More on characters

1 One dimensional representations

In this section, we give a systematic description of all one dimensional repre-
sentations of a finite group GG. Recall that a one dimensional representation
of G is the same thing as a homomorphism A: G — C*, and is always
irreducible.

Definition 1.1. Let G be a group, not necessarily finite. A commutator in
G is an expression of the form

[2,y] = zyz~ 'y~ .

Example 1.2. (i) The group G is abelian <= [z,y] =1 for all z,y € G.
More generally, [z,y] =1 <= z and y commute, i.e. zy = yx. For example,
[,2] =1 for all z € G, and [1,z] = 1 as well. In particular, 1 is always a
commutator.

(ii) The group D, is generated by two elements p and 7 with p” = 1, 72 = 1
(thus 7 = 771), and 7p7~! = 7p7 = p~!. Thus

[rpl =rprlp =p72
We have the following properties of commutators:

Lemma 1.3. For all x,y,9 € G,
(i) [z.97" = [y,2].
(i) glz,ylg™" = lgzg~ " gy "]
Proof. These follow from:

=y ) e )y e =gy e =y, 2]

= grg 'gyg tgr g gy g !

[2,y] ! = (zyz~ 'y ™)
glz,ylg™! = gryz~ly g™
= [gzg™*, gyg '],

1
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since (grg~1)~! = gz~'g~! and similarly for . O



Thus, the set of commutators is closed under taking inverses and conjuga-
tion (but not in general under products). The following is a straightforward
generalization of (ii) in Lemma 1.3, whose proof is left as an exercise:

Lemma 1.4. If f: G — H is a homomorphism, then for all x,y € G,

f(lz,y]) = [f (@), f(y)]. O

Here, the the lemma implies (ii) in Lemma 1.3 since gzg™" = i4(x) is a
homomorphism (in fact an isomorphism) from G to G.

Definition 1.5. The commutator subgroup or derived subgroup G’ of G is
the subgroup generated by all commutators.

Since 1 € G’ and the inverse of a commutator is a commutator, it is easy
to see that G’ is equal to the set of all products of commutators:

G' = {lzr,y] - [2kn] = w4,y € G}

It is the smallest subgroup of G containing all commutators. Also, since the
conjugate of a commutator is again a commutator, it is easy to see that G’
is a normal subgroup of G, i.e. G' < G.

Definition 1.6. We set G* = G/G’. (Sometimes G2 is called the abelian-
ization of G.)

Proposition 1.7. With G' and G* defined as above,
(i) G?" is abelian.

(ii) If f: G — H is a homomorphism from G to a group H, then Im f is
abelian <= Ker f contains G'.

(iii) Let H be an abelian group. There is a bijection between homomor-
phisms f: G — H and homomorphisms f: G*® — H. In fact, if
7: G — G? s the quotient homomorphism and f: G* is a homo-
morphism, then forn: G — H is a homomorphism from G to H and
every homomorphism from G to H arises in this way for a unique f.

Proof. (i) With 7: G — G?" the natural quotient homomorphism as above
(i.e. w(x) = zG"), [r(z),7(y)] = 7[x,y] = 1 (where here 1 = G’ is the
identity coset in G = G/G), since [x,y] € G'. Since every element of G&P
is of the form m(x) for some = € G, this shows that every pair of elements
in G commutes, hence G® is abelian.



(ii) Let f: G — H be a homomorphism from G to a group H. Then Im f
is abelian <= for all z,y € G, 1 = [f(z), f(y)] = f([x,y]) < for all
z,y € G, [x,y] € Ker f < G’ CKer f.

(iii) Let H be an abelian group. Clearly, if f : G® is a homomorphism, then
f= f om: G — H is a homomorphism from G to H and it is easy to see that
f determines and is determined by f. Conversely, suppose that f: G — H
is a homomorphism. Since H is abelian, Im f is abelian and hence, by (ii),

G’ C Ker f. In particular, there is a well-defined homomorphism v: G/G’ =
G — G/Ker f, defined by

v(zG") = zKer f.

By the Fundamental Homomorphism Theorem, there is a homomorphism
f:G/Ker f —Im f C H, such that f(z) = f(z Ker f). Define f: G - H
via: f = fowv. In other words,

fom(z) = f(2G') = f(xKer f) = f(x).

This produces a f: G® — H with the property that f = f o . This gives
the required bijection in (iii). O

Corollary 1.8. Let G be a finite group. Then there is a bijection from the
s/et\of one dimensional representations of G up to isomorphism to the group
Gab, the dual group to the abelian group G®®. In particular, the number
of one dimensional representations of G up to isomorphism is #(G*) =

#(G)/#(G"), and hence divides #(G).

Proof. By (iii) of Proposition 1.7, there is a bijection from the set of ho-
momorphisms from G to C* to the set of hom/oglorphisms from G2 to C*.
By definition, this last set is the dual group GaP of G?P. As we have seen,
the order of the dual group to a finite abelian group is the same as the
order of the original group, and this proves the remaining statements of the
corollary. O

The definition of G’ as the subgroup generated by all commutators is
a little hard to apply directly in practice. The following lemma gives a
somewhat easier way to find G’ and G2P:

Lemma 1.9. Let N be a normal subgroup of G such that N is generated by
commutators and G /N is abelian. Then N = G'.



