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We firstwantto show that

a largeclassof representations
UnitaryRepresentations is

completplyreducibled also called semisimple

DefA representation is
called completely

reducible
or semisimple ititis

isomorphic to a
direct sum of irreducible

representations VE
Vi Vi irreducible

Note notall representations
are

b'Ertsentations OandVi

completely reducible
Example find

Def4.18
on PSFf

DefAcomplexrepresentation V Definition
of a real lie group G

is called

Unitary if there is a G invariant

innerproduct peg v peg
w yay

Group

orequivalently P g eUCD Fye G

Let's try to unpack this definition as
there

are a lot of newterms thatalthough
were previously

covered can still be hard to keep track of

V I



Hattispicisitistitiitatiisiti
p G GLU where V E and G is a real lie Group

i e that p gh p g pch and p a 1

Analogous to what one may think
of a standardgroup homomorphism

G is a real liegroup means that
G has two structures G is a group
and is a manifold as opposed to a commplayfogalytic

the lipgroup is over matnumbers

Dif A representationV of a on a

real lieAlgebrag
iscalledunitary

if there is an innerproductwhich is LieAlgebra
g g g p g
orequivalently pix EU V TxEg

Example Let Ve F S which is the space
of complex valued functions on a finite sets
Let G be a finitegroupacting bypermutations
on S then it also acts on V by C21
Then Sf file f s fact is an invariant
innerproductsso such a representation is unitary



So what
Thisenables us to prove that

Thy Each unitary representation iscompletely reducible

Pf Youhave a set of various cases
1 V is irreducible V is cadreYI by definition

2 Vhas a subrepresentation w

V W out and hit is a saberaintation
By induction we can show

that at

PL still needswork

ThyAnyrepresentationof a finitegroup
isunitary

Pf Lrt BGWI EgB gu gu
BChuhw Blghughw E.gg Gv.g'd

With these twotheorems every representation of
a finite group is
completelyreducible

Goal Generalize Complete Reducibility
to largerand larger spaces

h



In our proof that representations of finite
groups are completely irreducible the strategy
was to take an average for our function

This works well in fits groups
Butwhat if G is a lie Group

Replace with an integral over G

DefA rightHaar measure
on a real lie

group e is
a Bom I measure dy which is

invariantunderthe right
action of G on itook

Right in urances off gh dg flgldg
the G andintegrable function f

Left invariances If Chyldg SfCgldg

tie
Requires knowledge of Measure

Theoryandof differential forms
Neither of which I have a
background in



Thad Let G be
a real lie Group

1 G isorientable moreover theorientation

can be chosen so that the rightaction of G
on itself preserves the

orientation

2 If G is compacts then for a fixed
choice of right man ont orientation

on G

there exists a unique right invariant top
degree differential form w suchthat sew l

3 Thedifferential form w defined in the previous
part is also left invariant and invariant up
to a sign under i g g j w Gl dinow



then let G be a compactreal liegroup Then
ithas a canonical Bowl measuredywhich is
both leftand right invariant

and invariant under

yesg andwhich
satisfies Sedgel This measure

iscalledthe Haar measure on Gand is
usually

denotedbydy
RemartBi invariantHaarMeasure

Exists in not just pay
lieGroupbutany

compacttopological group
withsome restrictions

though this is also beyond
thematerial of this talk

IIEIE.EE
HuarMeasure dx 1142

In general writing
an explicithaarMeasure

for a group is
difficult

Usually complicated
to write out

a formula for

Only mally
doable when integrating

conjugation invariantfunctions Classfunctions



Example G U n f smoothfunction on G

such that flyingY f Ch

fun flyldg I If i.tn I lEtil'dt
T

t

ien teeth is the

subgroup of diagonal matrices and

dt chad 4 dun is theHaarMeasure

on T

Clearlythese examples
cangetveryfmessy very fast

ImportantTheorem
That Anyfinite

dimensional representation

of a compact lie Group is unitaryand
thes completely irreducible



PI Let B v w be a positive
definite

inner product in V

8Cvw SeBlgvgu dy
dy is theHaarMpasun on G
It is clear that BCv v BGviguldgso
Since B gu gu 0 Because Haarmeasures
are right invariant Olav hw BA w
Bydefinition this innerproduct is an invariant
innerproductmaking this representation unitary
Hence therepresentation is completelyreducible 0

We have now go then to a point
whoup up have trulybroaden the scope
of completelyreducible representations

Obviously wehave justshown that any
finite dimensionrepresentation of a compact
lip Group is completely

reducible

In practice how do we do an explicit
decomposition into noVi Needy Ve are
Pairwise non isomorphicirreducible representations

From now on assume G is a compactreal
Lie Group with HaarMearns dy



Let vi be a basis in representation V
PCgl Vs V in the basis Vi yields
a matrix valued function on G

