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undamental theorems of Lietheory 3mainresults

nitially we haveseen that for a Liegroup G withLiealgebra g theexponentialmap

exp G G is a local homeomorphism So Liealgebras are locallydeterminedbyLiegroups

hemaintheorem wewantto show is

hearemA The functor Lie G Lie G is tobe an equivalenceofcategories

e Theassignment simply connectedLiegroups
e Liealgebras isfunctorial

heoremB ForanyLiegroupG realorcomplex thereis abijectionbetween

connectedLiesubgroupsH G andLiesubalgebras h g givenbytheLiefunctor

Observation of ThmA

Definition Categories Informally a mathematicalstructureconsistofobjectsand

maps or morphismsbetweenobjects Twomainaxioms associativity and identity

efinition functor LetC D betwocategories Afunctor F C D is an assignmentthat

Assigns C1 F C foreach EC 2 Toeachmorphism f c CainC amorphismF f F4 FL

wo rules 1 IdentityF idc idf c 2 Composition F gof F g oF f
efinition Afunctor F C D is an equivalenceof categories it

F is fullyfaithful Thismeans foreverypairof objects ci.ca in C themap

F Home GCal Homp Fca F Cal is a bijection

i e F induces a one to one correspondencebetweenmorphisms in C andD

2 F is essentiallysurjective on objects Foreveryobject d E D thereexists eC

i suchthat d is isomorphic to F Cl

efinition simplyconnected Path connected

Trivialfundamentalgroup



efinition Path connected A topologicalspaceT is path connected it foreveryprints
x y T thereexists a continuousmap r 0,1 T suchthat rco x and r 1 L

efinition Homotopyof paths Let f and f becontinuousmapsofthespace
intothe space Y we say f is homotopic to f if there is a continuous map
X I 9 such that f x 0 fix and F x 1 f x foreach x I 0.1

quivalently homotopyof loops H Ix I X withtwoloops t.la at Ro E X

l fie i i i iwesaei
e

e Homotopy of loops is that one canbe constantlydeformed into the other
while keeping fixed based point Xo
efinition Fundamentalgroup IT X 70 setofpathhomotopyclasses of loops
used at Xo with the groupoperation The groupoperation is givenby
oncatenationof loops l la l 12 where l la t l 121 o t

1212411 t

rivialfundamentalgroup is then T XRo I 09 meaning every loop at to
s homotopically equivalent to theconstantloop

g Tt contractible X 0 we knowthat a space X iscontractible if the identitymap

dx X X is homotopic to a constantmap Coco suchthat H Xx 0.1 X forall xe

definedbyH x01 X and H x1 To So wecansee IT IRM 0

9 Tt S I Ideafromcoveringspaces p IR s pct e whichis

universalcoverof S Anyloopin s canbelifted to a pathin IR andweconsider integer

s loops windingnumber ie nso l goescounterclockwise n times
nco 11 clockwise Inl times
n 0 contracted to a basepoint

mk Wecan alsoview T1 as a functorbetweencategories IT Top't Group

Top is thecategoryof topologicalspacewithPairs X x Wehaveactiononobjectsand

ctionon morphisms f X710 1 4yo then T f Ti X x Th YYo definedby
omposition of loop in X F f l fol So T is a welldefinedfunctor



Rmk Lie group functor Lie Liegroups Liealgebras9 definedby
f G SH I 1 f TeG Tett

Vow we haveshown definitions contained in Theorem A thenwesplitthisint

TheoremA If Gi Ga be tie groups and G is connectedandsimplyconnected

then Hom 9 92 Hom G Ga where9 9 are LiealgebrasofGiGarespectiv

TheoremA2 Lie'sthirdtheorem Anyfinite dimensional realor complex Liealgeb
s isomorphic to a Liealgebraof Liegroup
ToproveA we first need to prove them B Wehave twoapproaches
Proof1 Using Baker Campbell Hausdorff BCH formula

Weneedto construct a Lie subgroupHL G foreveryLiealgebra he 9
Assume that he 9 is a Liesubalgebra Wewish toproduce a connected
Liesubgroup H LG with Lie H h Thekeystepis toshowexp h CGgenerates
a subgroup andthatsubgroup is locallyclosedundermultiplicationbyBCH
Now forany x y th c 9 andbyBCH we considerexp x exp y E G This is
because we alreadyknowexp x exp y exp BCH x y where

