SHEAVES ON THE SPECTRUM OF A RING

Throughout A is a ring. We set X = Spec(A). We denote B the set of principal
opens of X (AKA standard opens). In a formula

B={UcX|3feA U=D(f)}

Sheaves on a basis: see Tag 009H

Think of B as a category: the objects are the elements of B and the morphisms are
the inclusions. A presheaf F on B is a contravariant functor from B to the category
of sets (or abelian groups, rings, etc). Similarly for presheaves of modules over a
given presheaf of rings. We say F is a sheaf on B if and only if for every coveringﬂ

U:U=0,U...uU0,
with U, U; € B we have that
F(U) —11; 7 (Us) [Li,<i, F Ui, N Us,)

—

is an equalizer diagram. Observe that this makes sense because
UU eB=UNU €B

as you can easily verify.

Lemma 0.1. The category of sheaves on X and sheaves on B are equivalent via
the functor which takes a sheaf on X and restricts it to B.

Proof. This is a copy of Tag 0090 (]

If F|p denotes the restriction of F on X to B (as in the equivalence of Lemma|0.1)),
then we have for z € X the equality

Fyr = colimgepep F(U) = colimycpepn Flg(U)
Hence we can directly compute the stalks in terms of the sheaf on B.
The structure sheaf: see Tag 01HR
For every U € B choose an element f € A such that U = D(f). The we set
Ox(U) = Ay

If U =D(f) DV = D(g), then we can write g" = af for some n > 0 and a € A
(small detail omitted) and we define the restriction mapping for Ox as the map of
A-algebras

Ox(U) = Af — Ag = Ox(V)
sending b/ f™ to ba™/g™™. Tt is easy to see this is a presheaf of rings.

The sheaf of modules M associate to an A-module M: sce Tag 01HR

Let M be an A-module. For every U € B choose an element f € A such that
U = D(f). The we set

M(U) = M;

ISince every element of B is quasi-compact we only need to consider finite coverings.
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If U = D(f) DV = D(g), then we can write g" = af for some n > 0 and a € A
(small detail omitted) and we define the restriction mapping for M as the map of
A-modules . _

MU)=M; — My =M(V)

Mg /g™, Tt is easy to see this is a presheaf of modules over Ox.

sending z/f™ to a

Also, observe that Ox = A, and hence if we prove M is a sheaf, then the same

thing holds for Ox.

Sheaf property: To check the sheaf property consider a covering
U:u=0,u...u0,

with U,U; € B. Write U = D(f) and U; = D(f;). To check the sheaf property it
suffices to check

0— Mf — Hio Mfio — Hi0<i1 Mf'iofi1 —
is exact. The fact that U = |J U; implies that

My, g, = (Mp)go .10,
and that fi,..., fn generate the unit ideal in the ring Af. Hence the alternating

Cech complex for I and M is the complex of Lemma 2|for the ring Ay, the module
My, and the elements fi/1,..., f,/1 of Ay.

Lemma 0.2. Let A be a ring, let M be an A-module, let f1,..., fn € A generate
the unit ideal. Then the complex

0—)M—>H Mflo_>H ftofq

10<t1

s exact.

Proof. Two steps: first if f; is a unit in A for some ¢, then one writes an explicit
homotopy, next, one proves the lemma below to deduce the general case from this
special case. O

Lemma 0.3. Let A be a ring, let My — Ms — M3 be a complex of A-modules, let
fi,---, fn € A generate the unit ideal. Then My — My — M3 is exact if and only
if for each i the complex

(Ml)fi — (MQ)f'i — (M3)fi
s exact.

Proof. Using that localization is exact this reduces to the statement: if an A-module
H satisfies Hy, = 0 for i = 1,...,n, then H = 0. This is proved by considering an
element x € H and observing that the annihilator ideal of x contains fZN ¢ for some
N; > 0. Since lel, <oy Nn is the unit ideal of A, we conclude that x = 0. See Tag
00EN! for more results of this nature. O

Proposition 0.4. The higher cohomology groups of the structure sheaf Ox and of
the sheaves M wvanish.

Proof. The discussion and lemmas above show that for any open covering U : U =
Ui U...UU, with U,U; € B the higher Cech cohomology of M vanishes. Thus we
may apply Tag |01EW. See also Tag 01XBl O
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