
ÇO - Notation
•

p,
N > 1

, p prime & ptn .

• t = finit - index snbgeoup of PSLDZ)

• D. = Du
°

( PLQ) )

• V = Aktion group cednitting right
action by r.

• Home (b.
,

V ) is audoweel wl T - action

Clr ) (D) :-. QU . D) 18



§1- Modular Symbole
Definition A V - rahul modular symbol

is an element of

Snymbp ( V ) : = Homplbo, V )

we with can about examples where V has
an additionnel right action by

Sdp ) -18--19 bd ) c- Malx) : pk , pt det (M

=D Herbe action byte via T l' e) P -- HTsi

QI Te ÷ ? 91%

Remark If t -_ t.CN), this is the usual action

cette i. = celle i
) + ÎË all ' :)

and if q IN, we also have

Hug ÷ ÎËQI l' :)
Also

, if t
'

D normalises T, this matrix aets
as un involution

,
so

Snynbr ( V ) : = SymbolVI ④ bymbplvt,

proirded 2 aets invertihly on V.



Question : Hour do we couturait modular
symboles ?

Anonner : Weed ILM - generation of Do
and all relations between them

.

To do so, un geometry :

Given D= [ r) - [De D.
,
r
,
se ④ u lool

, identifiez
D with geoehsic in 7M francs to r

in
"

vos - vs

À - as¥-7
Mr

Given t -_ ( J
'

a) c- GHz
,
QY
,
lit r

-

_ Ed
,
s
-

- E
and set

[ y] = [D- Cs]

⇒ We can span D. (
II) with ED

,
leGhb

,

Actuelles , using continued fraction, we can upon
Do wl Et]

,
te PSLC? E ),

⇒ Finding generator 11Eme amants ta

Pl PS Ltd, E) = l g. , . . .

, gr }

⇒ Find nice fonde demain 5- fort.



We do this vice au example :

Example F- To ( It ) (really , ils image in Psoas)
- l'a

-

i ) ① Start wl A & build

- your way down

③ Orly nord >

^

v ③ Relations bla them
L are easy

✓
" Doo

< ( y ⇒ Onf neeel : ( O) - Loo],
{ r q EI - LOI

,

" "

i: " ⇒

""""

In general , if I has no 2-torsion or 3-torsion :

ËÈ potos
Do is generator 17lb by D , . . . , De , Doo

& their only relation is

Ë ( ti - DD , = U ' -D- 1) Doo
E. easily compute



Theœeun Lit v
" . . . .ve , vo.EU st .

Ëcr. - ne = àïï"

⇒ 7 ! le Sgmbp ( V ) st . Q (Dit : oi & all l's
arise this way .

Example Let us stick wl T'=P.CN
.

In that case
,
5. ( Pol "') is 1-dinil , tt

f c- Sa ( T.lu))

be the unique normalise Herbe ègenfaem .

Qpl CD - [D) ÷ 2mi §f (a)dz
is in Sznbp ( e ) , where Cl has Trivial t- action .

In particulier , LGKOI - là ) -- Llf, e) = tri ,
± )
RE : Néron period of elliptc

Curve E :X.CH) of f.

Using involution t' il , we can write

Qp = 4f + lé ,
and lé tohu values that are ¥0

,
④-multiples

of RË .



Then
, YÊ spams 2- dénie suhepacr of the

3- dénil space Symboles .

Another line is natnrally the one rpannud by Q

v..
= QUOI -

"ÜÏ ) = 1
,
v
,

= va
-

_ XD
.
) = 41Dd

-

- O

and it is an " Eisenstein " contribution .

Renark Symbole) is related to Sdr ) & in

general ,

sgnbp ( synthé)) e - M
*IT)

Period of f <→ f



§ 2- Overeonvesgnt Modular Symbole
These are simples bznbplv), where

V =

p - adic space of distribution

Nandy, entend Zp by same
"

radins
"

r & take
distributions on these spaces .

Definition Let retcpt le défie
BLZP , r ) = { z e Gp I 7 ce c- Zp wl lz - alper )

=
Op - points of Qp - affinaid

Pictures :

"

.
. f.:::"" " ¥:÷:of radius r

couerimg Ip

⇒ HLM = furetions on Btkp, r]
= { fG) = [ année QQÉd : tantp.ru→03



This is a Barack apaee art . non

4f11 : = seçplflztlp
We have natural inclusion Ali

.
] ↳Alrs if nsm

⇒ # (Zp) = h AGI = {fet on ¥ , ler . analyte

TECH ,
r) : Ë ALI =Lfuton Ip , analyte

in
"

radius
"
r )

col national Topo .

Definition DM, Dtp) & D'ftp.r) are their
natural Qp - linear continuons dual
wl tapotages from sup - nom .

tttttp, r ) → ALD → Itep )

D¥p ) ↳ DID
a>D'ftp.r )

p
- adic t -fonctions
ÎTÊ

ans
ta desoùhe

live heu & wark with

the we sow bfm, EÉI à deux in these
three spam sa a distribution µ is unique
détermine by its moments

(pelz-D.tt?IQp
& we can more or dur chsoribu the

"

allouée
"

séquences of moments for some re lepH .



Lt D =D LEp ), ID t- DHD or D' f-Dite .

We with have an action of weight k bz

T
.

= T n Pdp )
[

congruence subgranp of level N
(ptn )

In fact, we have an action by
I. Cp ) = (ti

'd) c- MalZp ) I pta, plc , ad-boot

⇒ A te I. Cp ), f c- ALD
,

we sit

(ftp.tttzt-la-icz-if (III)
Indues a 1h action au D → chat Dx

Definition ET c. lazmbp
.

(Dh ) is an arreonuergot
mod. synb. of wgt h .

Q : Relation with classica case ?

