyyp =TaT). 3)
dl(n,m)

In particular, T, T, = T, if n and m are relatively prime.
‘;s) € M, can be made upper triangular (i.e. such that
¢ = 0) by multiplying it on the left by y € T';.

Then, multiplying it on the left by & (1) 1) with r € Z, we transform it to & (g b“;d'

As ad = n, we can assume that a > 0 and 0 < b < d. With this choice of representatives,
we have

Proof. (1) Every matrix y =

d—1
Lf@) =n" Y Y aty (“T; b) .
i

Taking into account the relation

d—1 +b 00
bX:(;f <(1Td ) _ ’;da(md)qma

and changing the notation, we find formula (2). Note that the constant term in ¢q is equal to
or_1(n)a(0), so S; is stable under T;,.
(2) Formula (3) can be deduced from formula (2) by computation. O
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Special case of formula (2)
If n is a prime number p, then

T,f() =) athp)g" +p*~' Y _athg™, @)
h=0 h=0
i.e. (over M;)
I, =0, +Pk_lvp~ 2"

Special case of formula (3)
Knowing T, for p prime enables us to obtain a formal expression for T, for every n. Indeed,

(i) If p divides n exactly once, then

Ty =Tup Tp. (39

(i) If p? divides n, then
Tw = Tosp Ty — P ' Ty 3"

Remark 5.7.1 It can sometimes be useful to define 7y. If & > 0, then formula (2) gives
us the coefficient of ¢"; it is oy_; (h)a(0). Thus, we can say that T, f(r) should resemble
E; (7). Butin order for Ty f (1) to lie in M, we have no choice for the constant term, which
must be that of a(0)Ey(2), so —(By/2k)a(0)! Thus, we set

Tof (t) = a(O)E (7). (1)
O
We saw that if k = 4, 6, 8, 10 and 14 the space M, is a line over C; then every non-zero
form of M, is an eigenvector of every T,,, so by (2) we must have
a(n) = Aqa(l)

where A, is the eigenvalue corresponding to T, (i.e. T, f = A, f).
If a(1) = 0, then f = 0, which is absurd. Thus, we see that a(1) # 0.

Definition 5.7.1 A Hecke form of M, (for k > 0) is an eigenfunction of all the Hecke
operators T,, such that a(1) = 1 (normalisation).

The Fourier coefficients a(n) of f are then eigenvalues of the 7,, and equation (3)
implies that

ma(m = Y~ da(53). (3"
an)am dl(mz'n) a(d2)

In particular, we see that the function n +> a(n) is multiplicative.
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Remark 5.7.2 The same considerations apply to the space S, when it is a line, i.e. for
k =12,16, 18, 20, 22 and 26.

Lemma 5.7.1 The Eisenstein series of even index
Exy(z) = B + iGZk—l(m)qm
4k e

are eigenvectors of all the Hecke operators.

Proof. Taking (2) into account, it suffices to satisfy (3"”) when n or m > 0.
This is obvious if # or m is zero.
It is also obvious if norm = 1.

When nm > 0, we use the multiplicativity of o;_, to reduce to the case of m = p* and
v

n=p".
We have

ph=Dl+l) _ pk=DO+D _ g
a(mya(n) = oy—1(P")ok- 1 (p°) = oy : 1
P -1 Pl

Moreover, if & < v, then

mn
dkala< d2 ) a(p,u-HJ) pk—la(pu+v—2) L p(k—l)/,ta(pu'f'V—Z,u).
di(p*.p")

1

Finally, setting p*~! = r, we easily check that

(ru+1 _ 1)(rv+1 _ 1) _ (ru+v+l _ 1) + r(r,u+u—1 _ 1) 4+ .4 rp,(rv—/H—l _ 1)
(r—1)y - r—1 ‘

Theorem 5.7.2 (Hecke)  For k > 0, the Hecke forms form a basis of M.

Proof.
(1) We saw that the Ey; are eigenvectors of T,,. Conversely, if a(0) # 0 and if f is an
eigenvector of Ty, then f is a multiple of Ey;.
(2) We know that M, = (Ex) @ Sy, so it suffices to show that the Hecke forms form a
basis of Sy.
For this, we use the Petersson Hermitian product and note (Exercise 5.12) that the
T, are self-adjoint, i.e.

(T.f.8)=(,T.g)

for all f and g € Sy and for every n > 0. As they commute among themselves, a
theorem of linear algebra asserts that they are simultaneously diagonalisable.
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(3) Let us show that the coefficients a(n) of the eigenvectors are real; indeed, we have

a(m)(f,f) = @), f) = (T.(f). f) = (f. T.(f)
= (f, a(n)f) = a(n)(f.f).

(4) Let us show that if f # g, then (f, g) = 0. Indeed, there exists n € N such that
a(n) # b(n). But we have

a()(f, 8 = (T.f, 8 = (f. Txg) = (f, b(n)g) = b(n)(f, g) = b()(f, g).

O
since b(n) € R. Thus (f, g) = 0.

Theorem 5.7.3 The Fourier coefficients of the Hecke forms f € S are real algebraic
integers, whose degree is < dim S;..

Proof.

(1) By propositon 5.5.1 and corollary 5.5.2 of Section 5.5, the S; are generated by forms
whose Fourier coefficients are integers; thus, by (2), the Z-module generated by these
forms is stable under the T,.

(2) Thus the matrices of the 7,, in a basis of this module are matrices with integral coeffi-
cients. The eigenvalues of the T}, are thus algebraic integers, and we saw above that they
are real. |

5.8 HECKE'’S THEORY

Since the function n +— a(n) studied above has a strong tendency to be multiplicative, it is

natural (at least since Euler) to associate to it the Dirichlet series® Y 2| a(n)n™".

Definition 5.8.1 Letf(7) = anozo a(m)q™ € My be a modular form for SLy(Z).
The L-function of f(z) is by definition

o0

Lfe =3 42 M

5

m=1

Because a(n) = O(n*~!), we see that L(f, s) converges in the half-plane Re(s) > k.

Remark 5.8.1 (1) A Dirichlet series cannot have a term for m = 0, so a(0) disappears
in L(f, s). But since f € My, a(0) is determined by the other coefficients if £ > 0.

64 P.G. Lejeune-Dirichlet (1805-1859).
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(2) Iff is a Hecke form, then a(n) is multiplicative (by theorem 5.7.1 of Section 5.7),
and L(f, s) has an Euler product

2
L= T[] (1+”({’)+a(i)+-~-) @)
- PP
p prime

But each factor of this product can be simplified using the relation

r+1

a(p™y = a(pya(p’y — p*a(p™").

It follows that if we set

o
Ap®) =1+ a(p ™,
r=0

then
Ap(0) = 1+ a(p)xA, (x) — p*~ A, ),
)
A0 1 )
x) = ;
’ 1 —a(p)x + p*=1x?
finally, we obtain the following theorem.
Theorem 5.8.1 Iff is a Hecke form, then L(f, s) is equal to the Euler product
1
Lif, =] “

) 1 — a(p)p—s +pk—l—25'

Example 5.8.1 (1) Iff = E;, then

p(r+l)(k—l) -1
a(pr) =1 +pk—l R +pr(/\'—l) — —
pt—1
and
AG) = 1 _ 1
P = 1— @'+ Dx+p-1x2 0 (1 =pk-lo( —x)°
giving
|
LE.s) =[] = (s —k + 1)¢(s).

L =1 —p)
@) Iff = A, then

1
L(A,s) = ,
( S) l_[ 1 — -L—(p)p—s +pll~25‘

r

which summarises the multiplicative properties of r discovered by Ramanujan.
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When f is modular only for the level N, we need to modify the definition of the L-
functions of Hecke forms as follows.

Definition 5.8.2 Let f be a Hecke form of weight k for To(N), we set

1 1
L(f,s) = : 4
9 g I —a(pp~* l,;[ l—a(p)p= +p1=% @

5.8.1 The Mellin Transform

The map ¢(t) = Z;’;l e > D(s) = Z;’;l cn /1’ is essentially what we call the Mellin
transform.

Definition 5.8.3 Let ¢ be a function R}, — Cwhichis rapidly decreasing atinfinity (i.e.
such that ¢(t) = O(t™) when't — oo, for every A € R) and such that ¢(t) = O(t™°)
when t — 0 for some constant c. Then M(s) = fooo @O~ dt converges absolutely
and uniformly in Re(s) > c + ¢ for every ¢ > 0. We call this the Mellin transform of ¢.

Example 5.8.2
(1) If p(t) = e, then

Mo(s) = / e dr = T'(s),
0

which is the known as Euler’s I" function: it interpolates n + (n — 1)! on R and
can be meromorphically continued to C with simple poles of residue (—1)"/n! when
s = —n, withn e N,

(2) If p(¢) = e7™, then

o0
Mo(s) = / 7™ dt = n T (s).
0
(3) If () = Y 12, che™, then
. ¢
M =T =,
o(s) =T'(s) ; =

(4) If ¢, = 1, we find the Riemann zeta function multiplied by I"(s).
In 1859, B. Riemann used this transform to deduce the functional equation of the function
¢ (s) from that of the function 6(t). Let us present this principle of the functional equation
which was amply used by Hecke.
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Theorem 5.8.2 If ¢ is sufficiently small at infinity and satisfies the equation

1 Z
(p(;) =S At ety for t>0, (5)
=1

where h,A;, Aj are in C, & = £1, then Mg can be meromorphically continued to all of C,
and it is holomorphic everywhere except at s = A; (forj = 1, ..., £), where it has a simple
pole with residue A;. Moreover, we have the functional equation

Mo(h —s) = eMo(s). (6)

A proof and applications of this result can be found in Problem 1, and further interesting
developments can be found in [Car].

5.8.2 Functional Equations for the Functions L(f, s)

Using the principle of the functional equation, we deduce a functional equation for L(f, 5)
from the modularity of a form f € M.

Theorem 5.8.3 Let f € My be a modular form for SLy(Z). Then L(f, s) can be mero-
morphically continued to the whole complex plane, and L(f, s) is even holomorphic if
f € Si. Otherwise L(f, s) has a simple pole of residue (2mi)*a(0)/(k — 1)} at s = k and is
holomorphic everywhere else.

The meromorphic continuation of L(f, s) satisfies the functional equation

Q)T TE)L(f, ) = (=DY*Q@r)y Tk — s)L(f, k — 3). N

Proof. Set
o<
o) =f(ir) —a0) = ) _a(me™>"™.
n=1
Then ¢ is sufficiently small at infinity and satisfies the equation
(p(l) :f(ll—) — a(0) = (iD*f(ir) — a(0)
t it
= (=)o) + (=D*a(O)" - a(0),
and its Mellin transform is (27)~*T (s)L(f, s). From relation (6), we obtain relation (7).
Since k > 0 and Mg admits a simple pole at s = k, L{f, s) admits a simple pole at k.
For s = 0, I'(s) already has a simple pole, so L(f, s) is holomorphic at s = 0.

The coefficient of £* in ¢(1/f) is (—1)*/2a(0), so we see that the residue of L(f, s) at
s = kis Qmi)*a(0)/ T (k). O
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Important remark: When f € M;(I'o(N)), the modified L-function of formula (4)
always converges absolutely and uniformly for Re(s) > k + ¢, forevery ¢ > 0, and always
has a meromorphic continuation to C with at most a simple pole at s = k.

However, in general, it does not have a functional equation since when we change f to
1/t, f (it) no longer has symmetry.

Instead of the symmetry, we have the Fricke involution

-1
wy f(T) > waf(T) = N—k/Zt—kf(N_r),

which acts on M (I'g(N)) because (1(\), ‘é) normalises 'y (V).
Via this involution, we can decompose M (Io(N)) into a direct sum of two eigensub-
spaces:

My(To(N)) = M (To(N)) ® M, (To(N)).
If f € M{(T'o(N)) with ¢ = %1, then

QI TNPT (LS, 5) = e(— D2 Qr ) * N 9721 (k — s)L(f, k — 5). (7

Special case: If N = 1, then wy = id, so M, = {0} and we recover (7).

In the general case, wy stabilises the subspace M (I'o(N))"" of new forms (those which
do not come from a lower level dividing N, see Chapter 6, Section 6.6 and [Z] p. 262) and
commutes with all the (suitably modified) Hecke operators on this space.

In particular, every Hecke form® of level N is an eigenvector of wy, and consequently,
its L-function has a functional equation. The results of Section 5.7 extend to the new forms
of level N > 1.

5.9 WILES’ THEOREM

Let E be an elliptic curve defined over Q, and let
Y +aixy +asy = x° + apx” + agx + a
be a minimal Weierstrass model for E over Z. If E has good reduction at a prime p, set
a,:=p+1—-N,,
where N, denotes the number of points of the curve reduced modulo p in P, ().

5 A Hecke form of level N is a form of My (I'g(N))™¥ which is an eigenvector of T, for every n prime to N,
and which is normalised.
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If E has bad reduction at p, set

1 if E admits two tangents at the double rational point on [,
a(p) = { —1 if E admits an isolated double point in F,,.
0 if E has additive reduction.

Recall that for Re(s) > 3/2, we defined (Section 4.15, Chapter 4) the L-function of E by
the infinite product

L) = [[——— ] : M

bad I —a(pp good 1 —app~* +pl_2s'
P [

Recall also that if e(p) # O for all the bad primes, the curve E is said to be semi-stable. In
this case, we call the product of all the bad primes the conductor of E, and denote it by Ng.

Conjecture (Hasse) 5.9.1 The function L(E, s) can be analytic continued to all of C.
Moreover, there exists an integer N (the conductor of E) such that if we set

As(s) = N @m) T (s)Le(s),
then we have the functional equation
A2 —s) = £Ae(s).

The following theorem shows that we can associate an elliptic curve to certain Hecke
forms.

Theorem 5.9.1 (Eichler, Shimura) Let N be an integer > 1 and let f € S2(To(N))™¥ be
a Hecke form.
Then there exists an elliptic curve E defined over QQ such that the Mellin transform of f is

Qr)T()Le(s) = N2 Ag(s). 2)

Remark 5.9.1 This theorem is not at Mious: one constructs F as a natural quotient
of the Jacobian of the curve Xo(N) = H/ I'y(N), see [Kn].

Definition 5.9.1 An elliptic curve constructed as above is called a Weil curve.

Corollary 5.9.1 Let E be a Weil curve and let f = Z;ozl a(n)q" € S, (I'o(N))Y™Y be the
Hecke form which generates it. Then we have f(—1/N1) = eN>f (1), with e = £1.

Moreover, E satisfies the Hasse conjecture, and the functional equation of Ag(s) is
given by

Ap(2 —5) = —eAg(s).
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As long ago as 1958, Taniyama posed the converse question; here is a slightly modified
version of what he asked:

“Let C be an elliptic curve defined over a field of numbers &, and let Lo (s) denote the
L-function from C to k, so that

_ G4 =)
Sels) = T L)

is the zeta function from C to k.