Proof. Since N is generated by commutators, N C G’. Since G/N is abelian,
the kernel of the surjective homomorphism G — G/N contains G’, by (ii)
of Proposition 1.7. But the kernel of the projection G — G/N is N. Thus
G'CN.AsNCG,N=¢G" O

Example 1.10. For G = D,,, let N = (p?), in the notation of Example 1.2.

Case I: n = 2k + 1 is odd. Then, as ged(2,n) = 1, p? is a generator of (p).
Hence N = (p?) has order n, and thus index two in D, so is automatically
normal. Moreover, D,,/N is a group of order 2, thus automatically abelian.
So N = G’ and G* = 7/27. Hence D,, has exactly 2 one dimensional
representations in case n is odd.

Case II: n = 2k is even. Then N = (p?) has order n/2 = k. Conjugating
p? by the two generators of D,,, we see that

p-p’-p = p e (p?);
(

Toptrh=p € (pP).

Thus N <1 D,,. The index of N in D,, is 2n/k = 4, hence D,,/N is a group of
order 4 and thus automatically abelian. In fact, D,,/N contains two different
elements of order 2, since (TN)? = 72N = N, and (pN)? = p?N = N.
Thus G*® = D,,/N = 7./27 x 7./2Z, and D,, has exactly 4 one dimensional
representations in case n is even.

It is a nice exercise to describe the homomorphisms A: D,, — C* explic-
itly.

We have seen in a HW problem that every irreducible representation of
D,, has dimension at most 2. If a is the number of 2-dimensional irreducible
representations of D,,, then (by the usual formula that ZLI d? = #(Q)),

2+ 4a, ifn=2k-+1is odd;
4+ 4a, if n =2k is even.

2n = #(Dy) = {

Solving for a, we see that the number a of 2-dimensional irreducible repre-
sentations of D, is given by

k, if n =2k + 1 is odd;
a =
k—1, if n = 2k is even.

Of course, we know of one such 2-dimensional representation py, and consid-
ering representation py ® A\, where A: D,, — C* is a homomorphism, allows
us to potentially construct 2 or 4 2-dimensional representations (potentially,



because it is in fact possible that py ® A\ and py ® A9 are isomorphic, for
A1 # A2). But we need a new method to find all of them, which we shall
describe when we discuss induced representations.

2 Cartesian products

Our goal in this section is to describe all of the irreducible representations for
a product G1 x Gy of two finite groups. If V; is a representation of Gy, then
it becomes a representation of G; x G via the surjective homomorphism
m: Gy X Gy = G1. In other words, is we are given a homomorphism
pv, : G1 — Aut Vq, then we have the composed homomorphism

pv, omi: G1 x Gg — Aut V.

We sometimes denote py, o m; by mipy; and Vi, considered as a G; x Ga-
representation, by 77V7. Explicitly,

T pvi (91, 92) = pvi(91)-

Clearly, the character xr:v; is equal to xv, o7, Le.

Xmivi (91,92) = xvi(91).

Note that, as m is surjective, if py, is irreducible, then 7] py, is also irre-
ducible. Similarly, if V5 is a representation of Vs, we can form 73 py, or m35Va.
Finally, we can take the tensor product 77 Vi ®73 V5. This is sometimes called
the external tensor product and is written as V3 X V5 or Vi@Vs. (Note that
the tensor product V3 ® Vo does not make sense as a representation, since
V1 and V3 are representations of different groups.)

Theorem 2.1. Let G1 and Go be two finite groups.

(i) If Vi is an irreducible representation of Gy and Vi is an irreducible
representation of Ga, then Vi ® m5Va is an irreducible representa-
tion of G1 x Ga. Moreover, the G x Ga-representation m7Vi ® w5Va
determines the representations Vi and Vs.

(ii) Ewvery irreducible representation of G1 x Gy is of the form Vi @73 Va,
where V1 is an irreducible representation of Gy and Vs is an irreducible
representation of Ga.



Proof. (i) To show that nfV; ® w5 V5 is irreducible, it suffices to show that
(Xzsvi@msVas XatVignsVa) = 1. By our results about tensor products and the
remarks above, we know that

XriviemsVa (915 92) = Xarva (91, 92) X5 va (91, 92) = Xva (91) X1 (92)-

We compute (Xx1viomsVas XniviersVa)s using #(G1 X G2) = #(G1)#(Ga):

1
(XrrviemsVa XntVigmgVa) = G < Ca) Z Xr:viemsve (91, 92)°
(91,92)€G1xG2

S S > wilg)xwlg2)

#<G1)#(G2) 91€G1,92€G2
_ 1 1 ) )
) #(Gl) #(GQ) 9166‘;926G2 |XV1 (gl)‘ |XV2 (92)’
_ 1 9 ; ,
= #(G1> glezcl |XV1 (gl)| #(Gg) g;b |XV2(92)|

= <XV1 s XV1><XV27 XV2>7

where in the last line the first inner product is of functions on G; and the
second is of functions on Go. Under the assumption that V4 and V5 are
irreducible, <XV1aXV1> = <XV2’ XV2> =1, and so <XW{V1®7T§V2? Xwi‘V1®7r§V2> =1
as well. Thus 7]V} ® m3V5 is irreducible.

