Induced representations

1 Definition of induced representations

Induced representations are a new method for constructing representations
of a finite group G, starting with a subgroup H < G and a representation
pw of H, i.e. a homomorphism py: H — AutW. The result is a new
representation Ind%; W = V of G, of dimension (G : H)dim W. However,
even if W is irreducible, Ind% W need not be irreducible.

The simplest definition involves tensor products over non-commutative
rings. An H-representation W is the same thing as a left C[H]-module.
Moreover, C[G] is either a left or a right C[H]-module, depending on which
side we choose to multiply. Viewing C[G] as a right C[H]-module, we can
form the tensor product C[G]®¢(g W. It loses the action of C[H] but gains
an action of C[G] because C[G] acts on itself by left multiplication, and
this commutes with right multiplication by C[H]. Thus C[G] ®c[m W is a
left C[G]-module, and thus defines a G-representation which we denote by
Ind% W.

We will give a concrete description of this construction as follows:

Definition 1.1. Let G be a finite group, let H be a subgroup of G, and
let pyw: H — Aut W be an H-representation. Then we define Indg W to
be the vector space of all functions F': G — W such that, for all g € G and
heH,

F(gh) = pw(h) ' (F(g))-

Lemma 1.2. With notation as above, Indg W is a vector subspace of the
vector space of all functions from G to W wunder pointwise addition and
scalar multiplication. It is a G-representation under the action of g given
by

Pmag w(9)(F)(z) = Fg~'x).

Proof. The content of the first statement is that, if F; and Fb satisfy the
condition of Definition 1.1, then so do F; + F5 and tF;, t € C. The content



of the second statement is that, for all g1, gs € G,

Pnd§, W(gl)PIndg w(g2)(F) = Pnd§, wlg192)(F).
These are straightforward calculations.

O
Example 1.3. (1) If H = {1} is the trivial subgroup of G and W = C
is the trivial representation, then the condition F(gh) = pw (h)"1(F(g))
is trivially satisfied for all ¢ € G, since the only element of H is 1 and
pw(1)~! =1d. Thus, as a vector space, Ind4 W = L?(G), the vector space
of all functions from G to C. Moreover, the action of G on L?*(G) is the
usual action, precomposition with g~!. Thus

Indf}, C = L*(G) = C[G),

the regular representation.

(2) More generally, suppose that H is an arbitrary subgroup of G but that
again W = C is the trivial representation of H. Then Ind% C is the set
of all functions F': G — C such that, for all ¢ € G and h € H, F(gh) =
pw(h) " (F(g)) = Id F(g) = F(g). In other words, Ind$; C is the set of all
functions F': G — C which are constant on the cosets gH, for every g € G.
Such a function is the same thing as a function f: G/H — C. Moreover, it
is easy to check that the G-action is given by

Prna¢ c(9)(f)(xH) = flg~ zH).

This is the usual action of G on the permutation representation C[G/H]. In
particular, we see that dimInd% C = (G : H) in this case.

(3) Suppose that H = G and that V' is a G-representation. Then Indg Vis
the set of functions F': G — V such that, for all g1, g2 € G,

F(g192) = pv(g2) " F(g1)-
In particular, taking ¢g; = 1 and g2 = g gives
F(g)=F(1-g) = pv(9) ' F(1).

In particular, the vector v = F(1) determines F. Conversely, suppose that
v € V and define the function F,,: G — V by:

Fy(g) = pv(g) *(v).



Then we see that F, € Indg V because

Fy(g192) = pv(9192) 7" (v) = pv(92) "' pv(91) " (v) = pv(92) ' Fulgn)-
Thus, if we define functions A: Ind&V — V and B: V — Ind% V via
A(F) = F(1);
B(v) = F,

then it is easy to see that A and B are inverse linear maps, and they are
G-isomorphisms because

Alpv(9)(F)) = pv(9)(F)(1) = F(g~' - 1) = F(g™")
= pv(9)F (1) = pv(9)(A(F)).
Thus, as G-representations, Indg V=v.

