Math UN1101: Calculus I, Section 1
Midterm 1 Solutions

Instructions

e Write your name and UNI clearly in the section below.
e You are NOT allowed to use class notes, books and homework solutions in the examination.
e Except for True/False questions, show all computations and work in your answer.

e Don’t cheat! If it looks like you are cheating, then you are cheating.

Question | Points | Score
1 10
2 10
3 4
4 6
5 10
6 5
7 5
Total: 50

Name:

UNI:




Math 1101 Calculus I

Midterm 1 Solutions

1. (10 points) True/False 2 points each

(a) f(z) = sin®(x) is an even function.

(b) The graph of f(—=z) is obtained from reflecting the graph of f(z) about the

y—axis.

(c) We have that

1
(1 . .
() )
H% +1 ~ lim 1
T $—>0x+

(d) The function f(z) = 2® — 3z — 1 has a root in (—1,0).

(e) The derivative of 2% is 22 = 4.

(You may use this area as scratchwork.)

Solution:

(a) F. We compute that f(—z) = sin®(—z)
f(x) = sin(x) is odd, not even.

(¢) F. Because

(d) T. We compute that f(—1) =1 and f(0)

a solution in (1,0).

Power Rule here.

(—sin(z))? = —sin®(x)

(b) T. The graph of f(—=x) is obtained from reflecting the graph of f(x) about the y—axis.

lim sin <1> DOES NOT EXIST
z—0 x

we cannot use the Quotient limit law and thus the equation above is false.

at all real numbers and in particular in the interval [—1,0] the Intermediate Value
Theorem shows that f(z) must equal 0 at some point in (—1,0) and therefore f(z) has

(e) F 22 = 4 is a constant. Therefore the derivative of 2% is zero. You cannot apply the

—f(x). Therefore

—1. Because polynomials are continuous
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2. Compute the following limits, if they exist. If the limit does not exist, explain why.

. . T —2
(a) (3 pOlntS) aljl_)ném

Solution:
. x—2 i r—2 T£2 . 1 1
im—- -1lim-—--—““1lim-— = —
e=222 —x+ -2 222 (x—2)(z+1) a—2(x+1) 3
1 . .
where we have used the fact that because CESY is continuous at x = 2, we can
x
substitute z = 2 in to evaluate the limit.
. . .9 1
(b) (3 points) lim sin“(z)cos | —
z—0 T

1
Solution: Notice that —1 < cos <> < 1. Because sin?(z) > 0 for any value of z, it
x

follows that we have the inequality

— sin?(z) < sin <;> < sin?(x)

Notice that lim —sin?(z) = lim sin®(z) = £sin?(0) = 0 because sin(z) is continuous
z—0 z—0

so we can just plug in 0 to evaluate the limit. Therefore by the Squeeze Theorem it

follows that )
lim 2* sin () =0
z—0 T
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VITT—I=%
(¢) (4 points) lin%él x
T—

Solution: Because 4” is continuous at all real numbers, and continuous functions
commute with limits, we can bring the limit inside, e.g.

Vitz—Vi—z hm\/4+x—\/4—m
lim 4 z =420 x (1)

x—0

We now compute the limit inside by rationalizing the numerator.
. Vit r—Vi-z | Vitx—Vi-z Vitx+Ji-z
lim = lim :
x—0 T z—0 x \/4+$+\/4—IE
. VaA+az)?—(Vi—x)? PN G ) el )
S a0 (VA r+VI—1) e—0 (/4 +x + V4 — 1)
= l11m pr—
e=0 x(vA+ 2z + V4 — 1) a—0 (V4 +x+ 4 —x)

Now notice that function in the final expression above is continuous at x = 0 because
the denominator is not 0. Therefore by continuity we can plug in 0 to evaluate the
limit and find that

. Vit+zr—Vi—zx 2 2 1

im = —Z_Z

z—0 xT \/ZI —+ \/ZI 4 2

To obtain the final answer we plug this back into Equation (1) and find
Vi+zr—vid—z .

x—0

3. Please give formal definitions below.

(a) (2 points) What does it mean for a function f(x) to be continuous at a point a?

Solution: f(x) is continuous at a point a if the both conditions are satisfied

e lim f(x) exists
r—a

e lim f(z) = f(a) (f(z) has the Direct Substitution Property at a.)

T—ra

(b) (2 points) What does it mean for a function f(x) to be differentiable at a point a?

Solution: f(x) is differentiable at the point a if
@) @) flath) - f()

exists
r—a Tr—a h—0 h

Specifically, the limit above exists if and only if the left-handed limit equals the right-
handed limits. This means that f(x) is differentiable at the point a if

o f@=f@) L fla=h) = f@) | flath) = fl@) . f@) - f(0)

T—a~ r—a h—0 —h h—0 h r—a™t Tr—a
h>0 h>0
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4. Consider the following function.

(a)

2 if z < —1
foy={2*+1 if —1<z<3
1
g He>3
— X

(3 points) For what values of = is f not continuous at x?

Solution: f(z) is not continuous at z = 3. To check for continuity, look at the crite-
ria from 3(a).

1
2, 22 +1 and
2—x

are all continuous in the regions prescribed above, so we just

need to check if f(x) is continuous where they meet, aka at z = —1,3. We first check
r=-—1
. ? . 2
lim 2= Ilim 2°+1
r——1— r——17F
Individually on their own, both functions are continuous at £ = —1, so to evaluate

the one-sided limits is the same as evaluating the limit by plugging in —1. Thus we
see that 2 = (—1)>+1 =141 =2 and so liml f(z) exists —1. Moreover the Direct
T—>—

Substitution Property is automatic, as f(—1) =2 = lim 2. Thus f(x) is continuous
Tz——1"

at r = —1.

