Lie Correspondence
Chang Yoon Seuk Cuni: ¢54056)
Fundamental Theorems of Lie thery ( 3 main results)

Initially, we have seen that {or o kie quup G, with Lie akebra g, the exponential map
exp: § — b is a local homeomorphism . 5o Lie algebs are localy defermined by Lie qroups,
The main theorem we want to show is :
Theorem A) The functor Lie : & — Lie(&) is To be an equivalence of categonies.
j.e. The assignment  { simply ~ connecled Lie grps | X, {lie algebras§ i Junctoricel.
Theorem B) Tor any kie group G; (real or complex), there is a bijection between
connected Lie subqroups H <6 and Lie cubalyebms b <J, Given by the Lie fundor.
Observation of Thm A)
Definition [CafegorieS], Informally, a mafhematical stucture consist of objects and
maps or morphisms befween objects. Two main axioms : associativiy and identity
oedinition [functor], Let C, D be Two cotegori€s, A functor F:C—> D (s an assignment that
1) Assigns ¢ > F(e) for each c€C | 2) To cach morghism §: C.—Ca in C o morphism FCF) : €02)- F(4)
Two rules : 1) ldentity FLide) = idgce) ,2) Gomposition F(Jof) = E(3)0 F(£)
Definition. A functor F : C—> D is an equivalence of tegores
[)F is fully faithful . This means, for every pair of objects ¢,c, in C, The map
F: Hom, ( C.G) — Homg ( FCG), FCG)) i5 @ bijection.
;e. T induces a one -fo~one correspondence befween morphisms in C and D
X) Fis essentially sunjective on objects. for evey object d € 1), theve exists ¢e C
ssuch thet d is isomorphic to F(C)
Dedinition [ simply-connected ] - ) Path - connected
Triviel fundamental qroup



Definition [ Poth- connected ] A Yopological Space T is poth- connected if, for every points
X,4 €T, there exists a continuous map «: [0, 1] =T, Suchthot 7(0)=Z and (V=Y.

Definition [Homa?opj of pa‘lhs]' Jet § and §' Le comtinuous maps of he space X
imo the space Y, we say {is homotpic To §' if there is @ Continuous Map
F:XxI —Y, such that F (x,00= fr2) and F(z.1) =4'(x) dor each x. (I=Le11)

Fquivalentl, homotopy of loups H: IxT — X, with two lops £, by ot Z. & X
defined by{H(S,o).: L09) Ao all eI, we say 4, o Lo

H (5,1) = £a(5), for all sel

H(Ot) = HUt)=Z, forany tel
/6’ HOMUTOPj U'G ’OVPS is Tba‘f.' one can l)e Congfanﬁ] (I_e'(bfmef.l into he 6”18’:
while keeping {fixed based point z,

Definition [f‘wdarmn‘fal group] T (X, Rp) : Set of puth homotopy classes of Joops
besed at %o, with fhe qroup operation ¥. The §rwp opemetion is given by

concatenation of loops : [0, L4 = L4 * £,7, wrere (4, +4,) (t)_-[,e, (at), octek
p , Sa(atd), 4 4E4l
Trivial fandamenta) group is then (X Z,) & {€f , meaning  every Jup at z,

is homoTopically €quivalent to The constant Joop,

eq. T ( ontroctible X) =0 . We know that o spuce X is contactible i the identity map
idy: X — X is homotopic to a constant map Cx, , such that N : X x£01T—> X, for all zéX
defined by H(z,0) =X and H(ZJI)=Z,. %0, we (an See T(R") =0

€q.) T(%') £ Z (1dea from covering spaces pP:R— s', petd= CMZ,thokis
universal cover of S' Ary Joop in S' can be lited fo a peti in IR | and we consider integer
as loops' winding number. ;e. n>0 : L goes counterclockwice ) Times

n¢o: 1 chekwse nl times
n=o : confucted Yo a bose point.

Rmk. We can also view T as o funcfor between cxteqories M, Topl, — érvp
Tope is The cateqory of Topolegica) space with Purs (X, %), We have acfion on objects and

action on morphisms §: (X %) — (1,4,) ,then T.(£): WX, Z,) — Tl 4,), defined by
composition of loP Lin X, M (F)[L] = [ fol]. S0, W is a well-defined €unclor .



Rk lie qroup funcior  Lie : { ke qroups | —> { Lie clqebrus § defined by
{5:6=HIF— { fe: Te6— TeH]

Now, we have shown dedinitins confained in Thevem A, then we split thic mfo
Theorem Al) I£ G,. 6, be lie groups and Gy is connected and simphy-comected ,
then Wom(9,,9, ) = Hom (€, ,6.)  uwhere G, , 9, are Lie algebrss of G, Ga respecting
Theorem Aa [ Lie's tird thesrem] ) Ay finite - dimensionatl ( res) or emplex) Lie algese
i Somorphic Yo a lie algebn of Lie quup,

To pove A, we first need 7o pove Thm B . (Ye have two approackes .

Proof 1) Using Baker - Campbell = Hausdorf€ (BCH — formula)

We need Yo construct o ke subqroup H< G | for every Lie algebra b < J.

