
 
 
 

 
 
 
 
 
 
 

Aigner p 242 Burnside's lemma

csvntingwithsymmetryfweneedtsfiiou.s.n.no.nu

X raw set of objects
G symmetries acting on X
M patterns equivalenceclassesofobjects upto symmetry
Xg elements of Xfxed by gEG

Example X length 2 lists from a b G I at
donothing flip

X a a a b b a b b

1 1 4M a a a b b a bib 161 2

IMI 3a af a b b a f P b b D

M orbits of action of G on X
1 21 4

X a a a b bad bib
1 1 2

a af b bf

g.GGXgl zC Xzlt X IzC4t2 3 M



Example X length 3 lists from a b c

E E mining at

aabTbaaf aacTrcaafPb.a c Tr ca b f

abb bba f abcTrcbaf
bbCTrcbbfPacbMb.ca

f Paco Lecca f bcc T.ccb f

aaa f G bab f G ca c f

G ab a f G b b b f Cbc f

G a ca f G b ab f Ccc f

1 1 27 I l 27

En Hi
g.GGxgl zC Xzlt X IzC27t9 I8 M



Example X length K lists from a an
E I at

donothing flips

1 1 nk 1 21 substep do a countingproblem
161 2

X n Kal n Kal roundup Kk

to Et Iv
1choice 2choices 2choices 3 choices

n n2 h2 n3

feelxgt tzllxg.lt X l ECnktnfEl1

Im1nK 2E 22t2 3 0
n K 3 33 32 18 01

Example Necklace problems
Make an n bead necklace using k possible colors of beads
Two patterns are the same if they agree after rotation
Howmany patterns

of g q000 lol o_O

it

For each n there will be a version of the on to It To
c

Divisibility more symmetry n counting problem



n K 3 G atoning Igm Etf
o o o o o o o o o

o o o o o o o o o

o o o o o o o o o

To o_O o_O
exo exo exo

oo o o o_O To o_O o_O o_O
so so so so

I da I da I da I da
To o_O To o_O
ios ios ios ios

o_O o_O o o o o To o_O o_O
so yes ios who

I da I da I da I da
To o_O To o_O
ios ios ios ios

161 3 1 1 27 1 11 1 21 1 1 3

fegtxgl tzllxg.lt XaltlXd tz 27 3 3 11 0



n 3 any K G
d timing x

gn Ign

1 1 1 21 153 99880 0 988 o_O

ios ios
0000
Koslors

IX I K 0000 0 02 Koslors 0
84

Xfl K 0000 TOKoslors O LO

fegtxgl tzclxg.lt Xalt Xd tz k3tktk

check 1 3 tz k3tktk b 27 3 3 11 0



h 4 k 2 0 00 0 O_O

added

my Egg
III

s s
44turn halfturn

O_0 O_O
toooo IEEE

diode
r r

0 09 0 09 O_O O_O
old old Glades a

0 0 0 0 0 0 0 0 0 0 0 0

d dsd dd dsd dd dsd.io
drier drier drier

o_O O_O O_O O_O O_O O_O
d dsd od dsd dd dsd.io

161 4 1 1 16 1 1 1 21 141 2 4

g g
XgI Htt Htt d 16 2 2 4 6 0



G I 2a 4am
I

s s

1 1 1 1 154 99 0 0 9 88 O_O
oooo oooo 10 01
Kcolors Koslors

O_0Kal Hd K 9 88 f d I

99.88405

Hak k OE 9988 8

g.ggXgI I4 XiltXaItIXsltHsl I k4tktktk2

check 1 2 f k4tktktk2 16 2 2 4 6 0



why does this work feeling 1Mt

a h

C0 90 8 o_O o_O o_O o_O 0 9 0 9do d osd od o sd od o sd.co
a tr tr tr tr tr to

go go EI o geo fotkq 8888 tod o o d o d o dos

yEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEI
1

I t y y
s

Each dot marks an object fixed b a group element
Each box is a pattern upto symmetry
The row sums are 1 1 Hal Hal Hd
If we can figure out whyeach box gets 1Gt dots we're done

GroupTheory in a nutshell things divideupevenly
Look more closely at each orbit This one is interesting

GO 0 0 0,21 a golf drop 1 a

a a

Gq I s elements of G that fx 8
Gg a I s a 1 as I s

I f

fc2 sk EE8 E83l K1 a a s3l lol
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Exam �, March ��-��, ����

Exam �
Combinatorics, Dave Bayer, March ��-��, ����

To receive full credit for correct answers, please show all work.

[1] How many ways can we choose three edges of a regular tetrahedron, up to rotational symmetry?
Con�rm your answer by �nding all patterns up to symmetry.
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[2]Howmanyways can we k-color the six sides of a regular hexagon, up to rotational and �ip symmetries?
Con�rm your answer for k = 2, by �nding all patterns up to symmetry.
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[3] How many ways can we choose two squares of a 4⇥ 4 board, up to rotational and �ip symmetries?
Con�rm your answer by �nding all patterns up to symmetry.
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[4] How many ways can we choose 2 or 3 faces of a regular dodecahedron up to rotational symmetry?
Con�rm your answers by �nding all patterns up to symmetry.
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[5]Howmanyways canwe choose two cubes from a 3⇥3⇥3 array of 27 cubes, up to rotational symmetry?
(�is is not a Rubik’s Cube. �e symmetries are the �� rotations we have studied of a solid cube.)
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