Next, let us show that 77V; ® 75V2 determines the representations V;
and Va, more precisely that 7iV; @ m3Va = V] @ m5V) <= Vi = V/ and
Vo =2 Vy (assuming that V; and V; are irreducible for simplicity). To do so,
consider the restriction Res&! *%2 (7¥V @ 15V3) to the subgroup Gy x {1} =

Gl X {1
(1. Viewed as a representation of (G1, the value of its character at an element

g1 is
XmiviemyVe (91, 1) = xvi (91)x15 (1) = daxv; (91),

where do = dim V5, in other words its character is daxy,. This says that

ResG X6 (niVi @ m5a) = Vi,

so every irreducible summand is isomorphic to V;. By the same argument,
every irreducible summand is isomorphic to (V{)%, where dj = dim Vj.
By the uniqueness of the irreducible summands of a G-representation up
to isomorphism, V; = V/. Applying the same argument to the restriction

Resﬁl}xx%é (miVi @ m5Va), we see that Vo = V5 as well.



(ii) Enumerate the irreducible representations of G up to isomorphism

as Vl(l), .. .,Vh(ll), where dim Vi(l) = dgl), and similarly let the irreducible

representations of G2 up to isomorphism be denoted V1(2), . .,Vh(j), with

dim V(Q) = d(z). Then we have seen that Z?;l(dl(l))Q = #(Gy) and that
h 2

S (D) = #(G)

By Part (i), for each i, 1 < i < hy, and for each j, 1 < j < hg, the
representation 7} ( ) ® 7r§ 2) is an irreducible representation of dimension
d(l)d( ), and the representatlons WI‘VZ-(D ® WSV;(Q) and wka(l) ® ﬂg\/é@) are
1somorph1c <= ¢ =k and j = {. Computing, we see that

S dim(@v Ve mvP)2= 3 (dVd?)?

1<i<hy 1<i<hi
1<j<hs 1<j<h2

= > @)y

1<i<hy
1<j<ha

1 2
_ d ( ))
1<1,<h1 1<]<h2

—#Gl = G1><G2

On the other hand, the sums of the squares of all of the irreducible represen-
tations of G1 x G2 add up to #(G1 x Ga). So if we have found a collection
of irreducible representations of G; x Ga, such that no two distinct ones
are isomorphic, and such that the sum of the squares of their dimensions
is #(G1 x G2), then this collection must be exactly the set of irreducible
representations of #(G1 x G2) up to isomorphism. This is the statement of
(ii). O

3 Theorems of Frobenius and Burnside

In this section, we state the theorems of Frobenius and Burnside. The
following three sections will be devoted to the proofs.

Theorem 3.1 (Frobenius). Let G be a finite group, let V' be an irreducible
representation of G, and let d = dim V. Then d divides G.

We give some easy applications of the theorem. Most of these can be
easily proved by Modern Algebra I methods as well.



Proposition 3.2. Let G be a finite group of order p?, where p is a prime
number. Then G is abelian.

Proof. If G is not abelian, then there exists an irreducible representation
of G of dimension d greater than 1 and dividing p?. Hence, as p is prime,
either d = p or d = p?, and in any case d?> > p?. But then the sum 2?21 d?
of the squares of the dimensions of all irreducible representations contains
a summand d? > p? and a summand equal to 1 (coming from the trivial
representation). Thus Z?:1 d? > p® +1 > p* = #(G). This contradicts

Z?:l dzz =p’. O

Remark 3.3. To give a proof of the proposition that does not use repre-
sentation theory, one first shows that, for a group G with #(G) = p*, a > 1,
the center Z(G) # {1}. We want to show that, in case a = 2, Z(G) = G.
Otherwise, necessarily #(Z(G)) = p, and the quotient group G/Z(G) has
order p, hence is cyclic. But an easy argument shows that, if G is any group
such that G/Z(G) is cyclic, then G is abelian (and thus Z(G) = G).

Proposition 3.4. Let G be a finite group of order pq, where p and q are
prime numbers and p < q. Then G is abelian unless ¢ = 1 mod p. Moreover,
in this last case, there exists a normal subgroup of G of order q.

Proof. If V is an irreducible representation of G' of dimension d, then d di-
vides pg and hence d € {1,p,q,pq}. If d = q or d = pq, then d*> > pq = #(G),
contradicting Z?:l d? = #(G). Hence every irreducible representation of G
has dimension 1 or p. Suppose that there are a irreducible representations
of G (up to isomorphism) of dimension 1 and b irreducible representations
of G (up to isomorphism) of dimension p. If G is not abelian, then b > 0.
Then, from Z?:l d? = pq, we see that a + bp* = pq. Thus pla, say a = cp.
But also a|#(G) = pq, by Corollary 1.8. Thus a = p or a = pq. Since b > 0,
a < pq and hence a = p. Then

pq = p+ bp® = p(1 + bp).

