
Geometry of X(N, p) over Xp

HHT Seminar
Columbia University
Summer 2021



↳1- Main Result
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This pictures is about compact modular
Curve but we with mostly talk about the
affine mes & ignore crisps for a little bit .

Plan : • Module
. Probleme

• Elliptica Curver in char p
• Main result



$2 - Maddi Probleme
Lt ELL be the category
Obj : F-→ S

,
where

I
.

S = secteur
2. F- = S -

group schine
3. all geometric fibres are

elliptic curves

Morphin : E
'

→ E st
.
E

'
: F- çs

'

t↳ → s '

Definition A modulé problem P is a set

pre
- sheraf an ELL

E.g. [MLN)] (Ets) -_ {MINI - level structure}on Ets

[Po (ND ( Ets) -_ {T.tw) - level structure}
on F- Is

In general, ✗ c- PCE's) is collect P- level
structure on F- Is .

We will can later about

P = [P
,
IND ✗ [T'

• CPD



§ 2. 1- Modulé Spaces & Univ . Ecliptic Curver

If P is représentable, the representing
object is an eleipntc curer

F-
À¥Ü)

and we soy E = Universal ellipticaune
MLP) = Modulé space for P

Rework The sebene HIM representa the
function
SCH → SETS

S +> LE/s
,
x )
,
where

I
.

Els c- ELL
2. a c- P(Ets)

by considering pull - backs aeneus S ->MLP)

this gives size to the important linebundle

to : = TL
*
À E)*(Ps

= etl'
EMP)



§2.2 - Analysés of F- [RIND
Proposition The module. problem [MINI] is

relatively représentable , i. e.
"

For all F- Is
,
the function

[P
,
INDE, : SCH,, → SETS

IE T → G. (N)] (Exit)

is représentable
"

Prcf We can tube the finito, étale
5- schemer

T = Se ✗ { ehnàk of ""Nxt of }exact cordon N

T
closed subordonne of that ☐

Theorem [T
,
(ND and [T.IN] ✗ [BLED are

both représentable .

Aba
,

✗ = MVP
,
(ND) is smooth

and Xdp
" ) = M ( [P

,
(ND ✗ [% (pub) is a finito flat

cover of ✗

Prof Far N > 4 , [ P, IND is rigéd .

The aboie
+ this fact =D représentable .



For second part, [Pdp
")] is also Glenelg

représentable .
Then

,
tube

✗
•
(
p
" ) = Echine representing [Pdp

")] #× ☐



§ } - Elliptc Curves in Characteristics p
§ 3. I - Frobenius & Vesschiebung
Let 5- Fp - sebene , then we have an
absohtu Frobenius

Fabs : S → 5 ( y → ce
')

"

Spee FÉ
Now

, if ✗ = 5- schone (we write Xls/ Fp), then

✗ ×

\ I i
j s > s

and Fas = (relative) Frobenius

When Xls is an elliptic curer F-Is
,
we

get an iaogeny of degree p

FEIS : E → EH
,



Definition The dual iaogeng.is

Vies : E
""
→ F-

,

Cathal Verschiebnng .

We can iterat the to get

F
"

: F- → E
""

; V
"

: E
""
→ E

and obviously , p
"

= V
'"

of
"

,
sa

0 → berlin)→ F-[
p
] → kerlv ")→ 0

Fait /Definition
1. Lrt Pe E [pI (s)
P generator F- [pu] ⇐☐ FYP) generator her (V)

2. A generator of balti) is talked an Igusa
structure of level p

"

on F-Is
.

It leads to moehli problem
[Ig (ph)] (Ets)

= { Genis of her (v7 }

Rework If E is ordénary (see blow) ,
Generations < > Isomorphismes
of her (V ) 2)

pu±
=> Elpis

"



Over 5- Speech) w/ kik , the situation is

as usual

Proposition Let P c- F-
""(b) be a generator

(ces ce Cartier diviser) of ton Cv)

Then
,
either :

D P = O and so, O generalis all her (V)

2) P =/ O and V
"
is étale le bar IV) ± "Spinz

In case D
,
Elk is supersingulier .

- 21
,
- ordinary .

Definition In general , F-15/Epis ordinaires
if all geometric pileus are Ord .

