Eulerian Polynomials

Notation 0.1

a. § =set of all permutations of [n]
b. Values of w € Snare denoted as w, or w(i)

c. Inone line notation this is represented as w = WW W, W

d. Intwo line notation this is represented as
( l | | | )

Definition 1.1 Descents

Eulerian numbers are defined using descents, so let us define descents first.

Forw € Sn, i € [n — 1] is a descent of w if w>w

Example 1.2
Permutation: 612753948 —->6-127 -539 - 48
Because 6 > 1,7 > 5,9 > 4
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Descent D(w) = {i €n—1]w > WM}
Descent set des(w) = #D(w)

So from the example D(w) = {1,4,5,7} and des(w) = 4

Definition 2.1 Eulerian numbers

In combinatorics, the Eulerian number A(n, k) is the number of permutations of the numbers 1 to
n in which exactly k elements are greater than the previous element.



A(n k) = #{w €S |des(w) = k}foro <k<n-1

Example 2.2
n=3 k=1
A3, 1)

We are looking for permutations with k = 1 descents
132, 213, 312, 231
In all of the above there is exactly 1 descentfrom3 -2, 2-51,3 -1, and3 -1

Hence, A(3,1) = 4 in this example
NB Changek=1234567->0123456

A Z 5 y 5 4

n\k|D 2 48 4 % 6 7%

I |1

2 |1 1

3 |1 4 1

4 |1 11 11 1

5 12600 66 26 1

6 |1 57 302 302 57 |

7 |1 120 1191 2416 1191 120 1

A(n, k) = #{permutations of [n| with ¥ — 1 descents}

Example 2.3
Notice that A(n, 0) = #{permutations with 0 descents} = 1, whichisexactly 1:w = 1234 - n

Similarly A(n,n — 1) = 1 because there is only one permutation where the number of descents
is equal to the number of elements:w =n,n — 1, n — 2,---, 1

Proposition 2.4
Ank) = (k+1)-A(n—=1,k)+(n—k)A(n—-1,k—1)

Example 2.5

n=5k=1A4(51)=26=1+1) - -A(41)+(5-1)A(40) =2 -11+4-1 =22+4=26



Proof of 2.4

Letw €S
n

des(w) either stays the same or drops by 1

° Case 1: descent stays the same when n is in the middle of a descent where x > y, so removing
n preserves the descent between n and y so coefficient = k M ( \) L
g') =
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Or n is the last letter, so the number of descents does not change so coefficient = k + 1

\A/\ V/Z_ -- |

Hence number of options = (k + 1) - A(n — 1,k)

o Case 2: the number of descents drops by 1. Sohere x < y

%< N e \é U DU KA %
- Or n is the first letter

Case2:des(n’)= k-1

Similar to above but we now can only put z in between places xy where x < y. The total number
of these places is (n—2) — (k—1)) = n—k —1 (As there are n — 2 places for descents in S,_; and
we are given that 7’ has k — 1 descents). Like before we have an additional case

n”:(...).-.n’:n(...)

bringing the total places to put z into to n — k. O

Example
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Where can we insert 6 into the following permutation while preserving the number of descents?
13425
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Letn=6,k=2,n-k=4

Generating function for A(n, k)

Problem that it is a triangle of numbers rather than a sequence, i.e. it depends on two
parameters.
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Proof. 1personally would leave this as an exercise with the hint to use the recursion given above.
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Proposition 1.8. Foreachn=0,

An(D)
G- _"t)m = néo(nw )" em

Proof. 1personally would leave this as an exercise with the hint to use the recursion given above.
O

Theorem 1.9.
x"  (1-pel 0¥
2, An0 o = e

n=0

Proof. Multiply both sides of Eq. (1) by (1 — £)"*!x"/n! and then sum from 7 = 0 to infinity and

we get
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¢ In (a) we switched the order of summation.
o Yy
* In (b) we used the identity e’ = ) -
j=0 J:
* In (c) we used the identity e**? = e%e? and moved (1 - ¢) outside the sum as it doesn’t
depend on m. (Same will be true for e~ in next step)

* In (d) we used the formula for a geometric series with common ratio te=9*
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Theorem 7.2.1

: 11— gyls\ V) W(q)
W(t q) = J;gt Wour(@' (7.10)

- No proof

Example
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