If a conjecture of Hasse is true for {-(s), then the Fourier series obtained from Lc¢(s)
by the inverse Mellin transform must be a modular form of weight —2 and of a special type
(Hecke). If so, it is very plausible that this form is an elliptic differential for that modular
function field.

The problem consists in asking whether it is possible to prove Hasse’s conjecture for
C going in the other direction, finding a suitable modular form from which L¢(s) may be
obtained”.

This conjecture became much more precise following a result of Weil which is formu-
lated in [Kn] and [Og1].

Theorem 5.9.2 (Weil) Let N be an integer > 1 andletf(1) = anozl a(m)q™ be an entire
series which converges for |q| < 1. For every primitive Dirichlet character x of conductor
n, set

L(f,x,8) = 2,5 am)x(n)/n

A(f, x,8) = INR*? Q)T $)L(S, X, 9)-

Assume that we have the functional equations

A(f7 X,Z—S) :W(X)A(f, X’S),

where w(x ) denotes a complex number of module 1 satisfying certain compatibility condi-
tions. Then f is a modular form of weight 2 for T'o(N).

We can now give a rather precise formulation of the Shimura—-Taniyama—Weil conjec-
ture.

Conjecture 5.9.2 Let E be an elliptic curve defined over Q, and let Lg(s) =
anl a(n)n™* denote its L-series and fx (1) = anl a(n)q” the inverse Mellin transform
of 2m) T (s)Lg(s).

Then f is in S2(To(N)), where N denotes the conductor of E and f is a Hecke form.

Results by Shimura showed that curves with complex multiplication were Weil curves,
however this gave the answer for only a very small number of curves.

On September 19, 1994, Andrew Wiles obtained a complete proof of the Taniyama-—
Weil conjecture for semi-stable elliptic curves defined over QQ. We will see below that that
result leads to a proof of Fermat’s last theorem.
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Anything more than a simple statement of Wiles’ result would be well beyond the scope
of this book, so here it is:

Wiles’ Theorem 5.9.3 Let E be the semi-stable elliptic curve of minimal equation over
Z given by

y2 +axy +azy = %3 + az)c2 + asx + ag.

Let N denote the conductor of E (the product of the prime numbers for which E has bad
reduction), and let L(E, s) denote the L-function of E:

1 1
Le(s) = n = l—[ P
v 1 —alpp™ 0 1—a(p)p™ +p

where Re(s) > 3/2 and where the a(p) are given by
1 4 a(p) = #{solution of X> + a1 X —a, =0mod p} ifp|N
[p+1—a(p)=#E(1F,,) if p{N.
Set

Le(s) =) atm)

N

n=1

Theniff(r) = Za(n)ezmm Sfor 3(t) > 0, we have

n=1
f (‘” ha ”) — (et + ()

ct+4+d
for every (¢ S) € To(N), and for every matrix (! 3) € SLy(Z), the function

atr +b
d—2
T (ct +d) f(cr—{—d)

admits an expansion as an integral series in the powers of g

I/N eZiJrr/N.

Remark 5.9.2
(1) Given that Lg(s) is defined by an Euler product, f () is an eigenfunction of the Hecke
operators of T'g(N).
(2) Since September 19, 1994, Wiles’ proof has been extended to all elliptic curves, by
work of C. Breuil, B. Conrad, F. Diamond and R. Taylor [D].

Example 5.9.1 (1) The curve y> — y = x* — x? has conductor 11, and if we consider
f=q[Ja-g»*a-4""?
n>1
=q__2q2_q3+2q4+q5+2q6_2q7_2q9_2q10+q11 _2q12+

=Y amq",

we see that the a(p) satisfy the relations of the above statement when p is prime.
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(2) Recall that the dimension g of S,(I'o(N)) is given by
M %) V3 Voo

=4+ =2 = =,
=t T Td 2

so we obtain the following table.

N [1[2]3[4[5] 6[7] 8] 9[10]11]12]13
w |1|3[4l6l6l12[8[12]12]18]12[2414
v, |1[1][0]0[2] o[0[ O] O] 2] 0] O] 2
), |1]0]1]0]0] 0]2] 0] 0] 0] 0] O] 2
vo | 11221312 42 4| 4| 4] 2] 6] 2
g |0j0][0[0f0] 0[O0 O] Ol O 1] O] O

So there exists no elliptic curve of conductor 1,2, 3,4,5,6,7,8,9, 10, 12, 13 which is
defined over Q.

COMMENTARY

The Introductio in Analysin Infinitorum can easily be located in an English translation
[Eu], and contains (apart from reasonings in non-standard analysis) a host of identities
and other fascinating results.

For more modern expositions of the theory of theta functions, see the book by
Rademacher [Ra], Volume III of the Lehrbuch der Algebra by Weber [Web] and Igusa’s
book {I].

The little book A Course in Arithmetic by Serre contains, among other subjects, an
excellent introduction to modular forms. On this topic, it is useful to note that there
exists no standard vocabulary in the literature, and that, for Serre, a modular function is
not necessarily of weight zero and a modular form is always holomorphic. Here, we have
adopted the vocabulary of [Sh], [Ra] and [Kn], because it appears important to us that
a modular function be a function on a Riemann surface. However, we wanted to avoid
the introduction of this notion explicitly; to explore this aspect of the theory, the reader
may consult the books by Gunning [Gu], Shimura [Sh], Reyssat [Re] and the article by
Bost [Bos].

For everything concerning Hecke theory, the reader can consult the complete works of
that author [Hec 2], as well as the book by Ogg [Og 1]. The Eichler—Shimura theorem,
as well as a host of other subjects, are given an admirable treatment in the book by
Knapp [Kn].

Naturally, the reader is invited to carefully read the foundational articles by Wiles [Wi]
and [W-T], but he should not be surprised by their degree of sophistication and difficulty.
Several books on this question have been published ([D-D-T] and [Co]). However, the
lectures by Oesterlé and Serre ([Oe] and [Se 6]) remain valuable sources.

Finally, the works of Klein [Kl] are more historically interesting than ever, and the books
by Koblitz [Ko] and Miyake [Mi] are excellent additions to the existing literature.
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Exercises and Problems for Chapter 5

5.1 The goal of this exercise is to give a formal proof of Jacobi’s triple product formula

o0 00
1+ Z(Zrz +Z_")xn2 _ I—[(l _x2m)(1 +Zx2m_l)(l +Z—1x2m—l)’
n=1

m=1
a formula whose left-hand side is often written
i z"x"z.
n=—0o<
We will work in the ring A[[x]] of the formal series with coefficients in A = Z|[z, 2.

(a) Forevery integer N > 1, set

N
en) = [ =A + 2 Ha+ 7',

m=1

and let ¢oo (x; 2) denote the limit of ¢y (x; z) in A[[x]] as N tends to infinity. Show that
N 2) = Poo(xiz)  mod xV.
(b) Show by induction on N that
N 2) = Con@ + e+ 27 HON@ + -+ @ + M)y,

where the C; y(x) € Z[x] are polynomials depending on i and N. Deduce that ¢y (x; 2)
belongs to Z[x]{z + [l
(¢) Show that

(@ + Mg (x; 2%) = (1 + 2V gy (x; 2).
Deduce (eliminating the index N in the notation C; y(x)) that for 0 < k& < N, we have
A 2 2Ny 0 ) = (1= 2V O ().
(d) Show that Cy(x) = Pk ]_[},le (1 — x?™y and deduce that
Cotx) = (1 — 2NF2)(1 — 2N+ (1 — 4N,

(e) To establish the triple product formula, we propose to show that forevery N > 1, we have

oC
v ) =1+ Z(z" + z‘")x”2 mod n?.

n>1

Deduce from (c¢) and (d) that we have

Colx) = 1
Ce(x) = xl+3+'“+(2k—l) mod X2N

and conclude.
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5.2 We propose to deduce two classical identities involving Jacobi’s triple product (Exercise 5.1).

(a) Replacing x by y* and z by —y, show that we have

i(_])nyn(3n+l) — Io_o[(l _y2r)_

—00 r=1

(b) Replacing z by —zx, show that we have Euler’s formula

Z(_l)nznxn(n+l) — 1_[(1 _x2m)(1 _ Z)sz)(l _ Z—1x2m~—2)'
—00

m=1
(¢) Regrouping the terms which give the same exponent for x in the left-hand side and sim-
plifying by 1 — z~!, show that

[o 0]
(=DMt g 7
n=0

(1 =XM1 — 2x®™)(1 — 2712,

18

m

(d) Replacing z by 1, show Jacobi's formula:

00 0 3
(D@ D2 = [ [Ta- x’")] :
m=1

n=0

5.3 Usingthe results of Exercise 5.2, we propose to show the first of the Ramanujan congruences:
p(Sn+4) =0 (mod 3).
Letting ¢(x) denote the infinite product [0, (1 — x™), we have

o0

Pl = _(~1yxCnmin M
-0
o
p(x)* =) (=1)"@n+ HxPETIZ, )
0
and we propose to show that
o0 515
> p(n+da" = 5“’(()‘ ))6 . 3)
QX

n=0
Fors € {0, 1, 2, 3, 4}, set

GS()C) . (_l)nxn(3n—1)/2

n(3n—1)/2=s mod 5
H(x) = Z (=1)"2n 4 " +D/2

n(n+1)/2=s mod 5

o0
Py(x) =Y p(Sn+ s)x>+.
n=0
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We have

9=Go+G +Gr1+ G+ Gy
¢’ =Ho+H| +Hy+Hs +Hy
P=Po+ P+ P+ P3+ Py,

where P denotes the generating series of the function p.
Using a result of Section 5.1, show that

(Go+G1+G2+G3+Ga)(Po+Pr+Pr+P3+Py)=1

Deduce the system of equations

GoPo + G4Py + G3Pr + GoP3 + G 1Py = 1
G1Py + GoPy 4+ G4Py + G3P3 + GaP4 =0
G2Py + G1P1 + GoPy + GaP3 + G3P4 =0 “)
G3Py + GoP1 + G Py + GoP3 + GaPs =0
G4Py + G3Py + GoPy + G P34+ GoP4 = 0.

Show that the determinant D of the system (4), considered as a system of linear equations in
Po, Py, P3, P3, Py, is o(0)@(EX)@(C20)@(03x)p(2%x), where ¢ denotes a primitive fifth root
of unity (we will work in (Z[DI[x]]).

Since P4 = Dy4/D by Cramer’s formulae, it remains to compute

G Gy Gs Gs
G, G Gy Gy
Gy Gy Gy Go|’
Gy Gy Gy Gy

Dy =

Prove that G3 = G4 = 0 = H, = Hy, by showing that these series do not contain any terms.

Deduce from (2) that we have H, = 3Go(GoGz + G%), and show that then
GoG, = —G1.

Prove that G (x) = —x(p(x25) and deduce (3) from this.

5.4 We now propose to prove the second of the Ramanujan congruences:
p(Tn+5)=0mod 7.

(a) Let 3 anx™, Y bpx™ and 3~ cpx" be three series in F7{[x]]. Assume that agp = 1 and
that (3" apx™) (3 byx™) = 3 cnx™. Show that

{b7, = O forevery n} <= {c7, = 0 for every n}.

(b) Using the result (d) of Exercise 5.2, show that in F7[[x]], we have
o0
l_[ (1 . x7m) Zp(n _ 2)xn — Z(_l)h+k(2h + 1)(21{ + 1)x2+(h(h+l))/2+(k(k+l))/2.

m=>0 n=2 h=>0
k=0
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(c) Letting Y c,x" denote the right-hand side of this equation, show that ¢7, = 0 for every
n. Conclude.

5.5 Letnbe an integer > 1 and let 7 be the canonical homomorphism Z — Zy = Z/nZ. Let 7
denote the homomorphism SL(2, Z) — SL(2, Z,) defined by

~fa b\ (m@ =MbY\ _{a b
e d) T \nee @)\ a)
where X denotes the element 7 (x).

Recall that the kernel of 7 is the principal congruence subgroup I'(n) of level n.

(i) Recall that 7 is surjective. Deduce that if ' := SL(2, Z), then
[T : T(n)] = #SL(2, Zn).

(ii) A pair of integers (x, y) is called primitive modulo r if the greatest common divisor
(n, x,y) is equal to 1. Let A(n) denote the number of pairs (7 (x), 7 (y)) such that (x, y)
is primitive modulo n.
Show that the function A is multiplicative, i.e. that if n; and n; are relatively prime,
then

Aning) = A(n)A(ny).

(iii) Show thatif v > O, then
)»(pv) _ Zv(] _ i)
=p 5 )
p

(iv) Show that if (g, d) is a pair of primitive integers modulo n, there exist n pairs (a, b) e
Z? such that (22) € SL(2, Zy).
(v) Deduce that

(T : F(n)]=n3n(1 —1%).

pln

5.6 Let g be a complex number such that 0 < |g| < 1. As in Section 1.6.3 (Chapter 1), we let r(n)
denote the number of different ways of writing n as a sum of two squares.

(a) Show that r(2n) = r(n).
(b) Show that

o0

03(9) =) _rimg"

=0
HOEDYCIEOrS

n=0
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(¢) Show that

o
63(@) +0;(9) =2 rQmg™ = 265(g")
n=0
03(q) — 03(g") = Y _r@2n+ 1g*"*".
n=0

5.7 Leth €]0, 1[, and let g be the unique solution in 10, 1{ of the equation
k= 63965 ().

(a) Show thatk’ = /1 — k2 = 62(q)/62(q).
(b) Show that

1
5 63@ +6](@) = 636"

V03963 (q) = 62(g%).

(¢) Deduce that the arithmetico-geometric mean M (1, k') of 1 and &’ is equal to 65 2 (g) (see
Exercise 2.2 of Chapter 2).
5.8 Recall from Section 5.2 the formula

© 4 1 00 mq4m—1 00 mqm—l
n —
(L) =z s L1t 2L 10)

m=1 q m=1

(a) Show that

2\ mq
n _
(Zo:oq ) =148 ) 1—-qm
m>1

m#£0 mod 4
(b) Deduce that the right-hand side is equal to

oo
1+38 Z (Z mqkm).

m>1

mz0 mod 4

{c) Deduce formula (5) of Section 5.1.

59 Set
[e¢] [.¢]
Qo:=[Ja -4, or:=[Ja+¢™,
n=1 n=1
o] [ee]
Q:=[Ja+g"h, o:=[]a-¢"",
n=1 n=1

(a) Show that 010,03 = 1.
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(b) Prove the relations

0001 = 00(gh), Qo003 = Qolg'/™),
0:03 = 03(¢%), Q102 = Qi1(¢").