For a better understanding of Ind% W in general, we will need an explicit
way to compute it and especially to compute its character xq, a6 - We fix the
following notation: z1,...,xz are representatives for the set of left cosets
G/H. In other words, every element of G is in exactly one left coset z; H. In
particular k = (G : H). By convention, we will always take 1 = 1. Given
we W and i, 1 <i <k, we define a function F; ,,: G — W by the formula

Finlg) = pw (h)~Y(w), if g =x;h € x;H;
1w 0, otherwise.
Note that, in particular, Fj ,(x;) = w.
Lemma 1.4. With F;,, defined as above,
(i) Fiw € Indgw.

(i) Given wi,wy € W and t € C, F;y, + Fiwy = Fiwi 4w, and Fjpp, =
tE; w, -

(iil) If we define W = {F;,, : w € W}, then W is a vector subspace of
Indg W, isomorphic as a vector space to W, and moreover

WO ={F eIndG W : F(g) =0 if g # x; H}.

iv) For all F € IndG W, define w; = F(x;). Then
H



(v) As vector spaces, Ind$ W = @le W@, In particular,
dimIndG W = kdim W = (G : H) dim W.

Proof. (i) Let k € H. If g = x;h € z;H, then gk = z;hk € x;H and

Fiw(gk) = Fiw(xibk) = pw (hk) ™ (w) = pw (k)" pw (h) " (w)
= pw (k)" Fiw(g).
If z;h ¢ x;H, then x;hk ¢ z;H as well, and hence
Fiw(gk) = 0= pw(k)~1(0) = pw (k) Fiu(g)-
Thus, in all cases, F;,,(gk) = pw (k)" Fj.(g) and so F,,, € Ind$ W.

(ii) This is clear because py (h)~! is linear.

(iii) Tt follows from (ii) that W) is a vector subspace of Ind% W. Clearly,
the map w — Fj,, is linear, with inverse F' — F'(z;). Thus W@ >~ W as
vector spaces. By definition

WO C{FendfgW:F(g)=0if g #x;H}.

Conversely, suppose that F' € Ind$ W and that F(g) = 0 if g # 2;H. Define
w = F(z;). By the definition of Ind% W, if g = x;h, then

F(g) = F(x:h) = pw (h) " F(x;) = pw ()~ (w).
Thus F' = F; ,,, and hence
(Femd§GW :F(g)=0ifg#xH} C WD,
It follows that
WO = {(Fendf W : F(g) =0if g # z;H}.

(iv) Given F € Ind% W and w; = F(z;), we must show that F(g) =
Zle F; ., (g) for all g € G. There is a unique 4, 1 < i < k, such that g € x;H
and hence such that ¢ = z;h for some h € H. Thus F(g) = F(z;h) =
pw (h) " F(x;) = pw(h)~!(w;). On the other hand, for j # i, Fju,(g) =0
and Fyu,(9) = Fiu, (xih) = pw ()~ (w;). Thus F(g) = 325 Fru,(9).

(v) The above argument shows that every element F of Ind% W can be
written as a sum of elements in the W, 1 < i < k. In fact, it can be
uniquely so written, since if also F' = Zle F! with F} € W, then it is
easy to see that necessarily F/(z;h) = pw (k) 1F(z;) and that F!(g) = 0 if
g ¢ z;H. Thus F} = F;,,. The statement about dim Indg W then follows
since dim W = dim W for all 4. O



Using the above lemma, we can give an explicit description for the action
of g € G on Ind% W. Given F € Ind% W, let F = Zle F; ;. It suffices to
describe PInd€ w (Fiw;). Given g € G, gr; is in a unique left coset x;H of
H, and hence we can write

gz = xjhi(g)

for a unique j and h;(g), depending on ¢ and g. Note that j does not
have to equal ¢, even if ¢ € H. However, if H is normal and g € H, then
gx; = x;hi(g) for some h;(g) € H.

Claim 1.5. With notation as above,

Prnag w(9) Fiw) = Fj oy (hi(9)) (w)

Proof. Tt suffices to compute py,4c w(9)(Fiw)(xe) for every £. By definition,

Prnag w(9) (Fiw)(@e) = Fiw(g™'we). Now Fiw(g~twe) = 0if g7 wy ¢ 2:H,
ie. if x ¢ gr;H = x;H, or equivalently if £ # j. If £ = j, then

g 'y = wihi(g)
since gx; = x;hi(g), and hence

Frw(g™ wj) = Fiw(ihi(9)™") = pw (hi(9)) Fyw(a:)
= pw (hi(9)) (W) = F} o (hi(9))(w) (T5)-