Assume thet hc J is a Lie subalgebra . We wisk to produce a connected

Lie subqroup H< G , with kie(H) = h. The key step is Yo show exp(h) € G generates

a subgroup , and Yhat subqroup is locally closed under multiplication by BEH .

Now, for any 2.4 e h € 3, and by BCH, we consider exp(z)expy) € G, This is

because we alrendy know expcz)exptq) = @xP{ BEH(XY))  where

BCH(ZY)= ZT+Y + L (2.4] + 77 [=,0241] - 77 L1, 1%41], ... is an infinite series

of nested commutodors. Since h is a subakebra of q, all those nested commutotors

remain in h. Hence, BCH(X.9) € b, and thus, expcx) @xply) = exp(BeH(Z4)) € h.

Next, for the connected Lie algebm. of H, let H® be conmected Subgroup

qenerated by expCh). je. the idortify component qenerated by exp(h). But, since

BCH remaing in k., which implies T, (H®) 2k, we easily see Lie (H®) =h .

To sum, we have shown Lie Subgreup Ee, jie subalgebra and Lie %algesra’“‘—emeswgw
H p— LelCH h  —— <expthy=H

Hence, there is a bijection befween connected Lie subgmups and Lie subalgebras

Jiven by +he Lie €unctor




Proof 2) Requires some background in dicéerential geometry .

[ Sketch of Yhe prof | Ue will infroduce theorems by Frobenius and the ollowing lemmer.
Theorem [ Frobenius inteqrability criterion]

A distribution 1D on a smooth mani€eld M is completely integrable i€ and onby if

éor any Two vector fields u.v elD, one has [Uv] €D

Theorem. |et D be o completely infeqrable distribietion on manifold M (smooth)
Then , every point pé M, there exists a unique connected immersed integral in
Submanifold Vc M of D 3p, and it is maximal,

Remark) An immersed : the submanifold ¥eM s jmmersed integral mantéold for V
i, for every pe N, the immerse of he mop dly: ToV = TpM is Vp,

Remark) Tntegrable distribution = A n-dimensional distribution on e« mantold M is a
N- dimensional subbundle D € TM. formally, &or all peM, we have n-dimensionc
subspace Pp c TpM (Smoothly depends on P). We can see this in ODE, which is a
well~known notion of directional €ield. In diderential geometry, for a vectr field v,
we write veDl, i fov ey pant p, we have vCp) € Dp A stroight forward
denerali aation of infegml curve is then the infegral manifold for o distribution D is

a n-dimensimal submanifold X < M, cuch that forevery pe X we have ToX = Dp
Mow, £or o qiven Ke qroup G with ke subalgebra h <, corresponds to H < G,

we nutice that & N exists , hen at every puint peH , ToH=eH)p = h.P. S0, our H

H will be an infeqral manitold of Yhe distribution D", where Dp = h.P. Then we have
the following lemma to wnstfruct H.

lemma For every puint q € G, there js locally an infeqral manifold o

the distribution D" containing 9, denoted H'q , where H= exp U for some
neghborhood W of O in h.

Using This lemma , we con prove our theorem B.



Now, we will show Ay | By the result of Thm B, we already know morphisms of
Lie groups dedfine morphisms of Lie algebrus. And, for a conmected Lie group G,
The map Hom (6,6s) > Hom (9,,9.) is injective. So, we are enby left o show
surjectivity. This means, every morphism of Lie algebras f: § — 9, can be )ifted
o a morphism of Lie qrups @ :4, — Ga with @y = £
We defime (= G xGa, then lie alqebra of G is now G, x 9,
let h={x | %e9§ e 9, whichis subalgebra , and obriously it's a subspace.
So,we can express this as a commutator :

[ Cx, £0), ¢4, 8] = (124, L€ &]) = ( (297, F(F41))
Then by B), There is a comesponding (omnected |ie supqmup H > Gy xGa.

We can compose this embedding by projection P: GixGx—> Ay, and we get a
yrovphism T: H—6 1 ith Ty:h=LielH) — 9. (view T as a cowring map)
In foct, cince G, is gimph - connected , H must be connected , TU must be somorphism.
6. we also have T': 6, — H. Mow, we constuct & map ¢ : G,—> Ga as e Composition
. “
Also, @e: 9 — 9. is o compusition.
7z o (1, 62) — Fx)

> Hae GixGa — Gy ; cleary | this is o morphism ol ke qroups,

Hence, we hawe lifed £ fo c morphism of lie qroups ¢ the funchr Lie is surjertive
provt of A : Nie's thind theorem [ Ref. Tormnce Teo on Ado's thepram]

Infhe specid case of using adjoint representatin Ad:J — End (Q) om itselé delined by
the action X :¥ +— [X.Y]; the Tachi identitf ensures that Ad is a represemotion of 3.

The kemel is the centre 2(q)={Xeq: [x¥I=0 forall (€qf, In this case, Fis semi-simple.
Now, Ado's theorem says , asume that § is a finite dimensional Lie algebre over c field &
with chameteristic O , then there is a faith€ul finite dimensional representation of ¢,
which is an embedding § —> q( (N, k) for some M.

Lartan also qave different cpprooch

Prof of Aa left as o challenge |