Eachentry which we will
denote as

matrix coefficients of the representation

V can bedenoted by scalar
valuedfunctions

on G pig g in eachentry
Importantfacts won'tproveEffmaster

l Let V W be non isomorphic

irreducible representations of G
Choose bases viewandwa eW att D x
Hi J a b thematrixcoefficients pYglandPaw
areorthogonal ire that PY g pas 0
when G 7 is the innerproduct on CCG E
givenby fi fi feetCglfactdg
2 Let V be an irreduciblerepresentation
of Gand let viev be an orthonormalbasis
with respect to the g invariantinnerproduct
Then thematrixcoefficients pi g are

pairwiseorthogonal andeach has
norm squaredFmv pi CglPri iÉ



3 and Y aid in provingCltand 2
3 LetVWbe non isomorphicrepresentationsof G
and f a linearmap Usw ThenSegfg dg O Hmm

as

4 If V is an irreduciblerepresentationandf is
a linearmap

V thenSgtg dgftr.gg id
If Let Ffegfg dy I commuteswith
the action of G ht titleChelfhg dy I
UsingSchur'slemma youget twopossibilities for F
Either 8 0 W V or I aid W Vl
Since treyfg tr fl tr I trf
Hence A tariff id

GigPicting
Irreduciblerepresentationsenableus

to construct
orthonormal sets of functions

onthegroup

Problem The set of
functionsdependonyour

Fico f bus is
SolutionWe can

leverage the characterof

a representation to
circumventthis

is son



Deff A character of
a representation

V is the function
on the group

defined by
Xu g tru ply Epi Cgl

Clearly doesn't depend on your
choice of basis

LIFE d be the trivial

representation Then Xu 1

2 Xuan Xu Tw

3 Xv OF Xu Xu
4 Xv ghg xu h

S Let V dual of a representation



The orthogonality relation for
matrix coefficients immediately
immediately implies the followingtheomm

Thad let V W be non isomorphic
complex irreducible representations of
a compact real Lie group G
Then thecharacters are orthogonalwith

respect to inner product
Xv Xw O

Foranyirreducible
representation g

ri Xv 1
thinkOrthonormality

If we denote by E the set
of

isomorphism classes of irreducible

representations of G then the set

yr ve Ey is an orthonormalfamily
of functions on G

This is a really importantrealization as
this gives wayto manycorollaries which
willculminate in PeterWeyl



Corrollay LetU be a complex representation
of a compact real lie group G Then
1 V is irreducible G Xv Xv7 1
2 V can be uniquely in the form V E nite
when Vi are pairwise non isomorphic
irreducible representations and the
multiplicities no are given byME Xv Xvi
But this is great We now have
a way to Compute these multiplicities
no Unfortunately this is onlymally
our usable for finite groups and some
Very special cusps

Returning to the topic of matrix coefficient
of representations

Can we generalize Etriganfacts

without choosing a particular basis
Yes



FfÉY u We candefine a function

on thegroupPugu g by
PresuCy v5pCglv7
Putsimply say v v and Vert
Pretu Lv5 p g v and we can

recover the matrix coefficientpf.gl
In otherwords thismeans that

for anyrepresentation
V we have amap

m V a V C G Q
V or a v peg v

However weshouldalsonotethat
V QU is a G bimodule

G module Youhave two commuting
afonsof G on yourspace
QU
If V is Unitary then the innerproduct
defines an innerproducton

V

We can define an inner producton V OxV by

HOW Vix W Emv Vivi wi wa



That Let E be the set of isomorphism
classus of irreduciblerepresentations of G
Definethemap m VE Vi CCGQYiEE

by mater g V peg v
Then
1 The mu p m is a morphism of G bimodulesMCCyr XOu Lg m tou

m rt oxgu Rg mCV OuwhenLgandRgwe leftandrightactionsof G on CCG G reeppearly
hgt h frg hRyF H f th y

2 The map m pro sons the inner product
if we drop the purerproduct in

VoteoxUo by
v Vy Vox wa Imp vs wink

and inner product in CCG by
f f SetCyl ET dy



AstraightforwardComputations

Rgnm v Gv h m Qr hg
re palplyv7 m8v gu h

LgmFoxy h MC v g h
L pLgDpHr CgVIP h v

m gu Ou h2 Followsfrompreviousthrumm d Cogginat

Corollary Thismap is injective
Injective Byconstruction of mapping this is clear

Nuff Algo sur jRetiup Requires notions of

Tumpletion Every function on the group
can be approximated by a linear
combination of matrix coefficients
petorWrylthe.mn
The map m GIV Vi Coco e onto
gives an isomorphism
A
We

Vi Vi LEG dy

is the HilbertSpace Dinetsum
Thecompletion of the algebraic din et sun
with respect to the metric gapnbythe innerproduct FoxVivivtoxwy ditmvlv.tv miwad d is the Hilbertspace of comp

c



Mlbor space of comp
respect to the Hear me asum with theC

Corollary The set of characters yr Vee is
an orthonormalbasis of thespace of
conjugation invariant functions on G

Ex FourierAnalysis
Take 6 5 Nz Thr Haw
mea sum on G is gin by dx phatyand the irreducible representations
anparametrized by Z
the Wp have a one dimensional
representationre with theactionof S
Ginnbyplay e

ki ka

Thecorrespondingmatrix coefficients
am thesame as the chanchorand isGinnby Xu a patina

Theorthogonalityrelation of a previoustheorem
fills us fo e'in et dy f r e
Intuition Peter Weyl is telling us
that emerykey form an orthonormal

basis of L S dx which is the

foundation of prettymuch all
of fourier

Analysis
Emry L function on S can be
rewritten as Fx Eacheatin
wht h s