Thus py,qc w (9)(Fiw) (o) = Fj o (hi(g))(w)(Te) for every £, and hence
Pinag w(9) (Fiaw) = Fj oy (hi(g)) (w) -
U

Let us make some additional remarks about Ind% W in general. Recall
that, with our conventions, z1 = 1. Thus, for all h € H, hx1 = h = x1h, so
that hi(h) = h. Hence

Pa¢, w () (F1w) = F1py (h) (w)-

This says that the subspace W) is an H-invariant subspace of Indg W and
it is H-isomorphic to W. Also, since x; - 1 = x;, we have hy(z;) = 1. Thus

Pma§ w(25) (FLw) = Fjw-

b}



This is often written symbolically as

k
Ind W = Pa; - W.

i=1
Finally, given a general element x;h € x;H, since (zjh)x1 = x;h, hi(z;h) =
h and
Pmd& w (€ih) (F1w) = Fj oy, (0 (w)-
For example, suppose that W is a 1-dimensional representation of H,

with basis vector e and corresponding to the homomorphism A: H — C*.
Set f; = Fie. Then f1,..., f is a basis of Indg W, and

Pnd§ w(9)(fi) = A(hi(9)) f;-

This says that G acts on the basis f1,... fr by a combination of the permu-
tation representation and multiplication by scalars.

Example 1.6. Let D, be the dihedral group of order 2n, which we can
view as generated by two elements a and 7, with a” = 1, 72 = 1, and
rar ! = 7ar = a~!. (We previously called the generator of the rotation
subgroup p but want to avoid confusion with the letter used to denote a
representation.) Thus every element of D, is uniquely written either as
o or as 7o, with 0 < k < n — 1, and the cyclic subgroup H = (a) has
index two in D,. Let W, = C - e be the 1-dimensional representation of
H corresponding to the homomorphism )\a(ak) = e2miak/n e e is a basis
vector for W, and pyw, (a¥)(e) = e*™i@F/ne,

Then D,,/H has two elements, and we can take as a set of representatives
r1 =1and 29 = 7. For g = o, o* - 2y = o = 210" and so hy(a¥) = oF.
Also,

Olk'l’gzak'T:T'a_k:.'Eg'a_k,

and so ha(af) = a~*. It follows that (with f; = F; . as before and i = 1,2)
Prnaln w, (@) (f1) = Aa(a¥) f1 = e2miak/n g,
Praatn w, (@F)(f2) = Aa(@™F) fo = e72mR/n py

Since 71 = 7 = 29, hi(7) = 1, and 72y = 72 = 1 = z1, s0 ha(7) = 1 as
well. Thus

Pmdbn WQ(T)(fl) = fo;
PmdBr w, (T)(f2) = fr.



If we write these out as 2 x 2 matrices using the basis {f1, f2}, then
5 eQﬂ'iak/n 0 . 0 1
Pndbn w, (") = 0 e—2miak/n | Pmdbn Wa(ﬂ =\1 0)°

& 0 1 e27riak/n 0 0 672m'ak/n
pInd?I” Wa (Ta ) = 1 0 0 e—27riak/n = 6271'z'ak/n 0 :

This gives the formula for the character:

2miak
(o) = 2cos ma ;
n

Xindbn w,

k
X1ndBn w, (ta®) =0.

We leave it as a homework problem to show that every 2-dimensional rep-
resentation of D, is of the form Indg" W, for some a, and to decide when
two such are isomorphic.

2 The character of an induced representation

Our goal in this section is to generalize the computation in Example 1.6
to give a formula for the character of an induced representation in general.
We keep the previous notation. In particular, Indg W = @§:1 W where
W@ =~ W is the span of the functions Fiw,w € W. Given g € G, with
gx; = xjhi(g), we want to compute Tr plndgw(g) = XIndi(g)' We have
seen that

Pa§ w(9) (Fiw) = Fj oy (hi(g))(w)-

To compute the trace, the only nonzero contributions will come from
those i such that j = i, i.e. such that gz; = x;h;(g), or equivalently such
that :r:;lg;vl- = h;i(g) € H. For such i, pIndi(g) induces a linear map
W® — W and under the identification of W) with W, by identifying
F; ., with w € W, we see that the action of plndgw(g) restricted to W is
identified with

pw (hi(9)) = pw (] " gz:).

