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Modular form f- be men . / hole . at is 13 to ask FCC , w) E 6USD
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.
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( Tate (G) , wean ) is an elliptic curve over ZLCGD , and

will be used to provide f - expansion of modular forms .
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Moduli Schemes & 8- expansions .

An elliptic curve p . E → S B a paper smooth map , whose geometric fibres

are connected curves of germ I , together with a serum e : S → E
.

WEIS = Pst r
'

Els invertible sheaf on S
, canonically dual to R' P*OE .

A modular form of wt RE Z and level one is f assigns to every Els

elliptic curve , a section fl Els) E RLS , WEI
k

) depending only on S - Bom .

class of Els and commutes with base change s
'
→ S

.

Equivalently f assigns every pair ( EIR , W ) .
EIR elliptic curve , w base

of WEIR ( nowhere vanishing section of R' Els on E )
, f- ( EIR, W) ER ,

depending only on R - Bom . class of EIR ,
commutes with base charge and

tf AE R× , f- ( EIR
,
RW ) -- A

-"

fl EIR , W ) .

( f- ( EIR ) = f- ( EIR , w ) - w
k

)

fix ground ring Ro
,

and consider in Ro - schemes
. All modular forms of

wt k
,
level one over Ro forms Ro - module M ( Ro , I , K ) .



V f E ML Ro , I , R ) , f- ( ( Tatelf) . Wear >ro ) E ZUG)) ④z
,

Ro called 8 - expansion

of f . f called hobo . at is if - - - E 24831×02
,

Ro
, all such forms

give a submodule SL Ro
, I , k) .

Level n modular forms .

H n >, I , Elen] = Re LE E ) is finite flat commutative group scheme of rank n
'

over 5 , etat over S iff n invertible on S
,
i - e

.
SIZE'T ] . A level

n structure on Els B as Bom
. An i. EEN] -5 (21h27} , possible only

when n invertible on S
.

A modular form of wt k
, level n . f assigns to each pair ( Els

, an)

Els ehiptic curve , an a level n structure on Els
, f- ( Els , an > c- rts , WEF!)

depending - - - commuting - - - Equivalently - . . ⇒ Ro -module ML Ro
, n , K) .

If ht
,
3N E Ro

, Ff t ML Ro , n , k) ,
fl ( Tate18

"

)
,
wean

.
Xn ) ro ) C- 248)) Ro

called f - expansions of f ( runs over all xn )

ft MC Ro
,
n , k) is called hobo

.
at is if its inverse image on Roc'T

,
Sn ]

has an g - expansions in 268 D ④z
,

Ro Ctn , 3h ] . All denoted SC Ro , n , k ) .



The modular schemes Mn
,
Ntn

.

for each n 73 ,
the functor

"

Bom
- class of elliptic curves with level n

"

is

representable by Mn .

Mn affine smooth curve / ZE 'T ] , finite flat of deg # Ghc 21h27 III over

affine j- line Zent , j ) , etat over the open where j , j- 1728 invertible
.

Trn normalization of projective j- line Placing in Mn , proper smooth curve 12C'T],

rcrtn
, Orin ) = 21'T

. 3n3
.

Ten ④ - - - proper

Mn ④ Zent
,
3h] is disjoint union of 4th) affine smooth geometrically connected

Zen ]

curves / Z l'T , 3h ] .

MT - Mn / ZE 'T ] B finite etak
,

over ZE'T, 3N ] is disjoint union of sections

called cusps of MT
,

which in natural correspondence to all Born
. class of

level n strurtwes on Tate ( f
"

) over 2487) ④z,
ZE'T . 3h ] .

The completion of Tin ④ Zen
,
3h ) along any of the umps B Z ZE'T , 3h36 8D .

I

Meet .sn] is = ZE'T
, 3n3E8 B

and MJ → R
'

gives Zent , 3.36831 → 2C'T
.
3. I -48 ]

8 → g
"



for each cusp , the nvwerse image of the universal elliptic curve ( Elma ,
an )

over ZE'T
, 3N ] 487) B Bom . to the rimose image of Tate 18

"

) with the level

n structure corresponding to that cusp over 2C'T
,
3N ] 48 D

.

There is a unique nnvertible sheaf w on In , wlmn = WEIN. . Elvin universal

elliptic curve and the sections of w over the completion Zent , 3N ] E 8D at

each cusp are ZET , 3n7E8 D ' wear . The Kodaira - Spencer style Bom .

Wynn
④ Z

~→ N'
mnyzetn ,

extends to an Bom
,

w④Z = ring ,z←n, ( login
-

un ))

A modular form of wt n . level n . hole . at is defined over Ro th is just

a section of w④k on MT ④ Ro or w④k④ Ro on In .