BCH XY Kty X Y x 2,43 1 XY is an infiniteserie

of nested commutators Since h is a subalgebra of g all thosenestedcommutators

remain in h Hence BCH x y h andthus exp x exp y exp BCH xy E h

Next for the connected Liealgebraof H let Hobe connected subgroup
generatedby exp h i.e the identity componentgenerated by exp h But since

BCHremains in h whichimpliesTe Ho oh weeasilysee Lie Ho h
Lie LieTosum we haveshown Liesubgroup Liesubalgebra and Liesubalgebra Liesubgroup

H Lie H h m expense

Hence thereis a bijectionbetween connected Liesubgroupsand Liesubalgebras

givenbythe Lie functor



roof2 Requiressomebackground in differentialgeometry
sketchof theproof wewill introduce theoremsby Frobeniusandthefollowing lemma

heorem Frobenius integrabilitycriterion

Adistribution 1 on a smoothmanifoldM is completelyintegrable ifandonly if

or anytwo vectorfields u v e D one has U U ED

heorem Let 1 be a completely integrabledistribution on manifold M smooth

Then everypoint peM thereexists a uniqueconnected immersed integral in

Submanifold N C M of D JP and it is maximal

Remark An immersed the submanifold NCM is immersed integralmanifold forV

f forevery PEN the immerse of themapdly TpN TpM is Up
emark Integrabledistribution A n dimensional distributionon a manifold M is a

n dimensional subbundle D CTM Formally for all p eM wehave n dimensional

subspace DpCTpM smoothlydependson P Wecanseethis in ODE whichis a

well knownnotion of directionalfield In differentialgeometry for a vectorfield v

we write VED if foreverypoint p we have VCP Dp Astraightforward

eneralizationof integralcurve is then the integralmanifold for a distribution D is

a n dimensional submanifold CM suchthat foreverypeX wehaveTpX Dp

Vow for a givenLiegroupG withLiesubalgebra hcg corresponds to HL G

wenoticethat it Hexists thenat everypointPEH TPH Tet p h P So our H

Hwillbe an integralmanifold of thedistribution DhwhereDph h P Thenwe have

thefollowing lemma to construct H
Lemma ForeverypointofE G there is locallyan integralmanifold of

thedistributionDhcontaining g denoted Hog where 4 expU forsome

neighborhood veof 0 in h

Using this lemma we can prove our theorem B



Vow wewillshowAl By theresultof themB we alreadyknowmorphismsof

Liegroupsdefinemorphismsof LiealgebrasAnd for a connected LiegroupGi

themapHom GiGa Hom 9 92 is injective So we areonly left toshow

surjectivity Thismeans everymorphismof Liealgebras f g s ga can be lifted

to a morphism of LiegroupsQ G Ga withQx f
WedefineG G xGa then Liealgebraof G is now 9 92

Let h x 4174 ke9,9 c 9 whichis subalgebra andobviously it's a subspace
So we canexpressthis as a commutator

71 121 Cyflyl x y fix f y x y f X Y

Thenby B there is a corresponding connected LiesupgroupH G Ga

Wecan composethisembeddingbyprojection P G as Gi and we get a

morphism TI H G withT1 h Lie H 9 viewIT as a coveringmap

Infact sinceG is simply connected Hmustbeconnected TCmustbe isomorphism

i e wealsohave Ti G SH Now we construct a map Q A 92 as a compositio

4
I
s H Gixas s ha clearly this is a morphism of Lie groups

Also I 9 9
1 7 fpg n too

is a composition

Hence we have lifted f to a morphism of Liegroups sothefunctorLie issurjective

proofof Az Lie'sthirdtheorem RefTerranceTao on Ado'stheorem

Inthespecialcaseofusingadjointrepresentation Ad 9 End 9 on itselfdefinedby
theaction X Y H XY theJacobi identityensuresthatAd is a representationof9

Thekernel is thecentre Zig Eg 4 0 forallyegg Inthiscase 9issemisimple
Now Ado'stheoremsays assumethat g is a finitedimensional Liealgebraover a fieldk

withcharacteristic 0 thenthereis a faithfulfinitedimensional representationof 9

which is an embedding g 91 N K forsome N

Cartanalso gavedifferentapproach