A : Lorsider Vk : = Synk (Oip ) = Uh
,
X
"

y
,
.. .

,
xD

with

(Php) ( X. Y) = Pld X - ie
,

- bxxay)
,
triades



We have a
map
+
Edp) - Equivariante

Ps
: Dr → Va

µ ↳ FLY - a)kdpelz)
=D pjl : Szmbr

.

m
)→ sznbp.VN



§3- Constantine Ouereonuergeud Mod. Syd
This is crucial ta constant

p
- adieu L-fret .

Ida : Construit le Sgnbp.VN and left
it (uniqnely ?) to OI c- Szmbr!Dal .

As we eau, constructive a V- value mod
- s

.

amonts ta sohu.mg

vl A = w
,
v
,
we V

,
D= l ' !) - 1

PropositionThe map D: Un → Un has

1) kernel = ④ p
.

X
"

a) Image = { X
"

,
X
"

y
,

. . . ,
Xy
"

)

Profil QID --0 ⇒ Qui -- QLX
,
y- X)

.

a) Yk ¢ In (D) t Dimension
.

I

Proposition The map D: DE → Dtn is injective
and

maps bijoetively auto

{ n c- Dtn : VI ) -- O )

In fact, given v of total mesure 0, we can

explicitez construit the unique µ est
. µ Ils

= v.

( If ve Da , then p night ¢ Dh ) .



Thuram The
map

pàisgnbp!Dit → szbr.ly )
is surjective .

Prof For simplicité, assume % has no 2-torsion
& ma 3-Torsion

=D lesgnbp.LV b) is détermines by

CCD
,
)
, . . _

,
4 (Dt )

,

l'Doo ) ⇐ Un
-

Pick prie Dj st . palpe = ULD:)

We will construit À c- Sznbp
.

CDI ) s -
t
.

pà ( È ) = d ⇒ Et OICD;) -- µ :

We went µ.ae DE st .

µ .. Ils
= Ê

,

( ti - 1) lui
= %.

Not that pk ( v.a)
= ? ( ti - 1) HDi ) = 4(D.) Ils

⇒ fb ( Voo ) has coefficient O in Yk

⇒ Voo has total measure 0 ⇒ J'
µ ..
Ils =P»

ht OI (D.) = µ. .
(home détails aitted) . a



Corollaires pà : Synbp
.

(B)→ sgmbp.com .

Prof Apply Up . A

Q : Can we do botter ?

Lt le 3ymbp.LVx ) ⑦ tu le au eigenaznbol,
where he is a finit extin of Qp contaminez
all eigenvahus of Q

.

ht 7 = eégenvahe of Q mdr Up , so
h -- slope of l = vole (1) c- {0

,
. . . , kil

Definition X
a
:(pà )

"

(K.tl ) c- zgnbp!DN ④ K

Proposition There is a unique duconposition
X

ce
= Xy

""
④ Xp
""

where I
'

Up is topolagicalty nilpotent au X! "
and sit

.
{I Up

" ) forms a bdd seg .
on Xè" .

Also
,

clim
*
( XÉ" ) a +as

Theorem Q as aboie
,
70 # À ebgmbp

.

(Pn ) ④K
with the same system of eigennahur

Prof pà hills Xi" ⇒pis : ¥
"
⇒ Ka

. a



if If shape haka

In prentice : Lift l to ET esgnbp.cz?xOK
ces previouely .

⇒ Apply T
'

Up to be in symbol DÉ)④ K

⇒ ordimary projection in Xé
"

à lui:* Up
" !

-

Thuram [Companion]

symbolique#
"
⇒ sgmbr

.

a)
"""
⇒ sgmb.ms

"""



↳4 - Connection to p
- aelic h - factions

Lot f c- 5µV, QT) a Skull, Top ) be a normalisée
eigenform of slope h < htt .

Its p - audio L - function is µy
c- DCIÎ) ist .

§ char
,
cord

. p
"

.

pn
Cjtt)

pijlzi - X) = à
'

fai .

,
.

"h×ïs
î z MÉ

s' c- lq .. .ir} Up - eigenvahe of f

& pup =ppiqué .

We can construit it d overconvergent mal.

symbolise.tl#samesgstunofeigcnvalues as f

YÉ ( lis - Iss ) = ({flztlzxèdz ± Ht GHzHida

Tones intégral values C- Synbp! Un )±(& at least one unit )

By comparaison theorem
,

7- ! OIÉ c- Synbr
.
http)) lifting là

tt Ip ÷ toi -côté .

Thearem µ p
= TEplait -10M¥



§ 5- Computations
Use the filtration :

IDI = {petite Ip , Aj}
Film CDI ) = {µ c- Dit pelzi ) c- pmi Ip }

Eklm ) = DIA-ieuaDM-IYpmixtx.mx ftp.t
~

putt) moral . . . µ (z
"")

L finit set ptn " mod
p

Given le Synbp
.

(Vh ), Greenberg has an

alg .

to left it to symbol 5-CMD for M¥2, _ _

Example F-MH, p
-

- Il
,
Po --MUD ,

Lt 4 = Qg = ④
p
- nord

. uple of weight O
associated to f c- Sacro )

QLD.at- t
,
QLD

,
) -_ ¥

,
4lb ) -- I

Using the alg . ,
we compute its À -- If

or really the apposons . En c- Symbp.ME?FmD,M--t,'a,...h~rednctonofoILDa
)

7
reduction afoILD.DE reduction
in FCI ) EH

,"
× %,

of ÈCD, )



For M = 2
,

. . . ,
10 :

This can easity Le implementation SAGE

Remark This is crucial when computing
p
- audio approximations of Stark - Hagen
points .

Doing the atom up
ta 11

'"

, we find

on Xdll ) .


