
Gilad D Kestenberg The Hall Inner Product

Define δλµ :=

{
1 if λ = µ

0 otherwise

Now define the Hall Inner product ⟨.⟩ : Λk × Λk → Q with a basis {ci}i∈N (e.g. e, p, or s)
as:

⟨
∑
i

aici,
∑
j

bjcj⟩ =
∑
i

ai⟨ci,
∑
j

bjcj⟩ =
∑
i

ai⟨ci, bici⟩ =
∑
i

aibi⟨ci, ci⟩

Ex

⟨e3 − 2e21 + e111, 3e3 − 3e21 + e111⟩e = ⟨e3, 3e3 − 3e21 + e111⟩e + ⟨−2e21, 3e3 − 3e21 + e111⟩e
+ ⟨e111, 3e3 − 3e21 + e111⟩e

= ⟨e3, 3e3⟩e + ⟨−2e21,−3e21⟩e + ⟨e111, e111⟩e
= 3⟨e3, e3⟩e + 6⟨e21, e21⟩e + ⟨e111, e111⟩e
= 3 + 6 + 1 = 10

Notice that we can scale basis (e.g. ⟨pe, pe⟩ = e) For variables {xi}i∈N, {yi}i∈N define
Λk(X, Y ) as the set of power series with the following properties:

1) Λk(X, Y ) is symmetric over x or over y (e.g. f(x1, x2) = f(x2, x1))
2) Λk(X, Y ) is homogeneous of degree k over x or over y (e.g. f(cx1, cx2) = ckf(x1, x2))

Prop. If {ui}, {vi} are linearly independent sets in Λk then their product {ui(X), vi(Y )} is
linearly independent in Λk(X, Y )
Pf.

∑
j

∑
i Aijuj(X)vi(Y ) = 0

∀i ∈ Z :
∑

j Aijuj = 0 (Because {vi} is linearly independent)
∀i, j ∈ Z : Aij = 0 (Because {ui} is linearly independent)
Therefore {ui(X), vi(Y )} is linearly independent.

Prop. Suppose {uλ|λ ⊢ k}, {u′
λ|λ ⊢ k}{vλ|λ ⊢ k}, {u′

λ|λ ⊢ k} form a basis for Λk where

λ, vµ⟩ := δλµ and ⟨⟨u′
λ, v

′
λ⟩⟩ := δλµ.

Define a p(k)× p(k) matrices A,B such that

uλ =
∑
µ⊢k

Aλµu
′
µ

vλ =
∑
µ⊢k

Bλµv
′
µ

Then the following properties are equivalent
(1) At = B−1

(2) ⟨.⟩ = ⟨⟨.⟩⟩
(3) Fk(u, v) = Fk(u

′, v′)
Pf. (1) ⇐⇒ (3)

⟨⟨uλ, vµ⟩⟩ = ⟨⟨
∑
µ⊢k

Aλµu
′
µ,
∑
µ⊢k

Bλµv
′
µ⟩⟩

=
∑
α⊢k

∑
β⊢k

AλαBµβ⟨⟨u′
α, v

′
β⟩

=
∑
α⊢k

AλαBµβ
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Therefore ∀λ, µ ⊢ k : ⟨⟨uλ, vµ⟩⟩ = δλµ = ⟨uλ, vµ⟩⟩ ⇐⇒ At = B−1

(1) ⇐⇒ (3)

Fk(u, v) :=
∑
λ⊢k

uλ(X)vλ(Y )

=
∑
λ⊢k

(
∑
µ⊢k

Aλµu
′
µ)(

∑
µ⊢k

Bλµv
′
µ)

=
∑
α⊢k

∑
β⊢k

(
∑
λ⊢k

AλαBλβ)u
′
α(X)v′β(Y )

(⇒) (At = B−1) means

=
∑
α⊢k

∑
β⊢k

u′
αv

′
β(Y ) = Fk(u

′, v′)

(⇐)∑
α⊢k

∑
β⊢k

(
∑
λ⊢k

AλαBλβ)u
′
α(X)v′β(Y ) = Fk(u, v) = Fk(u

′, v′) =
∑
α⊢k

∑
β⊢k

u′
α(X)v′β(Y )

Which implies that At = B−1

Def. A generalize permutation of length n is defined as π = ⟨a1 a2 . . . an
b1 b2 . . . bn

⟩ with the

following properties:
(1) a1 ≤ a2 ≤ · · · ≤ an
(2) Aj = aj+1 ⇒ bj ≤ bj+1

We then define topwt(π) =
∏n

i=1 xai , botwt(π) =
∏n

i=1 yai and Sn to be the set of all π of
length n.

Ex S2 : ⟨
1 1
1 1

⟩, ⟨1 1
1 2

⟩, ⟨1 1
2 2

⟩, ⟨1 2
1 1

⟩, ⟨1 2
1 2

⟩, ⟨1 2
2 1

⟩, ⟨1 2
2 2

⟩, ⟨2 1
1 1

⟩, ⟨2 1
1 2

⟩, ⟨2 1
2 1

⟩, ⟨2 1
2 2

⟩, ⟨2 2
1 1

⟩,

⟨2 2
1 2

⟩, ⟨2 2
2 2

⟩

Prop.
∑

π∈S topwt(π)botwt(pi) =
∏∞

j=1

∏∞
i=1

1
1−xjyk

Def. nj := multiplicity of j in λ (e.g. 111, N1 = 3)

zλ :=
∏λ

j=1 j
njnj!

Prop. ⟨pλ, pµ⟩ = zλδλµ (Pf.) Use the previous proposition.
Prop. ∀n ≥ 0 : hn =

∑
λ⊢n

pλ
zλ

Ex n=3 (3) (21) (111) h3 =
1
6
+ 1

3
+ 1 = 5

2

2


