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Eulerian Polynomials
Notation 0.1

a. set of all permutations of𝑆
𝑛

= [𝑛]

b. Values of are denoted as or𝑤 ∈ 𝑆
𝑛

𝑤
𝑖

𝑤(𝑖)

c. In one line notation this is represented as 𝑤 = 𝑤
1
𝑤

2
𝑤

3
··· 𝑤

𝑛

d. In two line notation this is represented as

Definition 1.1 Descents
Eulerian numbers are defined using descents, so let us define descents first.

For is a descent of if𝑤 ∈ 𝑆
𝑛
,  𝑖 ∈ [𝑛 − 1] 𝑤 𝑤

𝑖
> 𝑤

𝑖+1

Example 1.2
Permutation: 6 1 2 7 5 3 9 4 8 → 6 · 1 2 7 · 5 3 9 ·  4 8
Because 6 > 1,  7 > 5,  9 > 4

Descent 𝐷(𝑤) =  𝑖 ∈ [𝑛 − 1] | 𝑤
𝑖

> 𝑤
𝑖+1{ }

Descent set 𝑑𝑒𝑠(𝑤) = #𝐷(𝑤)

So from the example and𝐷(𝑤) = 1, 4, 5, 7{ } 𝑑𝑒𝑠(𝑤) = 4

Definition 2.1 Eulerian numbers
In combinatorics, the Eulerian number is the number of permutations of the numbers to𝐴(𝑛, 𝑘) 1

in which exactly elements are greater than the previous element.𝑛 𝑘
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for𝐴(𝑛, 𝑘) = # 𝑤 ∈ 𝑆
𝑛
 | 𝑑𝑒𝑠(𝑤) = 𝑘{ } 0 ≤ 𝑘 ≤ 𝑛 − 1

Example 2.2
𝑛 = 3,  𝑘 = 1
𝐴(3, 1)

We are looking for permutations with descents𝑘 = 1
132, 213, 312, 231
In all of the above there is exactly 1 descent from 3 → 2,  2 → 1,  3 → 1,  𝑎𝑛𝑑 3 → 1

Hence, in this example𝐴(3, 1) = 4
NB Change k = 1 2 3 4 5 6 7 -> 0 1 2 3 4 5 6

Example 2.3
Notice that , which is exactly 1:𝐴(𝑛, 0) = # 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠 𝑤𝑖𝑡ℎ 0 𝑑𝑒𝑠𝑐𝑒𝑛𝑡𝑠{ } = 1 𝑤 = 1 2 3 4 ··· 𝑛

Similarly because there is only one permutation where the number of descents𝐴(𝑛, 𝑛 − 1) = 1
is equal to the number of elements: 𝑤 = 𝑛,  𝑛 − 1,  𝑛 − 2, ···,  1

Proposition 2.4
𝐴 ( 𝑛,  𝑘 ) =  (𝑘 + 1) · 𝐴 ( 𝑛 − 1,  𝑘 ) + ( 𝑛 − 𝑘 ) 𝐴 ( 𝑛 − 1,  𝑘 − 1 )

Example 2.5
𝑛 = 5,  𝑘 = 1,  𝐴 ( 5, 1) = 26 = (1 + 1) · 𝐴 ( 4, 1 ) + ( 5 − 1 ) 𝐴 ( 4, 0 ) =  2 · 11 + 4 · 1 =  22 + 4 = 26

out in n I sing
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Proof of 2.4
Let 𝑤 ∈ 𝑆

𝑛

either stays the same or drops by 1𝑑𝑒𝑠(𝑤)

Case 1: descent stays the same when is in the middle of a descent where , so removing𝑛 𝑥 > 𝑦
n preserves the descent between and so coefficient = k𝑛 𝑦

Or n is the last letter, so the number of descents does not change so coefficient = k + 1

Hence number of options = (𝑘 + 1) · 𝐴(𝑛 − 1, 𝑘)

Case 2: the number of descents drops by 1. So here 𝑥 < 𝑦

- Or n is the first letter

Example

des IHit the
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Where can we insert 6 into the following permutation while preserving the number of descents?
1 3 4 2 5

Answer:

Let n = 6, k = 2, n-k = 4

Generating function for 𝐴(𝑛, 𝑘)
Problem that it is a triangle of numbers rather than a sequence, i.e. it depends on two
parameters.

