
§ 1- Introduction

Definition Leth = Lynnté) I I
"

,
Suzie) -repèn .

Given Ï = comm
. ring with Ea , tt

↳ :=L ④
x.A

LA X-_ Y
,
(N ) -- MH

,
where F- MIN ) (N > 3) .

Also
, define

En ÷ Pl (↳ xH)

Since Facts fredy on H, we can see this as
ce sheaf on the complex analytics site of Xle) . we
will marty considére

• H ! ( XIe ), Fat IntHill, En! → THX, Fat)
• Hop ( M , L a.) ÷ 2-plt, t.nl/Blt, ha)
It is known that

Hb ( Xie )
, Fn ) - HMM, ha ) ( canoniales )

and in fort, this indues
Htt Xid, En

.

) - Hf(M, ha ) ( canoniales )

We also need La = dual battice ces wdl

as En :p IlEn
.

×À= dual rheaf .



§ 2- Paiùmge & A- = Zeon R
Fix a prime 1 st .

l > n and ltw .
Also
,

tt Av = 4-feux .

Then
, bz Poincaré dnalitz

Aà. Hill, Enix Hill, Êa ) →Hill,A) ⇒A
"

is
"

perfect for A- =Au . Actuelles

H
'

pH, Eau ) ± Hip (X, Ex ) ④Au (& for É )
⇒ Hp (X, Exe ) x tp LX, Êe ) → Ee is perfect .

Now : get nid of Ê .

Trick : There exiats On C- Nue
,
LZ) s -

t
.

On : ↳ → LÎ las M- modales)
x ts Eux

⇒ Oui. En → Ên
.

. (surjective for A- % &
.

Definition Lrt t.tn. be the pairimgontpHE.at
tx.es?n.--A.n.lx

,
Ony )

This is perfect for A- Ie .



Nero
,
A- = R

.

For k -_ ne 2
,
we have an iron

.

Ô : Sk ( M ) ÷? Hip (X, EnR de 12ham ooh.

f m Re ( flattiez),
where I I

"

: Z
'

→ syniHIHI
"

.

Then
,
the pairing aboie can be written as

4f.gs " = fut%) rondg)
Using the explicite format of Q ,

one mes

1) 4f, g)* = (2)
" "

[ 1f, g)pr t-D
"

(g.f)]

7) 4f , g)* = (- t )
""

2g, f9µ c- (stras - symétrie

3) 1f, i
""

g)* = 2
" Re ( cf, g)p ) c- perfect

- o -

From now on
,
use the isom.is

sa Lr) E- t'plx, En)
7

à f.
Hip Lm)

and write euerything in toms of Hp (t.hr ) .



In fact , et
1) VIN ; IR) = Hip (T, Lr )

a) VIN ; 1) = In ( H
'

plt, ↳ ) → Hip (P, Lrt )

3) ( x
, y >µ

: = le (x)
,

ilg)%

Proposition D V ( Z ) is a battu in VAR)

a) IX. y fut Z, for X
, y c- VLZ )

3) Let VIN; Ze) = VIN; E)④ Eee HIN, 4.) .
The Ie - extension of I , sa to Uke )

is perfect .

Let IL = Herbe algebra aelingfaitflty on 3dB
and 'T'ai be the

"

dual " Herbe algebra .

( Fn <→ Par &
'T'ai- text , à -

- dettxsà)

Proposition 4) Tlm), y 7N = lx
, yt T' lm ) )



§ 3- Discriminants
K = CH field ou tot

.

real field
V = f. dénie K - v. sp .

T = (shao - ) syminetric perfect , ④- bilinuar

pairing on V such that

Lax
, g) = hx, à y ), V-x.ge V, cette

[et Le V be a talkie and

cl LT; D= Discriminant (Th) c- QYQ"

[et r -_ [ K : QJ
,
s = dénwlv ) .

Proposition
1) If T is skene -symétrie , DIT) = 1
2) If s = evan

,
K-- CM -field , d LT) =L

3) If s = odd
,
K = CM - field & T is ryman,

then DCT) I Id (K) ) mod Q"
'

.

Proposition Suppose TU, he I and tt tic V
be the battice dual to L

,
then

IdLT; ht = [L'× :L)



§4 - Special Values of L - punitions
ht flz )

-

- Zang
"

Esper ) be a normalise
Herbe heuefosm for t' = T.IN) .

Then
,

. f) Tlm ) = an f , ne Ero

• f1 Là = Malf, a c- THAI
,

for some character K
. Dénote the primitive chose. .

inducing Y aboie bg d aquin .

ht xp , sp e k be the roots of ✓
O if ptn

x
'
-

ap x x http) pk"

and given any Dirichlet character w of und . M ,

Us
, f, a) = Ttµ - dptxpp-sllt-wlplxpspp-slh-wlpvipp.FI

This can be re - interpréta ces L -function of the
product of two cup forms and one obtiens

Theon Let NIK) be the conducteur of K, then

Uh
, f, F) = 22hrhilh.MN

. NM) - yfnyn ,#
.

(f, f)r

T Euhistotieut

function



§ 5-Discriminante associated to Narbonne
Jake f e Salt) as aboie . Then

,
set

• Kg = ④ ( Lad ) = ④ ( Ias : tu
,
M -

- e )
= ( M - field ou tot. real fill

• Ip = { Ewbeoldiwgr Kg à> 4 }
• fo = Z ai g

"

c- Salt ) , Ho e- Ip
. 51f ) = ¥

.

e. fo c- Sdr )

. Wp ( IR ) = Image of 31f) inside VUR)

• Lp = Wp ( IR ) n VII ) → A latin in VAR )
.

