Zen | Chaptor 2 : IntersecHon Mul€iplicities

IntrodutHon

When we talk about A polynomial, like £(X), having & zevo
at Q& point o, we can Say how mani timeS it +touchet the
X-axi$ ot thot point. Thic iS called the "multiplicity" of the zew

ex) + Tf fx) Crogres the ac-axis at X, C(like 0 Striight 17ne).
We Qay Tt haS O multiplicify of 1.

« If £(X) JuSt to0uches the XT-axi¢ and turns Around C like
0 parabola) ,We MY it hal 0 multiplicity of 2 oF higher.
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Now, Tnstead of jyst one curve, we can look at +wo Curves
Foand 6 ona graph. The interfection point P S where these
two CcurveS meet.

+If F and G crots each other Ot P with different angles, w
SAy thelr interfection multiplicity iS¢ 4.-> means they are
in+eksec+'m% h'ICQl\d., like two ftralght (ines cromng.

+Tf they are touching at the Came Angle, Ok If they both
have Similar slopes at P, then we fay they have & higher
intersection multiplicites. (2 or more)
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Sometimes, curves Can have points where they behave
weirdly, like being flat or Crossing over themselves.
These "points are chlled ¢ingular points. At these points,
it’s hot Straightforward to determine +he intersection

multipicity just by IOok'ma‘

To Onalyze how curves intersect, we need +to develop q way
to measure this interSection for AnY two Curves, not just
simple  CaseS. ThiS is what the concept of jntérSection

mult'lcl'lci_f aimS to achieve — For +his we heed the Followin
Q{!_%Q raic “opjett that allows us to capture the [ocal g eometty

of"fhe plane Oround a point-

<Def 2.4
befinition 2.4 CLocal rings of A*), Let P€AXle a point.

() The local Fing of A* ot P is defined as

Op - Of\‘,l’ P= %;J&,ge K [x,4] with 3(P)=#0}C KCx.9).
(b) It admit§ O well —defined Fing homomorphlsm

Op — K,% =2 7;(—(?) Which we will call +he evalyation map,

oS kernel will be denoted by
Lo =Tp,p = —%z F,9€Klx YT with £(P)=0 and
9(P) #0} < Op.

(In this de€inition,? )
-Op representS the local ring at point P.
- and cf} are polynomial from the polynomial ring KIX.y)
where I iS the Field over which +he polynomTals defing

-The condition %CP)#D ensures that +he denominator
does not vonish at the peint P, allowing us to
evaluate these fractionS near P.



The local ring Op contains funchonS that behave nicely nheapr?.
Tt allowS US to focul § ectf?callﬁ_on thofe funcHons t+hat
remaln defined pnd provide medningful Values akround +he
pOint WO are (nterefted in.

B\gh u_sTn%_ local rings, WR can analyze +he intersection

multipn€ity  pPCEIB) more rigorously. The dimension of
@ quoti Op 4 :

4he quotient ZEcy FVES us a precise measure of how F and

G behave at P

CRemark 2.27 ) R}
recall that the local H"ﬂ at a point P in the offine plane A

iS defined as 0p=f-g;- +$99 € KCX,YJ with 9P +0}

This st contains fractions of polynomial§ where the denominatr
doQs not vanish at point p.

* The remark StateS that Op descHbes "nice" functions
around point P.—> meanS that +he functionS in Op are wel
defined aqnd behavye Jgmoothly in the neigehborhood of P.

* In Simpler teyms, +hes§e functions are RRllable for calculation

and ylsualjzations hear P.

* The local ring helps US fowus ona mall area around P.
ThiS iS impOrtant bocause +he Sglobal behavior of a curve
may pot reflect how It behaves” right at the Intersectn
or nearb-g.,

- The remark mentions +hat Op iS a Wbring of KC(Z,4), where
K(x,tj) IS the ¥ield of rational functions.? This meahs that
eyery” element of Op is a rational function, but only those
that ™ are well-defined at P.

J Bem% 9 §ubring implies that it contains O and 1 and is
Closed undel addition and muitiplication, which are esfentia|
properties for & Fing.

* The foca| Hh? Op 1¢ als0 an integral domain.—> moans j
had no zeko divisors. In Simpler teérms, 1f the product o
WO elements 18 Zero, at least+ one of those @lements must be

0.
- ThiS 1S crucia) property for anurinﬁ)’rhwl- the funchons we

e Worklng Wwi+h hove ‘meaningfd ThteracHons.



* The remark Stateg +hat the unit¢ in Op are precisely +he
fractions £ for which both  @and g are non-zero at'P

Units are elements that have a mujtipiicative Tnverse in

the ring, which hegos ih understanding which functons are
inverdible in this cOntext.

- The remark Qlso notes that Op contaTns Trreduciblie elements,
Which Qre polynomials that cannot po Forced Tnto STmpler_
P:\\énormals n °the r‘mas\ Those irreducible pol nomials * yanich
Qa

ond 18+ US know ¥he [ocal pehavior of +hcupves at H\Od-t_
pOink.

Finally , 1t emphagizes that Op 1§ a local Hng Ththe alge braic sene
, Meaning T+ contains exac+h& one maximal fdea|, denoted as Ip.