5.10 Let g be a complex number such that 0 < |g| < 1.

(a) Show that 62(q), 83(g) and 64(g) are never zero.
(b) Show that if g €]0, 1, then 84 is a strictly decreasing function of g and 6, and 63 are
strictly increasing functions of g.

5.1 Letn > Obe an integer, and let T € I'(n) C SL,(Z) be a matrix. We write

a b az+b
T = R T:=T() = .
(C d) =1 cz+d

(i) Show that

M@ _ ot ay

(i) Setting Jr(z) = (cz+ d) ™2, show that
Jrs(z) = Js(T)Js(2),
whenever S is another matrix of I' ().

(iii) For every T € I'(n), take a function ur(z) which is holomorphic on H and never
vanishes. Assume that these functions satisfy the formula

ust(@) = ps(T)ur(2).
We propose to construct a function f(z), holomorphic on H, such that
f(T2) = ur(@)f(z), foreveryT € I'(n). ey

Show that if 4(z) is a holomorphic function on H such that the series

(T
fo= Y a2

Ter ) ur(z)

converges normally on every compact subset of H, then f satisfies (1).

(iv) SetTp = {T € I'(n); u7(2) = 1}. Show that I'g is a subgroup of I"(n).

(v) Let R be a system of representatives of left cosets of I'(n) modulo I'g, and let 2 be a
holomorphic function on H such that #(5z) = h(z) for every S € I'g. Set

h(T.
gR(Z)ZZ (Tz)

o ur@’

and assume that the series is convergent on every compact subset of . Show that g (z)
does not depend on the choice of R.
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(vi) Set g = g, . Show that g satisfies condition (1).
(vii) Let & € N* and u7(z) = Jr(2)™* = (cz + d)**. Determine Ty and show that we can
take h = ¢?7VZ/"  with arbitrary v € N.
The function g constructed in (vi) is called the Poincaré series of weight 2k and of
character v of the group I'(n).
(viii) By studying the behaviour of g at the cusps of #/ I"(n), show that g is a modular form
of weight 2k for T"(n) (this is harder).

5.12 Letnbe an integer > 1.
Using the definition of the Hecke operator T, (Section 5.7, formula (1)) and the invariance of
the exterior form du (see Section 5.6), show that T, is self-adjoint for the Petersson Hermitian
product, which means that if f and g are in Sy, then

Tuf. =T, 9.

Problem |
Hardy’s Theorem

Preamble: The following properties of the U function will be used without proof; they are not involved
in the first part of the problem.

For every complex number s, let Re(s) denote its real part and J(s) its imaginary part. For
Re(s) > 0, set

+o0
I'(s) = / e~ ' dr.
0

The function I' is holomorphic in the half-plane Re(s) > 0. It extends to a meromorphic function on
C whose poles are the negative integers and zero. These poles are simple, and the residue of I" at the
points = —p, (p € N)is (—1)?/pl.

If s is not a pole, we have I'(s + 1) = sT"(s), and I'(s) # 0.

Let o1, 07 be real numbers such that ¢; < o7, and let m be a positive integer; we have

lim |"T'(c+iH|=0
|t|—+o00

uniformly, for an element o of {07, o3 ].

Finally, if ¢ and x are strictly positive real numbers, we have

—X 1 ~s
et = — x°T(s) ds,
2im Re(s)=c

where the line Re(s) = c is oriented by increasing ordinates. (This convention for the orientation
holds for all the analogous integrals appearing in this problem.)

If z is a non-zero complex number, let Arg(z) denote the unique determination of the argument
of z which lies in [—m, [, and set log(z) = log |z| + iArg(z). Then, for every complex number a, we
have 72 = 41082

Throughout this problem, P denotes the set of complex numbers with strictly positive
imaginary part.

Let X be a strictly positive real number; a function f defined in P is said to be periodic of period
A if for every z € P, we have f(z + 1) = f(2).
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First Part
(1) Let f be a function defined in P, holomorphic and periodic of period A.

(a) Prove that there exists a function g, defined and holomorphic in the open set
{zizeCand 0 < |z} < 1},

such that

g™ = f(2).

(b) Letzo =xp + iyg € P.Forn € Z, set

xp+A . .
an =5 f f(t + iyg)e 2nrv0 A gy, 1)
X0

Prove that g, is independent of zg, and that

+00

fl) = Z aneZinnz/)\’ )
n=—00
where this series converges uniformly on every compact subset of P. The function f is said
to be holomorphic (resp. meromorphic) at infinity if the function g is holomorphic (resp.
meromorphic) at zero; give the conditions on the a, for this to hold. In what follows, we
will say that the a, are the Fourier coefficients of f.
(c) Assume that there exist two positive constants ¢ and p such that forevery z =x + iy € P,
with y < 1, we have

IF(x+iy)| < cy™'77. 3)
Prove that
sup |ay| In| "' < +o0. )
neZx

(2) (a) Let p > 0. Show that the sequence u defined, for n > 1, by

n!
P+D+2)-(p+h--(p+n)’
is bounded. (Use the series of general term log(uy+1/4,).)

(b) Let (an)n>0 be a sequence of complex numbers. Assume that there exists a strictly positive
real number p such that

u, = n®

sup |ay|n~? < 400, @)
neNx*

and consider the map f, of P in C, defined by
+00 )
f@ =) aem, ©)
=0

Show that f is holomorphic and that (3) is satisfied for a suitable value of the positive
constant ¢.
Show that for every strictly positive real y, we have

lim Y |f(it) — ap) = 0.
—>+00
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Second Part
Let A be a strictly positive real number and (a,),>0 a sequence of complex numbers. Assume that
there exists p > 0 such that (5) is satisfied. Define f by (6), and for Re(s) > p + 1, set

+00

ey =Y @™, )= (Z%)ﬂr(w(s)_

n=1

(1) (a) Show that ¢ is holomorphic for Re(s) > p + 1.
(b) Show, carefully, that

+00
&(s) =f NG — ag)dr,  for Re(s) > p + 1,
0
and conversely, that fora > p + 1 and y > 0, we have

. 1 -
fy)—ao=— y S ®(s) ds.
2im Re(s)=a

(¢) Show that s2®(s) is bounded on every vertical strip of the half-plane Re(s) > p + 1.
(2) Let ¢ and k be real numbers such that & € {1, —1} and k > 0. Assume that & has the following

properties (A) and (B):

(A) Let £2be the set of complex numbers notequal to 0 or k. The function ¢ admits a holomorphic
continuation to €2, and this continuation, which we also call &, satisfies (Vs € Q)(P(s) =
edk —s)).

(B) The function s = ®(s) + ap(1/s + (¢/(k — s5)) extends to an entire function of s, and is
bounded on every vertical strip.

(a) Let o be a real number such thata > p + 1 and « > k. Let U be the subset of C consisting
of complex numbers s such that

k—«a <Re(s)<a and [Im(s)] > 1.

Show that s2®(s) is bounded on the boundary of U, and then that s2®(s) is bounded in U.
[Use the preceding result, and consider for every a > O the function s e’ 2P (s);
recall also the statement of the Maximum Principle: Let V be a bounded open subset of C.
Let g be a function which is defined and continuous in the closure of V and holomorphic in
V. If 3V denotes the boundary of V, then sup, .y [g(z)| = sup,cyv 18211
(b) For every strictly positive real y, set

I(y) = / y *®d(s)ds and J(y)= / vy P(s)ds.
Re(s)=k—a Re(s)=«a
Show that I(y) = ey~*J(1/y) and J(y) — I(y) = 2imap(ey™* — 1).
(¢) Deduce from (b) that f has the following property:
Z\~k 1
r=e(E) (- 1)
(3) With the notation of the preceding paragraph, show that if f has the property (C), then ® has the

properties (A) and (B). (Use the expression of ®(s) obtained in (Part 2,1,b) and also make use
of (1) in the integration interval).
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(4) For every element z of P, set
2
0(2) — Zemn z
ne?
(a) Show that, for ¢ strictly positive real and y real, we have
/+OO e—nxzre—Zierydx — _1_e—7f)'2/"
o t

(You may use the equality I'(1/2) = /7 without proof).
(b) For ¢ strictly positive real and x real, set

2
Yx) = Ze—n(x+n) t
neZ

The function ¥ is a periodic function of the real variable x. Give its Fourier series and show
that this series converges to . Deduce the equality 8(it) = 1//t6(—1/it).

(¢) Under the hypothesis (A = 2,k = 1/2, ¢ = 1), and choosing a suitable sequence (a,),>0,
show that & has the property (C).

(d) For every complex number s with Re(s) > 1, set

+00
ts)y=>y n".
n=1

Deduce certain properties of the ¢ function from the preceding question (show in particular
that ¢ admits a simple pole at s = 1, of residue [).

Third Part

Use the following result without proof: when |[¢| tends to infinity (¢ real), we have
lim [T(o + in|(2m)~ 2T/ 1270 =

uniformly for o belonging to a compact subset of R.
(1) Let o1, 02 be real numbers satisfying o1 < o3, U (resp. V) the subset of C defined by the
inequalities o7 < Re(s) < 07 and [J(s)| > 1 (resp. o1 < Re(s) < 07 and I(s) > 1).
Let & (resp. £) be a function which is defined and holomorphic in the neighbourhood of U
(resp. V). Assume that there exist real positive numbers «, 8, 2 such that

SUPsc gy () e~ < 400
supyo [t 7P h(o; +in] < 400 (j=1,2).

T
supys & oy + in] < 400 (j= 1,2).
Let L be the affine function such that L(o;) = g, (j = 1, 2).
Prove that there exists a real M such that for every o € [0}, 02], we have

sup [t| 72 (o + )| <M (resp. supt™Hje(o + i < M.)

Jtl=1 1>1

(Reduce this to proving the result concerning V and ¢, and then, dividing £ by the function
(s/H, reduce to the case ; = B = 0.)
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Now, we return to the notation and hypotheses of the second part.
The function f satisfies (C) and is not constant. Let m be a strictly positive integer such that
am # 0. Let Z be an integral of stk=D/ 2m2<p(s), in the quadrant

Re(s) > 0, Im(s) > 0.

(2) Let o1, 07 be real numbers satisfying 0 < o7 < o7, and let V denote the subset of C defined by
o1 < Re(s) < 07 and Im(s) > 1. Show that there exists & > 0 such that Z(s)e'“[s[ is bounded
onV.

(3) Let o be areal number such that ¢ > p + 1. For every real a, prove that sup,, | 174 Z(o +it)| <
+oo if and only if a > (k + 1)/2.

(4) (a) For every real o, prove that there exists @ > 0 such that

sup |t| el + in)] < +oo.
=1

(Use question 1, taking o7 strictly greater than p + 1, and o1 = k — 03.)
(b) Forevery real o witho > p + 1 and every element z € P, show that

1 Z\ S
f@—a0 =7 o (;) @ (s) ds.

(¢) Evaluate the following integral, where z is an element of P:

1

-5
: (3) ewas
27 JRe(s)=k/2 N1

Assume from now on that the Fourier coefficients of f (Part 1,1,b) are real, that there exists

B € [0, (k + 1)/2[ such that, when u tends to O by strictly positive values, u?|f(e™)] is
bounded, and finally, that the function ¢ has only a finite number of zeros on the line

{s € C: Re(s) = g}

(5) (a) Prove thati{!=8)/2®(s) is real for Re(s) = k /2, and that when u tends to 0 by strictly positive

values,
+0o0
uﬂ/ /2w ¢(E +it)‘dt
—x 2

is bounded.
(b) Deduce that

T k
-8 (k—l)/zl kL \
T [0 ' <1>(2+u) dt

is bounded as the real number T tends to +oc.
(¢) Prove that sup,..; 1 P|Z(k/2 + it)| < +oo0.
What conclusion can we draw from these computations?
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(6) Let the notation be as in the last question of the second part.
(a) For every element z of P, prove the equality

o(1-1)=3) 5

n=-00

(b) Prove that the ¢ function has an infinity of zeros on the line Re(s) = 1/2 (Hardy’s theorem).



6

NEW PARADIGMS, NEW ENIGMAS

The title of this last chapter is a reference to a book by T. Kuhn devoted to the structure of
scientific revolutions [Kuh]. It is far too early, of course, to tell if the work of Wiles (and
others) should be considered within the framework of a scientific revolution, but we can
certainly note some intriguing facts which appear to confirm this hypothesis.

The anomaly: Taniyama’s original conjecture, followed by the construction, in 1969, of
curves related to a non-trivial solution of Fermat’s equation, and the “impossible” properties
of their p-torsion — all this appeared to be no more than an amiable joke, since the most
common opinion twenty-five years ago was that the (second case of) Fermat’s last theorem
was probably false. Indeed, had not the logician Zinoviev “proved”, in 1977, that Fermat’s
assertion was unprovable?

Kuhn declares that “The rise of consciousness of an anomaly opens a period during which
conceptual categories are readjusted until that which was originally anomalous actually
become the expected result” [Kuh]. In the case we are considering here, this was the period
from 1969 to 1985; 1985 was the year in which Frey and Serre made their conjectures
public (Frey did so orally, while Serre did it in a course taught at the College de France and
a famous article).

Then came Wiles’ long and solitary voyage (1986—1994), which ensured the definitive
success of the paradigm. The scientific landscape changed radically: “a new theory breaks a
tradition of scientific research, and introduces a new one, constructed according to different
rules, in the framework of a different discursive universe” continues T. Kuhn [Kuh]. One
brief look at a book like [Rbb] is more convincing than any commentary.

In this last chapter of the present book, we first give some necessary preliminaries, and
then proceed to the description of those amazing “Orlando’s mares™®, the curves E4 p ¢
associated to assumed non-trivial solutions of Fermat’s equation. This is the object of
Section 6.5. In Section 6.6, we explain how the awareness of this anomaly finally occurred
after fifteen years. As the content of Wiles’ theorem and proof lies well beyond the scope
of this book, we end the chapter (Section 6.8) with a discussion of what, exactly, the “new
tradition of scientific research” in the domain may represent.

% In the legend of “Orlando Furioso”, Orlando’s mare possessed every desirable virtue except that of existence.

325
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6.1 A SECOND DEFINITION OF THE RING Z, OF
p-ADIC INTEGERS

In Chapter 3, we considered the reduction of an elliptic curve modulo a prime number.
However, very often, such reductions do not give the desired results, and one must go
further, and work modulo a sufficiently large power of p.

Example 6.1.1

(1) Assume that p = 3, or 5. Then, if we want to show that the first case of Fermat’s
equation

& +xh+x5 =0, X1%2%3 £ 0 mod p
is impossible, it is no use to consider the congruence modulo p, since
X + x5+ x5 = (xy +x2 + x3)P mod p.