We repeat the same calculation for z = 3. Again since z°+1 and are continuous
—x

at x = 3 we can just plug in 3 to evaluate the one-handed limits.

10=32+1= lim z2+1# lim

T—3~ =3+ 2 —x 2—3

Thus we see that lin% f(z) doesn’t exist so it already fails the first criteria listed in
r—r

3(a). Thus f(z) is not continuous at x = 3.

Many people put down that f(z) is not continuous at 2 also. But notice at 2, f(z) is
of the form 2 + 1 and that f(z) = 5

only when z > 3.

(3 points) For what values of x is f not differentiable at x?

Solution: f(z) is not differentiable at z = —1, 3.

Here one can use the result that if a function f(z) is differentiable at a, then it must
be continuous at a. Notice this means that if f(z) is not continuous at a, it is not
differentiable at a. Thus right from the start we know that f(z) is not differentiable
at x = 3. Like before outside these values and at z = —1 f(x) is either a constant, a
polynomial or a rational function and so is differentiable. It remains to check x = —1.
Using 3(b) we need to check if

FEL-h) (1) 2 fCLER) ()
h
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Recall that f(—1) = 2. Because —1 —h < —1 for h > 0, by definition, f(x) = 2 so the
left handed side above is then

b JEL=W = F(=) 2= o

=lim —— =1lim — =0
h—0 —h h—0 —h h—0 —h
h>0 h>0 h>0

We repeat the same for the right hand side above where now —1 + h > 3 for h > 0
and so f(z) = 2? + 1 and find

~1 — f(~1

L fCLER) — f(-1)

(=1+h)2+1)-2 (1—2h+Rh?+1) -2

=1 =1
h—0 h n—0 h B0 h
h>0 h>0 h>0
—2h + h? h(=2+h
i 2R g PE2 R R0 g et
h—0 h h—0 h h—0
h>0 h>0 h>0
Since the left and right handed limits (of the slopes) don’t agree at x = —1 we see

that f(z) is not differentiable at z = —1 as well.
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5. Compute the value of the derivative of f(x) at the point a. If f(x) is not differentiable at a,
explain why.

(a) (3 points) f(z) =2?—3vx,a=9

Solution: Write f(z) = 22 — 322 and using the power rule we see that
1 3 3
Plugging in a = 9 we see that
3 1
"9)=2(09) - —==18—-=175
£1(9) =2(9) - o= = 18- ;
) —4
(b) (3 points) f(x) = 5= 1
Solution: Write f(z) = —42~° and using the power rule we see that
20
fl(x) = —4(—4)z(571) = 20276 = =

Plugging in @ = 1 we see that

(¢) (4 points) f(z)==z|z|,a=0

Solution: We can’t use the power rule here since |z| # z. Thus we need to use the
definition of the derivative. In fact we claim that f(z) is differentiable at a = 0 and
that f/(0) = 0. Using 3(b) We compute the right and left-handed limits of

i £@) = 1(0)

z—0 z—0

As | — h| = h for h > 0, we see that

. z) — f(0 . z) — f(0 . 0—nh)— f(0 . —h)|—h|—=0
Ll @) = fO) . f@) = fO) _ FO—R) - fO) . (R -h -0
z—0 z—0 z—0— z—0 h—0 —h h—0 —h
h>0 h>0
—h(h) r£o
_ pigy —TUR) 20| h=0
h—0 — h—0
h>0 h>0

As |h| = h for h > 0 we see that

. x) — f(0 . z) — f(0 . 0+h)— f(O . h)|h| =0
pp J@ O L J@) = fO) 0+ = 10) (Wl
z—0 x—0 z—0+ z—0 h—0 h h—0 h
h>0 h>0
h(h) no
g PP 20— 0
h—0 h h—0
h>0 h>0

Since the left and right handed limits agree we see that f(z) is differentiable at a = 0
and f/(0) = 0!
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6. (5 points) Find an equation of the tangent line to the curve y = 22® — 192 + 20 at the point
(2,-2).

Solution: By definition, the equation of the tangent line at (a, f(a)) is the line

y— fa) = f'(a)(z —a)

We compute that f'(z) = 6z2 — 19 by the power rule and thus f’(2) = 24 — 19 = 5.
Therefore the equation of the tangent line is

y—(=2)=5(zr—2) = y=>5z—12

422 — 1+ =2

7. (5 points) Find all vertical and horizontal asymptotes of the graph of f(z) = p—
T —

Solution: We first compute the horizontal asymptotes. Recall that V22 = |z|. Thus as
goes to positive co we have that Va2 = x and therefore

. VAdz? — 1+ i Vidz? —1/z 4 /z i VAz? —1//a? + Ty
xgnolo 4dr — 1 _zlﬁnolo 4_1/33 ey 4_1/33
o limgeo 4+ e+l VA-04+1 3
N limg oo 4 — 1z - 4-0 4
Now as z goes to negative oo, we have that V2 = |z| = —z as x is negative. Thus it
follows that = —V 22 in this case and we find that
Vix?2 —1+z V4x2—1/x—|—m/x \/41‘2—1/7\/3§_|_ac/37
lim ———— = lim = lim
T——00 dr — 1 T——00 4 — 1/1‘ T——00 4 — 1/33
im0 =4+ et 41 —/4-0+1 -1
N limg o4 —1/z N 4-0 4

Be careful! Notice that only the term under the square root in the numerator changes sign.

3
Thus the horizontal asympototes are at |y = 1 and at y = el

The vertical asympototes are where the denominator of f(z) is zero. This happens exactly

1
when 4z —1=0 = |z = 1 is the vertical asymptote.