Thus, summing over all possible ¢, we have:

Xinag w(9) = Trppacw(9) = > Trpw(r'gr) = > xwl; gz).
i such that i such that
xi_lga:iEH x._lgxiGH
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Note that we don’t expect that yw (z; 'gz;) = xw(g), since xw(g) is not
even defined for ¢ ¢ H, and in any case z; ¢ H for general i, so the
conjugation is not by elements of H.

We can eliminate the choice of the z; from the above formula. Here z;
is one particular representative for the coset x; H. Any other representative
x = x;h will still have the property that g(z;h) € x;H and moreover

z gz = h_l:pflgxih = h™ hi(g)h.
Thus, as yw is a class function on H,
xw (@™ gz) = xw (B hi(g)h) = xw (hig)) = xw (7 gas).

Thus, if we sum xyw (z~'gx) over the z € x;H, we get #(H)xw (z; 'gz;).
Summing over all z € G such that z~'Hx = H, we get the following formula
for X1nd$ w(9):

1 _
X1nd$ w9) = o~ Z xw (z 19@
#(H) =,
z~lgxcH

We can interpret this formula as follows.

Definition 2.1. Let f be a class function on H, and define a function f on
G by the formula
r3 f(g)u if g € H7
flg) = .
0, ifg¢ H.
Note that f is not necessarily a class function. Then define Ind% f:G—=C
by the formula:

1 -
ndfj f(9) = 7 > Fla'ga).
#(H) <=,
This is always a class function since we sum the values of f over the conju-
gates of g.

With this notation, our formula for xp, 4G w reads:

Xmd§ w = Indf xw

Of course, there is a similar formula for Resg xv, where V is a G-
representation, namely

_ G
XRes% vV = ReSH XV

But in this case the proof is obvious from the definitions.



3 Restriction and Frobenius reciprocity

First, we describe the transitivity properties of Res and Ind. If we have
a sequence of subgroups K < H < @G, then, as restriction of functions to
subsets is transitive, we clearly have, for every G-representation V',

Resf( V= Res% Resg V

The situation for Ind is similar but the argument is more complicated:

Proposition 3.1. With K < H < G as above, for every K -representation
w,

Ind% W = Ind§ Indf W

where the isomorphism is of G-representations.
Proof. By definition,
md$ W = {F: G - W : F(gk) = pw (k)" F(g)(Vg € G)(Vk € K)};
Indf; Indf W = {F1: G = Ind{l W : F(gh) = pp,qu(h) "' Fi(9)(Vg € G)(Vh € H)}.

Thus in particular, if F; € Ind% IndZ W, then F(g) is itself a function from
H to W, i.e. Fi(g)(h) € W and the function Fj(g) must satisfy

Fi(g)(hk) = pw (k)" Fi(g)(h)  (Vh € H)(Vk € K)
Fi(g2)(h) = proaq ()" (Fi(9))(h) = Fi(g)(zh) (Vg € G)(Va,h € H).

Define functions A: Ind% W — Ind% Ind W and B: Ind§ mmdlw —
Ind% W by the formulas

A(F) = Fy, where Fy(g)(h) = F(gh)
B(Fy) = F, where F'(g) = Fi(g)(1).

First, we claim that in fact A(F) € Ind% IndZ W. In fact, for all g € G,
he H, ke K, we have

A(F)(g)(hk) = F(ghk) = pw (k)™ F(gh) = pw (k)" (F1(g) (h)),
so that A(F)(g) € IndfZ W. Moreover, for all z,h € H,

A(F)(gx)(h) = F(gxh) = A(F)(g)(xh),



in other words A(F)(gx) = Plnd§ (x)"1(A(F)(g)). This says that A(F) €
Ind% Indf w.
Similarly, if F; € Ind% Ind W, then for all g € G,h € H,k € K,

B(F1)(gh) = Fi(gh)(1) = praag ()™ (F1(9)(1) = Fi(g) (h);
B(F1)(gk) = Fi(g9)(k) = pw (k)" Fi(9)(1) = pw (k) "' B(F1)(9).
The second line says B(F;) € Ind$ W. Finally, using the first line above,
A(B(F1))(9)(h) = B(F1)(gh) = Fi(g)(h),
so that Ao B =1d. And
B(A(F))(9) = A(F)(9)(1) = F(g-1) = F(g),

so that BoA = Id. Finally, we must check that one of A, B is a G-morphism,
say A. But

A(proag w(@)F)(9)(h) = F(z™ gh) = pryqm w (@) A(EF) (g) ().