However, considering the congruence modulo p? gives the result.
(2) Conversely, one can check that if p = 7, there exists no A-th power of p which gives
this result working modulo p”.

But how about working modulo “p®”’? Can we do this? what does it mean? and in what
ring should we work?

From now on, let p denote a fixed prime number. Let us now give a second construction
of the ring Z, which is given in [Se 1] and uses the motion of projective limit.

For every integer n > 1, let A, denote the ring Z/p"Z. As every congruence mod-
ulo p" implies a congruence modulo p"~! (when n > 1), we see that we have canonical
homomorphisms ¢,:

..._,Anﬂ)An_l..._mzﬁ)Al=Z/pZ,

and the object we want to construct is the object “at infinity” on the left, i.e. a hypothetical
ring equipped with hypothetical homomorphisms

O Pn20Pnrl =T XA,

such that the following diagram is commutative:

X——Zrl»An

Pn
Tp—1 l

An-1.

Thus, we want X in [, , A,, and taking into account the above arguments, we take

n>1
X = {x € l_[A,,; Vn>1,¢,0¢e,(x) = sn-l(x)},
n>1

where ¢, denotes the projection of [],..., A, onto the n-th coordinates.

n>1
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We easily check that X is a subring of the product ring ] [, A,. Finally, we also note
that X is equipped with a natural topology which is the topology induced by that of []...; A»
where A, is equipped with its discrete topology. -

Because each A, is finite, A, is compact, so Tychonoff’s theorem shows that [ [, A,
is compact. N

As X is closed in that product, X is compact. One can show (see [Se 1]) that the set of
X such that €,(x) = O is an ideal of X equal to p”X, and that

X/P"X = A, = Z/p"L.

Since £1(X) = Z/pZ is a field, we see that the kernel of 1, i.e. pX, is a maximal ideal of X.
We show that if x € X does not belong to this ideal, then x is invertible. It follows that
X is a local ring whose unique maximal ideal is pX.
Now, let x € X. If there exists a greatest integer n > 1 such that £,(x) = 0, we let the
“p-adic valuation of x” be the number

vp(x) 1= n.
We set v,(x) = 0 when &;(x) # 0, and v,(0) = 400 when all the &, (x) are zero.

Example 6.1.2
(1) Let 1, be the class of unity in A,. Then unity in X is given by the sequence 1 =
(11, 12, 13, ...). Thus, we have v,(1) = 0.
(2) It follows that

p:=p.1=(0,ply,pls,...).

Thus, v,(p) = 1.
(3) Similarly, for every h € N,

v,(") = h.
(4) An invertible element u of Z, can be written
u= (U, Uy, us3,...)
with u,, # 0 for every n. Thus v, (1) = 0.

Let us summarise all these remarks in theorem 6.1.1.

Theorem 6.1.1
(1) Xisaring.
(2) An element of X is invertible if and only if it is not divisible by p.
(3) Every non-zero element x of X can be written in a unique way in the form p™u, with
n € N and u invertible. Furthermore, we have v,(x) = n.
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(4) The p-adic v, valuation has the following properties:

Vp(XY) = Vp(x) + Vp(y)
Vp(x +y) 2 vp(x) + v, ()

Remark 6.1.1 It can also be shown [Se 1] [p. 25] that the topology of X can be defined
by the p-adic distance:

dy(x,y) = p~r,

and that the ring X is a complete space in which Z is dense.

Since X is an integral domain (this follows from v, (xy) = v,(x)+v,(y)), we can consider
its fraction field K.

Clearly, every non-zero number x in K can be written uniquely in the form

x =pu,
with n € Z and u € X invertible.
Now, using the notation of Chapter 3, we can speak of the p-adic absolute value on K.

Notation 6.1.1

vp(x) :=n,v,(0) = +00

—Vp (x)

lep =P
dp(x) =|x- _YIp-

Lemma 6.1.1 The field K equipped with the distance d, is locally compact (so it is
complete), and the field Q of rational numbers is dense in K.

Summary 6.1.1 We have defined a field K, complete for a “p-adic” distance d,,, in which
the prime subfield isomorphic to Q is dense. The field K is thus a completion of Q for its
p-adic distance d,,, and theorem 3.2.2 of Section 3.2 (Chapter 3) shows that the field KX
and Q, are isomorphic via an isomorphism ¢ which respects the p-adic absolute value. It
follows in particular that ¢ induces an isomorphism of local rings of X over Z, (defined in
theorem 3.3.3 of Section 3.3, Chapter 3).

Remark 6.1.2 When we want to do analysis and use the (limited) analogy between Q,
and R, it is actually easier to consider that @, is obtained from Q by completion for the
p-adic distance d,, defined over Q as in Chapter 3.

6.2 THE TATE MODULE T, (E)

Assume that E is an elliptic curve defined over a field K, and let K denote an algebraic
closure of K (think K = Q and K = Q).
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Take a prime number £ different from the characteristic of K (£ can be an arbitrary prime
if K = Q), and let n > 1. We know that

E[¢" = Z/0"Z &L/,
and that if [£] denotes multiplication by £, we have
s Ee 9 g Y B

Thus, we are in a situation which is completely analogous to the one we encountered in
the first section, and we let T,(E) denote the object whose presence is felt on the left at
infinity.

Here is a definition analogous to that of the first section (whose notation we use).

Definition 6.2.1 Let £ be a prime, and E an elliptic curve. The Tate module of E at £,
denoted by T¢(E), is the subgroup of [],.., E1£"] defined by

n>1

Te(B) = {x € [TEL] ¥ > 1 1E] o 00) = &0 (0],

n>1

where &, denotes the projection [ ., E[£"] — E[£"].

m>1

The remark above thus implies that if £ is different from the characteristic of K, then
E[f') = einZ/Z @ gan/Z ZZ/ LS L.
Multiplication by £ on E[£"] induces the canonical projection
ZIL LT — T/ L 7 .

Thus, by passage to the “projective limit”, we see that T,(E) is a free Z,-module of
rank 2:

T(EYZZy D Zy.

Moreover, the action of the Galois group G := Gal(K/K) commutes with multiplication
by £, so G acts on the module T¢(E), which is thus a G-module over Z; (we also call it a
Z¢[G]-module, as in Chapter 3).

Finally, we note that the definitions of the topologies of G and of Z, ensure the continuity
of the action of G on T, (E), see Section 3.6 (Chapter 3).

To summarise, we have the following theorem.

Theorem 6.2.1 Let E be an elliptic curve defined over K. For every prime £ different
Jfrom the characteristic of K, the Tate module T;(E) is a G-module over Z; (here G denotes
Gal(K /K)), and it is a free Z¢-module of rank 2. Furthermore, the representation py : G —
GLz,[T,(E)] is continuous.
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Remark 6.2.1 If X is a number field, and if £/K does not have complex multiplication,
a version of Serre’s theorem says that p¢(G) = GLz,[T¢(E)] for all but a finite number of
primes £ (see [Se 3]).

6.3 A MARVELLOUS RESULT

We can use a prime 7 € N in two different ways:

(1) We can consider it as the true substance of the homomorphism [], and call it £; then
we construct the Tate module T, (F).
(2) We can use it to reduce modulo 7 ; then we call it p and associate to it the finite field F,.

These two objects appear quite different: T,(E) belongs to a category of modules
defined over a ring of infinite characteristic, while I, is in the category of fields of
characteristic p.

If moreover we vary the prime 7 in N, we can expect to come upon a whole jungle of
modules and fields, behaving in a most anarchic fashion, since we know that primes have
extremely individualistic natures (for example, the p-adic topologies of Q are not mutually
comparable (see Problem 1 of Chapter 3)).

However, the presence of an elliptic curve E defined over (Y makes it possible to put a
great deal of order in this chaos.

This results from the fact that the modules T, (E) are not only modules over Z;, but also,
as we said in the preceding section, G-modules (with G = Aut Q).

Now, to each prime p we associate a Frobenius element (modulo an inertia group which
is not important here) in G (see [L] p. 17). We write o, for this element, and call it the
Frobenius at p.

Then, if p # £ and if the reduction Ep of E modulo p is a smooth curve (i.e. has “good
reduction”), then

detpe(o,) = peZ
trace p;(0,) = a, € Z,

where a, = p + 1 — #(E,(F,)), see Section 4.9 (Chapter 4).
Thus, we see that for fixed p and for an arbitrary prime number ¢ outside of a finite set,
the characteristic polynomial of p.(o,,) is given by

X2~ (p+ 1 —#E,F,))X +p.

This means that it does not depend on £, but only on E and p.

The different representations p;, are thus closely related to each other.

Moreover, if for fixed £ we know the character of the representation pg, then for every
p outside of a finite set, the cardinal of the group of points of the curve reduced Ep inlF, is
known.
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Remark 6.3.1 Hasse’s theorem (see Section 4.9 of Chapter 4) shows that

la,| < 2./p.

This comes down to saying that the Riemann hypothesis is satisfied by the zeta function
of the curve E, (see Section 4.5 of Chapter 4).
In what follows, we will use the letters £ and p interchangeably for prime numbers.

6.4 TATE LOXODROMIC FUNCTIONS

In this section, we will do a little p-adic analysis, considering @, more as the analogue of
the field of real numbers R than as the fraction field of the local ring Z,.

In fact, we propose to transpose the loxodromic parametrisation of elliptic curves given
in Section 2.10 (Chapter 2) into this context.

Here, g denotes a p-adic number whose valuation |q|,, is strictly less than 1, and (g} is
the subgroup of Q) generated by g.

For every z € Q\(g) (i.e.z € Q5. z ¢ (q)), the series which defines the function p
is absolutely convergent. In fact, the elements of {(g) are poles of order 2 of the “p-adic
meromorphic function” z > p(z) defined by

9"z
PO = L T

neZ

As in Chapter 2, we can construct a Tate cubic:
E,: ¥ +xy = x° + agx + as,

with

3 n
a4=—5z nqnezp

n>1 l_q
1 (77° + Sn?)q"
=-——) — 1 ¢7,
“ 12; I—q v

and we can parametrise it by the loxodromic functions

x(1)=2(—1_q—n;;)3—22 <8

neZ _ n>1 1 qn
q s nqn
YO=) Gt T
neZ (l —q Z) n>1 - qn

The following map is an isomorphism of analytic groups:

2 (x(2), y(2))
Q/(q) — Eg(Qp).
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The modular invariant of the cubic E, is given by
1
Jj=—+7444196884g + - - -
q

Thus, we see that ||, > 1 so thatj ¢ Z,. Moreover, the reduction modulo p of the curve
E, is given by

¥ +xy=x,
which in homogeneous coordinates gives
Z(Y 4+ Xy)-X3=0.

We easily see that the reduced curve admits the double point (0, O, 1) and that the tangents
at this point are y = 0 and y +x = 0. The curve E, thus has semi-stable reduction at p, with
rational tangents to the double point. Conversely, we show that every elliptic curve defined
over Q, whose modular invariant j is such that |j|, > 1 and which has semi-stable reduction
at p with rational tangents at the double point is isomorphic over @, to a Tate cubic E,.

Remark 6.4.1 The analytic isomorphism ¢ extends to “the” algebraic closure Qp of Qy:

0 : Qo/ @) —>E@)),

and furthermore, one can show that it is compatible with the action of the Galois group

Gal(Q,/Q,) = Aut(Q,/Q,).

For more details on all this, see [Sil] and [Ro].

6.5 CURVES E, 5 ¢

Although the role of elliptic functions in the theory of Fermat’s equation (relation 6}, +63; =
930) can be traced back to Jacobi, it was only from the end of the 1960s that this role took
on a geometric aspect, via the construction of the curves E, g c.

The motivations behind this construction (Hellegouarch in 1969, taken up again by
Kubert-Lang and Frey) are indicated in the Appendix at the end of this volume.

Let us proceed pragmatically: to every primitive point (a, b, ¢) of the Fermat curve

X +y¥+7 =0,

we want to associate a cubic E4 g ¢ which is smooth (i.e. an elliptic curve) if and only if
the point (a, b, ¢) is not a trivial solution of Fermat’s equation (i.e. abc # 0). This simple
condition led me to search for curves E, g ¢ of the form

Y= —a)x—Bx—y),
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with the following conditions (since «, 8, ¥ can only be defined up to translation):
B—y=4d, y—a =5, a—B=c,

in such a way that the discriminant of the right-hand side of the equation is (a, b, ¢)%,
which is # 0.

Naturally, this system of equations has an infinity of solutions, but if we take y = 0,
we have

Expc: Y =x(x—ad)(x+b").

Definition 6.5.1
(1) Let A, B, C be three relatively prime non-zero integers. We say that the equation
A+ B+ C = 0is an ABC relation.
(2) Given an ABC relation, we set

Espc: y? = x(x — A)(x + B).

Remark 6.5.1

(1) Saying that ABC # 0 is equivalent to saying that the cubic E4 p ¢ is smooth.

(2) If we take a circular permutation of (4, B, C), the new curve Ep ¢ 4 is isomorphic to
Ea g c over Q.

(3) If we take an odd permutation of (A, B, C), then in general, the new curve (for instance
Ep 4.c) is only isomorphic to E4 p ¢ over a field containing V—1.

(4) TherelationA+B+C = Qisequivalentto —A—B—C = 0,and thecurves E_4 _p _¢
and Ej4 ¢ g are isomorphic over Q.

(5) If A = B, then E4 g ¢ = Ep 4, and the isomorphism noted in (3) is exactly a complex
multiplication by +/—1.

(6) Note that although Fermat’s equation has no non-trivial solutions, there are still a great
many ABC relations, which makes it possible to test the theory.

(7) The curve E4 p ¢ is also known as a “Hellegouarch-Frey” or “Frey—Hellegouarch”
curve associatedto A+ B+ C = 0.

6.5.1 Reduction of Certain Curves £, g ¢

We restrict ourselves here to studying the curves E, g ¢ for which (A4, B, C) is a triple of
relatively prime integers such that

A=3mod4 B = 0 mod 32.

Let us begin by studying the reduction modulo a prime number £.

Proposition 6.5.1 Let £ be a prime.

(1) If € does not divide ABC, the curve E4 g ¢ has good reduction modulo £ (it remains
smooth).




334 INVITATION TO THE MATHEMATICS OF FERMAT-WILES

(2) If £ # 2 divides ABC, the reduction of E4 g.c modulo £ is a curve of genus zero and
multiplicative type.

(3) If £ = 2, and if 2 divides ABC the reduction modulo £ of a minimal model of Ea p ¢
is a curve of genus zero and multiplicative type.