We went Lp c kg - v. space .
Teke

• Wp (Q ) = Lp ④ Q = Wp (R) r Via )

• ceux :-. x ITln )
,
Ant Iso & Xt Wp (Q )

Since f is a neeoform, then we include have

{ ce x
, g)n = lx

,

à g)n , Hae K , x, y c- WPLQ)

[et Tp = restriction of t.sn of Wp (Q) . We went
to compute dltp ; Lp ) = :D1ft .



LA r
-

_ [ Kp : Q) and related the f
'

by If . . . > fr1
Then

,
ht 4 : Sdr) → VIR) and set

co
,
= { {% ) s

lever

ifv - r ) r av a- zr

⇒ wo is a basis of Wp IR) .

tt les
"

. . .

,
Gar } be any basis of Lp .

Thu
,

3- Ue GLa.lk ) s -

t
- là

,
. . .

,
g) U : (w . .

. . . , wa. )

Dfine ulft : = I det tut

Theoren Lit rlfb :[ Xp : QI
,
n -- k -2>0

,
then

ell ft -- CLÉ : Lg ) futf52
""

f9f772

This is a straight - farward computation using
the properties of 3,7N mentioned previous .

Definition Lot dfb :
-

- ulf5
'
2
" ""
ftp.fotr

= +%
Theon df) ez except if
D k is add ( Tp is symétrie)
2) rtf) = [ Kp :QÎÏ add (⇒ Kg à tot. real )

3) There existes some quad . imaq . field M
,
and

Hecke character 7 : #àlmx → es -
t
.
Ha) =#



and ft ) -_ ËÎH, H - E
- '

dt
.

If these three conditions are satisfied , tt de z
be pas . square -free such that M = ④LEE )

.
Then

,

«f)/Ta c- Z

Prendsketch Not that s -_ déviéRt- 2
D If k à eau ⇒ Tp is shui - symétrie ⇒ Done

Assure ta is add now .

a) If lé = CM -field ⇒ Done (bla s
-

_ 2-- euh

Assume Kp is trot
.
real ⇒ À = rt is real .

Also
,
since k is oehd

,
+ tt ) = t- D " = - I

,
sortis

non - trivial & quadratin

Hema
,
D= quadrature résidu symbol of some

quadrette imaginary fidel M .

LA r be the automorphe representation of
GLI2

,
A ) associated to f . Then,

f is a renferme trp is real

⇒ Te î Te ④ X ⇒ f is a Millintransformasatone
.

To conclude
, find an action of M on Wplat . a



Conclusion Let 2- ls
, f) = Itis, f9 II. Then

Hf)

( (f) = 1-µ - t ) ! - N - NIH . 9MmxD
.

2- (h
, f)

upà )
is a positive integer, rendus (*) is satèsfied, in
which case df)Ira is a positive integer .



§ Congruences of Cup Forma
[et CCf) = df ) Ird , if txt) holds{ c (f) , otherwiae

Theorem LA f be as aberre and l be a prime
such that l > h -2 , et W and l l cf ) .

Then
,
7 a normalisée eigenfom g of Sdr) and

ce prime G of à about such that

I ) g is not conjugal ta f
a) g

± f mod G

Remark hey g-- Ibn q
"

.

We have canonical mars

24# 0g Ï #w ↳ Op = Island

tu c- Tln) '→ au

Lit quittait be a prime atone l and
-1

D q .
= dplg!

↳ gsz = dgl qd c Og
In that case, we

=D Of/qÎ
'T'nlq .→ Oglg , / get congruence

blw

< fb g for free
⇒ ap 0g OI ftp.EOp/p ,

and we soy

f mod p ,
± g mod pa



Prof Let Y = Wp (RT c VUR) .

We see that VLR ) = YURI ④ Y and Ly = Y NLZ ) is
a battice in Y

.

Let Mp and My be the projections of VLZ ) on
Wp (IR) and Y respectévely , beth lattas and

Mp stp ,
My > hy

Denali all their clowns in V (④et = VLZ)④De with
a
t

. Using the fast that VIIe ) is self - dual
inside Vlad

,
one can show that

Mp = LÀ , My = Ey

⇒ ll [ Mp : Lp]

The two projections Mp c- ULIS → My indue

Mf1Lp VHDXhp.my ) My thy

One can show that Lp and My are stable
mdrr the action of

'T'à , so Ly and My are
stable mdrr the action of

'T'
w . The aboie are iwom.is

of
'T'

as
- modules

.

Lt
'

Tp ad
'

T'
y

be the Hecke algdrar centimes faithfull
on Wp CIR) and Y rexpeetfnlhs .



Then
, restrictive the action of Mw on VUR) to

éther Wp (M) on Y induras surjetions

Ti III ETf

Then
, Mf1Lp is u

'T'
p

- module and pt # (Mplhpl,
sa

] mail idéal 8 c
'

T'p contaminez Ann (make )
such that 'T'%p ± Hpz

Jake 'T'
y
% Mw E> T'p

epïihép) gelé"pas pr

=D D Ann ( VIII (Lp ⑦↳DE p ÈTW

2) Ann ( My IL y ) E py €
y

3) ( My ILy ) ¥
,

Tylpy (MpXp ) tlpp

ép, ± ÈÜ
,

± Hpz

9) Âgé Op = allait ⇒ pp gives rise
to

some prime G of à.

Since Tn arts via multiplication by an mod pp
on RHS

,
it aets via multiplication by an mod py on LHS.

⇒ This can be liftât to a sobreprésentation p
of

'

T'
y
inside My ④ QT such that plus = an

modulo G



Not that My ④* ± Y
'

as a
'T'
y

- module
,

ses 3-get such that gif mod q .

The fact that g is not conjugalité f follow
from get Walk) .