Hence ¢ = 1 + bp, i.e. ¢ = 1 mod p. Moreover, in this case #(G/G’) = p, so
that G’ is a normal subgroup of G and #(G’) = q. O

Remark 3.5. This proposition can be proved via the Sylow theorem: the
number of ¢-Sylow subgroups is = 1 mod ¢ and divides pq. Since pq has no
proper divisor greater than ¢, there must be exactly one g-Sylow subgroup
H, which is then automatically normal. Likewise, the number of p-Sylow
subgroups is = 1 mod p and divides pq. If there is a p-Sylow subgroup



which is not normal, then the number of p-Sylow subgroups is = 1 mod p,
is greater than 1, and divides pg. Hence this number is a proper divisor of
pq, # 1,p,pq, hence equal to ¢q. This says that ¢ = 1 mod p. Conversely, if
q # 1 mod p, there is exactly one p-Sylow subgroup H' and it is normal. An
straightforward group theory argument then shows that G = H x H', and
in particular G is abelian and G = Z/pZ x Z./qZ = 7./ pqZ.

We turn next to the statement of Burnside’s theorem. Although it con-
tains no mention of representation theory, the proof will draw heavily on it,
and in particular on the methods used to prove Frobenius’ theorem.

Theorem 3.6 (Burnside). Let G be a finite group, with #(G) = p®q®, where
p and q are distinct primes and a and b are positive integers. Then G is not
simple, i.e. there ezists a normal subgroup N QG with N # {1}, N # G.

Remark 3.7. (1) If #(G) = p® with a > 2, then it is much easier to show
that G is not simple. One argument uses the fact that the center Z(G) # {1}
(noted above in Remark 3.3). Another argument uses Frobenius’ theorem.

(2) The case a = b = 1, i.e. #(G) = pq, has been discussed in Proposition 3.4
and the following remark.

(3) It follows easily from Burnside’s theorem and induction that every group
of order p%q® is solvable: There exists a sequence of subgroups

Go={1} G, C---CG,=G

such that, for every i, 1 < i <n, G;—1 <G, and G;/G;_1 is abelian (one can
even assume that G;/G;_1 is cyclic of prime order).

(4) Burnside’s theorem, proved in 1904, was the first major application of
representation theory to the study of finite groups. The first purely group-
theoretic proofs were given around 1970.

(5) By Burnside’s theorem, if G is a finite simple group which is not cyclic
of prime order, then #(G) is divisible by at least 3 primes. It is elementary
to see that a group whose order is twice an odd number is not simple. Thus
the smallest possible order of a noncyclic finite simple group is 22-3-5 = 60,
and in fact every simple group of order 60 is isomorphic to As.

(6) Feit and Thompson proved in 1963 that every noncyclic finite simple
group has even order; this was conjectured by Burnside.



4 Algebraic integers

Before we can prove the theorems of Frobenius and Burnside, we need to
make a digression to discuss algebraic integers. We start with some standard
terminology:

Definition 4.1. Let k be a field. Then k[z] is the set of all polynomials
with coefficients in k. More generally, if R is a (commutative) ring, then
RJx] is the set of all polynomials with coefficients in R. We shall just be
interested in Z[x] C Q[z] C R[z] C C[z], the set of all polynomials with
coefficients in (respectively) Z, Q, R, or C. As usual, if f(z) € C[z], then
f(z) can be viewed as a function from C to C.

If @ € C, then « is algebraic or an algebraic number if there exists
a polynomial f(z) € Q[z], with f(x) not the zero polynomial, such that
f(a) =0, i.e. a is a root of some polynomial with rational coefficients. For
example, v/2 and i are algebraic but e and 7 are not (although it is not easy
to prove this). We can always assume that, if « is algebraic, then there exists
a nonzero polynomial f(x) € Z[x] such that f(«) = 0, by starting with a
nonzero polynomial fo(z) € Q[z] and then replacing fo(z) by N fo(z), where
N € Z is a multiple of all of the denominators of the nonzero coefficients of
Jfo(z).

Finally, although we shall not need this, if & and g are algebraic, then
so are a« £ 8, a- 3, and /B (if B # 0). This is a standard fact proved in
Modern Algebra II.

We want an algebraic analogue of the integers, viewed as a subring of Q.
That is the point of the next definition:

Definition 4.2. Let o € C. Then « is an algebraic integer if there exists
a polynomial f(x) € Z[z] with leading coefficient 1 (also called a monic
polynomial) such that f(a) = 0.