Proof. (1) If £ does not divide ABC, the curve reduced modulo £ is obviously smooth.
(2) If an odd prime £ divides A, for example, the equation of the reduced curve is

Y? =X*(X +B),

and as B #* 0, we see that the tangents at the double point are distinct (in [Fy); thus the
reduction is of multiplicative type.
(3) For the case £ = 2, we make the variable change

x = 4§, y = 8n + 4§,

and the equation of E,4 g ¢ becomes

Nt +En =& +cE’+dg ey
with
B-1—-A d d —AB
c= ——— an = —.
4 16
It follows that (1) has reduction modulo 2 given by
3 FA —
2 £, if A =7 mod 8
+&n=
AR {§3+s2, if A =3 mod 8,
and we see that it has a double point at (0, 0) with tangents given by
nn+§& =0, if A=7mod 8
N+ +£2=0, ifA=3modS8. O

Vocabulary
We saw in Chapter 4 that an elliptic curve such as E4 g ¢, which admits either good reduction
or bad reduction of multiplicative type at each prime ¢, is called a semi-stable elliptic curve;
we define the conductor of a semi-stable curve to be the product of the primes where it has
bad reduction.

Let ABC be a relation.

Corollary 6.5.1 When A = 3 mod 4 and B = 0 mod 32, the conductor N of the semi-
stable curve

Expc: Y =x(x—A)(x+B)
is the radical of ABC, i.e. the product of the primes dividing ABC. Thus, we have
N = rad(ABC).
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Remark 6.5.2

(1) The adjective “semi-stable” comes from the fact that a semi-stable elliptic curve over
Q remains semi-stable over a finite extension of Q.

(2) Although equation (1) is not the most natural equation for E4 g ¢, it has the advantage
of being a globally minimal equation (up to (Q-isomorphism) for this curve over
Spec(Z), in the sense of Chapter 4, Section 4.14.

(3) If ABC = 0 (mod 32), then one and only one of the curves E, g ¢ is semi-stable at 2. To
find it, we note that it is the curve whose equation is congruent to y* = x?(x+1) mod 4.

6.5.2 Property of the Field K, Associated to £,

Another, more technical, motivation for the construction of the curves Eg p» » related to
a hypothetical solution of degree p Fermat’s equation was the intuition that the group
Eg i »[p] of p-division points of the curve E» j» » should possess remarkable properties
and — why not? - maybe properties in contradiction with what was known about elliptic
curves.

Let K, be the field generated by the coordinates of all the p-division points of Eg pr cs.
We already saw in Chapter 4 that the field X, is a Galois extension of Q; we show that it
always contains a primitive p'-th root of unity ¢, (see Section 4.6.3 of Chapter 4). We will
now see that it is not “ramified” over Q,(¢,) when £ is an odd prime dividing abc.

Theorem 6.5.1 (Hellegouarch 1969) Let ¢ be a prime dividing abc. Then the field K,
associated to the curve Eg o oo can be considered as a subfield of Q¢(,, 2'/7).

Proof.

(1) A computation shows that the j-invariant of a curve F, 4 » satisfies the equation
278abc)?j = (@% — PP cP)? = b7 — Pab)? = (cF — dbP)°.

Thus, we see that up to a power of 2, j is the 2p-th power of an element of Q; of £-adic
absolute value > 1.

(2) By what we saw in Section 6.5, the curve E 4 » is equivalent to the curve E, over
the field Q. or over an unramified quadratic extension of this field.

(3) The field Q,(2'/7, ¢,) contains the field K,,. Indeed, if we let L denote this field, the
group E, (L) is isomorphic to L*/(q). Since j is a p-th power in L, then the same holds
for ¢, and there exists ¢’ in L such that ¢ = (¢’)”. Thus, we see that L*/{g) contains
the group (¢, ¢,)/(g) which is isomorphic to Z/pZ x Z/pZ. Thus E, (L) contain E,{p].

a

6.5.3 Summary of the Properties of £ v »

In the above, we associated to a rational point (a, b, ¢) of the Fermat curve given by

Fo: X 4+yP+22=0, p=5,
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the cubic Ep o » ie. a certain algebraic function field of genus < 1, defined over Q,
satisfying the following properties.

(1) If the point (a, b, ¢) is non-trivial (i.e. abc # 0), the cubic is smooth (function field
of genus 1).

(2) If the point is non-trivial, the corresponding elliptic curve is semi-stable.

(3) If the point is non-trivial, the Galois representation of Aut(@) in the Tate module at p
of E,» p» » has very little ramification (it is unramified outside of 2p, and has little
ramification at p; essentially it is ramified only at 2). Indeed, if £ does not divide 2p and
if £ divides abc, we saw in the theorem that K, is unramified over Q. If £ does not
divide abc, this follows from the Néron—Ogg—Shafarevitch criterion ([Sil] p. 179).

Examples of curves E, p ¢
Since Wiles’ theorem shows that Fermat’s equation of degree p > 2 has no non-trivial

solutions, we use equations which do have non-trivial solutions:

D xX>+v2—-w?=0
(2) XP +YP 427 =0, paprime > 2, which always has the solution (1, 1, —1).

Note that this last equation is that of the curve (G,) of the preamble.

First example

We want a triple &(a?, b%, —c?) such that #* = 1 mod 8 and ¢?> = 0 mod 32. If we start
from the relation 4> + 3% = 52, which we write 42 = (5 + 3¢)(5 — 3¢) = Norm(5 + 3¢)
with 2 = 1, we are led to compute

(5 + 36)? = 2(17 + 15¢),

and we find that 152 — 172 + 82 = 0. Thus, the curve Ejs2 _;72 g is a smooth semi-stable
cubic.

Second example
The curve E4 p ¢ associated to the obvious solution (X, ¥, Z) = (1, 1, 1) can be written

Y2 =xX%*-1).

It is an elliptic curve with complex multiplication whose reduction modulo 2 is not mul-
tiplicative. A theorem of Weil and Shimura asserts that every elliptic curve with complex
multiplication is a Weil curve. Thus, this curve is a Weil curve of conductor 32 (see [Og 2]
for the computation of the conductor).

6.6 THE SERRE CONJECTURES

We saw in Chapter 5 that the coefficients of the expansion of a Hecke form f in powers of ¢
(except for ap) are algebraic integers belonging to a finite extension K of Q contained in C.
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Let Z denote the ring of algebraic integers contained in C, i.e. the ring of elements z
of C which are roots of a monic polynomial with coefficients in Z. Clearly, Z is contained
in the algebraic closure Q of Q in C. Below, we use both Aut(Q) and G to denote the
Galois group of the extension Q C Q (see Chapter 3).

Let p € N be a prime and let | |, be the p-adic absolute value of Q attached to p. In
Section 4.10 (Chapter 4), we defined the ring Z,, := {x € Q; [x], < 1}, and we know that
there exists a canonical homomorphism of reduction modulo p:

X —> X.

{Z(p) — b,
This homomorphism extends to a place of Q, i.e. a map
¢ : Q — F,U{oo}
defined by

px) =xelF, ifxeZy

o(x) =00 ifx € Q\ Zy,.
An application of Zorn’s lemma (see Problem 4 of Chapter 3) shows that we can extend
every place ¢ of Q to a place ¢ : Q — [F, U {oc}. Note, however, that this extension is not
unique, although this is not very important in what follows.

This place induces a homomorphism Z — [, whose kernel p is a maximal ideal of Z
it is defined by

pi={zeZ: ¢@2)=0¢eF,).

We say that the place ¢ lies above @, and that p lies above the ideal (p) generated by pin Z.
Thus, we see that to every Hecke cusp form

o0
f= Za,,q", an € Z,

n>1

we can associate a “form reduced modulo p” (in fact p!):

Remark 6.6.1 Since the coefficients a, of f belong to a finite extension Ky of Q (see
theorem 5.7.3 of Section 5.7, Chapter 5), we see that there exists an exponent 4 such that

f € Fullgll.
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Definition 6.6.1 Take a natural integer N > 1, a homomorphism ¢ . (Z/NZ)* — C*
and a cusp form f of weight k for the level N : f € Si(N). We say that f is a new form
of type (N, k, ) if

(i) the seriesf =) ., anq" withq = e¥™* converges in H = {t € C; 3t > 0} and
satisfies the modular relation

ar +by X
H(Gg) = st +a)f . (M

(ii) f vanishes at the cusps, i.e. for every (Z Z) € SLy(Z), the function

at +b
T+ (¢cT + d)_kf<—cr T d)

has a series expansion of type (1) with q replaced by gV and in which the constant
term is zero.

(iii) f is a normalised eigenvector of all the Hecke operators attached to the level N
(in particular a; = 1).

(iv) f is “new”, ie. it does not come from a Hecke form of weight k whose level N’
strictly divides N .

Given this, we have the following result (due to Deligne), which we do not prove here.

Theorem 6.6.1 Letf = Y _, a.q" be a new form of type (N, k, €), and let K be the
subfield of C generated by the a, and the image of €.

Then K is a finite extension of Q, and the a, are contained in Ox := K N Z.

For every prime number p € N, there exists a continuous representation p, : Gg —
GLy(Ok /pOk), unramified at every £ prime to N and such that, for every £ as above,
we have

Tr,op(Frobg) =ay € OK/pOK
det ,OP(FI‘Obg) =)+ 1 ¢ Ok /pOk.

To give a rigorous meaning to this statement, we need to define what we mean by a
“Galois representation unramified at £”.
Let us admit that a Galois representation

p: Gg — GL(V)

has an Artin conductor N, defined by the usual formula (see {Se 5]) even when V is defined
over a.field of characteristic p.

The representation p is not ramified at £ if and only if £ does not divide N, (i.e. if p is
trivial on the inertia group of £).
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In the 1970s, J-P. Serre asked the following two fundamental questions:

(1) Under what hypotheses does an irreducible continuous representation p : Gg —
GL(IF,) come from a modular form, via the preceding theorem?
(2) In the affirmative, how can we find the minimal type (N, k, ) of this form?

In 1973, Serre conjectured that the only condition for the question (1) is that p(c) = —1,
where ¢ denotes the trace of complex conjugation on @ In 1987, he published (see [Se 4])
the recipes which produce the conjectured minimal type of the form starting from the
properties of the representation.

Example 6.6.1 Suppose we are given an abc relation for which a curve E g ¢ is semi-
simple. Then for every odd prime p, we obtain a continuous Galois representation (see
Chapter 4, Section 4.7):

P GQ —> Ea,b,c[p]’

and we deduce from Mazur’s theorem (theorem 4.10.3, Section 4.10, Chapter 4) that it is
irreducible if p is sufficiently large. The Artin conductor N, of this representation is

we Me= IT ¢
L£p L£p
ve(fe)A0mod p v, (ABC/2%)20 mod p

it is the minimal level of the modular form f predicted by the Serre conjectures. d

At this time, the first Serre conjecture has been proven in the case where the image of p
is a solvable group: this follows from works of Hecke, Langlands and Tunnell. But except
for a finite number of special cases, it has not been proven in general.

However, the second conjecture is practically proven in the case where p is different
from 2 or 3. It follows from the combined work of a large number of mathematicians, among
whom we must mention B. Mazur and K. Ribet.

The “philosophy” which makes these conjectures so precious is based on the fact that
the representation p,, associated to a new form f of level N can be much simpler than what
one might expect; in particular, its Artin conductor N, can be much smaller than N.

The form f is then congruent modulo p to a form whose level is a very small divisor
of N, which leads to astonishing consequences. This is what we now consider for Fermat’s
equation F), (and also for its false twin G,!).

6.7 MAZUR-RIBET’S THEOREM

The strategy used by Wiles in his proof of Fermat’s last theorem is based on a brilliant
intuition of G. Frey according to which the curves E,»  », associated to non-trivial primitive
solutions of Fermat’s equation cannot be Weil curves (at least for sufficiently large p).

This essential point was proven by Mazur and Ribet (see [Oe]), who in fact proved the
much more general result conjectured by J.-P. Serre in 1985 [Se 4], in which the fundamental
object is more the representation o, than the curve Eg pr cr.



340 INVITATION TO THE MATHEMATICS OF FERMAT-WILES

6.7.1 Mazur-Ribet’s Theorem

Contrarily to “Fermat’s last theorem”, this result has no simple statement: it states a property
of “irreducible, modular, finite representations of level N”.
As we want to apply this to representations attached to certain curves E4 p ¢, We restrict
ourselves to giving an idea of the meaning of these hypotheses in that particular context.
Thus, letus take a suitable curve E = Ej g ¢, which is assumed to be a Weil curve. Recall
that this means that if N denotes the conductor of E, there exists a new form f € S(I"o(N))
which we can write

o0
f@ =) aq", a=1, g=é",
n=1

which is an eigenfunction of the Hecke operators, and when ¢ does not divide N, satisfies
the relation

#EF) =L+ 1 —a,.

Let p be a fixed prime (greater than or equal to 5). As in Chapter 4, we are interested in the
representation

p: Gg = Aut(Q) — GL,(F,)

associated to the Gg-module E[p].
We show that if £ is a prime number not dividing pN, and if 0, € Gg is a “Frobenius
element” at £, we have

trace p(oy) = a, mod p
det p(o¢) = £ mod p.

We then say that the representation p is “modular”, because it is attached to the modular
form f modulo p.

Mazur’s theorem (theorem 4.10.3, Section 4.10, Chapter 4) allows us to see that this
representation is irreducible.

We now assume that (a, b, ¢) denotes a “primitive” solution (i.e. a, b, ¢ are relatively
prime) of Fermat’s equation

X+ + 2 =0,
and we take
{A,B, C} = {d”, b, "},

arranging for E4 g ¢ to be semi-stable.

Then, we saw (Section 6.5.1) that the conductor N of E, g ¢ is rad(abc). If now the
odd prime ¢ divides N, then the proof of theorem 6.5.1 shows that the exponent of £ in the
minimal discriminant of E4 p ¢ is always divisible by p; we will say that the representation
p is finite at every prime number # 2.
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Remark 6.7.1 Other important properties of p follow from the definitions:

(1) The representation p is continuous, i.e. it factorises through the homomorphism
AutQ — AutKk,.
(2) The determinant of p is a continuous representation of dimension 1:
Aut(Q) — FX,

which is such that complex conjugation gives —1 (mod p). We say that the represen-
tation is odd.

Mazur—Ribet’s Theorem 6.7.1 Let p : Gg — GL,(F) be a representation of Gg, irre-
ducible over F and modular of level N in the linear group of a 2-dimensional vector space
over a field F of characteristic p > 3.

If p is finite at p and of weight 2, then p satisfies Serre’s second conjecture, i.e. we can
take N to be the Artin conductor of the representation.

Corollary 6.7.1 Wiles’ theorem implies Fermat’s “last theorem”.

Proof. There is no question of giving the proof of the Mazur—Ribet theorem here; it is
extremely difficult [Ri 1], but we can easily prove the corollary.

Let (a, b, ¢) be a non-trivial primitive solution of Fermat’s equation of exponent p > 5.

