








































































Bruhat Order Let U W E W Then
41 Ut w implies that ut w for tet and ha kw
M U W implies that ut w for some tet

IN U E W means that there exist u EW st

u U o 4 Up W

The subword property and the chain property are

consequences of the following lemma

lemma

For u w tW ut w let we s so Sq be reduced

and suppose that some reduced expression for

U is a subword of S S Sq Then Fv EW st

u v u

in l in l lust 1

111h some reduced expression for V is a

subword of S S sq
proof Of all reduced subword expressions

U S St Sik Sq I E i c c ie E q
choose one at ik is minimal Let
t sqq i Six Sq Sq

then Ut s Si Six Six Sq so lat
Ellul t I We claim that at u If so v ut

satisfies in Mi D











































































In addition to this lemma we also need the

following properties
in exchange of w 5 Sic and lent l w

WEW EET then

Wt s 5 Sk fer some i

t Sh Si Sk
121 deletion of w s Sk and law k then

W S si 5 S k fer some i j
Subword Property
Let v 5 Sq be a reduced subword for V
then

u v e u signify
Si Sq

for some I E i s in E q

proof
I Assume U E w then we have

u not 4 Um w

then um it wt n S Si Sq for some i due

to the exchange property stated above If you
repeat this argument to um r no then

we have an expression of a that is a

subword of w By the deletion property we

know that as a subword it contains a

reduced expression of u











































































E If u has a reduced exp that is a

subword of 5,5 Sq then the above lemma

allows us to construct the sequence
UC Vic vs st thier lengths are strictly
increasing by one but each has a reduced
word that is a subword of Sasi Sq Then
it is clear that vs W O

Corollary for u w EW the following are equivalent
H U EW

in every reduced expression for w has a subword

that is a reduced expression for u

uh some reduced expressions for w has a

subword that is a reduced expression for
4 D

Corollary Bruhat intervals urns are finite
Card u w I 29th

Corollary The mapping wow is an automorphism

of B rahat order lie UE w a I s w











































































ChainProperty If u c w there exists a chain u

Xoc x s c xp W st l ixp l im ti for I s ie k

proof this follows directly from the first
lemma and the subword property 0

LiftingProperty Suppose u c w and s t Drawn
D lui Then us sw and su Ew

proof let a L B denote the subword relation

between a word B and a subword a Choose

a reduced decomposition Sw Sasa Sq Then
w SS S Sq is also reduced and there
exists a reduced subword

U Si Si Sikh 55,5L Sq
Now Si S since Su y hence

Si Si Sir I S su Sat us Sw

and

Ssi Sir Six 4 55,52 Sq su E W D