Since a polynomial with leading coefficient 1 is necessarily nonzero, an
algebraic integer is in particular an algebraic number. But the converse does
not hold. For example, v/2 is an algebraic integer because it is a root of the
monic polynomial 22 — 2. Likewise i is a root of 22 + 1 and hence is an
algebraic integer. But, if d € Z and d > 1, then it is not hard to show that
V2/d and i/d are not algebraic integers. For example, v/2/d is algebraic
because it is a root of the polynomial d?z? — 2 € Z[z]. But d?z? — 2 is not
monic, and a homework exercise shows that V2 /d is not a root of a monic
polynomial with integer coefficients.
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Clearly, if n € Z, then n is an algebraic integer because it is a root of
the monic polynomial x —n € Z[z|. The following (a version of the rational
roots test) shows that this is the only way that a rational number can be an
algebraic integer:

Proposition 4.3. Let r € Q. Then r is an algebraic integer < r € Z.

Proof. We have just seen that r € Z = r is an algebraic integer. Con-
versely, suppose that r is an algebraic integer. Write r = s/t, where s,t € Z
and ged(s,t) = 1. Let f(z) € Z[z] be a monic polynomial such that f(r) =0,
say f(x) = 2™ + ap_12" 1 + - - + ap, where the a; € Z. Then

0=f(r)= f(s/t) = s"/t" + an_15" 1 Jt" 1+ +ay.
Clearing denominators by multiplying by ¢", we have
"+ ap 18"+ -+ apt" =0,
and thus
—s" = ap 15"+ Fapt” = t(an_15" 4+ agt"™ Y.

This says that ¢ divides s™. As ged(s,t) = 1, it follows that ged(s™,t) = 1,
so that t = +1. Hence r = s/t € Z. O

We collect some other standard examples of algebraic integers:

Example 4.4. (1) If ¢ is an n'™® root of unity, then ¢ is an algebraic integer,
since it is a root of the monic polynomial ™ — 1.

(2) If A is an n x n matrix with integer coefficients, then the characteristic
polynomial p4(t) = det(tId —A) is a polynomial with integer coefficients and
leading term t", hence it is monic. Thus, the eigenvalues of A are algebraic
integers.

(3) Let K be a a subfield of C, which is a finite extension of Q, i.e. K is a
finite-dimensional vector space over Q. Then, as we shall see, the set

Ox = {a € K : a is an algebraic integer}

is a subring of K, i.e. it is closed under addition and multiplication.

(4) If € C is an algebraic integer, then so is its complex conjugate @. In
fact, if f(z) € Z[z] is a monic polynomial such that f(«) = 0, then

f(@) = f(a)=0.

11



Thus & is an algebraic integer.

(5) More generally, let a € C is an algebraic integer, and suppose that o € K,
where K is a subfield of C. Let 0: K — C be a field homomorphism, i.e.
o preserves addition and multiplication, and by convention (1) = 1. Then
o(n) =n for all n € Z. We claim that o(«) is again an algebraic integer. In
fact, it is easy to check that, if f(z) € Z[z] is a monic polynomial such that
f(a) =0, then

F(o() = o(f(a)) = 0.

Thus o(«) is an algebraic integer.
The following is the main technical criterion we shall need:

Proposition 4.5. Let o € C. Then « is an algebraic integer <= there
exist z1,...,2, € C, not all 0, and b;; € Z, 1 < i < n, such that, for all i,

n
az; = E biij.
Jj=1

Proof. = : Since « is an algebraic integer, there exist an—1,...,a0 € Z
such that a” + ap_10™ ' +---+ag = 0. Define z; = o=, 1 <4 < n. Then
azi =o' =z41if1 <1 <n—1, and

azp =a" = —apg — a1 — - — ap_1a"

= (—ao)Zl + -+ (—an—l)zn-

Thus we have found z; € C with the desired properties.
<—: Write the condition that, for all 7, az; = 2721 bijzj as

n

> (adij — bij)z =0,

=1

where as usual d§;; = 1 if ¢ = j and §;; = 0 otherwise. This says that, if
B= (bij)a then
(21,...,2n) € Ker(ald —B).

Thus, the matrix «Id —B has a nonzero kernel, so that det(aId —B) = 0.
But then « is a root of the characteristic polynomial pp(t). As B has integer
coefficients, « is an algebraic integer by (2) of Example 4.4. O

Corollary 4.6. If a and 8 are algebraic integers, then so are o + 3 and
a- .
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Proof. Using the previous proposition choose z1,...,z, € C, not all 0, and

wi, ..., wy € C, not all 0, such that there exist integers b;; and ce with
n m
oz = Zbijzj, Bwy, = chgwg.
j=1 =1
Then

(o £ B)(zwy,) Z bijzjwy £ Z CreziWy,

and
(aB)(ziwr) sz]'zj (Z CMW) = (bijcre) zjwy.
¢ .0
Since not all of the products z;wy, are 0, the conditions of Proposition 4.5
are met, hence o £ 8 and « - § are algebraic integers. O

5 Proof of Frobenius’ theorem

We begin with the following easy application of the previous section:

Lemma 5.1. If G is a finite group and py is a G-representation, then, for
all z € G, xv(z) is an algebraic integer.