Bet ] zetn]

i. e . S ( Ro
,
n ,
k ) = Hot MT ,

w④k④ Ro )
tech]

G - expansion principle .

K ZE'T ] - module , define modular forms of wt k , level n , hobo. at is
,

coefficients in K to be an element of HOC MT
,
W ④ K ) . At each

Zen]

cusp , it has g - expansion on 26831 ④ ZE'T , 3in ] ④ K -

z act]



7hm . n > 3
,
K ZE'T] - module

. f E 11°C MT
,
w④k④ K ) .

Suppose on each of the

Zen]

Yin) connected component of Fin ④ Z C'T
, 3N ] . there 13 at least one crisp at

Zen]

which the q - expansion of f i3 o . Then f =o .

Sketch i Reduce to the case K Artin local ring .

④k
f- induces zero section of W over an open nbhd of at least one cusp

on each connected component of MT ④ K ④ ZE'T , 3N ] , hence on an open dense in

Fin ④ K
.

f- to ⇒ I nonempty closed subset 2 containing no closed point of rtn ④ K ,

on which f is supported .

F Z E Z maximal ideal , Z E inn ④ K has depth zero ⇒ closed point of

Fin ④ K ⇒ contradiction . 111

7hm . n 73 , k 72 .
tf ZE'T ] - module K

, the map

K ④ not ruin , w④k ) → Hoc rin
, w④k¥nyk)

B Bom .

Pf . Need to show H' ( rtn ,
w 7=0 .

W
Z

= r'
ninyzctny

( login - Mn )) ,
k > 2

⇒ w④k has degree 7 2g - Z

R- R
⇒ n' ( Nts

,
w④k 7=0 . 111



P - adic modular forms

Hasse invariant A .

Let R be Flp - algebra , EIR elliptic curve .

Fans : OE → OE induces Fa*ns : h
'

CE
, OE ) → H

'

CE
, OE ) linear and

faiths ( rx ) = RP fails ( x )
,
f re R .

W base of WEIR ,
dual base Y of H

'

LE ,
OE )

, define AIE, w ) ER by

Fats c 2) = ACE , w) - Y ,

it at R×
, I'm dual to XW

.

Fatiss ( a-'N'- X-P Faris 4) = d-PACE,w> y = ALE
,
aw) -sty

, - p
⇒ ALE

, aw ) = A ALE , W ) , At mllfp , I , p
- t )

.

EIR elliptic curve
,

H
'

LE , OE ) B the tangent spare of EIR at origin ,
i - e

.

the R - module of all translation - invariant derivations of EIR
.

*

If RI ftp. Fans on H' LE , OE ) B taking pth iterate
.

dt
On Tate Cf ) , wean = I ⇒ H' ( Tate 18) , Oeatecg , ) = R - D

,
D= t dat

.

pet> = t ⇒ DPC -L) = Dct) ⇒ DP =D ⇒ Trains 2=2 ⇒ Al TateCf) , wean 7=1

C- Ftp -4831 .

Actually ALE , w) to ⇐ E p- ordinary ,



k 74 even , Eretz ) = I - ÷ I Or-ich) 8
"

defined over Q
.

k =p-I , p > 5 ⇒ Ep-I defined over Q n Zp and after modulo p , Ep-I =/ .

Hence A = Ep-1 mod p.

Let Ro p- adic complete ,
rt Ro

,

n 31 , Ln , p) =L , M (Ro
,
r , n , k ) be the module of p

- adic modular forms (Ro

of growth r
,
level n , wt k

. f- E M ( Ro , r , n . R ) assigns to each

( Els , in ,

'

f) consisting of

( 17 Els elliptic curve
,

SIRO , p nilpotent on S

(2) an level n structure

④ I -p
(3) Y section of w sit . Y . Ep-I = r

,

a satin fl Els , an .
'

s) E r CS
, WEI

k

) depending only on Z class ,

commutes with bare change of S
.

# level n structure

Equivalently ( EIR
.
W . an . T )

O O

ehiptic curve base of Weyr
# YER S-t . 'f. Epa (E. w)=r .

PER nilpotent

R Ro - algebra

f- ( EIR , w , On
,
Y) E R depending only on Z class , commuting with base

change

and FLEIR . Aw , an ,
am 's ) = X

"

FCEIR
, w , an , Y ) . dER× .

Pars to limit , R can be taken to be p-adic complete Ro - algebra .



f B called holo . at is if ht N 71
,

level n strurtwe an

fl Tate ( f
"

)
,
Wear

, an
,
r . Epic Tate187 , wear )

"

) E ZE8D④Ro/pNRoC3n ]

SC Ro , r . n , K) C M ( Ro , r , n , k ) all forms hobo . at is
.

