
Higher Hida theory
on the modular curve

Aim of classical ) Hidatheory
construct p-adic analytic families of

Heche eigeufdms .

Some great applications : progress towards

• Langlands
'

program
e.g . Aviles) attached Galois reps .

to Hilbert eigenforms of uts .
• BSD conjecture
e.g . Bertolini -Daemon , Skinner

-Urban

• Algebras
-city of Stark-Hegna points

e.g . Bertolini -Daemon

• Explicit class field theory
Daimon -Pozzi-Vonk

, Dasgupta-keakde



Aim of higher Hida theory
construct p -analytic families of
Heche eigenclasses in the coherent oh

.

of Shimuravarieties .

Some great alplications
• Potential modularity
of abelian surfaces aoetot.IEfields
( Boxer - Calegaii - Gee - Pillow)

• Bloch- Kato conjecture
beyond Gls

(Loeffler-Zeeles , L - Pillai -Skinner-Z)



Goal of the seminar
Understand basic ideas of higher
Hida theory in the simplest case
of modular curves .

Set up N >3 coprime to p

Xyzp compact.fied modular curve
of level TEN)

g§g,
universal semi-abelian scheme

w := Estey Freude
cotangent space at origin .

then

Mactan) = HEX , at)

SIT.CN)) = HEX , WKED))
where D is the boundary divisor .



Let A = Epfl 74×1 ueZp×
F KEZ kill → Kp airs uk

Main theorem

F finite , projective A-modules M
,
N

with prime to p Hecke action

endowed with canonical
,
Hear equiv.

isomorphisms f kZ3
• M
*Kp
= ep HEX , ok)

• N g.*Ep = cop HTX , co2
-

KED))
Moreover

,

I MXN→A perfect pairing
interpolating classical Sene duality .



Comments

1) ep = him, Tph
!

ordinary projector
D M

,
N have geometric construction

N isnt simply defined as M*
.

Question
Let Hida N be the Hecke algebra

ad
Given di th→ A a A-algebra
homomorphism ,
how do we find ryeN set.

T.ua = IT) - ha t Telhdd ?



strategy of the proof
D Igusa tower construction
Let It be the p-adic completion

of Xlzp .

concretely ,
aint wi

It = line, Xu locally ringed
Xn⇒ Xxzprklpnz

spaces

Add its ordinary bars
(c.f. talk on Hasse invariant)

z
Ig profiuite stale cover

Hyoid)2p× Caf. taeugneaugadic)



and I R c- Ma(OIG 93pA)
invertible Gerd ⑤ A -module
set

.

say
,
*
zp - ok I add .

Definition
M := eCup) HEAD,B)
N := off) HECAN

,
RED))

Now
,
it is easy to see That

• M
*Zp = Iup) Hofstad , ok)

- N queBp = off) H{God , co2
-KED))



D classicality
Need To prove that t k>3

• epHEX ,ok) = eup) Hofstad , ask)

• ep HEX , aEkfDD=eE)H{GEN, EKED))

Enough to prove't mod p
Cie . on special fiber)

then use Nakayama .

Classicality mod p relies on

careful study of Tp - ouespondeuce
deg p

XoG)s (Ey→ Ea) isogeny
- -pg IR L ↳

EzXs Xt Es



Here the basic idea is that

• HEXED
,
ok) = tiny Hocks , okG.Ss))

• HEXED ,at
-

KED)) = kind H' (Xy ,EKED - nSSD
and after applying ordinary projector
all transitions became isomorphisms .



Talks for the seminar

1) Geometry of XoCp%p (Katz-Natur)
David

2) Hasse invariant (Katz-Mazen
,
Katz)

Sam

3) Tp correspondence (ch .3 Boxer-Pillow)
Hung

4) Classicality mad p (ch .41 BP)
Haodong

5) Igusa tower
and p-adic theory

(ch
. 4.2 Bp)

Avi

6) Main result and
possibly duality

6h
. 4.25 BP)

Tiaxi