Proof. We know that, for all x € G, py(x) of diagonalizable, i.e. there
exists a basis for V' consisting of eigenvalues of py (x). If the eigenvalues are
A1, ..., Ag, then A; is a root of unity for every i, hence an algebraic integer
by (1) of Example 4.4. Hence

xv(z) =Trpy(z) = A+ + X\
is also an algebraic integer, by Corollary 4.6. O

There is a much deeper improvement of this result as follows:

Theorem 5.2. Let V be an irreducible representation of G, of dimension
dy. Forxz € G, let c¢(x) = #(C(z)), where as usual C(x) is the conjugacy

c(z
class containing x. Then d—XV(x) s an algebraic integer.
1%

Proof. We begin by defining a subring R of the ring L?(G) of functions on
G (with the operations of addition and convolution):

R={f € L*(G) : f is a class function and f(z) € Z for all z € G}.

13



Clearly the sum of two class functions is a class function, as is the convolution
(as follows from our identification of the set of class functions with the center
of L*(@)). Similarly, if fi(g), f2(g) € Z for all g € Z, then (f1 + f2)(g) =
f1(9) + f2(g) € Z and

(frxf2)(9) =D fil=
Y=g

Thus R is closed under addition and convolution. Enumerate the distinct
conjugacy classes of G as C(r1),...,C(xy), and define (as usual) fo(g,) to
the characteristic function of C(x;) (i.e. fo,)(r) = 1if 2 € C(x;) and
fc(z,)(x) = 0 otherwise). Then, given f € R, since f is constant on each
C(z;) and its value for every x € C(x;) is an integer n;, we can write f
(uniquely) as

h
F=> nifcow).
i—1

Note also that 1 = fo,) + -+ fo(a,)-

Claim 5.3. Let ¢: R — C be a ring homomorphism, i.e. for all f1, fo € R,

o(fi + f2) = o(f1) +0(f2), ©(f1* f2) = o(f1)e(f2), and o(1) = 1. Then,
for all f € R, p(f) is an algebraic integer.

Proof. We must show that that, with a« = ¢(f), there exist complex numbers
z; as in Proposition 4.5. Define z; = ¢(f¢(y,)- The z; are not all 0, because

L=9(1) = e(fo@)+ - +ow)) = Pfe@))+ - +e(fow,) = 21+ +zn.

Since R is closed under convolution, f * fco(,,) € R, and hence there exist
integers b;; such that

h
Fofow) =Y biifow,):
j=1
Applying ¢ to this equality, we see that

h
a-zi = o(f * fo@,)) = SO(Z bijfc(xj))
j=1

HM:

h h
uso (fow)) = D bigefow,) = > bijz.
j=1 j=1

Thus « and the z; satlsfy the hypotheses of Proposition 4.5. Hence « is
algebraic. O
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Now recall that, given a representation py, we have defined a homomor-
phism, also denoted py, from L?(G) to End V via:

pv(£) = flg)pv(g).

geG

Moreover, if V' is irreducible and f is a class function, then py (f) = A\(f) Id,

where
A =B

It is easy to check that, since py is a homomorphism, A\: R — C is also
a homomorphism. Thus, by Claim 5.3, for all f € R, A(f) is an algebraic
integer. Taking in particular f = f (. for some x € G, we see that A\(fo(y))
is an algebraic integer. But

#(G) #(

Miew) = 52 o) = HE 5 fowlowto)
geG

_ @) _
= dV XV('T)a
since fo()(g) =0if g ¢ C(x), fo@(g) =1if g € C(x), and Xv(g) = Xv(z)
if g € C(x). Thus c(ix)xv(x) is an algebraic integer. Taking conjugates and
v

c(x)

using (4) of Example 4.4, it follows that d—x)(v(x) is an algebraic integer

1%

as well. ]
We can now prove the theorem of Frobenius, which we restate here:

Theorem 5.4. Let G be a finite group, let V' be an irreducible representation
of G, and let d = dy = dim V. Then d divides G.

Proof. Since V is irreducible (xv, xv) = 1, and hence
D xv(@)xv(e) = #(G) (v, xv) = #(G).
el

Enumerate the conjugacy classes of G as usual by C(z1),...,C(xy), with
#(C(z;)) = c(x;). Then G is the disjoint union of the C(x;). For all
z € C(zi), xv(z) = xv(z;). Thus

#(G) = Z xv(z)xv(z) = Zc(xi)xv(wi)ﬁ(xi)-

zeG i=1

15



Hence, after dividing by dy, we can write

#(G) _ Zh: <C($1)XV($%)> v ().

v I dv

c(x;)xv (i)

By the previous theorem, is an algebraic integer, and Yy (x;) is

an algebraic integer by Lemma g.l. Thus, as sums of products of algebraic
integers are algebraic integers by Corollary 4.6, #(G)/dy is an algebraic
integer. But #(G)/dy is also a rational number, so it is an integer by
Proposition 4.3. Hence dy divides #(G). O

Remark 5.5. There are various strengthenings of this theorem. For exam-
ple, Schur has proved that, if as above V is an irreducible representation
of G of dimension dy, then dy divides #(G)/#(Z(G)), where Z(G) is the
center of G. If G is abelian, then Z(G) = G and this says that dy divides
1, hence is equal to 1 for every irreducible V. Of course, we have seen this
directly. On the other hand, if G is a nonabelian simple group, or more
generally if Z(G) = {1}, this result does not tell us anything more than
Frobenius’ theorem. Finally, once can replace the subgroup Z(G) is the
above statement by any abelian normal subgroup.