This means all other ideals in Op either are (ontained n Ip oF
\%“Aﬂ\h O&_I-BYQ\F- The moximal 1deal conSicts of funchons that
I )

Dot 2.37

For a point P& A* and 4wb Curves (or- polynomials) F and &
we define the interSection Multiplicity of F and G at P fobe

Mp (F.6): = dim Dp /(F,6) € N Vo),
Where dim denotes +he dimenSion as a vector §pace over k.

{In +his definition. » _ ‘
MpCF,6): rQpro §Onts +he intlrsecHbsh multipiicly of the

curvds ¥ and G at the point P. T iS the keu guantr
We atm —+to Compute. F P ¢ 9 ft

(F.G7' denotos the 1deal gomerated by the cuwes Fand &
Within the locad Hng Op. This 1dead ConsTsty of ol funchons
that Can bo expressed a§ combinations of Fand & with
coefficients n 0p.

dim Op/<F,62: refers +o the dimension of the quotient gives
us insight thto how +he curves intersect at point P.

- If Up(F,e) =1, it ndicates F and & Tntorseck
transversely  at+ P (they Choss nTcehi)

«Tf up (F.G)>4, ik &uaﬁeﬂrs +hat the curves
touch "o overlap Tn a fiore complicated way at
that point.



CRemark 247

(a) Tt 1S cloar from the definitions +hat an Tnvortible
offine Hansformation from (. 4) +o

(x’, LJ') = Cax+bytc, dad ey+4) for a,b.c.d, 0. F ek
With ae—pd # 0

0.iveS uS an_ Somorphism between +he local Hings Dp and
Op- yWhere P/ i¢ the TImnge potnt ot p; and bdhwea

Op/¢F,67 and 0p//<F, 6> where F/and 67are F and B expreded

n the hew coordinateS x’and 4’ W will often use this
invartance to STmpITfY owj~ Calculations by pTcklng SUTHb2
(00rdTnates ,e.9. ¢Uch +hat P=0 i¢ the origin.

* ThiS property JSfates that T+ you Cham%lg +he CoordTnates
Ina way that preserves the StruCture the §pace Cbt%;
UsThg un TnVertible linead~ tansformation) . the loah Fngs

at the OrigTnal point P and the thansformed point P/wTll be
1SOMDFPHIC.

* Tn gimpler termS, it you change the wa YOM look atthe
curves, Chy $hTFtTng O rotadt] r?’ the axes), the \ow
behavior 'near +nh€ Tntersectionf remams the same.

Cb) The interseckion multTpiicty ig aﬂ‘?mmeﬂ-’lc
L we have mp (F,6) =pp (6,F)%or F and 6.

* Ths_property hTghlTghts that the ordor of the curves F
ownd G doo § not mat+ter when Calculaf:m@ inte§ection
mu(tTplch-gf». Whether you look 0+ how T Tntersects G
of how G TntlrsectsS . the mulTpIicTHy Wil be the Jame
This is a reflection of the Symmetric hature of intersec
ih goometry. tHions

CC) For all F.6,4 W@ have (F, 6+ FH? = (F, 6>. and thy
Ap(F, B+FH) = Up(F,5)

* Th1S property indicatesS that 1+ You add o multiple of
0he Cukve to anothek Cin this case, G+FH). the Tntersectn
mUultipliclty with respect +0 a third curve F remains
Unchanged. EsJenﬂaVl\l/, adding more complexity o one cuwe
g%_egtn‘gt affect how 1t IntersectS with another cukve at

| .



Clemma 2.57
let P A*, and [0t F and G be +Wo curves COr polynomTals).

We have: (o) Mp(F,6) 21 Tf and only ¥ PE FNG
tb) Mp(Fi6) =1 if and only 1f (Fi67 = Ip n Op.

(A) > meanS 1f the ntersection multipl'lch“{ 1S non-zer,
1t CONETrmS +hat the point P must be on both curves,

I\C(g’ Lf\ not on eTther curve, they cannot Tntersect there
and thus the multipircity 15 zevyo.
(b)

— This indicates that for the intersectlon muriplicity to be
exacHy pne, the on|¥ functHons -that voanish ot P must pe
thoge %QY)Qka-\:Qd by the curves F and G. j.e., at P, F, &nd
G touch €ach other just once without overlappng further.

ThiS reprefents o simple intersection yhere e two
CUurves cross ot a gingle point

proof © ASSUme FikSt that F(P) £0. Then F ¢ @ unit Tn Op, and
s (F,6) =0p. 1.0, Mp(F.G)=0.
mweogeh We +hen have P¢PF Ond F€Ip, proving both

(@) and (b)) Tn+his §enge. OF course, +he case G(PI£D T
Qnalo%ous.

SO W@ may how 0Ssume that FCP) = G(P)=0,
.8, PEFOG. Then the evaluation map at P ind
o wel~defined and Surjecktive map Op /{F.G)— K

T+ follows thar Up(F G) =L, provina (@) in this case.
Moreoler, we havep )(F.6):Lp it u%d only 1 +his ma

M
iS (N TEOMOrphTsm. '\-d)., it and only i (F, 67\{3 exacHy th
Kerne) Tp of The Rvaluation map.

uces