Thus A is a G-morphism and a linear isomorphism, hence a G-isomorphism.
O

We turn to various versions of Frobenius reciprocity:

Proposition 3.2 (Frobenius reciprocity I). Let H be a subgroup of G, let
W be an H-representation, and let U be a G-representation. Then there is
a linear isomorphism

Hom (W, Res% U) = Hom® (Ind§ W, U)

In the language of category theory, this says that Res and Ind are adjoint
functors.
A more quantitative version is the following:

Corollary 3.3 (Frobenius reciprocity II). Let H, G, W and U be as above.
Denote by {(-,-Yg and (-,-)g the Hermitian inner products on L?>(H) and
L?(G) respectively. Then

<XWa XResg U>H = (Xlndg W XU>G
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Proof. This follows from the previous version, since
(xw, XRes§, )y = dim HomH(T/V7 Resg U)

and similarly for <x1ndg W XU)G- H

Corollary 3.4. With notation as above, if f1 is a class function on H and
fo is a class function on G, then

(f1,Res§; fo)r = (IndG f1, fo)a-

Proof. By the previous corollary, this holds for functions f of the form xy
and fo of the form yy. But the vector space of all class functions is spanned
by the characters, so the formula holds for all class functions. O

Example 3.5. (1) Let H = {1} and let W = C, the trivial representation. If
U is an irreducible representation of GG, with dim U = d, say, then Res?l} U

is just C?, viewed as a representation of {1}, and <XC’XRes{Gl}U>{1} =1

d = d. On the other hand, we have seen that Ind{Gl}(C = C[G] is the
regular representation, with character x,eg. Moreover, since U is irreducible,
(Xreg: XU )@ is the multiplicity of U in the regular representation. Thus we
see again that this multiplicity is dim U.

(2) Let U be an irreducible G-representation and let H be an arbitrary
subgroup of G. Suppose that W is an irreducible summand of Resg U.
Thus (xw, XRes§, y)H is the multiplicity of W in Res% U and is a strictly
positive integer. By Frobenius reciprocity, this multiplicity is equal to
<XInd§WaXU>G7 which is the multiplicity of U in Ind% W. Thus U is in

particular an irreducible summand of Ind%, W.

As a special case, suppose that G is a nonabelian group of order pg, where
p and ¢ are primes and p < ¢q. We have seen that necessarily ¢ = 1 mod p.
Moreover, there is a normal subgroup H of G of order ¢. Finally, every
irreducible representation of G has dimension 1 or p, and, up to isomorpgsgl,
there are p irreducible representations of dimension 1, identified with G/H,
and k = (¢ — 1)/p irreducible representations of G of dimension p. Let
U be an irreducible representation of G' of dimension p. Then Res$ U is
a representation of the abelian group H, and hence is a direct sum of 1-
dimensional representations:

p
Res U = (P W;,

=1
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where W; = C()\;) is a 1-dimensional representation corresponding to the
homomorphism \;: H — C*. As <XWi’XResg oye > 0, it follows that U

is isomorphic to a direct summand of Indg W;. But since dimU = p =
dim Indff W;, we must have U = Indg W;.  Hence every irreducible p-
dimensional representation of G is of the form Ind% W for a 1-dimensional
representation W of H. The argument tells us a little more: since the mul-
tiplicity of U in Indfl W; is one, in the above notation, if ¢ # j, then W; is
not isomorphic to Wy, i.e. A\; # A; for i # j. We leave it as a homework
problem to give a more detailed analysis of the representations of G.