6 Proof of Burnside’s theorem

We begin with a lemma about roots of unity:
Lemma 6.1. Let Aq,..., \g be roots of unity.

(1) A1 4+ g < d, with equality <= A\ =--- = A\g.

. A1 Ad . .

(ii) If 7 +t 5 san algebraic integer, then either A1 +---+ Xg =0

or Ay == Ag.
Proof. (i) By the triangle inequality,
A+ Al < M+ ] < d

Moreover, equality holds in the triangle inequality <= there exist positive
real numbers ¢; such that A, = ¢;A; for all i (note that A\; # 0). But
|A1] = |Ai] = 1, so in this case

L= [Ni| = [tida] = [t] || =t

16



Thus there exist positive real numbers ¢; such that A\; = ;A1 for all i <
>\i = )\1 for all 1.
(ii) This part requires a little Galois theory. By Part (i), [\ + -+ Ag| < d.
d
)\A
Thus, if we set o = Z EZ’ then |a| < 1. Since the A; are all roots of unity,
i=1
there is some extension Q(uy) such that \; € Q(uy) for all i. Here

py={zeC:2N =1}

is the set of N'" roots of unity. As Q(uy) is the splitting field of the
polynomial 2% — 1, it is a normal, hence Galois extension of Q. If o €
Gal(Q(un)/Q), then since \; € Q(uy) is a root of unity, o();) is also a root
of unity. It then follows from (i) that

lo(\) + -+ o(N\g)| <d,

d
o(N;
; (d)

B = H o).

o0€Gal(Q(un)/Q)

Then f is in the fixed field of Gal(Q(un)/Q), i.e. 7(8) = B for all 7 €
Gal(Q(un)/Q). By standard Galois theory, § € Q. Moreover, by hypothesis
« is an algebraic integer, thus so is o(«) by (5) of Example 4.4, and finally
sois B = H o(«) by Corollary 4.6. Thus 8 € Z.

o€Gal(Q(un)/Q)
Now consider |3]:

hence that |o(a)| = < 1. Define

sl=] I o= I o<1

o€Gal(Q(un)/Q) oc€Gal(Q(un)/Q)

since |o(a)| < 1 for every o € Gal(Q(un)/Q). Thus S is an integer with
|| < 1, hence 8 = 0 or |B] = 1. If 5 = 0, then o(er) = 0 for some
o € Gal(Q(un)/Q). Hence « = 0 and A\ + -+ + Ay = 0. Otherwise,
|| = 1. This is only possible if |o(a)| = 1 for every o € Gal(Q(un)/Q).
In particular, |a] = 1 so that |\ + -+ + Ag| = d. By (i), this implies that
A== Ay 0

We now apply this to representations:

17



Corollary 6.2. Let G be a finite group and V a G-representation, not
necessarily irreducible, with dimV = dy .

Xv(g) Id.
dy

(i) For all g € G, |xv(9)| < dv, with equality < py(g) =

(i) xv(9) =dv <= pv(9) =1d < g€ Kerpy.

Proof. (i) Let d = dy. We know that py(g) is diagonalizable with eigen-
values A1,...,\g which are roots of unity, and that xy(g) = A1 + -+ + A\g.
Thus, by (i) of Lemma 6.1,

Ixv(g)|l =M+ -+ N| <d=dy,

with equality <= A\ = .-+ = A\4. This last case holds <= py(g) = A 1d,
where necessarily d\ = Tr py(g) = xv(g), hence A = xv(g)/dv.

(ii) By definition, py(g) = Id <= g € Kerpy. If xv(g9) = dy, then
()] = dr 50 by ) prle) = 210 = 10, Comversel, i pr (o) = I,

then clearly yy(g) = dimV = dy. O

Corollary 6.3. Let G be a finite group. Then G is not simple <= there
exists an irreducible representation V', not the trivial representation, with
character xy, and a g € G, g # 1, such that xv(g9) = xv (1) =dim V.

Proof. If G is not simple, let N be a proper normal subgroup of G such that
N # {1}. In particular G/N is not the trivial group. Then there exists a
nontrivial irreducible representation ¢y : G/N — AutV. If 7: G — G/N is
the natural homomorphism, then py = ¥y o m = ™y is a representation
of GG. Tt is clearly nontrivial and it is irreducible by a HW problem. Since
N # {1}, there exists a g € N with g # 1. For such a g, xv(g) = xv(1) =
dim V.