Def 𝐴
𝑛
(𝑥) =

𝑘=1

𝑛

∑ 𝑥𝑘 · 𝐴(𝑛, 𝑘),  𝑛 ≥ 1

𝐴
𝑜
(𝑥) = 1

In other words, 𝐴
𝑛
(𝑥) =

𝑤∈𝑆
𝑛

∑ 𝑥1+𝑑𝑒𝑠(𝑤)

Proof

we can remove s at the end
which will preserve the

number of descents

e
to give 2 descents

Tulenannumbers are the coefficients

Aox Esp't
desw x it

maybe just start

1
Proof

Any E AlnU x ÉGain Isn
disjoint ItAcn k Sn

desk number of element with
k I descents

union

Ennd
t

number of elements with k
descends



This leads to an interesting proposition

Not going to prove fully just start

ME m Mi

III A it

A t 1

Proof by induction A t Itt

for each 430 A it it htt

Base late n o Ag t I htt It tt
IL

induction step suppose the statement
holds

mnxm AI.tt
Take derivative multiply by x

E n x adf.int Anlntmn
x AnlythhflxAnlxl

Want to prove

E mnt'xm 414th

so need

Ant x n l x A nix t htt xAn X
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PART B

I
switch orderof
summation

I use identity e's go
I identity eat seats

I formula for a geometi
series

40min 18 50

712 Descents and length generating
functions

The most important statist't about
a Coxeter group is

its descent number
d u 1st es elut env 31

Hence we get the following generating function

W t q q
tan geld



Foreign
g it at q 2tq 28

Ba ti gl I 2tq 2 82 ztq3 zgy
dihedralgroups

Our aim is to obtain a simple recursive rule for

computing the generating function for any
Coxeter group W

We ran do this using the following theorem

thm 7.2.1

wit q fest Il t
s

muggy

Will not prove filly but a hint is that we needto

rewrite
d g t151 11 f

1551

DNIEJES

from the generating function above

Example on next page I
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- No proof

Example

Ext W 52 A
g J 0 s

Thm W Ws

Ws it ql t t t
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H Elt tWslq i t t Hq It qt



Polina Zakharov

References:

B. E. Sagan. Combinatorics: the art of counting. Vol. 210. Graduate Studies in Mathematics.
https://users.math.msu.edu/users/bsagan/Books/Aoc/final.pdf. American Mathematical Society,
Providence, RI, [2020] ©2020, pp. xix+304.

A. Bj ̈orner and F. Brenti. Combinatorics of Coxeter groups. Vol. 231. Graduate Texts in
Mathematics. Springer, New York, 2005, pp. Xiv+363.

17. Eulerian numbers

However there are sometimes better ways of computing
Wht qt is W is a member of certain infinite families
of Coxeter groups

For example Sh it q does not factor nicely

so instead we do

acting t.IE EtF

Pet
where explx o g Info

tequivalence

classof n

it

of the
Proof of Euler's formula for values alternating
Ziemann zeta function

the function is pls I I I I t

This converges for Reis o

https://www.youtube.com/watch?v=52laxsqYUtc&t=25s


and is related to the G function
Zeta

167 1 21
s 36

Euler want to calculate e t h for n 0,112,3

So he introduces the

Eulerian polynomials Pn t

É uti the Pn t

Tnt

tghix hyperbolic tangent

then y n Pn 1
2 n 1

Using the eulerian polynomials
we get

Eino
I gag

hyperbole tangent tanhx.gg

Lastly y 101 1 et n tying for nso