Since the curve Ez 4 » is semi-stable, Wiles’ theorem shows that it is a Weil curve.

Since the representation p, : Gg — E» 1 [p] satisfies the hypotheses of the Mazur—
Ribet theorem, we can take N to be the Artin conductor of p,.

The theorem of Section 6.5.2 comes down to saying that this conductor is equal to 2; thus
we return to a modular representation of level 2. Serre’s second conjecture (now proven in
the theorem) shows that the minimal type of the modular form that this representation comes
fromis (2,2, trivial), which implies the existence of a non-zero modular formf € S;(I'o(2)).
But we saw (Section 5.9, Chapter 5) that S, (T"g(2)) = {0}, so we obtain a contradiction. O

Remark 6.7.2 The identical method cannot be applied to the equation
&+ +25 =0, (pz59), (Gp)
because the curve Ey i » is not semi-stable. However, we will see below what Ribet,

Darmon and Merel made of the method in this case.

6.7.2 Other Applications

One can prove the following result [Se 4, p. 202-205] by an analogous procedure.
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Theorem 6.7.2 (Serre) Let p be a prime > 11. Let L be a prime # p belonging to the set
S =1(3,5,7,11,13,17,19, 23, 29, 53, 59},
and let o be an integer >0. Then the equation
a&+V +L%" =0
has no solutions with a, b, c € Z, abc # 0.

Proof. We easily reduce to the case where a, b, ¢ are relatively prime. As above, we
consider the suitable semi-stable curve E,» » se.», and we show that the representation p, is
associated to a modular form f € S(I"o(2L)) which is an eigenvalue of the Hecke operators
T, forp { 2L.

(1) Assume that L € {3, 5}. We saw that S,(I"¢(2L)) = {0}, so we have a contradiction

as above.
2) IfL € {7,11,13,17,19, 23, 29, 53, 59}, the situation is more difficult: we refer to
[Se 4, p. 202-205] for details. O

Remark 6.7.3 A limit to the possible improvements on these results is reached for £ = 5
and P = 31, since we have

14314 (=2 =0.

The equation x” +yP + 27 =0
Naturally, a host of Diophantine equations remains to be studied, but the simplest case

appears to be our countersubject, i.e. the following conjecture stated by Dénes in
1952 [Den].

Dénes’ Conjecture 6.7.1 Let p be an odd prime. If the three natural non-zero integers
xP,¥? and 7¥ lie in an arithmetic progression, thenx =y = z.

The reader can easily check that this conjecture is equivalent to our countersubject (a
countersubject which arises as naturally as Fermat’s equation, in the study of the p*-division
points of elliptic curves, see the Appendix). In [Den, Satz 9] Dénes proves the following
result (which proves his conjecture for p < 31).

Theorem 6.7.3 (Dénes) Let p be a regular odd prime such that the order of 2 in F} is
either even or equal to (p — 1)/2. If 2°~! # 1 mod p?, then the conjecture holds for p.

Remark 6.7.4 The congruence 2°~! = 1 mod p? is very exceptional, but we know that it
happens for p = 1093 and p = 3511 (Wieferich numbers). However, we do not know if
it can happen for an infinity of values of p.

Very recently (see [Ri 2]), K. Ribet showed the following result.
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Theorem 6.7.4 (Ribet) There exists no solution of xP +y” +2z° = 0 in non-zero relatively
prime integers when 2 divides the product xyz.

To prove this theorem, Ribet notes, following K. Rubin and A. Silverberg, that Wiles’
theorem extends to all the curves E, ; . (not only the semi-simple ones), and then applies the
method of Section 6.7 (noting that the Artin conductor N of p, strictly divides 32, and that
g = dim S, (Tg(N)) is zero when N divides 16).

But what happens when xyz is odd? Using techniques due to Darmon, Ribet was able
to prove the following result.

Theorem 6.7.5 (Ribet) If the prime number p is congruent to 1 modulo 4, then Dénes’
conjecture holds.

It remained to prove this conjecture for p = 3 modulo 4, and this has just been accom-
plished by Darmon and Merel ([D-M])!

Theorem 6.7.6 (Darmon-Merel) Dénes’ conjecture holds.

Darmon and Merel’s proof (for p > 3) uses new arguments which establish the surjec-
tivity of the Galois representation p,, associated to the curve Ey p» 2> When the non-trivial
solution (a, b, ¢) is different from (1, 1, —1).

Remark 6.7.5 In fact, Darmon and Merel showed that this property is valid for every
curve Ey p ¢ not equivalent to £y | _», when p > 3.

6.8 SZPIRO’S CONJECTURE AND THE abc CONJECTURE

We conclude this discussion by presentating two conjectures which will perhaps replace
Fermat’s last theorem for our mathematical grandchildren.

6.8.1 Szpiro’s Conjecture

In a talk given in Hanover in 1983, Szpiro stated the following conjecture:

Weak Conjecture 6.8.1 There exists ¢ > 0 and B > 0 such that for every semi-stable
elliptic curve E over Q, we have

|Ag| < aN?E
where Ag is the minimal discriminant of E and Ng is its conductor.

The most optimistic form of Szpiro’s conjecture (see Exercise 6.20) is given in the
following statement.

Strong Conjecture 6.8.2 For every ¢ > 0, there exists a constant C(g) > 0 such that for
every semi-stable elliptic curve E over Q, we have

|Ag| < C(e) - NE¥™.
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Arithmetic consequence 6.8.1 For every ¢ > 0, there exists a constant C,(¢) > 0 such
that for every triple (a, b, ¢) of relatively prime integers with sum equal to zero such that
= —1 mod 4 and b = 0 mod 32, we have

labe| < C,(g) rad(abc)**e.
Proof. 'We saw in Section 6.5 that the discriminant A of the curve E, ;. is
abc\*
A= —
16
and that E, , . has a semi-stable minimal model E. We saw also that the conductor of E is
rad(abc). We deduce immediately from the strong version of Szpiro’s conjecture that

abcy? 6+2¢
(_16) < C(2¢) rad(abc)®+,
hence
labc| < 16y/C(2¢)rad(abe)>+e.
This gives the result with C(¢) = 16,/C(2¢). (]

Generalised Szpiro’s conjecture 6.8.3 For every ¢ > 0, there exists a constant C\(¢)
such that for every triple (a, b, c) of relatively prime integers with sum equal to zero,
we have

labc| < C,(¢) rad(abc)>*e.

6.8.2 abc Conjecture

The abc conjecture was born during a discussion between J. Oesterlé and D.W. Masser
in 1985.

abc Conjecture 6.8.4 For every ¢ > 0, there exists a constant Cy(g) such that for every
triple (a, b, ¢) of relatively prime integers with sum equal to zero, we have

sup(lal, 1B, lc]) < Ca(e) rad(abe)'**.
We saw in Exercise 1.13 (Chapter 1) that the analogue of this conjecture in C[¢] holds

(“Mason’s theorem”).

6.8.3 Consequences

These conjectures have such numerous consequences that it is impossible to list them all
here. But before mentioning some of them, we recall the famous theorem of S-units.
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This result, which is due to C.L. Siegel, is valid in the larger framework of algebraic
number fields, but we restrict ourselves to expressing it for the field of rational numbers
(for a proof, see [Sil] p. 253).

Given a finite set S consisting of the number —1 and prime numbers py, . .., pa, let {S)
denote the multiplicative subgroup of Q* generated by S, i.e. the set of rationals equal to
:tp'l’l ... pyr for arbitrary exponents vy, ..., v, in Z.

Theorem 6.8.1 (Siegel) Lera and b € Q*.
Then the equation

ax+by=1

has only a finite number of solutions (x, y) € (S) x (S).

Example 6.8.1

(1) There exists only a finite number of exponents u, v in Z such that 2* £3% = 1.
(2) The same property is valid for the equation

p‘{']p;”' iqll}]q:;" — 1’
where the set S = {—1,p1, ..., Pm» 41 - - ., gn} 1s fixed and where the unknowns

ulv--~9ums Vla---,vn

lie in Z.

(a) Bounds for Szpiro’s quotient and the abc quotient
By the strong Szpiro conjecture, for every € > 0,
log |abc| - Ci(e)

3 .
lograd(abc) ~ lograd(abc) te

By Siegel’s theorem of S-units, the radical of abc cannot remain bounded when the abc
relations vary, hence
— log|ab
i _—_gla d <3+e
log rad(abc)
Taking ¢ = 1, we see that there is only a finite number of abc relations for which the Szpiro
quotient is greater than 4.

Conjecture (consequence of the generalised Szpiro conjecture) 6.8.5 There exists an
absolute constant K| such that for every abc relation, we have

log |abc|

lograd(abc) =V

and the maximum is reached for a particular (and remarkable!) abc relation.
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The present record (1994) for this proportion is held by A. Nitaj of the University of
Caen, France. He obtained the value of 4.41901 . .. for the relation

13196 +2%.5=32.11%.31.
By the same reasoning, we can also state the following conjecture.

Conjecture (consequence of abc) 6.8.6 There exists an absolute constant K, such that
for every abc relation, we have

log sup(lal, |b], |c|) ,
lograd(abc) ~ %

and the maximum is reached for a particular (and remarkable!) relation.

The present record for this proportion is held by E. Reyssat of the University of Caen.
E. Reyssat obtained the value 1.62991. .. for the relation

2 +319.109 = 23°.

(b) Generalisation of Fermat’s equation
Suppose we are given three non-zero pairwise relatively prime integers «, 8, y, such that
we cannot have « + Be + yn = 0 with g, € {1, —1}. We consider the equation

ax" + By +yz" =0, 1
where n denotes an unknown integer > 4.

Conjecture (follows from Szpiro) 6.8.7

(1) When n is sufficiently large, every primitive solution (a, b, ¢) of the equation (1) is
such that abc = 0.

(2) There exists only a finite number of quadruples (n, a, b, ¢) where a, b, ¢ are relatively
prime integers and n > 5 which satisfy equation (1).

Proof. (1) Assume that n is greater than all the exponents of the prime factors of afy.
Then every solution (a, b, ¢) of (1) is proportional to a primitive solution (where a, b and ¢
are relatively prime).

(2) If we apply the consequence of Szpiro’s conjecture to

(A, B, C) = (ad", Bb", yc™),
we have

log By | + nlog |abc| <K
log rad(aByabc) '

Because |abc| > 1, we see that log |abc| > log 2, so n must be bounded.
(3) If nis bounded, then Faltings’ theorem applied to each n > 4 shows that we obtain
only a finite number of solutions. O
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(c) The Fermat-Catalan Conjecture

It follows from the abc conjecture (see Exercises 6.10-6.12) that for fixed positive integers
u, v, w, there are only a finite number of triples (abc) of the form ux" 4+ vy* = wz' with
1r+1/s+1/t <1,

Example 6.8.2 Ifu =v =w = 1, we know ten triples, namely

14+22=3% 254 72=3% 132477 =2, 177+ 27 =712, 3 +11* = 1222
177 +76271° = 210639282, 14143 +2213459% = 657, 9262% 4+ 15312283% = 1137
438 + 962223 = 300429072, 33% + 15490342 = 15613>.

(d) Extension to surfaces
Completing equation (1) by a symmetric equation, we obtain the system (Problem 4 of
Chapter 1, see also [Hel 1] p. 35-36):

ax"+ By ' +yz"=0
[ BY' +vy @)

a"x+ By +y"'z=0.

Conjecture (follows from Szpiro) 6.8.8 When n > 5, the system (2) admits only a finite
number of solutions, which are non-trivial integers in Z such that

(ax’ ﬂy’ VZ) =1

Proof. By Szpiro’s conjecture, for every ¢ > (), we have

laBy (xyz)"| < C(e)|aByxyz|***
[(@By)xyz] < C(e)|aByxyzl**e.

Multiplying these inequalities, we obtain

laByxyzl" > < C(e). 0

COMMENTARY

We explained above how Frey’s idea (1985), the publication of Serre’s conjectures (1986—
87), the Mazur—Ribet theorem (1987), and finally Wiles’ exploits (1994) lifted the psy-
chological barrier which had kept the elliptic approach to Fermat’s last theorem in a state
of hibernation for fifteen years.

As an effect of this liberation, we are currently witnessing an intense flowering of
new results and of open questions (enigmas) which makes it hopeless to even attempt to
give a coherent synthesis of the current situation.

The first specialised books devoted to this question are beginning to appear, in par-
ticular the acts of the Boston Summer Conference of August 1985 [CSS], and the book
by Van der Poorten [VDP].
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To limit ourselves to currently available literature, we indicate that the notion of a
projective limit (Sections 6.1 and Section 6.2) can be studied in [Se 1] and [Sil].

An excellent description of the difficult kernel of the subject is given in various
articles of the Bourbaki Seminar [Oe] and [Se 4]. The articles of Ribet [Ri 1] and Wiles
([Wi] and [W-T1) should not be neglected but they are by no means easy reading.

For the Serre conjectures, read [Se 4].

Finally, the new results cited in the text are given excellent treatments in the articles

by Darmon and Granville [D-G], and in the articles by Ribet [Ri 2] and Darmon-Merel
[D-M].

Exercises and Problems for Chapter 6

6.1 Let A be aring equipped with an ultrametric absolute value | |, and let R = M,,(4) be the ring
of n x n matrices with coefficients in A.
If M = (my) € R, set

[1M]| = sup{lmyl}.
L]

Show the following relations:

@ IIMl|=0<-M=0,
(i) |IM + Ni| < sup{[|M]], |IN1},
@iii) {|MN]|| < |IM]]IN]].
Give an example showing that the inequality of (iii) can be strict.

6.2 We use the notation of Exercise 6.1, with A = Z,, for an odd prime p.

(a) Show that if M € R is such that
M-Il <1,

then M € R* (i.e. M is invertible).

(b) Let G be the set of matrices M such that ||M — I|} < 1. Show that G is a multiplicative
group.

(c) Let g be a prime number different from p, and let M € G be such that M # I. Show that
M9 £,

(d) Show thatif M € G is such that M # I, then MP # I.
(e) Deduce that the only element of finite order in G is the element /.

6.3 We use the notation of Exercise 6.2, and let 7= denote the canonical homomorphism Z,, — F,
extended to a homomorphism R ~> M, (IFp).

(a) Show that Ker7r = G.
(b) Using Exercise 6.2, show that if H is a subfinite group of GL(Z,), then

Kermr NH = {I}.

