Gilad D Kestenberg The Hall Inner Product

LifA=pu
0 otherwise
Now define the Hall Inner product (.) : Ay X Ay, — Q with a basis {¢;}ien (e.g. €, p, or s)

as:
(E a;C;, E bjCj> = E ai<cz’7 E bjcj> = E ai<ci7bici> = E aibi<ci7ci>
i j i j i i

Define 0, :=

(es — 2e91 + €111, 33 — 3ear + e111)e = (€3,3€3 — 3ea1 + €111)e + (—2e21, 3e3 — 3e91 + €111)e
+ (e111, 3es — 3ear + e111)e
= (€3, 3e3)e + (—2ea1, —3€a1)e + (€111, €111)e
= 3(es, e3)e + 6(e21, €21)e + (€111, €111)e
=3+6+1=10

Notice that we can scale basis (e.g. (p.,pe) = e) For variables {x;}ien, {¥i}ien define
Ak(X,Y) as the set of power series with the following properties:

1) Ar(X,Y) is symmetric over x or over y (e.g. f(x1,22) = f(x2,21))

2) Ax(X,Y) is homogeneous of degree k over x or over y (e.g. f(cx1,cxy) = *f(x1,19))
Prop. If {u;},{v;} are linearly independent sets in Ay then their product {u;(X),v;(Y)} is
linearly independent in Ax(X,Y)

PL 32522 Aiju (X)vi(Y) = 0

VieZ:y  Aiju; =0 (Because {v;} is linearly independent)

Vi,j €Z:A;; =0 (Because {u;} is linearly independent)

Therefore {u;(X),v;(Y)} is linearly independent. [

Prop. Suppose {ux|A F k}, {u)\|X F EH{oa|A F k}, {u)\[X F k} form a basis for A, where
X Up) o= 0y, and ((uh, v))) = 0,
Define a p(k) x p(k) matrices A,B such that

2 : /
Uy = A,\uuu

pkk

2 : ’
Vy = B/\MUM

ukk
Then the following properties are equivalent

(1) At = B!
(2) () =N
(3) Fr(u,v) = Fp(u',0")
Pf (1) < (3)
((ux, vu)) = <<Z A,\Mu;” ZBMU;»
=D AnaBus{{th, vh)
aFk Bk
= AaBys
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Therefore VA, pu b k@ ((uy,v,)) = 0y, = (up,v,)) <= A= B!
1) <= @)

v) = Zu,\(X v

Ak

= Z(Z A,\uuL) (Z BAMU;)

Mok pkk -k

— Z Z(Z AxaBag)uy, (X)vg(Y)

aFk Bk AFE

(=) (A = B™!) means

= Z Zu'av%(Y) = Fj.(u/,0")

akk Bk
(<)
DD O AvaBag)ul (X)p(Y) = Fi(u,v) = Fe(u', o) = Y 0> (X
ak-k BHk ARk ak-k Bk

Which implies that A' = B~1 [

Def. A generalize permutation of length n is defined as m = <a1 @2 Z") with the

by by ... by
following properties:

(1)ar <ay<---<a,

(2) 4j = ajp1 = bj < bjyq
We then define topwt(r) = [[\, @a,, botwt(w) = [[;-, ¥a, and S, to be the set of all 7w of
length n.

[Ba)Sa:(; hdy ly oG ng ahly dy G G o Dl G D,

2 2 2 2
Prop. » ¢ topwt(m)botwt(pi) = T2, [132, 1_:;_%
Def. n; := multiplicity of j in A (e.g. 111, N; = 3)

X = H;\:1 J"iny!
Prop. (px,pu) = 2205, (Pf.) Use the previous proposition.
Prop. Vn > 0: h, Z/\Fn

n=3 (3) (21) (111

PA
) h g—i-%—i-lz
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