Proof of Frobenius reciprocity. As usual, we will define linear maps

A: Hom™ (W, Res$; U) — Hom® (Ind§ W, U);

B: Hom®(Ind% W, U) — Hom® (W, Res%, U)
and verify that they are inverses. Given an element f € Hom® (W, Resg U),
we have to define A(f) € Hom%(Ind% W, U). It suffices to define A(f) on
F; for every i, 1 <4 < k, and every w € W, since every F' € Indg is
uniquely written as Zle F; 4. Define

A(f)(Fiw) = pu(z:i) f(w) € U.
We claim that A(f) is a G-morphism, hence that A(f) € Hom®(Ind% W, U).
It suffices to check this on elements of the form Fj,,. Then, if gz; = x;hi(g),
A()(Prmag w(9) Fiw) = A )(E)pw (hito))w)) = pu ;) f (pw (hi(g))(w))

= pu(x;)pu(hi(9)) f(w) = pu(z;hi(g)) f(w)

= pu(9z:) f(w) = pu(g)pu(z:) f(w) = pu(g)A(f)(Fiw)-

This says that A(f) is a G-morphism.

To define B: Hom%(Ind% W,U) — Hom® (W, Res$ U), recall that we
have W) C Ind% W, and W) is an H-invariant subspace of Ind$ W
which is H-isomorphic to W. Then, given ¥ € HomG(Ind% W,U), define
B(W) = 0w W) =2 W — U. In other words, B(¥)(w) = U(Fy,). It
satisfies: for all h € H,

B(Y)(pw (h)(w)) = W(Fy py, 1) = Y (Praag w () (F1,w)
= pU(h)\II(FLw) = pResg U(h)B(\I/)(w)

Thus B(V) is an H-morphism.
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To show that A o B = Id, by definition
(Ao B)(Y)(Fiw) = pu(z:)B(¥)(w) = pu(:)¥(F1w)
= ‘P(Plndg W(xi)Fl,w) = ‘Ij(Fi,w)a

since as previously noted py, g6 w (@) (Fi1w) = Fiu (remark at the bottom
of p. 5). Thus A o B =1d. Finally, to see that B o A = Id, note that

(B o A)(f)(w) = A(f)(FLw) = pu(1)f(w) = f(w).
Thus Bo A =1d and A, B are linear isomorphisms as claimed. O
We remark that it is easy to give a direct proof of Frobenius reciprocity

in the form of Corollary 3.4. We leave this as an exercise.
We conclude this section with a much easier formula:

Proposition 3.6 (Projection formula). If W is an H -representation and U
1s a G-representation, then, as G-representations,

Tnd( (W ® Res§j U) = Ind§ W @ U

Proof. The proposition implies (and is equivalent to) the corresponding for-
mula for characters
XInd§ (W®ResG U) = XInd§ W~ XU+

More generally, this formula is implied by (and is equivalent to) the follow-
ing: If f1 is a class function on H and f; is a class function on G, then (in
the notation of Definition 2.1)

Indf(f1 Resf f2) = Indf(f1) fo.
To prove this, first observe that (we write Res$ fo = fo| H for brevity)

P

Af2lH) = fife.
Thus, for all x,g € G,

Af2lH) (@ gz) = fi(z" gz) fa(z " gz) = fi(z""g2) f(9),

since fs is a class function on G. Then, for all g € G,

1ndS (1 Res§; f2)(g) = #(IH) xe};;f@ﬁmwgm) = #(lm 3 it gt
= <#(1H) x;fl (w‘lgx)> £(g) = Ind%(f1)(9) f2(9)-
This proves the formula. O
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Example 3.7. Suppose W = C = C(1) is the trivial representation of H and
V is a G-representation. Then C®Res§ V 2 Res$ V and Ind$, C = C[G/H],
the permutation representation associated to the action of G on G/H by left
multiplication. Hence we get the following formula:

Ind% Res% V = C[G/H]® V

One can also ask for a corresponding formula when we compose Res
and Ind in the opposite order. However, as we shall see, the formula for
Res$ Ind$ W is much more complicated.

4 Interpretation in terms of tensor products

Many of the arguments in the last section have much simpler proofs via
general properties of tensor products of left and right modules over noncom-
mutative rings. For example, Proposition 3.1 is just the isomorphism, for a
C[K] module W,

ClG] ®@cim) (ClH] ®@cr) W) = (C[G] @cm) CH]) ®cx) W = C[G] @cx) W.
Frobenius reciprocity is just the natural isomorphism

Hom® (W, Res$ U) = Hom®¢(C[G] ®cim W, U).
Finally, the projection formula is the natural isomorphism

C[G] ®cpm) (W @ Resf U) = (C[G] @cpm W) @ U.
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