(¢) Deduce that the order of H divides #GL(F,) = (p" — D(@" —p)--- (" —p"~1).
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6.4 Prove lemmas 4.10.1, 4.10.2 and 4.10.3 of Chapter 4 with Zy) replaced by Z,,.
Show that the analogue of E, is a torsion-free group.
Show that the analogue of E, is of finite index in E (Qp) (Lutz’ theorem, see [Lut]).
When the curve E reduced modulo p is of genus one, show that the order of the torsion group
of E(Qy) divides the cardinal of E (Fp).
6.5 Let c be a positive integer. We propose to show that the equation x" — y" = ¢ has only a finite
number of solutions (x, y, n) in N3,

(i) Assuming thaty > 1, show that nLogx/y < y™"/2,
(ii) Alan Baker’s theory of linear forms of logarithms implies the existence of a constant y > 0
such that

Log Log)—c > —y Logn Logy.
y
Deduce from this an upper bound for n.
(iii) Conclude.
6.6 We use the notation of Exercise 6.5 with §1 = (2, 3). Let E be the set of solutions of x —y = 1
in S1. We propose to show that
Er=1{(2,1,3,2),43.09 8}

Write this equation in the form

24 3b = 1.

(i) Assume that a is odd and b > 0. Working modulo 3, show that the right-hand side is —1.
Then, working in Z3, show that if » > 1, then a = 6n + 3. Working modulo 8, show that
b is even, and obtain a contradiction modulo 10. Conclude.

(ii) Assume thata > Oiseven and b > 0, and show by working modulo 3 that the right-hand
term is 1. Assume that ¢ > 3, and by working in Z3, show that a is divisible by 3.

Show that the equation
64% —1=3°

is impossible if « > 1. Conclude.

6.7 We use the notation of Exercise 6.5 with § = (2, 5). Let E; be the set of solutions of x —y =1
in §7. Show as in Exercise 6.6 that

Ey; ={(2. 1), (5.9}

6.8 The same question, with S3 = (3, 5). Show that E3 = ¢.

6.9 We use the notation of the previous exercises, and take S4 = (2, 3, 5). Let E4 denote the set of
solutions of x — y = 1in S4.
Show that E4 = Ey U E; U {(6, 5), (9, 10), (16, 15), (25, 24), (81, 80)} (see [Luc)).
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6.10 Consider all the triples (r, 5, 1) € (N*)3 such that f(r,s,1) = r~ ' + s~ 417! < 1. Assume
that r < s < t, and order the set of these triples according to the lexicographic order, i.e.

r, s, 1) < (., s, 1)

ifandonlyifr <7 or(r=+ands <s)or(r=r,s=5andt < ?).
Find the smallest triple (r, s, ) such that f(r, 5, ) < 1, and compute the minimum of 1 —
fr,s, 0.
6.11 Deduce from the abc conjecture that there exists only a finite number of sextuples
(r,s,1,x,y,2) € (N)% such that

I 1 1

-—+-4+-<1
ros t
.y, =1
Xy =7

One can use Exercise 6.10.

6.12 Take three numbers u, v, w in N*, and deduce from the abc conjecture that there exists only a
finite number of sextuples (r, s, ¢, x, b, z) € (N*)® such that
1 1 1

-+-+-<1
r s !

Ly, =1
ux” + vy’ = wz'.
6.13 Show that the abc conjecture implies the following conjecture:

For every ¢ € 10, 1/6], there exists a constant c(¢) > O such that for every pair of relatively
prime integers (x,y) € (N*)z, we have

13 =y > c(e) max(x>, y?) /6.

6.14 A prime number satisfying the congruence
27~! = 1 mod p?

is called a Wieferich prime. The Wieferich primes are quite rare since the only p < 3 - 1010
which are Wieferich primes are 1093 and 3511. However, it is not known whether there exists
an infinity of prime numbers which are not Wieferich primes.

Following J. Silverman, we will show that the abc conjecture implies a positive answer to the
preceding question.

(@) Assume that there exists n € N such that 2" = 1 mod p and 2" % 1 mod p?. Show that
we have

27~ £ 1 mod p?.

(B) Assume that there exists only a finite number of primes p; such that 27~! % 1 mod pl.2,
and forn e N, set

2" — 1 = auba,

where a, lies in the monoid generated by the p; and b, does not lie in it.
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Using (), show that the radical of b, is less than or equal to b,l,/ 2,
(y) Consider the triple (1, 2" — 1, 2") and let ¢ > 0. Show that the abc conjecture implies that

anbn < 2" < C(&) radRanby,) ' .

(8) Obtain a contradiction, when » tends to infinity, using 8 and y.

6.15 We propose to show that the abc conjecture implies that if
rad(x + 1) =rad(y + 1), rad(x +2) =rad(y +2), rad(x+ 3) =rad(y + 3),

then we have x = y except for a finite number of exceptions (this property is due to
M. Langevin).

(o) Assume that y > x. Show that the hypothesis implies that
rad((y + Dy +2)(y + 3)) divides y —x.
(B) Applying the abc conjecture to the relation

1+ 0+ DO +3)=+272

show that y is bounded.

6.16 We say that n € N* is a powerful number if rad(n)? divides .
Show that the abc conjecture implies that there exists no triple of consecutive powerful
numbers (note that if a, b, ¢ are three consecutive numbers, then b? =ac+ 1).

6.17 Let A be a Dedekind domain, and let n — v, be a sequence of positive integers tending to
infinity.

(o) Show that if x € A is such that the sequence (x") takes only a finite number of values,
then x € U(A) U {0}, where U(A) denotes the group of units of A.

(B) Generalise the result of () to the case where x belongs to the fraction field of A.

(y) Admit the fact (which is a consequence of Faltings’ theorem) that if » > 3, then the curve
of equation

aX" +bY +¢Z" =0

with (a, b, ¢) € (@*)? has only a finite number of points in P2(Q). Deduce from (8) that
for n large enough, all the solutions of the equation

aX™ +bY" +cZ™ =0

are proportional to elements of (U(A) U {013 (for more details, see [Hel 3]).
6.18 Let F be an algebraically closed field of characteristic p.

() Show thatif P € F[f] admits aroot ¢ € F of multiplicity v(a) not divisible by p, then the
derivative P’ admits « as a root of muitiplicity v(a) — 1.

(B) Consider a relation ABC in which A, B and C are relatively prime elements of F{t] such
that A + B+ C = 0, and assume that ABC ¢ F.
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We say that this relation is separable if A/B admits a non-zero derivative.

Show that, up to replacing t by t”h, we can always assume that the relation ABC is
separable.

(p) If P € F[t], the tame radical Ro(P) is the product [ piy=0 (z — @) € F[t] in which the

v{a)
« are all the roots of P in F whose multiplicity is not dfvisib]e by p.
Following the method of proof of Mason’s theorem (Exercise 1.15, Chapter 1), show
that if the relation ABC is separable, then

sup{deg A, deg B, deg C} < deg Ry(ABC).

(8) Deduce that if the ABC relation given by
a'+b"+c"=0
with (a, b, ¢) € (F[1])? pairwise relatively prime is separable, then n < 2.
6.19 Let I, be a finite field of cardinal g, and let ]Fq be an algebraic closure of F,.
() Show that the map x — x7 is an automorphism o of ]Fq, and that
Fo=1{xe ]F‘q; o(x) = x}.

(B) Let P e IFy[t], and set

a(P)—P
DP) = ———.
oty —t

Show that D(P) € IFy[t].
(¥) Show that the map D : F,[¢t] — Fy[¢] is F,-linear and that

D(PQ) = PD(Q) + D(P)o (Q)
= o (P)D(Q) + D(P)Q.

We say that D is the Galois derivation of F[t].
(8) Show that if @ € [, is a root of P of multiplicity v(e), then

(i) Ifa € Fy, a is a root of D(P) of multiplicity v{e) — 1.
(ii) Ifo ¢ Fy, a is aroot of D(P) of multiplicity v(x).

(&) Let P € F,[t]. The rational radical Ry (P) is the product I P(Q%F:O (t—a) € Fy{t] in which
ae
the « run over the roots of P in IF, 4- Following the method of Egercise 6.18, show that

degR1(P) > g — (g — 2) sup{deg A, deg B, deg C}.
(¢) Assume that g = 2, and show that ABC has at least two distinct roots in F,. Could this

result be obtained directly?
(n) Redo Problem 5 of Chapter 1 with the radical replaced by the rational radical.
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6.20 Limits to optimism
Given a relation (a, b, ¢), we set
log |abc| log sup(lal, 16], |c])

t(a, b, c) =

bo) = —2label
pla.b o) = o (@) Tog rad(abc)

(&) Show that p(a, b, ¢) < 31(a, b, ¢).
(B) We propose to show that

limsup p(a, b,c) > 3.
(a.b.c)

For this, we construct a sequence of triples (a,, by, ¢,) by the induction relations

(a, by, c1) = (16,1, ~17)

ap+1 = 4apby,, er—l = (an — bn)zs Cptl = —(an + bn)z-

Show that the triple (a,, by, ¢;) corresponds to an abc relation, and that a, is always
divisible by 16.
Set Ap = |anbncul/(rad anbpcy)’, and show that
Antl > {cnl o1
4hp |an — bnl
Deduce that A, tends to infinity and conclude.
(y) Deduce from ¢ and $ that one cannot have

limsupt(a, b,c) < 1.
(a.b,c)

(8) Wereturn to the example of 8 to show that sup(jal, |b}, |c|)/rad(abc) cannot be universally
bounded.
Set r, = rad(apbncn), wn = lcnl/rn, an/bn = thG,, with0 < 6, < m/2.
Show that 6, = 26,_1 mod 7 and that yu,41/un > 1/cos26,|.

Deduce that pt,4 1/ > 2% sin 28| = log |cp+11/ log [ci ]| sin 26y |.
Conclude.

Problem 1

(Nevanlinna Theory)

I. The goal of this first part is to prove the Poisson—Jensen formula.

(1) Letf be a holomorphic function in the disk D = {z € C; |z| < 1}, bounded in the closed disk
D = {z € C; |z] < 1} and continuous on D except at a finite number of points. Show that

1 2n .
o | [0 =50).
T Jo

(2) Assume now that f is meromorphic in D, continuous and non-zero on the boundary of D and at
the origin.
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Let ay, ..., ay be the zeros of f in D, and let by, ..., b, be its poles (zeros and poles are
repeated a number of times equal to their multiplicity). Prove the Jensen formula:

2 .
logv<o>1+zlog - —Z g = [ ol

For every sufficiently small ¢ > 0, we can construct a region R, in which f(z) has neither poles
nor zeros, and we will compute the integral of log f(z)/z dz along the boundary of R,.

(3) Suppose now that f is meromorphic in C, and write its Laurent expansion at the origin in the
form

f@Q=ct+ -

withc # 0and e € Z.
Show that we have the Poisson-Jensen formula:

d.
toglel = [ loglf@iz—~ 3 odtfr

O<lal<r
fla)=0
r
+ Z ord(f,b)— —elogr,
O<|bl<r [bl
flby=00

where I, denotes a circle centred at the origin and of radius r, travelled in the counterclockwise
direction. Check that this formula is invariant under the involution f(z) <> 1/f(z).

IL The aim of this part is to define and study the radical and height of a meromorphic function.
To the function f, which is meromorphic in C, we associate two counting functions:

0 ife <0
Ne(r,0) = Z ord(f, a)log— I €=
O<lal<r lal elogr ife>0
flay=0
and
0 ife>0
Ny (r, 00) = Z ord(f, b) log — + ife>
0<|bl<r |b] | —elogr ife<O.
f)=0

(1) Show that we have

Nl/f(r, O) = Nf(r, OO)
Nyy(r, 00) = Ne(r, 0)

and (by the Poisson—-Jensen formula):

logle| + Ne(r,0) = / log lf(z)lzfi + Nf(r, 00).
Iy inz
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(2) Following Nevanlinna, we write
dz Ifl dz / dz
lo z,—:/lo —_— 4+ log/ 1+ |f1P=—,
/[‘r glf( )|2mz r, g T 1] lf|2 2inz r, g 1 2inzg

and we associate to f two proximity functions:

d log _Um e <0
my(r, 0) := / og L& o ¢
r, V14 [f?2inz log |c| e>0

dz
my(r, 00) = ./r log/1+ lf|22irrz

Show that we have

~ llog,/l TUOR, e>0

log |c| e < 0.

myf(r, 0) = mg(r, 00)
myp(r, o0) = my(r, 0),

and (by 1),
Ny (r,0) + mys(r,0) = Ny(r, 00) + my (r, 00).

(3) Show thatif | f(z)| — 0 when |z| — oc, then my (r, 0) tends to +00 when r — +00. Show that
if | f(z)| — oo when |z| — oo, then my(r, 00) tends 1o +oo when r — +o0.
(4) Define the characteristic function (or height) of / by the formula:

Ty (r) := Ny (r, 00) + my(r, 00).

Show that if f = a/b where a and b are holomorphic functions on C having no common zeros,

we have
d:
Ty(r) = / log /1a(2)? + 1b(2) 2 s — log / la(0)I2 + [b(0)|2.
I, 2imz

II1. Finally, let us define two new functions of r:
(i) the logarithmic radical S, of a non-zero holomorphic function a. By definition, we have
Sa(r) = Z log L + nglogr,
O<|x|<r |x|

a(x)y=0

with ng = 0if a(0) # 0 and ngp = 1 otherwise.
(i) the ramification counting function Ry of a non-constant meromorphic functionf. By definition,

we have
B = Y od(fxlog L+ [ Ologr 7O 0.1,00)
e O<l<r ’ lxI 10 otherwise
F0{0,1,00}

f0=0
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The goal of this third part is to give an abc theorem for the holomorphic functions in C, and to
deduce one of its consequences (see [VF] for more details). Recall Mason’s theorem (Exercise 1.15,
Chapter 1) on the polynomials of C[z].

Consider three non-constant relatively prime polynomials a, b, ¢ such thata + b + a = 0. Then

sup(deg a, deg b, deg ¢) < degrad(abc).

Now, if a, b, ¢ are three entire non-constant functions on C having no common zeros and such that
a+ b+ c =0, we have the following result.

abc Theorem For every r outside a set of finite Lebesgue measure, we have
Ta:b:c(r) < Sabc(r) b Ra/C(r) +2 10g Ta:b:c(r) + 0(10g log Ta:b:c(r)),

where Tg.p.. is defined by

d.
Taspee () = / log {la@) + @) + (@) 5
r

2imz

— tog /la@)2 + 1bO) + [c(O) 2.

(1) Consider three non-constant entire functions a, b, ¢ such that a” + " = ¢", with n € N. Show

that we can assume that a, b, ¢ have no common zeros; in what follows, we make this assumption.
(2) Set

{T(r) = Tynpreen ()
S(ry = Sarpren (r) = Sabe (r).
Show that the abc theorem implies that
T(r) <8(r)+2logT(r) + O(loglog T(r)).
(3) Show that

S(r) < Nayp(r, 0+ Npje(r, 0) + Neyalr, 0)
< Tayp(ry 4 Topelr) + Tepa(r) + O(D).