Otherwise
,
it is supersingular

Definition The "ordinaria" modelé problem is

[oral] : ELL/xp
→ SETS

F-1s /Fp 1-> { {
*}
, if E is oreliary

0
, if E is s.s.

Prop [ord] is relatively représentable , affine
and open .

tsoof Consider non - vanishing locus of Have inv.
☐



Remark As we sans bafoue, if P is a

représentable modele problem ,
so is P

"'
÷ P ✗ Lord] .

The where MLP )
"

: = XLCP
"'

) is au open
subschuue of MLP)

, ualhd ils ordinary
locus

.



§ }
.

2- lhassifyingpn - iaogenies
Proposition Lt Eo Is /"=p, En /511Fr Le

ohdiwary ell . Curves , and
IT : E

.

→ Eu
, a pu _ iaogeny .

Lt F
. (resp .

Un ) be the Frobenius (resp .

Verschiebnng map on E. Imap .
En )

.

The
,

r : E
.

Ï
> E!
"
=> E!" En

,

for some a
,
b > 0 g. t . a+ b-- n .

Prof kontr) n koi (Fi) = kulfi), so
ti : E

.

Ï> E!
" Ï

> En

and O→ kulfi)-> barre → (%EF.se?Y.)-sO
=D Dual KI : En →E!" is a pb- iaogeny col
burnel pepo

= bien (Fb)
.

=D Kaji En→ E?
"

→ E
.

""
is

Definition If r is as above
,
we soy

it is

of type la, b)

hh Sag it is la, b) - cycle if a -0, 6=0 0¥

J closed T - S defined by ideal Ist . I
'"
= 0

,

and the ison
.
E!" ± E!"

,
restricted to T

,
is

induced by some ison . F-ÉP
" "
± Eip

"

?



Definition A finito flat subg
'

p Go E ofrankp
"

is of type la, b) or la
,
b) - cycle

if the proj . R : E → (EIG) is
.

These naturally indice modulé probleme
[Ca
,
b)] and [ca

,
b) - cye] , ces welt as

[P
,

la
,
os] ÷ P ✗ [Ca

,
b)]

[P
,
la
,
b) - aye] ÷ P ✗ [Ca

,
b) - age]

Theorem hit be be perfect, charte =p ,
P représentable on (Ethik) , finit
étale

.

Fix ait -- n .

Then
,
[P
,

la
,
b) - cye] is représentable by a

finito flat MLP) - schemer of degree

{ dlpb ) , if a# 0
pb, if a-- O

Also
,
XLLP

,

la
, b) - age)

(A) →XLCP) (A) is

bijective for any perfect k - algebra A .

Finally , the
"

forget (a. b)
"

map

MLP
,
Ca
,
b) - cye) → XLCP , [Pdp»)

is a closed immersion
.



Prcf tel o : k → be be abs
.

Frobenius
.

For any ie Zsa, ht
§" : = S Quik for

any K - sebene S
.

For a--0 or 6=0
,
the following

MCP
,
la
,
b) -go) : = (F" ✗ Fb)

"

(A)
,

where

F
"

✗ Fb : MLP) ✗a)ycpj
"
""
->Mlp)

"

"çH(p)"
"

Worbis
.

For a
,
6=10

,
heads modification . ☐



§ 4- Crossing Theorem
§4. I - Pictures

consider P :[MINI (repoible , finit, étal )
each

,,

✗
a
,
6

ÎËËP
,
[a. (pub) <ù ¥! NCP, la, d -go )

ffinit plat
HIP ) -

-
✗

f snootn finite plat

Spee ( k) L ( k -- Fp - extr , perfect)
✓ geometric

1) Lupersingular pointe of X lift uniques ta ✗did
and to each Vaio

2) Away from s.s. points, Il ✗au → ✗dpt is

an izom .

Conclusion :

""
.

(n
,
O)

:

(I
,
n - l )

(Qu)



For n --1
, only ( 1,0) & (O, D , eo

Yo
, ,

( Vers) ✗
,,

(Feat)

T

<

classique
classifiés (E

,
E F-> E")

(EH
,
EH>±> E)

g)
sis

.

(ÉÎEE
,
)☒✗dp )

XP [deg 1
✗

This pictura externes wlo probleme to carpe
by compactifying .

F-nen the universal ell . oune E->HIP)
ext ends to a semi - abelian Curve .