M M

s
( Ro

,
r , n , k ) = him

g
( Rolph , r , n , k ) .

←

Determination of M ( Ro , r , n , R ) and SC Ro , r . n , k ) .

④ I - p
p > 5 , no, 3 , I = w , p nilpotent in Ro

.

consider functors Fro ,r , n : S → { LEIS . an . 's ) }/=s
12

g → f Ro
- morphism g -

- S→ Mn ④ Ro .

-

f satins of y
Fro

,
r , n

"

g*cL ) s . -L
. Y . g*CEp⇒ ) = r t

n

fro
, n ,

S → { Ro
- morphism 9--5-7 Mn ④ Ro , y section of g*L )

0

this B rep'e by Spee ( SymI ) → Mn ④ Ro
-

Mn④ Ro

⇒ Fro
,
r ,n is rep

'

l by closed sub scheme cut out by Ep-s - r

MC Ro, r ,n , k>
= 17°C Spee ( SymE ( Ep, - r ) ) ,

w④k )
-Mn ④ Ro

= Hoc Mn ④ Ro
,
(

o

w
④""P - ' '

3) ( Ep, - r ) )

④ktjcp-1 )

= HYMN④ Ro ,

o

W ) Ic Ep-, - r )

=

o

MC Ro
, n

, ktjcp-177 / ( Ep- i - r ) .



Moreover
,

SC Ro
,
r , n . K ) = Hot Spee C Syme ) / ( Ept - r ) , w④

"

)
Fin④Ro

ktjcp-t )
=

Hoc Tin ④ Ro
,

⑦ w / (Ep-i - r ) )
.

j > 0

7hm .

Let p 35 , n 33 , R 32 ,
Ro p - adic complete ,

RE Ro not zerodivisor . Then

chin ticmn , ¥, W
"" " "'

) ④ ( Rolpn ) ( ( Ep, - r ) → fin Scrolpn , r . n .
k)

Ze's]

B an Z
.

ktjcp - t)

Pf . Let 5 = ④ W E Qcoh ( Trn ) ,
Sn = 5 ④ Ro/p~

570

Ep-i - r

o → 5N → 5N → Sw / ( Ep, - r ) → 0

Ep-i - r
⇒ o → nolm-n.sn) → Holten

,
Sw) → Molin

,
Sneller, -n)

-Ept - r
) H' ( MT , Sw) → n' ( Fh

,
Sw) → H' ( th .SN/CEpe, - r )) → - -

-

Base charge Theorem ⇒ ricin
,
Sw ) = Hoc Fin

,

5) ④ Rolp
"

, H' ( MT
,
5N ) - o

Then take inverse am
. Al

Hj

11

Lemma
. P 75 , n 33 , k > 2 . V-j> o , Holt

. ④ Zp , W
""
'

b '"

)) Hj+, has a

section .

Pf . The copernel B finite free Ep - module . 111



Choose once and for all sections and denote the image by Bln , k , jti ) .

④Kt (j-117 Lp -13 ④ktjcp -t)
⇒ n°1 Fin

,

W ) = Ep-ihocmn , w ) ④ Ben
,
k
, jet )

Motrin , w④
"

) = Bln , k , o ) , B (Ro , n , k , j )
= Bln . kij ) ④zp Ro

j

⇒ ④ BIRO
,
n
,
k
, a ) I scro

,
n
, ktjcp -t ) )

a=o ( * )

( ba ) -5 E Ept,
"

ba

rigid is

Let B ( Ro
,
r
, n ,

k ) be Ro - module of all formal sums E ba
9=0

bae BL Rosh . R , a)

such that tf N > 0
,
I m > o

,
t a > M , ba E PN BC Ro

, n , k , a)

rigid

Prop . p , n ,
k as before . The inclusion B ( Ro, r , n , k) in the p

- adic completion

of hoc MT
,
④ wk"'M

"

) induces via CF ) above an Bom .

j > o

I , B
"9'"
( Ro

,
r , n ,

k) I SL Ro
,
r
,
n , k )

Eba 1-3 E ⇐ = EL Eba )
Ep-1

where El Eba) ( Els , an ,
Y ) = E bat Els , an ) - ya



formal Schemes
.

433 , ptn ,
Ro p-adic complete ,

RE Ro
,

Mn ( Ro , r ) ( MT (Ro, r ) ) the formal scheme over Ro gives the compatible family

of Ro Ipn - schemes Spee ( Gmt / ( Ept - r )) . Then
-

Mn ④ Rolph

MC Ro , r , n , k ) = Ho ( Mn ( Ro , r ) , W④k )

S ( Ro , r , n , K ) = Hoc inn ( Ro , r ) , W
k

)