(4) Show that
T(r) = Tanypn(r) + O(1) = nTpp(r) + O(1).
(5) Deduce that if r is sufficiently large, then
nTap(r) < Tapp(r) + Tpje(r) + Teja(r) + 3log T(r).

(6) Conclude that we must have n < 3.
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Problem 2
(An application of the Langlands-Tunnell theorem due to J.-P. Serre)

A. Preliminaries on GL,(IF3).

(1) GL,(IF3) denotes the group of invertible 2 by 2 matrices with coefficients in F'3. Show that the
centre of GL;(I3) is equal to {A12; A € F3}.

(2) Let PGL;(F3) denote the quotient of GL(IF3) by its centre. Show that the cardinal of this group
is equal to 24. Interpreting this group as a group of permutations of the lines of ]F%, deduce that
PGL2 (]F3) jad 84.

(3) Show that GL;(F3) is generated by

-1 1 1 -1
ot_<_T 6) and ﬁ_(T T).
(4) Note that F3 ~ Z[+/—2]/7, where m denotes the ideal of Z[+/—2] generated by 1 + /2.
Show that there exists a unique monomorphism ¢ from GL;(F3) to GL2(Z[+/—2]) such that

- -1
w@)=<_i é) and ¢w>=(i 1)

p(g) =g mod P

and we have

for all g € GL(F3). Deduce that for every g € GL2(F3), we have

trace(p(g)) = trace(g), det(p(g)) = det(g),

where the overline denotes the class in 5.

B. In this second part, we will consider a plane elliptic curve E defined over Y, and its 3-torsion
group E[3] in P'C. We consider the Galois representation

Gg 3 GLg, (E3)

given by the action of the absolute Galois group on E[3].

(1) Show by an example that p3 is not necessarily irreducible.

(2) From now on, we fix a basis for E£[3] over 3, and we identify p3 with a representation of Gg
in GL3(F3). Show that 6 = ¢ o p3 is a representation of G in GL(Z[V=2]) € GL1(C).

(3) Let o denote complex conjugation, and show that

det@(c) = £1.
(4) Using Weil’s alternating form, show that
AR EI3] = ps,

where (13 denotes the group of cube roots of unity in C, i.e. a line over [F5.
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(5) Can E[3] have an F3-basis (P, Q) consisting of rational points?
(6) Deduce from (4) that

detf(c) = —1 mod 7.

(7) Show that the eigenvalues of p3(c’) are 1 and ~1.

(8) Assume from now on that p3 is irreducible over F3. Show that every nﬁitrix M of M, (F3) which
commutes with all the matrices of Im pj is of the form A/, with A € F3.
(9) Deduce that p3 is absolutely irreducible (i.e. irreducible in GL;(F3)).

C. Let us admit that for almost all primes g, we have:
trace,, (Froby) = g + 1 — #E(F,),

where the second term is considered modulo 3. Recall that S; is a solvable group. Show that the
representation 6 : Gg — GL»(C) satisfies the following properties:

(1) 6 is irreducible (over C);
(2) detf(o) = —1, where o denotes complex conjugation;
(3) Im 4 is a solvable group.

Remark A famous theorem due to Langlands and Tunnell states that then there exists

o0
f@) =) ane”™" e Si(Co(V), x),

n=1

for some N and some x, such that 6 “comes from” f in the sense that
trace (6 (Frob,)) = by

for almost all primes ¢. This was a decisive first step in the proof of Wiles’ theorem and the Shimura—
Taniyama—-Weil conjecture.
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elliptic with complex multiplication, 336 Equation(s)
equivalent, 197 p-integral, 218
Frey—Hellegouarch, 333 Abel’s, 95
in projective plane, 174 functional, 224, 226, 227, 307, 309
non-singular, 175 globally minimal, 335
non-singular (or smooth), 87 heat, 270
of genus one, 215 long Weierstrass, 202
semi-stable elliptic, 334-336 minimal, 218
smooth, 175 short Weierstrass, 206
Tate, 68 Equivalence, 179, 281
Weil, 309, 336, 339-341 Euclid, 2, 6
with complex multiplication, 310 Euclidian, 44
Cusp(s), 287, 338 Euler, 16, 34, 35, 68, 75, 109, 223, 255, 256
Cycle, 183 Everywhere locally true, 7
intersection, 184 Expansion
positive, 184 Laurent, 86, 94
Extension(s)
d’Alembert, 1 algebraic, 131
Darmon, 341, 343, 348 Galois, 140
Darmon and Merel, 2, 343, 348
De Moivre, 35 F-automorphism, 134
Dedekind, 25 Fagnano, 71, 74, 75
Degree of a cycle, 184 Fermat, 1, 3, 8, 16, 27, 33, 172, 173
of an isogeny, 200 last theorem of, 1
of a representation, 135 Field of invariants, 141
Deligne, 280, 297 Finite, 341
Dénes, 30 Form(s)
Derivation cusp, 294, 295, 297
Galois, 352 Hecke, 299, 302, 304-306, 336
Descartes, 3, 172, 173 Hecke cusp, 337

Descombes, 155 linear of logarithms, 349
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long Weierstrass, 192
modular, 255, 287, 288, 294
new, 308, 338

parabolic, 288

quadratic, 4, 9, 16, 35

quadratic positive definite, 201

reduced modulo p, 337
short Weierstrass, 193, 229
weakly modular, 281
Weil, 195
Formula(s)
Desboves, 232
Euler, 33, 314
Euler-MacLaurin, 55
Jacobi, 273, 280, 314
Jensen, 354
Poisson—Jensen, 353, 354
product, 120
Fourier coefficients, 261
Frey, 325, 332, 339, 347
Fricke involution, 308
Frobenius, 155
Frobenius at p, 330
Fulton, 228
Function(s)
L, 226,304
Artin L-, 227
Artin zeta, 224
central, 138
characteristic, 355
counting, 354
elliptic, 71, 78
of the first kind, 110
of the second kind, 110
of the third kind, 110
Euler’s T, 306
Gauss’ hypergeometric, 102
Hasse—Weil L, 223, 226
Hasse—Weil zeta, 224
loxodromic, 92
modular, 287, 288
multiplicative, 280
partition, 259
proximity, 355
Ramanujan, 280, 297
Ramanujan tau, 299
ramification counting, 355

Riemann ¢, 33, 223, 227

Tate loxodromic, 331

theta, 260

weakly modular, 281

Weierstrass, 82
Fundamental domain, 281, 282
Fundamental parallelogram, 78

Galois, 142, 145, 147, 155, 172
Galois correspondence, 141
Galois group
absolute, 2, 196
Gauss, 18, 77, 102, 260
Generalisation of Fermat’s equation, 346
Genus, 215, 293
Globally false, 7
Good reduction, 192, 333
Granville, 348
Group(s)
homogeneous modular, 281
modular, 280
of analytic automorphisms of H, 281
solvable, 339
Gunning, 312

Hartshorne, 228
Hasse, 155

Hasse principle, 155
Hecke, 310, 312, 339
Hecke operator, 301, 338
Hellegouarch, 332
Hensel, 118, 155
Hermite, 260, 263
Hermitian matrices, 45
Holmboe, 56
Holtzmann, 3
Homomorphisms, 198
Houzel, 35, 10t
Husemoller, 228
Huygens, 8

Identities, 295
arithmetic, 294
Diophantus’, 10
Euler’s, 33, 39

Igusa, 312

Inductive, 167
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Inequality Lemma
triangular, 119 Hensel’s, 158, 159, 169
ultrametric, 119, 120 Schur’s, 161
Inert, 10 Zorm’s, 167, 337
Infinite descent, 4, 6, 30, 34, 284 Level, 285

Infinite product
convergent, 127
Integer(s), 18
Gaussian, 10
Integral, 20
Integral(s)

complete elliptic of the first kind, 101
complete elliptic of the second kind, 101

Integrally closed, 25
Intersection multiplicity, 180

Introductio in Analysin Infinitorum, 312

Invariant measure, 297
Invariant modular, 291
Irreducible, 136, 339
Irreducible components, 177
Isogeny
defined over k, 198
separable, 200

Jacobi, 18, 77, 259, 262, 263, 332
Jacobi’s triple product, 313, 314
James and Liebeck, 155

Jones, 101

K field, 335

Kaplansky, 155

Kepler, 68

Klein, 260, 285, 313
Knapp, 101, 228, 312
Korkine, 38

Kubert-Lang, 332
Kummer, 18, 23, 26, 28, 34

Lagrange, 18, 109, 154
Lamé, 34

Lambert, 71
Landsberg, 155
Langevin, 351
Langlands, 339
Lebesgue, 34
Legendre, 35, 109, 113
Legendre symbol, 293

minimal, 339
Liouville, 18, 38, 68, 77
Liouville’s third theorem, 211

List of the seven properties characterising

wup, 181
Local, 7

MacLaurin, 179, 228, 241
Mason, 38
Mazur, 339
Mazur—Ribet, 347
Measure
Dirac, 55
Mellin transform, 224, 306
Merel, 341
Model
globally minimal, 220
minimal, 334
minimal Weierstrass, 308
Modular invariant, 216
Modularity condition, 288
Module
complementary, 101
Tate, 329
Mordell-Weil, 211, 228

Noetherian, 25, 41
Nevanlinna, 355
Newton, 68, 228
Newton—Puiseux, 155
Norm N, 10
Normg, 19
Number(s)
p-adic, 127
3-adic, 7
Bernoulli, 31, 50, 53, 116
congruent, 253
Fermat, 4
powerful, 351
regular, 26
triangular, 5
Wieferich, 342
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Qesterlé, 313

Ogg, 312

Order, 79, 211

Order n, 192

Order of multiplicity, 177
Ostrowski, 121, 123

p-adic exponential, 159
p-integers, 54, 56
Pappus and Proclus, 2
Paradox
Cramer’s, 185
Partition of the integers, 255
Pascal, 3, 5
Pell, 4
Perrin, 228
Plicker, 173
Place, 337
Poincaré, 260
Poincaré upper half-plane, 260
Point(s)
n-division, 192
2-division, 192
multiple, 174
non-singular, 174
non-trivial, 336
simple, 174
singular, 174
Polynomial(s)
Bernoulli, 55
separable, 147
Poncelet, 172
Principal quadratic imaginary fields, 201
Principle
of the functional equation, 306
of the maximum, 322
Product
Euler, 305
Petersson Hermitian, 297, 298, 319
Pythagorean triangle, 7

Rademacher, 312

Radical, 334
logarithmic, 355
rational, 352
tame, 352

Ramanujan, 305
Ramified, 10
Rational map, 177
Rausenberger, 68
Reduction, 189, 190, 337
additive, 192
multiplicative, 192
semi-stable, 332
Regular primes, 26, 31, 35
Relation(s)
ABC, 333
Descartes’, 240
Euler’s, 166
Jacobi, 265
Legendre’s, 106
separable, 352
Representation(s)
as sums of two squares, 13
continuous, 149, 341
finite, 340
Galois, 195
irreducible, 340, 341
isomorphic, 135
modular, 340, 341
odd, 341
of G defined over F, 134
of degree n, 134
proper, 14
regular, 137
unramified Galois, 338
Residue field, 128
Resoluble, 151
Reyssat, 312
Ribet, 34, 339, 341, 342, 348
Theorem, 343
Riemann, 223
Riemann hypothesis, 225, 331
Riemann surface, 289, 293
Ring
Dedekind, 39
Euclidean, 10
local, 128, 327
of p-integers, 54, 218
of endomorphisms, 199
of integers, 21, 35
Roberval, 5
Rubin, 343
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INDEX

Samuel, 35
Schikhoff, 155
Schmidt, 205
Scipione del Ferro, 152
Self-adjoint, 303
Semi-stable, 222
Series
binomial, 160
Dirichlet, 304
Eisenstein, 85, 274
Fourier, 273, 322
Poincaré, 319
Serre, 155, 312, 313, 325, 347
Set with integral distances, 62
Shimura, 310, 312, 336
Siegel, 101
Silverberg, 343
Silverman, 101, 228, 350
and Tate, 228
Singerman, 101
Snell-Descartes, 3
Sophie Germain, 58
Split, 10
Stable, 146
Stationary, 142, 145
Steinitz, 155
Stevin, 155
Stothers, 38
Subgroup(s)
commutator, 163
congruence, 285, 287
Hecke, 285
principal congruence of level N, 285
torsion, 205
Supersingular, 202, 203
Symbolic notation, 32
System of representatives, 286, 287

Taniyama, 310
Tartaglia and Cardan’s method, 152
Tate, 228
Theorem(s)
S-units, 344
abc, 356
Abel’s, 89
Addition of lemniscatic integrals, 76

Artin’s, 225

Bézout’s, 180

Chinese remainder, 165, 221

Dénes’, 342

Faltings’, 346

Fermat’s little, 129

fundamental of Galois theory, 145

Galois’, 151

Hardy’s, 324

Hasse’s, 202, 331

Hellegouarch, 335

Jacobi’s, 259

Kummer’s, 27

Legendre, 66

Liouville’s, 41, 77-79, 84, 90, 93, 211

Lutz’s, 349

Maclaurin’s, 194, 232

Maschke’s, 136, 161

Mason’s, 42, 60, 70, 352

Max Noether’s fundamental, 184

Mazur’s, 172, 210, 228, 339, 340

Mazur-Ribet’s, 339-341

Mordell-Weil, 211

Néron’s, 221, 227

Nagell-Lutz, 210, 236

Newton—Puiseux, 167

Nine-point, 183, 184

of Bachet, 129

of strong independence of absolute
values, 164

of weak independence of absolute
values, 163

Pappus’, 231

Pascal’s, 231

Riemann’s, 224

Riemann—-Roch, 215

Ruffini-Abel’s, 151

Serre’s, 197, 228

Siegel’s, 345

Steinitz’, 118, 131

Tychonoff’s, 327

Wiles’, 308, 311, 341

Theory

Hecke, 297
Nevanlinna, 266, 353

Tiling, 283
Traceg, 19
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Transform
Mellin, 306
Transformation(s)
affine, 171
Jacobi, 272
Translation(s), 171
Trivial solution, 332
Tunnell, 339
Type
minimal, 339
multiplicative, 334

Ultrametric, 119, 121

Uniformising parameter at infinity, 119
Unit, 10, 22

Universal property, 162

Valiron, 101
Van der Poorten, 347

Van der Waerden, 35
Verriest, 155
Viete, 2, 3

Wallis, 68

Watson, 101

Weber, 263

Weierstrass, 68, 80, 213, 228
Weierstrass sigma function, 106
Weil, 35, 228, 336

Whittaker, 101

Wieferich primes, 350

Wiles, 310, 313, 325, 339, 348

Xylander, 3

Zinoviev, 325
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