Conversely, suppose that there exists an irreducible representation V,
not the trivial representation, with character yy, and a ¢ € G, G # 1,
such that xy(g) = xv(1) = dim V. By (ii) of Corollary 6.2, such a g is in
Ker py, and hence Ker py # {1}. Since V is not the trivial representation,
Ker py # G. Then Ker py is a proper, nontrivial subgroup of G and it is
normal as it is the kernel of a homomorphism. Hence G is not simple. [

The following is the main technical result we need:

Proposition 6.4. Let G be a finite group and let V' be an irreducible G-
representation with character xy and dimensiondimV =dy =d. Letg € G
and as usual set ¢(g) = #(C(g)). Suppose that gcd(c(g),d) = 1. Then either
xv(g) = 0 or there exists a A € C* such that py(g) = A1d.

18



Corollary 6.5. Let G be a finite, simple and nonabelian group, let V' be
a nontrivial irreducible G-representation with character xy and dimension
dimV = dy = d, and let g € G with g # 1. If ged(e(g),d) = 1, then
xv(g) = 0.

Proof of Corollary 6.5. Let G, V and g be as in the statement of the corol-
lary. Since Ker py is normal and G is simple, either Ker pyy = G or Ker py =
{1}. The first case is impossible since V' is not the trivial representation.
Hence Ker py = {1}, so that py is injective. Now assume that xy(g) # 0.
By Proposition 6.4, there exists a A € C* such that py(g) = AId. In partic-
ular, py(g) commutes with every element of AutV, and hence with every
element of the form py(x), x € G. In other words, for all z € G, the com-
mutator [pv (g), pv (2)] is equal to Id. But as [pv(g), pv ()] = pv([g, z]), it
follows that py([g,z]) = Id for every x € G. As py is injective, [g,z] = 1
for every x € G, so that g € Z(G). But Z(G) is a normal subgroup of G,
and since G is not abelian, Z(G) # G. Since G is simple, we must have
Z(G) = {1}, hence g = 1. This contradicts the hypothesis that g #1. O

Proof of Proposition 6.4. Since ged(c(g),d) = 1, there exist integers A and
B such that Ac(g) + Bd = 1. Hence

XVd(g) ~ (Aely) +Bd)><vd(g) _ AC(Q));v(g) + By (g).
By Theorem 5.2, cg)x‘/(g) is an algebraic integer. By Lemma 5.1, xyv (g)

is an algebraic integer. Hence so is XV (g)

Now xv(g) is of the form A; + - - - + Ay, where the \; are roots of unity.
By Lemma 6.1(i), xv(g)/d is an algebraic integer <= A; + -4+ Ay = 0,
ie. xv(g) =0,0r A\ =+ = Ag, i.e. py(g) = A1d with say A = ;. O

We can now prove the following result, which is a purely group-theoretic
statement:

Theorem 6.6. Let G be a finite, simple and nonabelian group, and let g € G
with g # 1. Then c¢(g) = #(C(g)) is not a prime power.

Proof. Since G is simple and nonabelian, Z(G) = {1}. Hence, if g € G and
g#1,c(g9) = #(C(g)) > 2. Thus, if ¢(g) = p* is a prime power, then a > 1.
Assuming that this is the case, we will derive a contradiction.

If V is any nontrivial G-representation, with character xy and dimension
dy, then ged(c(g),dyv) = ged(p®,dy). Hence either ged(c(g),dy) = 1 or p
divides dy . By Corollary 6.5, either xy(g) = 0 or p divides dy .
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If Xreg is the character of the regular representation, we know that reg =
Z?:1 dv,xv;, where V1,...,V}, are the irreducible representations of G up
to isomorphism, and, say, Vi is the trivial representation. Since g # 1,
Xreg(9) = 0. Thus

h h
0=> dvxv(9) =1+ dvxvl(9).
=1 =2

Hence

We claim that the right hand side is an algebraic integer. In fact, since either
xv;(g) = 0 or p divides dy;, every nonzero term in the right hand side is of the
form integer times algebraic integer (because xy;(g) is an algebraic integer).
Thus —1/p is a sum of algebraic integers, hence an algebraic integer, hence
an integer since it is a rational number. This is the desired contradiction. [

We can now prove Burnside’s theorem, which we restate:

Theorem 6.7. Let G be a finite group, with #(G) = p®q®, where p and q
are distinct primes and a and b are positive integers. Then G is not simple.

Proof. Suppose to the contrary that G is a simple group of order p%q®, where
p and g are distinct primes and a,b > 1. Since the only simple abelian groups
are cyclic of prime order, GG is not abelian. Enumerate the distinct conjugacy
classes of G as C(x1),...,C(xy), where say 1 = 1. Since Z(G) = {1}, for
all z # 1, c(z) = #(C(x)) > 1 and c(x) divides #(G) = p?q” since C(x)
is an orbit under the conjugation action of G on itself. Since c¢(x) = p" is
impossible by Theorem 6.6, for all x # 1, we must have c¢(x) = p"¢® with
r,s > 1. In particular, both p and ¢ divide ¢(z;) for all i > 1. But G is the
disjoint union of the C(z;), 1 <14 < h, and hence

h
Pt = clm) =1+ e(xy).
=1

1>1

The left hand side is divisible by p, say, and all of the terms ¢(z;) for i > 1
are also divisible by p. This says that 1 is divisible by p, a contradiction.
Thus G is not simple. O
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